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Abstract 

 

This thesis is a summary of study on stretch fabrication of saddle type of tensile membrane 

structures using ETFE (Ethylene tetrafluoroethylene) film considering the effect of friction 

contact between the film and the supporting galvanized steel arches. 

In this thesis, the analytical method which could solve the geometrical nonlinearity, the 

material nonlinearity and the nonlinearity of friction contact conditions is proposed to evaluate 

the prestress distribution on the membrane material and the effect of friction contact during the 

introduced prestress stage in tensile membrane structures. In addition, the stretch fabrication 

technique for saddle type of ETFE tensile membrane structure with less weld lines by drawing 

the combination of plane and drape strips is also suggested. 

This thesis comprises six chapters, as described below: 

Chapter 1, “Introduction”, presents the proposed stretch fabrication method and its 

problems for establishing the smooth curved surface of tensile membrane structures using 

ETFE film. The motivation, the background and the purposes of this thesis are also indicated 

in this chapter. 

Chapter 2, “Review on form finding and cutting pattern analysis”, describes a review on the 

form finding and cutting pattern analysis for tensile membrane structures. The saddle type of 

tensile membrane structure is investigated in this chapter. This structure comprises the outside 

frame, two supporting arches and ETFE film. The part of the film between two arches is called 

middle part, while the part between arch and outside frame is called corner part. First, the form 

finding analysis is carried out with several prescribed stress ratios between machine direction 

(MD) and transverse direction (TD) for both middle and corner parts. Second, the cutting 

pattern analysis based on the mathematical approach produces the drape strips which 

correspond to the shapes obtained from form finding. The effectiveness of weld and drawing 

works of those drape strips is also discussed in this chapter. 

Chapter 3, “Fabrication of three-dimensional (3D) curved surface using ETFE film by 

stretching plane strips”, presents the stretch fabrication experiments on the establishment of 3D 

curved surface of saddle type membrane structures using ETFE film by stretching the 

combination of plane strips, which was not draped, for the middle part and drape strips for the 

corner parts. The possibility of fabrication of low-rise 3D curved surface is confirmed, while 

the establishment of high-rise 3D smooth curved surface by drawing the plane strips still has 
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problems because of the occurrence of wrinkling and insufficient prestress. The measurement 

method for pre-tensile strains and prestresses on ETFE film is also presented. In addition, the 

slide between ETFE film and the supporting galvanized steel arch is investigated. 

Chapter 4, “Total Lagrangian formulation for ETFE tensile membrane structure 

considering friction contact”, introduces the total Lagrangian formulations for both triangular 

membrane element and node-to-node contact element. The analytical procedure, which uses 

these elements, is suggested to solve the geometrical nonlinearity problem, the material 

nonlinearity problem and the nonlinearity problem of friction contact conditions. The suggested 

analytical method is in high agreement with commercial software ANSYS for the frictionless 

case. Moreover, this method indicates the effectiveness for friction contact case too. The results 

of the experiments in Chapter 3 partially confirm the suggested analytical method for the 0.3 of 

static friction coefficient between ETFE film and galvanized steel arch. 

Chapter 5, “Fabrication of three-dimensional (3D) ETFE curved surface by stretching 

drape strips considering friction contact”, shows the stretch fabrication technique on the 

establishment of 3D curved surface of saddle type of ETFE tensile membrane structures 

considering the friction contact conditions. First, a test on static friction coefficient between 

ETFE film and steel pipes, which are black and galvanized types, is proposed. Second, the 

cutting pattern strips or drape strips, which are obtained in Chapter 2, are used to make the 

specimens. Third, the analytical method of Chapter 4 predicts the values of drawing boundary. 

This prediction will guarantee the absence of wrinkling and the sufficiency of introduced 

prestress. Finally, the stretch fabrication experiments will be carried out. The establishment of 

high-rise 3D smooth curved surface by drawing the drape strips for both middle and corner 

parts is confirmed by this fabrication technique. In addition, the pressurization test is carried 

out to confirm the strength of the structure after above construction stage. 

Chapter 6, “Conclusion”, describes a summary of suggested analytical method and its 

application on stretch fabrication method for saddle type of tensile membrane structure using 

ETFE film. The thesis concludes with a discussion, how and to which extent, the tools and 

results obtained can be used for the design and the construction of ETFE tensile membrane 

structure. 
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Chapter 1. Introduction 
 

 

1.1 Motivation and research background 

1.1.1. Curved surface fabrication of tensile membrane structure 

The tensile membrane structures are now being widely used in public buildings. These 

structures possess a great of distinct advantages such as light-weight of membrane material, a 

variety of aesthetically pleasing shapes and the facility for prefabrication. As a result, there have 

a great number of public buildings, such as Rome Olympic Stadium, Hiroshima Hakuryu Dome, 

using tensile membrane structures. 

 

Rome Olympic Stadium, Italy Hakuryu Dome, Hiroshima, Japan 

Figure 1.1 Examples of tensile membrane structure 

 

The membrane material is thin and flexible, so it has in-plane but not flexural stiffness. 

When the minimum principle stress of in-plane direction is smaller than zeros, the wrinkling 

occurs, and the strength of the structure decreases [KI90], [BT92]. Therefore, the determination of 

an initial configuration in which the specified prestresses are in equilibrium is necessary in the 

preliminary design of tensile membrane structure. This process is so-called form finding. 

Generally, the shapes obtained by form finding process are in doubly curved surface, while the 

membrane material itself is manufactured in plane panel. As a result, the strips of membrane 

material are cut and joined together to produce the desired curved surface. This period is so-

called cutting pattern. On the fabricated tensile membrane surface, there are two main ways of 

introduction of prestress. First, tension is introduced on the boundary edges. Second, tension is 

introduced by applying a forced displacement by pushing up the main pole [KI99]. This period is 

so-called prestress introduction or drawing period. Generally, the stress state of final shape is 

different with the prescribed stress state of form finding period. So, the compensation process 

is essential to overcome this discrepancy by optimizing the cutting pattern strips. In summary, 

the curved surface fabrication of tensile membrane structure has five periods which are 
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described in Figure 1.2. 

 

 
Figure 1.2 Curved surface fabrication of tensile membrane structure 

 

When the shape of structure is complicated, or the curvature of curved surface is high, it is 

necessary to divide the curved surface finely in above method of curved surface fabrication. As 

a result, the weld lines increase. This increment will affect not only on the reduction of material 

strength but also on the aesthetic of the tensile structures. Besides, the ETFE film is widely used 

in membrane structures in recent years. Because this film has special properties, which will be 

introduced in section 1.1.2, the possibility of fabrication of a low-rise panel with high yield 

strength or of a high-rise panel of smooth curved surface with a few of weld lines should be 

investigated. 

 

1.1.2. Properties of ETFE film 

The stress-strain curves of Ethylene tetrafluoroethylene (ETFE) film under uniaxial tensile 

tests indicated that this material had two yield points [MW08], [MK08], [CG11]. While the first yield 

point was observed at a very low level of strain of around 2%, the second yield point occurred 

at around 13% of strain. After the second yield point was reached, the film could be elongated 

up to 400% before failing. Figure 1.3 shows the stress and strain curve of ETFE film under 

uniaxial tensile test [MK08]. 

The yield strength of ETFE film was increased by drawing the film to its plastic region [EJ14]. 

However, drawing the film was coupled with the reduction of thickness, the decrease of tear 

resistance. Therefore, 10% to 20% of drawing was the optimal under uniaxial elongation [MK08], 

while 5% to 10% was recommend in case of biaxial elongation [EJ13]. 

Liked to other polymer materials, ETFE film possessed a complicated viso-elastic behavior 
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and a complex visco-plastic behavior. The constitutive equation of viso-elastic characteristics 

was investigated by Moriyama [FM06], while that equation for visco-plastic characteristics was 

obtained by Jeong [EJ13]. 

 

 

 Figure 1.3 Stress strain curve of ETFE film under uniaxial loading 

 

1.1.3. Proposed fabrication method for establishing curved surface of tensile membrane 

structures using ETFE film 

The pre-tensile stress of tensile membrane structure is introduced by drawing the boundary 

edges or pushing up the main pole according to section 1.1.1. In case of ETFE material, the 

film is recommended to draw into its plastic region because of the increment of yield strength 

and the reduction of tension due to the viscous characteristics. It is easy to draw uniaxial 

direction, however, there have been few cases that performed biaxial elongation, especially in 

three-dimensional (3D) shape. Jeong suggested a method of drawing the ETFE film from the 

plane strips, which was not draped, to 3D curved surface [EJ13]. Figure 1.4 shows the process of 

his method. First, the plane film was fixed with outside frame. Second, the arch was pushed to 

make the curved surface. However, this method was limited by the simple shapes of structures 

and the necessary of flat outside frame. Therefore, this thesis suggests a method in which the 

possibility of fabrication of curved surfaced from plane or drape strips can be checked. The 

process of proposed fabrication method is presented in Figure 1.5. 
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Initial shape 

 

Final shape 

Figure 1.4 Process of E. Jeong method 

 

 

Figure 1.5 Proposed method for curved surface fabrication using ETFE film 

 

In proposed fabrication method, the saddle type of tensile membrane structure is 

investigated. This structure comprises the outside frame, two supporting arches and ETFE film. 

The parts of the film between two arches are called middle parts, while the parts between arch 

and outside frame are called corner parts. First, the form finding analysis is carried out to find 

the ideal shapes with several prescribed stress ratios between the machine direction (MD) or 

long direction and transverse direction (TD) or short direction. Second, the cutting pattern 

analysis based on the mathematical approach produces the drape strips which correspond to the 

shape obtained from form finding. Specially, the plane strips, which are not draped, will be used 

for the middle parts of some specimens. Third, those strips are connected by weld lines into the 

specimens, and the boundaries of those specimens are drawn to introduce the tension. 

Compared to the traditional method of section 1.1.1, the advantages of proposed fabrication 

method are: (1) only a few of weld lines are necessary; (2) the compensation or optimization of 
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drape strips is not necessary. However, the problem in proposed fabrication method is that the 

values of drawing boundary must be determined by the absence of wrinkling and the sufficient 

pre-stress. When the boundary is drawn, the film slides on the supporting frames such as arches. 

This slide must be considered to determine the values of drawing boundary, because it affects 

to the distribution of prestress on the film and the occurrence of wrinkling. Therefore, both 

analytical and experimental methods are essential to investigate the slide or friction contact 

between ETFE film and supporting frames. 

 

1.1.4. Previous works on analysis of membrane structure considering friction contact 

(a) The computational contact mechanics has attracted a great number of researchers. 

Generally, the contact conditions can be divided into normal contact conditions and friction 

contact conditions. The normal contact conditions prevent the slave body from penetrating into 

the master body, while the friction contact conditions represent the frictional behavior on the 

contact surface [NK15]. Figure 1.6 shows the two elastic bodies come into contact. 

 

 

Figure 1.6 Contact conditions in two dimensions 

 

Assuming that the motion χ brings the points S and M of the slave and master bodies, 

respectively come into contact. Once the contact point is found, the distance gn between two 

points m ൌ χሺMሻ and 𝑠ଵ ൌ χሺSሻ has to be checked to determine whether the normal contact 

occurs or not. The constraint conditions for this case are presented in Kuhn-Tucker equation as 

shown in Eq. (1.1) 

𝑔௡ ൒ 0,     𝑓௡ ൑ 0,     𝑔௡𝑓௡ ൌ 0 (1.1) 

When the normal contact occurs, the motion of slave point 𝑠ଵ  on master body can be 
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divided into two different actions. In the first, no tangential relative displacement occurs under 

a friction force 𝑓௦. This behavior is called stick. The second action, which denotes the so-called 

slip, dues to the force 𝑓௦ is associated with a relative tangential movement 𝑔௦. The constraint 

conditions, which satisfy the dry friction Coulomb theory, for this period is represented in Eq. 

(1.2) 

𝑔௦ ൒ 0,     𝑓௦ െ 𝜇𝑓௡ ൑ 0,     𝑔௦ሺ𝑓௦ െ 𝜇𝑓௡ሻ ൌ 0 (1.2) 

where, 𝜇 is static friction coefficient between two body surfaces. 

There are two basis constraint methods, the Lagrange multiplier method and the penalty 

method, can be used to impose above contact constraints conditions. In the Lagrange multiplier 

method, the contact forces are taken as primary unknowns, and the non-penetration condition 

is enforced exactly [NK88, KB84]. In the penalty method, penetration between two contacting 

boundaries is introduced, and the contact forces are related to the penetration by a penalty 

parameter [JS86, SL93, DP92, SJ99]. The two basic constraint methods can be combined into so-called 

augmented Lagrange method [JO81]. 

 (b) The membrane structure tends to adapt by undergoing large deflections under specified 

loads, so the analysis of membrane structure must consider the geometrical nonlinearity. In 

terms of contact analysis for membrane structures, Haber [RH83, RH84] suggested the Arbitrary 

Lagrangian-Eulerian (ALE) method to overcome the large deformation and contact problems. 

In this method, the Lagrangian displacements define the overall change in geometry of the 

structure, while the Eulerian terms describe the motion of the node points through the structural 

continuum due to slip. However, the linear elastic material and the theoretical choice of 

reference configuration were the limit points in this method. Noguchi [HN01, HN04] also suggested 

the combination between ALE method and meshfree method to overcome these problems. 

Again, the elastic-plastic material properties were ignored in his research. Sakai [HS95] proposed 

the energy minimization procedure for foldable membrane element to solve the problems of 

non-linear geometric and contact conditions. The limitation of his method was still the elastic 

range of material. The method of equivalent side tension of triangular element for foldable 

membrane element to solve the problem of non-linear geometric and contact conditions was 

reported by Ishida [MI99]. This method, however, was hardly applied in the existing FEM 

program. 

(c) Generally, two types of nonlinearity, which are the geometrical nonlinearity and the 

material nonlinearity, exist in the solution of general contact problems. The incremental solution 

procedure is usually used to obtain the solution of these problems. It is important to observe 

that there is no guarantee that this procedure will always convergence [ZZ92]. As a result, when 

the shape of membrane structure is complicated, and the friction contact conditions is 

considered, the solutions for these problems are hardly obtained due to the convergence criteria. 
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1.2 Purpose of this thesis 

The first purpose of this thesis is to develop the analytical method, which considers the 

geometrical nonlinearity, the material nonlinearity and the nonlinearity of friction contact 

conditions, for predicting the behavior of ETFE film and evaluating the effect of friction contact 

during the introduced prestress stage in tensile membrane structures. The elastic-plastic 

properties of ETFE film and the friction characteristics of contact surfaces are determined 

during the static loading process in this method. Within this work, while the static friction 

coefficient between ETFE film and steel pipes is carried out by the element experiments, the 

effect of friction contact on stress distribution of ETFE film is investigated by both this 

analytical method and the stretch fabrication experiments. The accuracy and applicability of the 

suggested analytical method are confirmed by both the experiments and the existing 

commercial software ANSYS [AN07]. 

The second purpose of this thesis is to check the possibility of fabrication of smooth three-

dimensional (3D) curved surface using ETFE film by drawing plane and/or drape types of 

cutting strips. In this fabricate technique: (a) the form finding and cutting pattern analyses are 

carried out to find several types of cutting strips; (b) the proposed analytical method predicts 

the values of drawing boundary considering the friction between ETFE film and galvanized 

steel arches; (c) the stretch fabrication experiments are carried out to confirm the technique.  

The purpose and flow chart of this thesis are presented in Figure 1.7 

 

 
Figure 1.7 Purpose and flow chart of this thesis 
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1.3 Organization of this thesis 

This thesis comprises six chapters which are described in Figure 1.8.  

Chapter 1, “Introduction”, presents the proposed stretch fabrication method and its 

problems for establishing the smooth curved surface of tensile membrane structures using 

ETFE film. The motivation, the background and the purposes of this thesis are also indicated 

in this chapter. 

Chapter 2, “Review on form finding and cutting pattern analysis”, describes a review on the 

form finding and cutting pattern analysis for tensile membrane structures. The saddle type of 

tensile membrane structure is investigated in this chapter. This structure comprises the outside 

frame, two supporting arches and ETFE film. The part of the film between two arches is called 

middle part, while the part between arch and outside frame is called corner part. First, the form 

finding analysis is carried out with several prescribed stress ratios between machine direction 

(MD) and transverse direction (TD) for both middle and corner parts. Second, the cutting 

pattern analysis based on the mathematical approach produces the drape strips which 

correspond to the shapes obtained from form finding. The effectiveness of weld and drawing 

works of those drape strips is also discussed in this chapter. 

Chapter 3, “Fabrication of three-dimensional (3D) curved surface using ETFE film by 

stretching plane strips”, presents the stretch fabrication experiments on the establishment of 3D 

curved surface of saddle type membrane structures using ETFE film by stretching the 

combination of plane strips, which was not draped, for the middle part and drape strips for the 

corner parts. The possibility of fabrication of low-rise 3D curved surface is confirmed, while 

the establishment of high-rise 3D smooth curved surface by drawing the plane strips still has 

problems because of the occurrence of wrinkling and insufficient prestress. The measurement 

method for pre-tensile strains and prestresses on ETFE film is also presented. In addition, the 

slide between ETFE film and the supporting galvanized steel arch is investigated. 

Chapter 4, “Total Lagrangian formulation for ETFE tensile membrane structure 

considering friction contact”, introduces the total Lagrangian formulations for both triangular 

membrane element and node-to-node contact element. The analytical procedure, which uses 

these elements, is suggested to solve the geometrical nonlinearity problem, the material 

nonlinearity problem and the nonlinearity problem of friction contact conditions. The suggested 

analytical method is in high agreement with commercial software ANSYS for the frictionless 

case. Moreover, this method indicates the effectiveness for friction contact case too. The results 

of the experiments in Chapter 3 partially confirm the suggested analytical method for the 0.3 of 

static friction coefficient between ETFE film and galvanized steel arch. 

Chapter 5, “Fabrication of three-dimensional (3D) ETFE curved surface by stretching 

drape strips considering friction contact”, shows the stretch fabrication technique on the 

establishment of 3D curved surface of saddle type of ETFE tensile membrane structures 
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considering the friction contact conditions. First, a test on static friction coefficient between 

ETFE film and steel pipes, which are black and galvanized types, is proposed. Second, the 

cutting pattern strips or drape strips, which are obtained in Chapter 2, are used to make the 

specimens. Third, the analytical method of Chapter 4 predicts the values of drawing boundary. 

This prediction will guarantee the absence of wrinkling and the sufficiency of introduced 

prestress. Finally, the stretch fabrication experiments will be carried out. The establishment of 

high-rise 3D smooth curved surface by drawing the drape strips for both middle and corner 

parts is confirmed by this fabrication technique. In addition, the pressurization test is carried 

out to confirm the strength of the structure after above construction stage. 

Chapter 6, “Conclusion”, describes a summary of suggested analytical method and its 

application on stretch fabrication method for saddle type of tensile membrane structure using 

ETFE film. The thesis concludes with a discussion, how and to which extent, the tools and 

results obtained can be used for the design and the construction of ETFE tensile membrane 

structure. 

 

 
Figure 1.8 Organization of this thesis 
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Chapter 2. Review on form finding and cutting pattern 
analysis 
 

 

2.1 Introduction 

Two important steps in the design of tensile membrane structures are form finding and 

cutting pattern. While the form finding is defined as “finding a shape of equilibrium of forces 

in a given boundary with respect to a certain stress state” [DV12], the cutting pattern is 

determined as “finding the shape of fabric strips, in a plane, which when joined together will 

take the desired shape” [BT93], [KI99]. This chapter introduces a review of the form finding and 

cutting pattern analysis for tensile membrane structures. In addition, the saddle type of tensile 

membrane structure is investigated. This structure comprises the outside frame, two supporting 

arches and ETFE film. The part of the film between two arches is called middle part, while the 

part between arch and outside frame is called corner part. First, the form finding analysis is 

carried out with several prescribed stress ratios between machine direction (MD) and transverse 

direction (TD) for both middle and corner parts. Second, the cutting pattern analysis based on 

the mathematical approach produces the drape strips which correspond to the shapes obtained 

from form finding. The effectiveness of weld and drawing works of those drape strips is also 

discussed in this chapter. 

 

2.2 Form finding analysis 

2.2.1. Methods in form finding analysis 

Generally, the form finding method can be divided into three main approaches as stiffness 

matrix method, geometric stiffness method and dynamic equilibrium method [DV12], [KI89]. First,  

the stiffness matrix methods are based on using the standard elastic and geometric stiffness 

matrices. These methods are among the oldest form finding methods and are adapted from 

structural analysis. If a very small Young modulus of material is assumed, the isotropic stress 

surface can be obtained by this method [JA74], [BT92]. Second, the geometric stiffness methods are 

material independent, with only a geometric stiffness. The force density method is a 

representative method of those methods [RH82], [KB99], [RP08]. Third, the dynamic equilibrium 

methods solve the problem of dynamic equilibrium to arrive at a steady-state solution, 

equivalent to the static solution of static equilibrium [MB88], [MB99]. Each method has an advantage 

and disadvantage points. The common criticisms for each method can be found in the works of 

Veenendaal [DV12]. 

The next section makes a review of the formulations for triangular membrane element 

according to the stiffness matrix methods, which can be used in form finding procedure of 
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tensile membrane structures. A tool, which is named as FF, is developed and added to the 

existing FEM program to investigate the ideal shapes of saddle type of membrane structures 

with several stress ratios between MD and TD directions. 

 

2.2.2. Isotropic stress surface approach 

The triangular membrane element will be used in this section. The motions of these 

elements from the initial shape to the final shape are described in Figure 2.1. 

 

  
a. Sample of form finding b. Local and global coordinates 

Figure 2.1 The motion of triangular membrane element in form finding procedure 

 

The triangular membrane element has three nodes and nine degrees of freedom per element. 

The local coordinate of each element is determined as shown in Figure 2.1b. The coordinates 

of the initial shape and final shape, the displacements from the initial shape to the final shape 

are denoted in Eq. (2.1) 

 

𝑥଴ ௜, 𝑦଴ ௜, 𝑧଴ ௜   

𝑥௜, 𝑦௜, 𝑧௜ 

𝑢௜, 𝑣௜, 𝑤௜ 

𝑢, 𝑣, 𝑤 

: the local coordinates of node i (i=13) in the initial shape 

: the local coordinates of node i (i=13) in the final shape 

: the displacements of node i (i=13) in x, y, z axes, respectively 

: the displacements in element in x, y, z axes, respectively 

(2.1) 

Assuming that the displacements 𝑢, 𝑣 and 𝑤 are linear over the element, the equation Eq. 

(2.2) can be obtained 

𝑢 ൌ 𝑎ଵ ൅ 𝑎ଶ𝑥 ൅ 𝑎ଷ𝑦 

𝑣 ൌ 𝑎ସ ൅ 𝑎ହ𝑥 ൅ 𝑎଺𝑦 

𝑤 ൌ 𝑎଻ ൅ 𝑎଼𝑥 ൅ 𝑎ଽ𝑦 

(2.2) 

Evaluating the displacements at three nodes of element, and solving for 𝑎௜, the Eq. (2.3) 

can be determined as 

𝑎ଶ ൌ ൫ 𝑦ଶଷ଴ 𝑢ଵ ൅ 𝑦ଷଵ଴ 𝑢ଶ ൅ 𝑦ଵଶ଴ 𝑢ଷ൯/2𝑆଴ 

𝑎ଷ ൌ ൫ 𝑥ଷଶ଴ 𝑢ଵ ൅ 𝑥ଵଷ଴ 𝑢ଶ ൅ 𝑥ଶଵ଴ 𝑢ଷ൯/2𝑆଴ 

𝑎ହ ൌ ൫ 𝑦ଶଷ଴ 𝑣ଵ ൅ 𝑦ଷଵ଴ 𝑣ଶ ൅ 𝑦ଵଶ଴ 𝑣ଷ൯/2𝑆଴ 

𝑎଺ ൌ ൫ 𝑥ଷଶ଴ 𝑤ଵ ൅ 𝑥ଵଷ଴ 𝑤ଶ ൅ 𝑥ଶଵ଴ 𝑤ଷ൯/2𝑆଴ 

𝑎଼ ൌ ൫ 𝑦ଶଷ଴ 𝑤ଵ ൅ 𝑦ଷଵ଴ 𝑤ଶ ൅ 𝑦ଵଶ଴ 𝑤ଷ൯/2𝑆଴ 

(2.3) 

Initial shape 
Final shape 
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𝑎ଽ ൌ ൫ 𝑥ଷଶ଴ 𝑤ଵ ൅ 𝑥ଵଷ଴ 𝑤ଶ ൅ 𝑥ଶଵ଴ 𝑤ଷ൯/2𝑆଴ 

where, the values of 𝑦௜௝଴ , 𝑥௜௝଴  and 𝑆଴ are calculated in Eq. (2.4) 

𝑥௜௝଴ ൌ 𝑥௜଴ െ 𝑥௝଴  

𝑦௜௝଴ ൌ 𝑦௜଴ െ 𝑦௝଴  

2𝑆଴ ൌ ተ
1 𝑥ଵ଴ 𝑦ଵ଴

1 𝑥ଶ଴ 𝑦ଶ଴

1 𝑥ଷ଴ 𝑦ଷ଴

ተ 

(2.4) 

The Green-Lagrange strains of the deformation from initial shape to the final shape are 

determined in equation Eq. (2.5) 

𝜀௫௫ ൌ
𝜕𝑢
𝜕𝑥

൅
1
2

ቈ൬
𝜕𝑢
𝜕𝑥

൰
ଶ

൅ ൬
𝜕𝑣
𝜕𝑥

൰
ଶ

൅ ൬
𝜕𝑤
𝜕𝑥

൰
ଶ

቉ 

𝜀௬௬ ൌ
𝜕𝑣
𝜕𝑦

൅
1
2

ቈ൬
𝜕𝑢
𝜕𝑦

൰
ଶ

൅ ൬
𝜕𝑣
𝜕𝑦

൰
ଶ

൅ ൬
𝜕𝑤
𝜕𝑦

൰
ଶ

቉ 

𝜀௫௬ ൌ
𝜕𝑢
𝜕𝑦

൅
𝜕𝑣
𝜕𝑥

൅ ൤
𝜕𝑢
𝜕𝑥

𝜕𝑢
𝜕𝑦

൅
𝜕𝑣
𝜕𝑥

𝜕𝑣
𝜕𝑦

൅
𝜕𝑤
𝜕𝑥

𝜕𝑤
𝜕𝑦

൨ 

(2.5) 

Substituting equation Eq. (2.2) into Eq. (2.5), and writing them in matrix form, Eq. (2.6) 

can be obtained 

𝜺 ൌ ൝
𝜀௫௫
𝜀௬௬
𝜀௫௬

ൡ ൌ ቐ
𝑎ଶ ൅ 0.5ሺ𝑎ଶ

ଶ ൅ 𝑎ହ
ଶ ൅ 𝑎଼

ଶሻ
𝑎଺ ൅ 0.5ሺ𝑎ଷ

ଶ ൅ 𝑎଺
ଶ ൅ 𝑎ଽ

ଶሻ
𝑎ଷ ൅ 𝑎ହ ൅ ሺ𝑎ଶ𝑎ଷ ൅ 𝑎ହ𝑎଺ ൅ 𝑎଼𝑎ଽሻ

ቑ (2.6) 

The variations of these strains can be determined in Eq. (2.7) 

𝛿𝜺 ൌ ቐ
𝛿𝜀௫௫
𝛿𝜀௬௬

𝛿𝜀௫௬

ቑ

ൌ ቐ
𝛿𝑎ଶ ൅ ሺ𝛿𝑎ଶ𝑎ଶ ൅ 𝛿𝑎ହ𝑎ହ ൅ 𝛿𝑎଼𝑎଼ሻ
𝛿𝑎଺ ൅ ሺ𝛿𝑎ଷ𝑎ଷ ൅ 𝛿𝑎଺𝑎଺ ൅ 𝛿𝑎ଽ𝑎ଽሻ

𝛿𝑎ଷ ൅ 𝛿𝑎ହ ൅ ሺ𝑎ଶ𝛿𝑎ଷ ൅ 𝛿𝑎ଶ𝑎ଷ ൅ 𝛿𝑎ହ𝑎଺ ൅ 𝑎ହ𝛿𝑎଺ ൅ 𝛿𝑎଼𝑎ଽ ൅ 𝑎଼𝛿𝑎ଽሻ
ቑ 

(2.7) 

Substituting equation Eq. (2.3) into Eq. (2.7), and writing them in matrix form, Eq. (2.8) 

can be obtained 

𝛿𝜺 ൌ ቐ
𝛿𝜀௫௫
𝛿𝜀௬௬

𝛿𝜀௫௬

ቑ ൌ ሺ𝑩଴ ൅ 𝑩௅ሻ ∙ 𝛿𝒖 (2.8) 

where, the values of 𝑩଴, 𝑩௅ and 𝛿𝒖 are calculated in Eq. (2.9) 

𝑩଴ ൌ
1

2𝑆଴
቎

𝑦ଶଷ଴ 0 0 𝑦ଷଵ଴ 0 0 𝑦ଵଶ଴ 0 0
0 𝑥ଷଶ଴ 0 0 𝑥ଵଷ଴ 0 0 𝑥ଶଵ଴ 0
𝑥ଷଶ଴ 𝑦ଶଷ଴ 0 𝑥ଵଷ଴ 𝑦ଷଵ଴ 0 𝑥ଶଵ଴ 𝑦ଵଶ଴ 0

቏ 

 

(2.9a) 
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𝑩௅ ൌ
1

2𝑆଴

⎣
⎢
⎢
⎢
⎡ 𝑎ଶ 𝑦ଶଷ଴ 𝑎ହ 𝑦ଶଷ଴ 𝑎଼ 𝑦ଶଷ଴ 𝑎ଶ 𝑦଴ ଷଵ 𝑎ହ 𝑦଴ ଷଵ 𝑎଼ 𝑦଴ ଷଵ 𝑎ଶ 𝑦଴ ଵଶ 𝑎ହ 𝑦଴ ଵଶ 𝑎଼ 𝑦଴ ଵଶ

𝑎ଷ 𝑥଴ ଷଶ 𝑎଺ 𝑥ଷଶ଴ 𝑎ଽ 𝑥଴ ଷଶ 𝑎ଷ 𝑥ଵଷ଴ 𝑎଺ 𝑥ଵଷ଴ 𝑎ଽ 𝑥ଵଷ଴ 𝑎ଷ 𝑥ଶଵ଴ 𝑎଺ 𝑥଴ ଶଵ 𝑎ଽ 𝑥଴ ଶଵ

𝑎ଷ 𝑦ଶଷ଴ 𝑎଺ 𝑦ଶଷ଴ 𝑎ଽ 𝑦ଶଷ଴ 𝑎ଷ 𝑦଴ ଷଵ 𝑎଺ 𝑦଴ ଷଵ 𝑎ଽ 𝑦଴ ଷଵ 𝑎ଷ 𝑦଴ ଵଶ 𝑎଺ 𝑦଴ ଵଶ 𝑎ଽ 𝑦଴ ଵଶ

൅𝑎ଶ 𝑥ଷଶ଴ ൅𝑎ହ 𝑥ଷଶ଴ ൅𝑎଼ 𝑥଴ ଷଶ ൅𝑎ଶ 𝑥ଵଷ଴ ൅𝑎ହ 𝑥଴ ଵଷ ൅𝑎଼ 𝑥ଵଷ଴ ൅𝑎ଶ 𝑥ଶଵ଴ ൅𝑎ହ 𝑥଴ ଶଵ ൅𝑎଼ 𝑥଴ ଶଵ⎦
⎥
⎥
⎥
⎤

 

𝛿𝒖 ൌ ሾ𝛿𝑢ଵ 𝛿𝑣ଵ 𝛿𝑤ଵ 𝛿𝑢ଶ 𝛿𝑣ଶ 𝛿𝑤ଶ 𝛿𝑢ଷ 𝛿𝑣ଷ 𝛿𝑤ଷሿ் 

 

(2.9b) 

 

(2.9c) 

The equilibrium equations for a single element in local coordinate system can be obtained 

via the principle of virtual work as shown in Eq. (2.10) 

න 𝛿𝜺் ∙ 𝝈𝑑𝑉
௏బ

െ 𝛿𝒖் ∙ 𝒑 ൌ 0 (2.10) 

where, 𝑉଴  denotes the element volume of initial shape, and 𝒑  is the external nodal force 

vector in local coordinate.  

In the form finding process of tensile membrane structures, the forced displacement 

conditions are usually used at the boundary to obtain the solutions, so the external nodal force 

vector can be ignored. The constitutive relations for linear elastic plane stress analysis under 

the large displacements and small strains conditions may be used as shown in Eq. (2.11) 

𝝈 ൌ ൝
𝜎௫௫
𝜎௬௬
𝜎௫௬

ൡ ൌ 𝑫 ∙ 𝜺 ൅ 𝝈଴ ൌ 𝑫 ∙ 𝜺 ൅ ൝
σ୶଴
σ୷଴

0
ൡ (2.11) 

where, 𝑫 is material elastic tensor, and 𝝈଴ is the initial stress vector.  

In isotropic stress surface approach, it is assumed that the membrane has a very small 

Young’s modulus, so the stresses in the membrane will change very slightly even though large 

deformations are included. As a result, the stresses in the membrane are almost depended on 

the initial stress vector. Eq. (2.11) can be rewritten as shown in Eq. (2.12) 

𝝈 ൌ 𝝈଴ ൌ ൝
𝜎௫଴
𝜎௬଴

0
ൡ (2.12) 

Substituting equation Eq. (2.8) and Eq. (2.12) into Eq. (2.10), Eq. (2.13) can be obtained 

න 𝛿𝒖் ∙ ሺ𝑩଴ ൅ 𝑩௅ሻ் ∙ 𝝈଴𝑑𝑉
௏బ

ൌ 0 (2.13) 

Eliminating the variation vector 𝛿𝒖், the equation Eq. (2.13) can be rewritten in Eq. (2.14) 

න ሺ𝑩଴ ൅ 𝑩௅ሻ் ∙ 𝝈଴𝑑𝑉
௏బ

ൌ 0 (2.14) 

The Newton-Raphson method can be used to obtain the solution of Eq. (2.14). The residual 

term after the ith iteration of Eq. (2.14) is determined in Eq. (2.15) 

𝜱ሺ௜ሻ ൌ න ቀ𝑩଴ ൅ 𝑩௅
ሺ௜ሻቁ

்
∙ 𝝈଴𝑑𝑉

௏బ

 (2.15) 

For the next step which is expected to yield the exact solution, the equation Eq. (2.16) can 

be obtained 
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𝜱ሺ௜ାଵሻ ൌ 𝜱ሺ௜ሻ ൅
𝜕𝜱ሺ௜ሻ

𝜕𝒖
∆𝒖ሺ௜ሻ ൌ 0 

𝜕𝜱ሺ௜ሻ

𝜕𝒖
∆𝒖ሺ௜ሻ ൌ െ𝜱ሺ௜ሻ 

(2.16) 

The solution of ∆𝒖ሺ௜ሻ can be obtained by Eq. (2.16). The displacement nodal vector and 

the coordinate nodal vector at step (i+1) can be determined by Eq. (2.17) 

𝒖ሺ௜ାଵሻ ൌ 𝒖ሺ௜ሻ ൅ ∆𝒖ሺ௜ሻ 
𝒙ሺ௜ାଵሻ ൌ 𝒙଴ ൅ 𝒖ሺ௜ାଵሻ (2.17) 

where, 𝒙଴  and 𝒙ሺ௜ାଵሻ are the coordinate nodal vectors of the initial shape and the shape of 

step (i+1), respectively. Eq. (2.18) represents the determination of these vectors. 

𝒙଴ ൌ ൣ 𝑥଴ ଵ 𝑦଴ ଵ 𝑧଴ ଵ 𝑥଴ ଶ 𝑦଴ ଶ 𝑧଴ ଶ 𝑥଴ ଷ 𝑦଴ ଷ 𝑧଴ ଷ൧
୘ 

𝒙ሺ௜ାଵሻ ൌ ൣ𝑥ଵ
ሺ௜ାଵሻ 𝑦ଵ

ሺ௜ାଵሻ 𝑧ଵ
ሺ௜ାଵሻ 𝑥ଶ

ሺ௜ାଵሻ 𝑦ଶ
ሺ௜ାଵሻ 𝑧ଶ

ሺ௜ାଵሻ 𝑥ଷ
ሺ௜ାଵሻ 𝑦ଷ

ሺ௜ାଵሻ 𝑧ଷ
ሺ௜ାଵሻ൧

୘ 
(2.18) 

This process is repeated until the incremental nodal displacement vector ∆𝒖ሺ௜ሻ satisfies the 

convergence criteria. The derivation of 
డ𝜱ሺ೔ሻ

డ𝒖
 of Eq. (2.16) is shown in Eq. (2.19) 

𝜕𝜱ሺ௜ሻ

𝜕𝒖
ൌ න

𝜕ቀ𝑩௅
ሺ௜ሻቁ

்

𝜕𝒖
∙ 𝝈଴𝑑𝑉

௏బ

ൌ 𝒌௠௫ ൅ 𝒌௠௬ (2.19) 

where, 𝒌௠௫ and 𝒌௠௬ are defined in Eq. (2.20) 

𝒌௠௫ ൌ
ℎ ∙ 𝜎௫଴

4𝑆଴

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ 𝑦ଶଷ଴

ଶ
0 0 𝑦ଶଷ଴ 𝑦ଷଵ଴ 0 0 𝑦ଶଷ଴ 𝑦ଵଶ଴ 0 0

𝑦ଶଷ଴
ଶ

0 0 𝑦ଶଷ଴ 𝑦ଷଵ଴ 0 0 𝑦ଶଷ଴ 𝑦ଵଶ଴ 0

𝑦ଶଷ଴
ଶ

0 0 𝑦ଶଷ଴ 𝑦ଷଵ଴ 0 0 𝑦ଶଷ଴ 𝑦ଵଶ଴

𝑦ଷଵ଴
ଶ

0 0 𝑦ଷଵ଴ 𝑦ଵଶ଴ 0 0

𝑦ଷଵ଴
ଶ

0 0 𝑦ଷଵ଴ 𝑦ଵଶ଴ 0

𝑦ଷଵ଴
ଶ

0 0 𝑦ଷଵ଴ 𝑦ଵଶ଴

𝑠𝑦𝑚 𝑦ଵଶ଴
ଶ

0 0

𝑦ଵଶ଴
ଶ

0

𝑦ଵଶ଴
ଶ

⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

𝒌௠௬ ൌ
ℎ ∙ 𝜎௬଴

4𝑆଴

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ 𝑥ଷଶ଴

ଶ
0 0 𝑥ଷଶ଴ 𝑥ଵଷ଴ 0 0 𝑥ଷଶ଴ 𝑥ଶଵ଴ 0 0

𝑥ଷଶ଴
ଶ

0 0 𝑥ଷଶ଴ 𝑥ଵଷ଴ 0 0 𝑥ଷଶ଴ 𝑥ଶଵ଴ 0

𝑥ଷଶ଴
ଶ

0 0 𝑥ଷଶ଴ 𝑥ଵଷ଴ 0 0 𝑥ଷଶ଴ 𝑥ଶଵ଴

𝑥ଵଷ଴
ଶ

0 0 𝑥ଵଷ଴ 𝑥ଶଵ଴ 0 0

𝑥ଵଷ଴
ଶ

0 0 𝑥ଵଷ଴ 𝑥ଶଵ଴ 0

𝑥ଵଷ଴
ଶ

0 0 𝑥ଵଷ଴ 𝑥ଶଵ଴

𝑠𝑦𝑚 𝑥ଶଵ଴
ଶ

0 0

𝑥ଶଵ଴
ଶ

0

𝑥ଶଵ଴
ଶ

⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

(2.20) 

where, ℎ is the thickness of membrane, and 𝑆଴ is the area of the element at the initial shape. 
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It should be noted that the solution of Eq. (2.16) is carried out at element level. These 

equations must be transformed to the global coordinates and finally assembled to obtain the 

global equilibrium equations. The transformation matrix for triangular membrane element can 

be obtained in Eq. (2.21) [OZ05]. 

𝑻 ൌ ቎
𝑻𝒆 𝟎 𝟎

𝑻𝒆 𝟎
𝑠𝑦𝑚 𝑻𝒆

቏

ଽ𝑥9

, 𝑻𝒆 ൌ ൥
𝒗௫̅
𝒗௬ത
𝒗௭̅

൩
ଷ௫ଷ

 

𝒗௫̅ ൌ
1

𝑙ଶଵ
ൣ 𝑥ଶଵ଴ 𝑦ଶଵ଴ 𝑧ଶଵ଴ ൧ ,          𝑙ଶଵ ൌ ට 𝑥ଶଵ଴

ଶ
൅ 𝑦ଶଵ଴

ଶ
൅ 𝑧ଶଵ଴

ଶ
 

𝒗௭̅ ൌ
1

2𝑆଴
ቐ

𝑦ଶଵ଴ 𝑧ଷଵ଴ െ 𝑧ଶଵ 𝑦ଷଵ଴଴

𝑧ଶଵ଴ 𝑥ଷଵ଴ െ 𝑥ଶଵ 𝑧ଷଵ଴଴

𝑥ଶଵ 𝑦ଷଵ െ 𝑦ଶଵ 𝑥ଷଵ଴଴଴଴

ቑ

்

 

𝒗௬ത ൌ 𝒗௭̅ ൈ 𝒗௫̅ 

(2.21) 

 

2.2.3. Procedure of the form finding tool FF 

The procedure of the form finding tool FF is described in Figure 2.2. In this procedure, the 

convergence is checked at both residual forces and the increment of nodal displacements. 

 

 

Figure 2.2 The procedure of the form finding tool FF 
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2.3 Cutting pattern analysis 

2.3.1. Cutting pattern process 

Generally, the cutting pattern involves three steps. First, the curved surface is divided into 

individual strips. In this step, the geodesic line, which will become a straight line upon the 

development of the curved surface, is utilized. The determination method of geodesic line on 

the curved surface can be referred in the method of Kazuo Ishii [KI99]. Second, the three-

dimensional data for each strip are converted into usable plane form. This step is so-called the 

flattening step. Many research papers on this cutting pattern step have been reported [UH86], [NT93], 

[BM98], [TY98]. Third, the conversion or compensation step is necessary to optimize the cutting 

strips. The aim of the third step is to minimize the difference between the prescribed prestress 

state and the actual stress state. In this step, Tsubota introduced a new analytical method for 

producing a more accurate cutting pattern by utilizing an optimization technique [HT89], [HT93]. 

Ohsaki suggested shape-stress trade-off design method to optimize the cutting strips after 

moving the pretension force [MO00], while Linhard proposed the introducing the cutting patterns 

in form finding analysis to obtain the more accuracy cutting strips [JL08]. Generally, the third 

step took a number of work effort to obtain the accuracy of cutting strips. Even if the cutting 

strips are established with extreme accuracy, the discrepancy between the prescribed stress and 

actual stress states is still obvious because of the viscous characteristic of membrane material. 

In the proposed fabrication method for establishing a smooth curved surface using ETFE 

film, the cutting strips which are established without the consideration of prestress, are obtained 

by flattening approach. After that, these strips will be joined together, and the ETFE film is 

drawn to its plastic region because of the increment of yield strength and the reduction of 

tension due to viscous characteristics. Therefore, the third step can be ignored in this method of 

fabrication. The flattening approach based on a least-squares minimization, which was 

suggested by Tabarrok [BT93], will be reviewed in this section. In addition, a tool, which is named 

as CP, is established according to this approach. This tool will be used to investigate the shapes 

of cutting strips of saddle type of membrane structures which correspond to the results of form 

finding analysis. 

 

2.3.2. A least-squares minimization flattening approach 

The process of a least-squares minimization flattening approach is presented in Figure 2.3. 

This method suggested the assumptions which are shown as below: 

 The input three-dimensional data of nodes of each strip are obtained from the form finding 

analysis. 

 The link element will connect two nodes in each side of triangular membrane element in 

form finding analysis. 

 The boundary link elements will have the greater “weight” than that of the middle link 
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elements. This assumption will guarantee all cutting boundary lengths remain constant. 

 

 

 

 

Figure 2.3 Process of a least-squares minimization method 

 

The notations in this section are listed in Eq. (2.22) 

𝑋௜,ଵ, 𝑌௜,ଵ, 𝑍௜,ଵ The 3D coordinates of node 1 of link element i: known 

(2.22) 

𝑋௜,ଶ, 𝑌௜,ଶ, 𝑍௜,ଶ The 3D coordinates of node 2 of link element i: known 

𝑥௜,ଵ, 𝑦௜,ଵ The 2D coordinates of node 1 of link element i: unknown 

𝑥௜,ଶ, 𝑦௜,ଶ The 2D coordinates of node 2 of link element i: unknown 

𝑥௝, 𝑦௝ The 2D coordinates of node j 

𝑚 The number of link elements in each strip 

𝑛 The number of nodes in each strip 

∅௜ The difference between the lengths in 2D and 3D of link element i 

𝜔௜ The weight factor of link element i  

The discrepancy between the general length of link elements in 3D coordinates and 2D 

coordinates is minimized by a least-squares approach as shown in Eq. (2.23) 

𝑺ሺ𝒙ሻ ൌ ෍ ω୧

௠

௜ୀଵ

∅𝐢
ଶሺ𝐱ሻ (2.23) 

where, 𝒙 is the coordinate vector of plane strip to be determined. The definitions of 𝒙 and ∅୧ 

Flattening Each strip 
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are shown in Eq. (2.24) and Eq. (2.25), respectively. 

𝒙 ൌ ሾ𝑥ଵ 𝑦ଵ … … 𝑥௡ 𝑦௡ሿ (2.24) 

∅௜ ൌ ට൫𝑥௜,ଵ െ 𝑥௜,ଶ൯
ଶ

൅ ൫𝑦௜,ଵ െ 𝑦௜,ଶ൯
ଶ

െ ට൫𝑋௜,ଵ െ 𝑋௜,ଶ൯
ଶ

൅ ൫𝑌௜,ଵ െ 𝑌௜,ଶ൯
ଶ

൅ ൫𝑍௜,ଵ െ 𝑍௜,ଶ൯
ଶ 

(2.25) 

It should be noted that ∅௜ are the nonlinear functions of 𝒙, so it is necessary to linearize 

∅௜  in order to facilitate numerical calculation. Assuming an initial guess solution 𝒙଴ , the 

Taylor expansion of ∅௜ሺ𝒙ሻ can be obtained in Eq. (2.26) if the nonlinear terms are ignored. 

∅௜ሺ𝒙ሻ ൌ ∅௜ሺ𝒙଴ሻ ൅
𝜕∅௜

𝜕𝒙
ฬ

𝒙బ

ሺ𝒙 െ 𝒙଴ሻ (2.26) 

Substituting Eq. (2.26) into Eq. (2.23), Eq. (2.27) can be obtained 

𝑺ሺ𝒙ሻ ൌ ෍ 𝜔௜ ቈ∅௜ሺ𝒙଴ሻ ൅
𝜕∅௜

𝜕𝒙
ฬ

𝒙బ

ሺ𝒙 െ 𝒙଴ሻ቉
ଶ୫

୧ୀଵ

 (2.27) 

The necessary condition for a minimum of 𝑺ሺ𝒙ሻ is expressed in Eq. (2.28) 

∂𝐒ሺ𝒙ሻ
∂𝒙

ൌ 2 ෍ 𝜔௜ ቈ∅௜ሺ𝒙଴ሻ ൅
𝜕∅௜

𝜕𝒙
ฬ

𝒙బ

ሺ𝒙 െ 𝒙଴ሻ቉

୫

୧ୀଵ

𝜕∅௜

𝜕𝒙
ฬ

𝒙బ

ൌ 0 (2.28) 

The equation Eq. (2.28) can be written in matrix form as shown in Eq. (2.29) 

𝑨𝑻𝑾𝑨∆𝒙 ൌ െ𝑨𝑻𝑾𝑪 (2.29) 

where, 𝑨, 𝑾 and 𝑪 are defined in the equation Eq. (2.30) 

𝑨ሺ𝒙଴ሻ ൌ

⎣
⎢
⎢
⎢
⎢
⎢
⎡
𝜕∅ଵ

𝜕𝑥ଵ

𝜕∅ଵ

𝜕𝑦ଵ
…

𝜕∅ଵ

𝜕𝑥௡

𝜕∅ଵ

𝜕𝑦௡
𝜕∅ଶ

𝜕𝑥ଵ

𝜕∅ଶ

𝜕𝑦ଵ
…

𝜕∅ଶ

𝜕𝑥௡

𝜕∅ଶ

𝜕𝑦௡… … … … …
𝜕∅௡

𝜕𝑥ଵ

𝜕∅௡

𝜕𝑦ଵ
…

𝜕∅௡

𝜕𝑥௡

𝜕∅௡

𝜕𝑦௡ ⎦
⎥
⎥
⎥
⎥
⎥
⎤

௠௫ଶ௡

 

𝑾 ൌ ൦

𝜔ଵ 0 … 0
0 𝜔ଶ … 0
… … … …
0 0 … 𝜔௠

൪

௠௫௠

 

𝑪ሺ𝒙଴ሻ ൌ ሾ∅ଵ ∅ଶ … ∅௡ሿ௠௫ଵ
் 

∆𝒙 ൌ 𝒙 െ 𝒙଴ 

(2.30) 

The solutions of Eq. (2.29) are the incremental of coordinates of plane nodes. The initial 

guess of solutions 𝒙଴ will be added by those increments, and the process will be repeated until 

the convergence criteria are satisfied. 
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Eq. (2.29) can be written in the form which is similar to the finite element equation as shown 

in Eq. (2.31) 

𝑲∆𝒙 ൌ 𝑹 (2.31) 

where, 𝑲 ൌ 𝑨𝑻𝑾𝑨 is the “stiffness matrix”, and 𝑹 ൌ െ𝑨𝑻𝑾𝑪 is the “load matrix”. 

 It is worth to note that a system of link elements is quite similar to a system of truss 

elements. Therefore, the matrices 𝑲 and 𝑹 can be obtained by assembling 𝑲𝒊 and 𝑹𝒊 of all 

link elements. The matrices 𝑲𝒊 and 𝑹𝒊 for link element i are determined in Eq. (2.32)  

𝑲𝒊 ൌ 𝜔௜𝑨௜
்𝑨௜ (2.32a) 

(2.32b) 𝑹𝒊 ൌ െ𝜔௜∅௜𝑨௜
் 

where, the matrix 𝑨௜ is calculated in Eq. (2.33) 

𝑨௜ ൌ ቈ
𝜕∅௜

𝜕𝑥௜,ଵ

𝜕∅௜

𝜕𝑦௜,ଵ

𝜕∅௜

𝜕𝑥௜,ଶ

𝜕∅௜

𝜕𝑥௜,ଶ
቉

ൌ ቂ
𝑥௜,ଵ െ 𝑥௜,ଶ

𝑙
𝑦௜,ଵ െ 𝑦௜,ଶ

𝑙
𝑥௜,ଶ െ 𝑥௜,ଵ

𝑙
𝑦௜,ଶ െ 𝑦௜,ଵ

𝑙
ቃ 

𝑙 ൌ ට൫𝑥௜,ଵ െ 𝑥௜,ଶ൯
ଶ

൅ ൫𝑦௜,ଵ െ 𝑦௜,ଶ൯
ଶ 

(2.33a) 

 

 

 

(2.33b) 

 

2.2.3. Procedure of the cutting pattern tool CP 

The procedure of the cutting pattern tool CP is described in Figure 2.4. 

 

 

Figure 2.4 The procedure of the cutting pattern tool CP 
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2.4 Case study 

2.4.1. Definition of case study 

The saddle type of tensile membrane structure is investigated in this thesis. The dimensions 

and definitions of this structures are described in Figure 2.5. The film is fixed with the outside 

frames and is supported by two galvanized steel arches at the positions of arch. The long 

direction is named as machine direction or MD direction, while the short direction is named as 

transverse direction or TD direction. 

 

 

 

a. 3D view b. Elevation view 

 

 

c. Plane view d. Elevation view 

Figure 2.5 The dimensions and definitions of saddle tensile membrane structures 

(all dimensions are in millimeter)  

 

The rise ratio 𝑟 and the prescribed stress ratio 𝑠 are defined in Eq. (2.34)  

𝑟 ൌ
𝐻
𝐿

, 𝑠 ൌ
𝑆ெ஽

𝑆்஽
 (2.34) 

This section comprises six case studies which are categorized by the rise ratio and stress 

ratio as shown in Table 2.1.  

 

Table 2.1 Definition of case study 

 Case 1 Case 2 Case 3 Case 4 Case 5 Case 6 

𝑟 10% 10% 15% 15% 20% 20% 

𝑠 1:1 3:1 1:1 3:1 1:1 3:1 
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2.4.2. Models in form finding and cutting pattern analysis 

A quarter of above structure is modeled in the form finding analysis. The boundary 

conditions and the forced displacement conditions are presented in Figure 2.6. The initial 

stresses in X and Y directions in Eq. (2.12) are chosen to satisfy the prescribed stress ratio in 

Table 2.1, while the forced displacement conditions at positions of arch are determined by the 

height of arch which is depended on the rise ratio. 

 

 

 

a. Boundary conditions b. Forced displacement conditions 

Figure 2.6 A quarter model and essential boundary conditions in form finding analysis 

 

The cutting lines and cutting strips are shown in Figure 2.7a. In the proposed method, a few 

of cutting lines are proposed, so there is only one cutting line which is chosen in the middle of 

this saddle membrane structure. The boundary link elements and middle link elements are 

indicated in Figure 2.7b&c. The weights of boundary link elements are chosen as 1012 unit as 

compared to 1 unit of the weights of middle link elements. Those selections are to guarantee 

that the lengths of boundary lines will remain constant during the cutting pattern analysis. 
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a. Cutting strips and cutting lines 

  
b. Link elements in corner part c. Link elements in middle part 

Figure 2.7 Cutting strips and model of link elements for cutting pattern analysis 
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2.4.3. Results and discussions 

The tool FF is used to obtain the ideal shapes of six case studies. The results are presented 

in Figure 2.8. 

 

 

 

 

 
𝑟 ൌ 10%, 𝑠 ൌ 1: 1 𝑟 ൌ 10%, 𝑠 ൌ 3: 1 

 

 

 

 

𝑟 ൌ 15%, 𝑠 ൌ 1: 1 𝑟 ൌ 15%, 𝑠 ൌ 3: 1 

 

 

 

 

𝑟 ൌ 20%, 𝑠 ൌ 1: 1 𝑟 ൌ 20%, 𝑠 ൌ 3: 1 

Figure 2.8 The form finding results 

(All dimensions are in millimeter) 
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The curvature of the final curve of this saddle membrane structures in form finding analysis 

is defined in Eq. (2.35) 

𝜅 ൌ
1
𝑅

ൌ
8ℎ

𝐿ଶ ൅ 4ℎ
 (2.35) 

where, ℎ is the saddle height as shown in Figure 2.5d, 𝐿 is short span of the structure. 

Figure 2.9 shows the results of this curvature. The solid line with circle marker represents 

the results of prescribed stress ratio 𝑠 of 1:1, while the solid line with square marker indicates 

the results of 3:1 of 𝑠. According to Figure 2.9, when the rise ratio increases, the curvature of 

the final curve increases. The change of prescribed stress ratio from 1:1 to 3:1 can decrease the 

increments of the curvature. 

 

 
Figure 2.9 The curvature of the final curve in form finding analysis 
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The tool CP is used to obtain the cutting strips of corner and middle parts of six case studies. 

The results are presented in Figure 2.10. In Figure 2.10, the numbers show the lengths of 

boundary and cutting lines, while the percentage figures indicate the expansions of the lengths 

of drape strips and the corresponding lengths of the form finding shapes. It can be seen in Figure 

2.10 that the increment of rise ratio makes the expansions increase. In the field of weld work, 

the increment of expansions will make the reduction of weld speed and the increasement of 

difficulty of connecting. The change of prescribed stress ratio from 1:1 to 3:1 can decrease 

those expansion. In addition, in the proposed fabrication method for establishing curved surface 

using ETFE film, we attempt to establish the curved surface from the non-tension state by 

stretching the composite of drape strips. Therefore, the effectiveness of selection of prescribed 

stress ratio should be checked by the experiments. 

 

 
Corner            Middle 

 
Corner            Middle 

𝑟 ൌ 10%, 𝑠 ൌ 1: 1 𝑟 ൌ 10%, 𝑠 ൌ 3: 1 

 

Corner            Middle 

 

Corner            Middle 

𝑟 ൌ 15%, 𝑠 ൌ 1: 1 𝑟 ൌ 15%, 𝑠 ൌ 3: 1 

 

Corner            Middle 

 

Corner            Middle 

𝑟 ൌ 20%, 𝑠 ൌ 1: 1 𝑟 ൌ 20%, 𝑠 ൌ 3: 1 

Figure 2.10 The cutting pattern results 

(All dimensions are in millimeter) 
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2.5 Summary 

 

(a) It should be noted that there is no guarantee that the form finding procedure in section 

2.2 will always convergence. The convergence problems could be occurred by the shape of 

structures, the initial configuration of structures, the boundary conditions and the mesh 

generation. 

 

(b) The accuracy of the suggested tools FF & CP was confirmed by the in-house software 

of Taiyo Kogyo Corp., for the case studies of the saddle type of tensile membrane structures. 

 

(c) Saddle type of tensile membrane structures: the increment of rise ratio is accompanied 

with the increment of the curvature of ideal curved surface and the increment of expansion of 

drape strips. The selection of prescribed stress ratio can decrease those increments. 

 

(d) The experiments are essential to investigate the possibility of establishment of the three-

dimensional curved surface by stretching the combination of drape strips of several prescribed 

stress ratios and/or plane strips. 



 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Chapter 3.  

Fabrication of three-dimensional curved surface 

using ETFE film by stretching plane strips 
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Chapter 3. Fabrication of three-dimensional curved surface 
using ETFE film by stretching plane strips 
 

 

3.1 Introduction 

Generally, the ETFE film is manufactured in rolls of around 1.5 meter. The strips of film 

are cut and jointed together to procedure the desired curved surfaces. It should be noted that the 

smaller the width of the strip is, the closer the obtained curved surface approaches the real 

curved surface [KI99]. When strips are jointed, the heat welding techniques are generally used. 

In the fabrication of relatively small area of curved surface using ETFE film, the fine 

division of curved surface into strips is difficult. The reasons can be explained as: (1) the 

difficulty of heat welding increases when the curvature of curved surface is large; (2) the 

strength of material decreases because of the weld lines; (3) the aesthetic of structures is affected 

by the increment of weld lines. Besides, the ETFE film can be elongated up to 400% of nominal 

strain under uniaxial test, and the yield strength of the film can be increased after the film is 

drawn to its plastic region due to the hardening characteristics. Therefore, the fabrication of 

ETFE curved surface with a few of weld lines and the high yield strength is pursued. Specially, 

if the possibility of fabrication of curved surface from plane strips is confirmed, the 

effectiveness of construction work will be increased sharply. The first reason is that the heat 

welding work of plane strips is simpler than that of drape strips of large curvature. The second 

reason is that the form finding and cutting pattern analysis are not necessary. 

Therefore, this chapter will introduce the proposed fabrication method in which the 

possibility of establishment of the three-dimensional curved surfaced from plane strips can be 

checked. In this proposed fabrication method, the detail connections between the films and the 

outside frames are improved by the novel technique of Taiyo Kogyo Corp., in which the 

boundary of the films can be drawn freely. As a result, the possibility of fabrication of the curved 

surface is increased by the adjustment of drawing values. When the boundary of the film is 

drawn, the slide between the films and the supporting frames occurs. It means that the slide or 

the friction contact between the films and the supporting frames cannot be ignored in this 

fabrication method. In this chapter, therefore, the values of slide between the ETFE film and 

supporting galvanized steel arches are also investigated. 
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3.2 Overview of stretch fabrication experiments 

3.2.1. The process of experiments 

The saddle type of tensile membrane structure, which was introduced in Chapter 2, is 

investigated in these experiments. The parts of the film between supporting arches and outside 

frames are called corner parts, while the parts between two arches are called middle parts. 

The process of stretch fabrication experiments is presented in Figure 3.1. First, the form 

finding analysis is carried out to find the ideal shapes of the corner parts with 3:1 of prescribed 

stress ratio between X (or MD) and Y (or TD) directions. The films are drawn at boundary 

positions, so the prescribed stress ratio of 3:1 is chosen for the corner parts in order to encourage 

that the pretension stress for the middle part can be introduced sufficiently (Figure 2.10). 

Second, the cutting pattern analysis is used to find the drape strips for the corner parts. It should 

be noted that the plane strips, which are not draped, are used for the middle parts. Third, those 

parts are jointed together into specimens by heat welding techniques, and these specimens are 

spread on the frames of experiments. Next, the boundaries of the specimens are drawn to 

introduce the pretension stress on the films. Finally, the final shapes are obtained and checked 

for the sufficiency of prestress and the absence of wrinkling. 

 

 
Figure 3.1 The process of stretch fabrication experiments, plane strips for middle part 
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The dimensions of the frames of experiments are shown in Figure 3.2. There are three types 

of the height of arch H as 200mm, 300mm and 400mm which correspond to 10%, 15% and 20% 

of rise ratios. The definition of rise ratio can be referred in section 2.4. 

 

 

Figure 3.2 The frame of experiments (All dimensions are in millimeter) 

 

3.2.2. Specimens 

The thickness of ETFE film was 250𝜇𝑚 in these experiments. There are three types of 

specimens which are named as PD10, PD15 and PD20. While the letter “P” denotes the plane 

type of strip for the middle part, the letter “D” indicates the drape type of strip for the corner 

part. The number 10, 15 and 20 present the rise ratios of 10%, 15% and 20%, respectively. The 

cutting strips of corner part and middle part in those types of specimens are shown in Figure 

3.3. The numbers show the lengths of cutting lines, while the percentages indicate the 

expansions of the lengths in drape strips and the corresponding lengths of the form finding 

shapes in Figure 3.3. 
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a. PD10 specimens 

 

b. PD15 specimens 

 

c. PD20 specimens 

Figure 3.3 Types of cutting strips 

 

Each type of cutting strips has two specimens named as a and b, so there are six specimens 

totally. Table 3.1 represents the information of specimens. 

 

Table 3.1 Information of specimens 

Specimens Rise ratio 
Types of cutting strip ETFE properties 

Corner Middle Thickness Type 

PD10a/b 10% Drape (3:1) Plane 250 𝜇𝑚 Printed dot 

PD15a/b 15% Drape (3:1) Plane 250 𝜇𝑚 Printed dot 

PD20a/b 20% Drape (3:1) Plane 250 𝜇𝑚 Printed dot 
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3.2.3. The process of drawing  

The values of drawing at four special boundary positions are shown in Figure 3.4a, while 

those values at other positions are interpolated linearly as shown in Figure 3.4b. The values of 

a, b, c and d are input step by step to introduce the prestress on the film during the experiments. 

The target prestress is around the first yield points of ETFE film, so the values of a, b, c and d 

are determined to guarantee the sufficient prestress. In addition, the limited values of a, b, c and 

d are 80mm due to the setup of experiments, and the relations between a, b, c and d are 

controlled by the absence of wrinkling. 

 

  

a. Values of drawing boundary at four 

special positions 

b. The linear interpolation of drawing 

boundary at other positions  

Figure 3.4 The values of drawing boundary 

 

Figure 3.5 shows the process of drawing over six specimens. In this figure, the lines with 

circle, square, diamond and triangle makers show the drawing values of a, b, c and d during the 

process of experiments, respectively. Generally, the drawing values increased during the 

experiments. However, only the drawing value of d needed to input in some last steps for the 

high-rise ratio specimens (PD15, PD20). The reason can be explained that the prestress in TD 

direction or short direction need to be more introduced. 
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a. PD10a b. PD10b 

  

c. PD15a d. PD15b 

  

e. PD20a f. PD20b 

Figure 3.5 The process of drawing 
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3.3 Observation methods, results and discussions 

3.3.1. Observed engineering strains 

The lengths of four segments (𝑙ଵ → 𝑙ସ) in Figure 3.6 were measured by tape measurement 

with precision of 0.5mm during the process of drawing. The engineering strains can be obtained 

by these observations as shown in Eq. (3.1). 

 

 
 

a. 3D view of a quarter of specimens b. Plane view of a quarter of specimens  

Figure 3.6 The observed lengths of four segments 

 

𝜀௜௞ ൌ
𝑙௜௞ െ 𝑙௜଴

𝑙௜଴

 (3.1) 

where, 𝜀௜௞  is the engineering strain of segment i at step k, 𝑙௜଴  and 𝑙௜௞  are the lengths of 

segment i at the initial step and step k, respectively.  

Figure 3.7 shows the results of the observed engineering strains throughout six specimens. 

In this figure, the lines with the circle, square and triangle markers show the results of specimens 

PD10, PD15 and PD20, respectively. While the solid lines indicate the results of specimens 

PD10a, PD15a, PD20a, the dash lines represent the results of specimens PD10b, PD15b, 

PD20b.  

 

 

A
rc

h

Frame

F
ra

m
e

Offset line

O
ff

se
t l

in
e

50l2l1

l3 l4

50

L
/2



Chapter 3. Fabrication of 3D curved surface using ETFE film by stretching plane strips 

37 
 

  

a. Engineering strain 𝜀ଵ b. Engineering strain 𝜀ଶ 

  

c. Engineering strain 𝜀ଷ d. Engineering strain 𝜀ସ 

Figure 3.7 The results of engineering strains 

 

In the middle part, the target input engineering strains in MD direction or long direction (𝜀ଵ) 

and in TD direction or short direction (𝜀ଷ) are around from 0.5% to 1.0%. The plane strips were 

used for this part, so the effect of saddle height, which is denoted as ℎଵ as shown in Figure 

3.6a, was obvious, especially in TD direction. The higher the rise ratio was, the harder the input 

engineering strain for TD direction was. As it can be seen from Figure 3.7c, the input 

engineering strain reached to the target of around 0.5% when the ratios between drawing value 

of 2d and span of structure L were about 8%, 6% and 4% for the specimens PD20, PD15 and 

PD10, respectively. It means that the drawing value of d must increase with the increment of 

rise ratio. However, the increment of d accompanies with the occurrence of wrinkling. This 
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problem will be indicated in section 3.3.3. 

In the corner part, the input engineering strain in MD direction (𝜀ଶ) reached the values of 

around 1.5% when the drawing ratio 2a/L was around 3% to 4% throughout three values of rise 

ratios. The input prestress was introduced for this part easily because the drawing could be 

carried out at three positions of a, b and c. 

 

3.3.2. Observed Green-Lagrange strain and Mises stress 

The lengths of four edges and two diagonals of part A and part B in Figure 3.8 were 

measured by tape measurement with precision of 0.5mm during the experiments. The Green-

Lagrange strains of those parts could be calculated depending on the assumption that: (1) The 

x direction of each part remained constant as X direction during the experiments; (2) all parts 

were assumed in plane stress condition. Figure 3.9 indicates the assumptions for this calculation. 

 

 
 

a. Positions of part A & part B b. Observed lengths  

Figure 3.8 Observed lengths at part A & part B 

 

The Green-Lagrange strains can be obtained by the equation Eq. (3.2) 

൝
𝜀௫௫
𝜀௬௬
𝜀௫௬

ൡ ൌ
1

2𝑆
቎
𝑦௞ െ 𝑦௜ 𝑦௜ െ 𝑦௝ 0

0 0 𝑥௝ െ 𝑥௜
𝑥௜ െ 𝑥௞ 𝑥௜ െ 𝑥௝ 𝑦௜ െ 𝑦௝

቏ ൝
𝑢௝
𝑢௞
𝑣௞

ൡ (3.2) 

where, 𝑥௜ ൌ 0, 𝑦௜ ൌ 0, 𝑥௝ ൌ 𝐿௞
଴ , 𝑦௝ ൌ 0, 𝑥௞ ൌ 𝐿௝

଴ cosሺ𝛼଴ሻ, 𝑦௞ ൌ 𝐿௝
଴ sinሺ𝛼଴ሻ 

𝑢௝ ൌ 𝐿௞ െ 𝐿௞
଴௡  , 𝑢௞ ൌ 𝐿௝

௡ cosሺ𝛼௡ሻ െ 𝐿௝
଴ cos ሺ𝛼଴ሻ , 𝑣௞ ൌ 𝐿௝

௡ sinሺ𝛼௡ሻ െ 𝐿௝
଴ 𝑠𝑖𝑛ሺ𝛼଴ሻ , S is 

area of triangle ijk at the initial step, 𝐿௝
଴ , 𝐿௝

଴ , 𝐿௞
଴  are the lengths of segments i, j, k at the 

initial step, 𝐿௝
௡ , 𝐿௝

௡ , 𝐿௞
௡   are the lengths of segments i, j, k at step n and 

𝐿௝
଴ , 𝐿௝

଴ , 𝐿௞
଴ , 𝐿௝

௡ , 𝐿௝
௡ , 𝐿௞

௡ , 𝛼଴, 𝛼௡ are described in Figure 3.9. 
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Figure 3.9 The assumptions of calculation of Green-Lagrange strains 

 

The average values of Green-Lagrange strains in MD direction (𝜀௫௫), TD direction (𝜀௬௬) 

and shear strain (𝜀௫௬) of part A and part B during the process of drawing are shown in Figure 

3.10 and Figure 3.11, respectively. In these figures, lines with the circle, rectangle and triangle 

markers present the results of 𝜀௫௫, 𝜀௬௬ and 𝜀௫௬, respectively. In addition, the Green-Lagrange 

strains are printed in the relationship with the ratio between the drawing value of d and span of 

structure L in Figure 3.10, while these strains are plot in the relationship with ratio between the 

drawing value of b and span L in Figure 3.11. 

At part A, the strain of TD direction (𝜀௬௬) was almost zeros in case of PD15 and PD20, 

while the strain of MD direction (𝜀௫௫) and the shear strain (𝜀௫௬) were large. This made the 

wrinkling occurred at this part and smooth curved surface could not be obtained in case of high-

rise ratio (15% and 20%). 

In case of PD10, the decrements of Green-Lagrange strains were observed at part A at the 

final step. The reason can be explained that the drawing process at the final step occurred only 

at corner part (b position only). The same phenomenon was observed in case of PD15b. 

Therefore, it is recommended that the drawing process should be carried out all over of 

specimen at each step of fabrication. 

At part B, the Green-Lagrange strains increased gradually with the increment of drawing 

value at b position. The limit value of drawing value b is around 30mm because the damage of 

ETFE was observed at the corner of outside frame. 

 

 

 

 

𝛼௡ 𝛼଴ 
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a. PD10a b. PD10b 

  

c. PD15a d. PD15b 

  

e. PD20a f. PD20b 

Figure 3.10 The Green-Lagrange strains of part A during the experiments 
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a. PD10a b. PD10b 

  

c. PD15a d. PD15b 

  

e. PD20a f. PD20b 

Figure 3.11 The Green-Lagrange strains of part B during the experiments 
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The 2nd Piola-Kirchhoff stresses of part A and part B can be obtained by Eq. (3.3). Here, 

part A and B were assumed in plane stress condition. 

ቐ
𝑆௫௫
𝑆௬௬

𝑆௫௬

ቑ ൌ
𝐸

1 െ 𝜈ଶ ൦

1 𝜈 0
𝜈 1 0

0 0
1 െ 𝜈

2

൪ ൝
𝜀௫௫
𝜀௬௬
𝜀௫௬

ൡ (3.3) 

where, E and 𝜈 are Young modulus and Poisson’s ratio of ETFE film, respectively.  

The Mises stress is determined by the Eq. (3.4) 

𝑆௘௤ ൌ ට𝑆௫௫
ଶ ൅ 𝑆௬௬

ଶ െ 𝑆௫௫𝑆௬௬ ൅ 3𝑆௫௬
ଶ      (3.4) 

The results of Mises stresses are shown in Figure 3.12. The dash lines with circle and 

rectangle markers show the average values of specimens a and b, respectively. The bar and error 

bar indicate the maximum and minimum values. The input Mises stress of part A was 

insufficient because the plane strips were used in the middle part. The Mises stress almost 

reached the target stress of the first yield point of ETFE film at part B. The drape strips with 

prescribed stress ratio of 3:1 were used for the corner part. The drawing values of around 3% 

to 4% of span were input at the boundary. Those fabrication process can be accepted for the 

corner part throughout three values of rise ratios. 
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a. Part A b. Part B 

Figure 3.12 The results of Mises stress during the experiments 
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3.3.3. Smooth curved surface 

The smooth curved surface, which is the curved surface without the wrinkling, could be 

only obtained for the low-rise ratio case of 10% (PD10). Figure 3.13 shows the initial and final 

shapes of PD10a and PD10b. 

 

  

a. PD10a, Initial shape b. PD10a, Final shape  

  
c. PD10b, Initial shape d. PD10b, Final shape  

Figure 3.13 Smooth curved surfaces in case of rise ratio of 10% 

 

 
a. Positions of wrinkling in 3D view 

  
b. PD15a c. PD20a 

Figure 3.14 Positions of occurred wrinkling in case of PD15 & PD20 
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The wrinkling could not be erased at the final step of drawing process for the high-rise ratio 

of 15% and 20% (PD15 & PD20). The positions of occurred wrinkling are shown in Figure 

3.14. The occurrence of wrinkling at position I (Figure 3.14a) can be explained by: (1) the stress 

of this position was mainly introduced in MD direction or long direction; (2) the shear stress 

was large. As a result, the minimum principal stress of this position was almost smaller than 

zeros, and the wrinkling occurred. The minimum principal stress of part A can be used as the 

representative sample of this reason. This stress can be obtained by Eq. (3.5) and are shown in 

Figure 3.15. The circle markers show the average values of minimum principal stress, while the 

error bars indicate the maximum and minimum values of this stress at part A in Figure 3.15. 

 

𝑆௠௜௡ ൌ
𝑆௫ ൅ 𝑆௬

2
  െ ඨ൫𝑆௫ െ 𝑆௬൯

ଶ

4
൅ 𝑆௫௬

ଶ   (3.5) 

 

 

Figure 3.15 Minimum principal stress of part A 

 

The occurrence of wrinkling at position II can be explained by the discrepancy between the 

drawing values at d and c positions. The drawing value of d position has to introduce 

dramatically to reach the target prestress for the high-rise ratio cases. However, the increment 

of d is accompanied with the decrement of minimum principal stress at position II (Figure 

5.12b). Consequently, the wrinkling occurred at position II in case of high-rise ratios of 15% 

and 20%. 
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3.3.4. Motions of offset points 

The motions of offset points on the ETFE film versus the fix points of outside frame were 

observed by the carpenter’s square with precision of 0.5mm during the drawing process of 

experiments. Those movements can be used as the forced displacement conditions in the 

analysis of predictions behaviors of ETFE film for the stretch fabrication experiments in the 

next chapters. The positions of offset points are shown in Figure 3.16. 

 

 

a. Positions of offset point in 3D view 

 

 
b. Positions of offset point in 2D view c. Photo of the corner part, PD10a 

Figure 3.16 Positions of offset points 

 

The relations between the drawing values of a, b, c and d and the movements of special 

offset points 1*, 2*, 3* and 4* are shown in Figure 3.17. In this figure, the circle, square, 

diamond, triangle, minus and star markers show the results of PD10a, PD10b, PD15a, PD15b, 

PD20a and PD20b, respectively. The dash lines present the linear regression lines [RB09] between 

the drawing values and the motions of offset points. The linear functions of these regression 

lines are also presented, and these functions can be used to predict the movements of offset 

points during the process of experiments. 
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a. a and movement of 1* in X direction b. b and movement of 2* in X direction 

  
c. c and movement of 3* in Y direction d. d and movement of 4* in Y direction 

Figure 3.17 The relations between drawing values and movements of offset points 
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3.4 Observed slide between ETFE film and supporting arches 

 

 

 

a. 3D view of a quarter of specimens b. Photo of specimen PD20a, final state 

Figure 3.18 The observed slide at five positions 

 

The slide between the red marked points of ETFE film and the fixed blue marked points of 

arches (Figure 3.18b) were measured by the carpenter’s square with precision of 0.5mm at five 

positions (Figure 3.18a) during the process of drawing. Those measurements were carried out 

in both X and Y directions. The results of these slides will be used to confirm the suggested 

analytical method which will be introduced in the next chapter. Figure 3.19 shows the photos 

of those movements during the experiments. In this figure, the blue marked points indicate the 

fixed points of galvanized steel arches, while the red marked points present the corresponding 

observed slide points of ETFE film.  

The relations between slide values in X and Y directions are shown in Figure 3.20. In this 

figure, the dash lines with circle, square, diamond, triangle and minus makers present the results 

of slide at I, II, III, IV and V positions, respectively. Generally, the slide in Y direction increased 

with the increment of drawing value of c. The slide in X direction at point II and III changed 

the direction when drawing process occurred only at d position. This phenomenon could be 

seen in case of PD15a, PD15b, PD20b specimens. The slide at point I occurred mainly in X 

direction because of the symmetry of specimens. 
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Initial Step 4 Final step 

a. PD10a 

 

   
Initial Step 2 Final step 

b. PD10b 

 

   

Initial Step 2 Final step 

c. PD15a 
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Initial Step 3 Final step 

d. PD15b 

 

   
Initial Step 3 Final step 

e. PD20a 

 

   
Initial Step 3 Final step 

f. PD20b 

Figure 3.19 The photos of observed slide over six specimens 
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a. PD10a b. PD10b 

  
c. PD15a d. PD15b 

  
e. PD20a f. PD20b 

Figure 3.20 The history of slide in X and Y directions over six specimens 
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3.5 Summary 

 

(a) The fabrication of low-rise 3D smooth curved surface by drawing the plane strips was 

confirmed. However, the establishment of high-rise 3D smooth curved surface by drawing the 

plane strips still had problem because of the occurrence of the wrinkling and the insufficient 

prestress. 

 

(b) The slide between ETFE film and supporting galvanized steel arches was observed 

obviously. Therefore, the friction contact between them cannot be ignored. 

 

(c) The relationship between the motion of offset point on ETFE film and the drawing values 

was established. This relationship can be used to predict the behaviors of ETFE film and 

determine the drawing values in the practical construction. 

 

(d) The analytical method, which can solve the geometrical nonlinearity, the material 

nonlinearity and the nonlinearity of contact, is necessarily proposed. In addition, the static 

friction coefficient between the ETFE film and supporting frames such as galvanized steel arch 

is also essential to investigate. 
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Chapter 4. Total Lagrangian formulation for ETFE tensile 
membrane structures considering friction contact 
 

 

4.1 Introduction 

First, the ETFE film is thin and flexible, so tensile membrane structures using ETFE film 

have relatively large deformation under specified loads. Thus, the geometrical nonlinearity 

analysis is essentially important. Second, the ETFE film is produced partial plastic elongation 

during the drawing process in the proposed fabrication method in Chapter 3. As a result, the 

elastic-plastic characteristics of ETFE film are necessarily considered. Third, the slide between 

ETFE film and supporting frames such as galvanized steel arches was observed obviously. It 

means that the friction contacts between ETFE film and supporting arches cannot be ignored. 

In summary, the analytical method, which can solve the geometrical nonlinearity, the material 

nonlinearity and the nonlinearity of contact, is necessarily proposed to predict the behaviors of 

ETFE film and determine the drawing values in the proposed stretch fabrication method. 

The elastic-plastic large deformation analysis could be found in the work of Bathe [KB76]. In 

this work, Bathe suggested both total Lagrangian (TL) formulation, in which all kinematic 

variables are referred to the initial configuration and updated Lagrangian (UL) formulation, in 

which all kinematic variables are referred to the current configuration. Moreover, they indicated 

that if the constitutive relations are defined directly for each formulation, the differences 

between two formulations will be relatively small in case of moderate deformation. Besides, 

drawing the ETFE film was coupled with the reduction of thickness and the decrease of tear 

resistance. As a result, 10% to 20% of drawing was the optimal condition under uniaxial 

elongation [MK08], while 5% to 10% was recommended for the biaxial elongation [EJ13]. 

Therefore, the theory of large displacements and small strains could be utilized for the analysis 

during the stretch fabrication experiments. As a result, the TL formulation is used in this chapter. 

The slide or friction contact in tensile membrane structures has attracted a great number of 

researchers. The review of this problem can be referred in section 1.1. The main problem in 

previous researches of this problem was the assumption of elastic range of membrane material. 

Therefore, this chapter proposes the total Lagrangian formulation for both triangular 

membrane element and node-to-node contact element as well as the analytical procedure to 

solve the problems of large deformation, elastic-plastic and contact conditions. The elastic-

plastic properties of material and the friction characteristics of contact surfaces are determined 

during the static loading process. In addition, the suggested formulations are simple and easily 

incorporated into existing nonlinear finite element programs. The accuracy and applicability of 
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suggesting method are confirmed by both the experiments and existing commercial software 

ANSYS [AN07]. 

 

4.2 Total Lagrangian formulation 

In the static analysis of geometrical nonlinearity of tensile membrane structures, it is 

preferable to use a dense mesh of primitive elements rather than a coarse mesh made up higher 

order elements [BT92]. Therefore, the work of this chapter focuses on triangular membrane 

elements with three nodes and nine degrees of freedom per element. In addition, the dimensions 

of supporting frames are usually much smaller than that of membrane. As a result, the node-to-

node contact elements are used to model the contact between the membrane and supporting 

frame approximately. 

 

4.2.1. Triangular membrane element 

The TL formulation for triangular element can be referred in many previous studies [BT92], 

[KI90], [HN95]. This formulation is reviewed in combination with Return-Mapping method [JCS86], 

consistent tangent operators [JCS85] for ETFE material, which has two yield points on its stress-

strain curve in this section. The motion of triangular element in local Cartesian coordinate 

system ( 𝑥଴ , 𝑦଴ , 𝑧଴ ሻ of the initial time 𝑡଴ as well as in the global coordinate (X, Y, Z) is shown 

in Figure 4.1. 

 

 

𝑥଴ , 𝑦଴ , 𝑧଴  

 

X, Y, Z 

 

𝑖଴ , 𝑖௧ , 𝑖௧ା∆௧  

: the local coordinates of 

membrane element 

: the global coordinates of 

the whole structure 

: the position of node i 

(i=13) at the pseudo time 

0, 𝑡 and 𝑡 ൅ ∆𝑡 

Figure 4.1 The motion of triangular element in Cartesian coordinate system 

 

The notations in this section are listed in Eq. (4.1) 

𝑢଴
௧ା∆௧ , 𝑣଴

௧ା∆௧ , 𝑤଴
௧ା∆௧  

The displacements in membrane element from time 𝑡଴ 

to time 𝑡 ൅ ∆𝑡 in 𝑥଴ , 𝑦଴  and  𝑧଴  coordinates. 

(4.1) 𝑢௜଴
௧൅∆𝑡 , 𝑣௜଴

௧൅∆𝑡 , 𝑤௜଴
௧൅∆𝑡  

The displacements of node i (i=13) from time 𝑡଴ to 

time 𝑡 ൅ ∆𝑡 in 𝑥଴ , 𝑦଴  and  𝑧଴  coordinates. 

𝛿𝑢௜, 𝛿𝑣௜ and 𝛿𝑤௜ The variations of the current displacement components 

Z

X Y

01
02

03

0x

0y
0z

t1 t2

t3

t+Δt1

t+Δt2

t+Δt3
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𝑢଴
௧ା∆௧

௜, 𝑣଴
௧ା∆௧

௜ and 𝑤௜଴
௧ା∆௧  

𝜀௫௫଴
௧ା∆௧ , 𝜀௬௬଴

௧ା∆௧ , 𝜀௫௬଴
௧ା∆௧  

The Green-Lagrange strains of membrane element from 

the initial time 𝑡଴ to the time 𝑡 ൅ ∆𝑡 

𝑆଴
௧ା∆௧

௫௫, 𝑆଴
௧ା∆௧

௬௬, 𝑆଴
௧ା∆௧

௫௬ 
The 2nd Piola-Kirchhoff stresses of membrane element 

from the initial time 𝑡଴ to the time 𝑡 ൅ ∆𝑡 

𝑆̅
଴
௧ , 𝑆̅

଴
௧ା∆௧  The Mises stress of the time 𝑡 and the time 𝑡 ൅ ∆𝑡 

𝑺଴
௧ , 𝑺଴

௧ା∆௧  
The 2nd Piola-Kirchhoff stress tensor of membrane 

element from time 𝑡଴ to time 𝑡 and time 𝑡 ൅ ∆𝑡  

𝑺௧𝑟𝑖𝑎𝑙
଴

௧ା∆௧  Trial values of 2nd Piola-Kirchhoff stress tensor 𝑺଴
௧ା∆௧  

𝑺௧𝑟𝑢𝑒
଴

௧ା∆௧  True values of 2nd Piola-Kirchhoff stress tensor 𝑺଴
௧ା∆௧  

𝑺ᇱ
଴

௧ା∆௧  
The deviatoric values of 2nd Piola-Kirchhoff stress 

tensor 𝑺଴
௧ା∆௧  

𝑫 Elastic tensor of material 

𝑫௘௣∗ Elastic-plastic tensor of material 

𝛥𝑒̅௉ 
The increment of equivalent plastic strain from the time 

𝑡 to the time 𝑡 ൅ ∆𝑡 

E, G, ν, 𝐻ᇱ 
Young modulus, shear modulus, Poisson ratio, strain 

hardening ratio of material 

The displacements 𝑢଴
௧ା∆௧ , 𝑣଴

௧ା∆௧ , 𝑤଴
௧ା∆௧  are assumed to be linear over the element, so Eq. 

(4.2) can be determined as below:  

𝑢଴
௧ା∆௧ ൌ 𝑎ଵ ൅ 𝑎ଶ 𝑥଴ ൅ 𝑎ଷ 𝑦଴  

𝑣଴
௧ା∆௧ ൌ 𝑎ସ ൅ 𝑎ହ 𝑥଴ ൅ 𝑎଺ 𝑦଴  

𝑤଴
௧ା∆௧ ൌ 𝑎଻ ൅ 𝑎଼ 𝑥଴ ൅ 𝑎ଽ 𝑦଴  

(4.2) 

Evaluating the displacements of three nodes of element, and solving for 𝑎௜, Eq. (4.3) can 

be obtained: 

𝑎ଶ ൌ
𝑦ଶଷ 𝑢଴

௧ା∆௧
ଵ଴ ൅ 𝑦ଷଵ 𝑢଴

௧ା∆௧
ଶ଴ ൅ 𝑦ଵଶ 𝑢଴

௧ା∆௧
ଷ଴

2𝑆଴
 

𝑎ଷ ൌ
𝑥ଷଶ 𝑢଴

௧ା∆௧
ଵ଴ ൅ 𝑥ଵଷ 𝑢଴

௧ା∆௧
ଶ଴ ൅ 𝑥ଶଵ 𝑢଴

௧ା∆௧
ଷ଴

2𝑆଴
 

𝑎ହ ൌ
𝑦ଶଷ 𝑣଴

௧ା∆௧
ଵ଴ ൅ 𝑦ଷଵ 𝑣଴

௧ା∆௧
ଶ଴ ൅ 𝑦ଵଶ 𝑣଴

௧ା∆௧
ଷ଴

2𝑆଴
 

𝑎଺ ൌ
𝑥ଷଶ 𝑣଴

௧ା∆௧
ଵ଴ ൅ 𝑥ଵଷ 𝑣଴

௧ା∆௧
ଶ଴ ൅ 𝑥ଶଵ 𝑣଴

௧ା∆௧
ଷ଴

2𝑆଴
 

𝑎଼ ൌ
𝑦ଶଷ 𝑤଴

௧ା∆௧
ଵ଴ ൅ 𝑦ଷଵ 𝑤଴

௧ା∆௧
ଶ଴ ൅ 𝑦ଵଶ 𝑤଴

௧ା∆௧
ଷ଴

2𝑆଴
 

(4.3) 
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𝑎ଽ ൌ
𝑥ଷଶ 𝑤଴

௧ା∆௧
ଵ଴ ൅ 𝑥ଵଷ 𝑤଴

௧ା∆௧
ଶ଴ ൅ 𝑥ଶଵ 𝑤଴

௧ା∆௧
ଷ଴

2𝑆଴
 

where, the 𝑆଴ is the area of membrane element at the initial time 𝑡଴.  

The values of 𝑆଴, 𝑥଴ ௜௝  and 𝑦଴ ௜௝  are determined in Eq. (4.4) 

2𝑆଴ ൌ ተ
1 𝑥ଵ଴ 𝑦ଵ଴

1 𝑥ଶ଴ 𝑦ଶ଴

1 𝑥ଷ଴ 𝑦ଷ଴

ተ 

𝑥଴ ௜௝ ൌ 𝑥଴ ௜ െ 𝑥଴ ௝  ሺ𝑖, 𝑗 ൌ 1 → 3ሻ 

𝑦଴ ௜௝ ൌ 𝑦଴ ௜ െ 𝑦଴ ௝  ሺ𝑖, 𝑗 ൌ 1 → 3ሻ 

(4.4) 

where, 𝑥଴ ௜   and 𝑦଴ ௜   are the coordinates of node i at time 𝑡଴  in 𝑥଴   and 𝑦଴   axes, 

respectively. 

The Green-Lagrange strains from the initial time 𝑡଴ to the time 𝑡 ൅ ∆𝑡 can be expressed 

by Eq. (4.5) 

𝜀௫௫଴
௧ା∆௧ ൌ

𝜕 𝑢଴
௧ା∆௧

𝜕 𝑥଴

൅
1
2

൥ቆ
𝜕 𝑢଴

௧ା∆௧

𝜕 𝑥଴

ቇ
ଶ

൅ ቆ
𝜕 𝑣଴

௧ା∆௧

𝜕 𝑥଴

ቇ
ଶ

൅ ቆ
𝜕 𝑤଴

௧ା∆௧

𝜕 𝑥଴

ቇ
ଶ

൩ 

𝜀௬௬଴
௧ା∆௧ ൌ

𝜕 𝑣଴
௧ା∆௧

𝜕 𝑦଴

൅
1
2

൥ቆ
𝜕 𝑢଴

௧ା∆௧

𝜕 𝑦଴

ቇ
ଶ

൅ ቆ
𝜕 𝑣଴

௧ା∆௧

𝜕 𝑦଴

ቇ
ଶ

൅ ቆ
𝜕 𝑤଴

௧ା∆௧

𝜕 𝑦଴

ቇ
ଶ

൩ 

𝜀௫௬଴
௧ା∆௧ ൌ

𝜕 𝑢଴
௧ା∆௧

𝜕 𝑦଴

൅
𝜕 𝑣଴

௧ା∆௧

𝜕 𝑥଴

൅ ቈ
𝜕 𝑢଴

௧ା∆௧

𝜕 𝑥଴

𝜕 𝑢଴
௧ା∆௧

𝜕 𝑦଴

൅
𝜕 𝑣଴

௧ା∆௧

𝜕 𝑥଴

𝜕 𝑣଴
௧ା∆௧

𝜕 𝑦଴

൅
𝜕 𝑤଴

௧ା∆௧

𝜕 𝑥଴

𝜕 𝑤଴
௧ା∆௧

𝜕 𝑦଴

቉ 

(4.5) 

Substituting Eq. (4.2) and Eq. (4.3) into Eq. (4.5), and writing them in matrix form, Eq. 

(4.6) can be obtained: 

𝜺଴
௧ା∆௧ ൌ ൞

𝜀௫௫଴
௧ା∆௧

𝜀௬௬଴
௧ା∆௧

𝜀௫௬଴
௧ା∆௧

ൢ ൌ

⎩
⎪
⎨

⎪
⎧ 𝑎ଶ ൅

1
2

ሺ𝑎ଶ
ଶ ൅ 𝑎ହ

ଶ ൅ 𝑎଼
ଶሻ

𝑎଺ ൅
1
2

ሺ𝑎ଷ
ଶ ൅ 𝑎଺

ଶ ൅ 𝑎ଽ
ଶሻ

𝑎ଷ ൅ 𝑎ହ ൅ ሺ𝑎ଶ𝑎ଷ ൅ 𝑎ହ𝑎଺ ൅ 𝑎଼𝑎ଽሻ⎭
⎪
⎬

⎪
⎫

 (4.6) 

The variations of these strains can be determined in Eq. (4.7): 

𝛿𝜺଴
௧ା∆௧ ൌ ൞

𝛿𝜀௫௫଴
௧ା∆௧

𝛿𝜀௬௬଴
௧ା∆௧

𝛿𝜀௫௬଴
௧ା∆௧

ൢ ൌ ሺ𝑩଴ ൅ 𝑩௅ሻ ∙ 𝛿𝒖 (4.7) 

where, the matrices 𝑩଴, 𝑩௅ and vector 𝛿𝒖 are determined in Eq. (4.8) 

𝑩଴ ൌ
1

2𝑆଴
൦

𝑦ଶଷ଴ 0 0 𝑦ଷଵ଴ 0 0 𝑦ଵଶ଴ 0 0

0 𝑥ଷଶ଴ 0 0 𝑥ଵଷ଴ 0 0 𝑥ଶଵ଴ 0

𝑥ଷଶ଴ 𝑦ଶଷ଴ 0 𝑥ଵଷ଴ 𝑦ଷଵ଴ 0 𝑥ଶଵ଴ 𝑦ଵଶ଴ 0

൪ (4.8) 
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𝑩௅ ൌ
1

2𝑆଴

⎣
⎢
⎢
⎢
⎡ 𝑎ଶ 𝑦ଶଷ଴ 𝑎ହ 𝑦ଶଷ଴ 𝑎଼ 𝑦ଶଷ଴ 𝑎ଶ 𝑦଴ ଷଵ 𝑎ହ 𝑦଴ ଷଵ 𝑎଼ 𝑦଴ ଷଵ 𝑎ଶ 𝑦଴ ଵଶ 𝑎ହ 𝑦଴ ଵଶ 𝑎଼ 𝑦଴ ଵଶ

𝑎ଷ 𝑥଴ ଷଶ 𝑎଺ 𝑥ଷଶ଴ 𝑎ଽ 𝑥଴ ଷଶ 𝑎ଷ 𝑥ଵଷ଴ 𝑎଺ 𝑥ଵଷ଴ 𝑎ଽ 𝑥ଵଷ଴ 𝑎ଷ 𝑥ଶଵ଴ 𝑎଺ 𝑥଴ ଶଵ 𝑎ଽ 𝑥଴ ଶଵ

𝑎ଷ 𝑦ଶଷ଴ 𝑎଺ 𝑦ଶଷ଴ 𝑎ଽ 𝑦ଶଷ଴ 𝑎ଷ 𝑦଴ ଷଵ 𝑎଺ 𝑦଴ ଷଵ 𝑎ଽ 𝑦଴ ଷଵ 𝑎ଷ 𝑦଴ ଵଶ 𝑎଺ 𝑦଴ ଵଶ 𝑎ଽ 𝑦଴ ଵଶ

൅𝑎ଶ 𝑥ଷଶ଴ ൅𝑎ହ 𝑥ଷଶ଴ ൅𝑎଼ 𝑥଴ ଷଶ ൅𝑎ଶ 𝑥ଵଷ଴ ൅𝑎ହ 𝑥଴ ଵଷ ൅𝑎଼ 𝑥ଵଷ଴ ൅𝑎ଶ 𝑥ଶଵ଴ ൅𝑎ହ 𝑥଴ ଶଵ ൅𝑎଼ 𝑥଴ ଶଵ⎦
⎥
⎥
⎥
⎤

 

𝜹𝒖 ൌ ሾ𝛿𝑢ଵ 𝛿𝑣ଵ 𝛿𝑤ଵ 𝛿𝑢ଶ 𝛿𝑣ଶ 𝛿𝑤ଶ 𝛿𝑢ଷ 𝛿𝑣ଶ 𝛿𝑤ଷሿ் 

where, 𝛿𝑢௜, 𝛿𝑣௜ and 𝛿𝑤௜ are the variations of the current displacements 𝑢଴
௧ା∆௧

௜, 𝑣଴
௧ା∆௧

௜ and 

𝑤௜଴
௧ା∆௧  , respectively. It should be noted that these variations are also the variations of the 

increment of displacements from the time 𝑡 to the time 𝑡 ൅ ∆𝑡. 

For an elastic-plastic material, the constitutive equations depend on the complete stress and 

strain history. In this section work, von Mises yield criterion is used, and the equivalent stress 

or Mises stress at the time 𝑡 is determined in Eq. (4.9) 

𝑆̅
଴
௧ ൌ ටሺ 𝑆଴

௧
௫௫ሻଶ ൅ ൫ 𝑆଴

௧
௬௬൯

ଶ
െ 𝑆଴

௧
௫௫ 𝑆଴

௧
௬௬ ൅ 3൫ 𝑆଴

௧
௫௬൯

ଶ
 (4.9) 

The elastic-plastic status of material at any time between discrete time points 𝑡 and 𝑡 ൅

∆𝑡 is defined by this equivalent stress and yield stresses of material in uniaxial tension test. As 

a result, the constitutive equations for elastic-plastic material in TL formulation are written in 

Eq. (4.10) 

𝑺଴
௧ା∆௧ ൌ 𝑺଴

௧ ൅ 𝑫ഥ ∙ ∆𝜺 

∆𝜺 ൌ 𝜺଴
௧ା∆௧ െ 𝜺଴

௧  

𝑫ഥ ൌ 𝑫 ൌ ா

ଵିఔమ ቎
1 𝜈 0
𝜈 1 0
0 0 ଵିఔ

ଶ

቏ : elastic zone 

𝑫ഥ ൌ 𝑫௘௣∗                : plastic zone   

(4.10) 

where, ∆𝜺 are the increments of Green-Lagrange strains from the time 𝑡 to the time 𝑡 ൅ ∆𝑡, 

𝑫 is elastic tensor of material, 𝑫௘௣∗ is elastic-plastic tensor of material.  

The von Mises yield criterion, the associated flow rule and the isotropic hardening rule are 

used to determine 𝑫௘௣∗. The Return-Mapping method and consistent tangent operators could 

be used to obtain 𝑫௘௣∗  for the assumption of plane stress analysis in this chapter. The 

derivation of 𝑫௘௣∗ for triangular element is given in the next part. 

Derivation of 𝑫𝒆𝒑∗: 

When the material shows the plastic behavior at any time between discrete time points 𝑡 

and 𝑡 ൅ ∆𝑡, the 2nd Piola-Kirchhoff stress tensor at time 𝑡 ൅ ∆𝑡 is obtained by Eq. (4.11) 

𝐒଴
୲ା∆୲ ൌ 𝑺଴

௧ ൅ 𝑫 ∙ ሺ∆𝜺 െ ∆𝜺௉ሻ (4.11) 

where, ∆𝜺௣ are the increments of plastic strains from time 𝑡 to time 𝑡 ൅ ∆𝑡.   

Based on the associated flow rule and the yield condition, ∆𝜺௣ are determined in Eq. (4.12) 

∆𝜺௉ ൌ ∆𝜆 ∙ 𝑺ᇱ
଴

௧ା∆௧  (4.12) 
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∆𝜆 ൌ
3
2

∆𝑒̅௉

𝑆̅
଴

௧ା௱௧  

where, ∆𝑒̅௉ is the increment of equivalent plastic strain from time 𝑡 to time 𝑡 ൅ ∆𝑡, 𝑆̅
଴

௧ା௱௧  

is the equivalent stress or Mises stress at the time 𝑡 ൅ ∆𝑡, and 𝑺ᇱ
଴

௧ା∆௧  is the deviatoric stress 

tensor of 2nd Piola-Kirchhoff stress tensor. 

Substituting Eq. (4.12) into Eq. (4.11), the equation Eq. (4.13) can be obtained 

𝑺଴
௧ା∆௧ ൌ 𝑺଴

௧ ൅ 𝑫 ∙ ∆𝜺 െ
3
2

∆𝑒̅௉

𝑆̅
଴

௧ା௱௧ 𝑫 ∙ 𝑺ᇱ
଴

௧ା∆௧  (4.13) 

The trial values of 2nd Piola-Kirchhoff stress tensor at time 𝑡 ൅ ∆𝑡 are determined in Eq. 

(4.14), and the true values of 2nd Piola-Kirchhoff stress tensor at time 𝑡 ൅ ∆𝑡 are rewritten in 

Eq. (4.15) from Eq. (4.13). 

𝑺௧௥௜௔௟
଴

௧ା∆௧ ൌ 𝑺଴
௧ ൅ 𝑫 ∙ ∆𝜺 (4.14) 

 

𝑺௧௥௨௘
଴

௧ା∆௧ ൌ 𝑺௧௥௜௔௟
଴

௧ା∆௧ െ
3
2

𝛥𝑒̅௉

𝑆̅
଴

௧ା௱௧ 𝑫 ∙ 𝑺ᇱ௧௥௨௘
଴

௧ା∆௧  (4.15) 

The deviatoric values of 2nd Piola-Kirchhoff stress tensor 𝑺ᇱ௧௥௨௘
଴

௧ା∆௧  are defined in Eq. 

(4.16) for the plane stress analysis 

𝑺ᇱ௧௥௨௘
଴

௧ା∆௧ ൌ 𝑷 ∙ 𝑺௧௥௨௘
଴

௧ା∆௧  (4.16) 

where, 𝑷 ൌ ൦

ଶ

ଷ
െ ଵ

ଷ
0

െ ଵ

ଷ

ଶ

ଷ
0

0 0 2

൪.  

Introducing matrix Q as 𝑸 ൌ ଵ

√ଶ
൥
1 െ1 0
1 1 0
0 0 √2

൩  and multiplying 𝑸் in the left side of Eq. 

(4.15), the equation Eq. (4.17) can be obtained 

𝑺෡௧௥௨௘
଴

௧ା∆௧ ൌ 𝑺෡௧௥௜௔௟
଴

௧ା∆௧ െ
3
2

𝛥𝑒̅௉

𝑆̅
଴

௧ା௱௧ 𝑸் ∙ 𝑫 ∙ 𝑷 ∙ 𝑺௧௥௨௘
଴

௧ା∆௧  

𝑺෡௧௥௨௘
଴

௧ା∆௧ ൌ 𝑺෡௧௥௜௔௟
଴

௧ା∆௧ െ
3
2

𝛥𝑒̅௉

𝑆̅
଴

௧ା௱௧ 𝑸் ∙ 𝑫 ∙ 𝑸 ∙ 𝑸் ∙ 𝑷 ∙ 𝑸 ∙ 𝑸் ∙ 𝑺௧௥௨௘
଴

௧ା∆௧  

𝑺෡௧௥௨௘
଴

௧ା∆௧ ൌ 𝑺෡௧௥௜௔௟
଴

௧ା∆௧ െ
3
2

𝛥𝑒̅௉

𝑆̅
଴

௧ା௱௧ 𝑫෡ ∙ 𝑺෡௧௥௨௘
଴

௧ା∆௧  

(4.17) 

where, 𝑺෡଴
௧ା∆௧ ൌ 𝑸் ∙ 𝑺଴

௧ା∆௧ , 𝑫෡ ൌ 𝑸் ∙ 𝑫 ∙ 𝑸 ∙ 𝑸் ∙ 𝑷 ∙ 𝑸 ൌ ቎

ா

ଷሺଵିఔሻ
0 0

0 2𝐺 0
0 0 2𝐺

቏, and 𝐺 ൌ ா

ଶሺଵାఔሻ
 

Eq. (4.17) can be written in scalar forms in Eq. (4.18) 
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ቆ1 ൅
1
2

𝛥𝑒̅௉

𝑆̅
଴

௧ା௱௧

𝐸
ሺ1 െ 𝜈ሻ

ቇ 𝑆መ௫௫
௧௥௨௘

଴
௧ା∆௧ ൌ 𝑆መ௫௫

௧௥௜௔௟
଴

௧ା∆௧  

ቆ1 ൅ 3
𝛥𝑒̅௉

𝑆̅
଴

௧ା௱௧ 𝐺ቇ 𝑆መ௬௬
௧௥௨௘

଴
௧ା∆௧ ൌ 𝑆መ௬௬

௧௥௜௔௟
଴

௧ା∆௧  

ቆ1 ൅ 3
𝛥𝑒̅௉

𝑆̅
଴

௧ା௱௧ 𝐺ቇ 𝑆መ௫௬
௧௥௨௘

଴
௧ା∆௧ ൌ 𝑆መ௫௬

௧௥௜௔௟
଴

௧ା∆௧  

(4.18) 

The von Mises yield criterion is used to obtain Eq. (4.19) 

1
2

൮
𝑆መ௫௫

௧௥௜௔௟
଴

௧ା∆௧

1 ൅ 1
2

𝛥𝑒̅௉
𝑆̅

଴
௧ା௱௧

𝐸
ሺ1 െ 𝜈ሻ

൲

ଶ

൅
3
2

൮
𝑆መ௬௬

௧௥௜௔௟
଴

௧ା∆௧

1 ൅ 3 𝛥𝑒̅௉
𝑆̅

଴
௧ା௱௧ 𝐺

൲

ଶ

൅ 3 ൮
𝑆መ௫௬

௧௥௜௔௟
଴

௧ା∆௧

1 ൅ 3 𝛥𝑒̅௉
𝑆̅

଴
௧ା௱௧ 𝐺

൲

ଶ

ൌ ൫ 𝑆௬̅଴
௧ା௱௧ ൯

ଶ
 

(4.19) 

where, 𝑆௬̅଴
௧ା௱௧  is the yield stress at the time 𝑡 ൅ ∆𝑡 and is defined by the hardening rule in Eq. 

(4.20) 

𝑆௬̅ ൌ 𝑆௬̅଴
௧ ൅ 𝐻ᇱ𝛥𝑒̅௉଴

௧ା௱௧  (4.20) 

where, 𝐻ᇱ is strain hardening ratio of material. 

The Newton-Raphson method is used to obtain the solutions of 𝛥𝑒̅௉  and 𝑆̅
଴

௧ା௱௧   in Eq. 

(4.19). The consistent stiffness matrix can be determined in Eq. (4.21) 

𝑫௘௣∗ ൌ 𝑫∗ െ
൫𝑫∗: 𝑺ᇱ௧௥௨௘

଴
௧ା∆௧ ൯⨂൫𝑫∗: 𝑺ᇱ௧௥௨௘

଴
௧ା∆௧ ൯

𝑺ᇱ௧௥௨௘
଴

௧ା∆௧ : ൫𝑫∗: 𝑺ᇱ௧௥௨௘
଴

௧ା∆௧ ൯ ൅ 4
9 𝛾𝐻ᇱሺ 𝑆̅

଴
௧ା௱௧ ሻଶ

 (4.21) 

where, 𝑫∗ ൌ ሺ𝑫ିଵ ൅ ∆𝜆𝑷ሻିଵ and 𝛾 ൌ ቀ1 െ ଶ

ଷ
𝐻ᇱ∆𝜆ቁ

ିଵ
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4.2.2. Node-to-node contact element 

Figure 4.2 describes node-to-node contact element in its local coordinate ൫ 𝑥଴ , 𝑦଴ , 𝑧଴ ൯ at 

the initial time 𝑡଴. The system of three springs are used to model this element. The 𝑘௡ is the 

stiffness of normal spring, while 𝑘௧ is the stiffness of two horizontal springs. Node M shows 

the rigid body as a master body, while node S indicates the flexible body as slave body. In this 

work, the normal contact direction is assumed from node M to node S as 𝑧଴  axis. 

 

 

Figure 4.2 The description of node-to-node contact element 

 

Assumption 1: The normal contact direction remains constant during the motion of slave 

body.  

The advantage of this assumption is to reduce the variation of the change of normal direction 

in analysis of large deformation. However, this assumption can only consider the small slide 

between two contact bodies. 

Assumption 2: At the initial time 𝑡଴ the normal contact conditions as shown in Eq. (1.1) 

are satisfied, and the TL formulation in this section will be established to solve the friction 

contact conditions. 

At the initial time 𝑡଴, the contact status between two bodies can be defined by the normal 

gap function in Eq. (4.22) 

𝑔௡ ൌ 𝑧଴ ௦ െ 𝑧଴ ெ ൒ 0 (4.22) 

where, 𝑧଴ ௌ and 𝑧଴ ெ are the coordinates of nodes S and M in 𝑧଴  axis, respectively, 𝑔௡ is 

the distance between two bodies in normal direction.  

When 𝑔௡ is larger than zeros, two bodies are not in contact, and it is not necessary to have 

further discussion about this status. In contrast, the normal contact occurs, and the next TL 

formulations are established for this case.  

The incremental step-by-step solution is used to deal with the analysis includes nonlinear 

geometric, elastic-plastic material and boundary contact conditions. The basic approach in this 

solution is to assume that the solution for the discrete time 𝑡 is known and the solution for 

discrete time 𝑡 ൅ ∆𝑡 is required. Therefore, the next TL formulations for node-to-node contact 
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elements are constructed to find the solution at time 𝑡 ൅ ∆𝑡. 

The notations in this section are listed in Eq. (4.23) 

𝑓௚௫଴
௧ , 𝑓௚௬଴

௧ , 𝑓௚௭଴
௧   

The internal contact forces of node-to-node contact 

element at the time 𝑡 in 𝑥଴ , 𝑦଴ , 𝑧଴  coordinates. 

(4.23) 

𝑓௚௫଴
௧ା∆௧ , 𝑓௚௬଴

௧ା∆௧ , 𝑓௚௭଴
௧ା∆௧  

The internal contact forces of node-to-node contact 

element at the time 𝑡 ൅ ∆𝑡 in 𝑥଴ , 𝑦଴ , 𝑧଴  coordinates. 

𝑢௚଴
௧ , 𝑣௚଴

௧ , 𝑤௚଴
௧  The deformations of node-to-node contact element at the 

time 𝑡 in 𝑥଴ , 𝑦଴ , 𝑧଴  coordinates. 

𝑢௚଴
௧ା∆௧ , 𝑣௚଴

௧ା∆௧ , 𝑤௚଴
௧ା∆௧  The deformations of node-to-node contact element at the 

time 𝑡 ൅ ∆𝑡 in 𝑥଴ , 𝑦଴ , 𝑧଴  coordinates. 

∆𝑢௚, ∆𝑣௚, ∆𝑤௚ The increments of deformations of node-to-node contact 

element from the time 𝑡 to time 𝑡 ൅ ∆𝑡 

𝑢௜଴
௧ , 𝑣௜଴

௧ , 𝑤௜଴
௧  The displacements of node i (i=S, M) from time 𝑡଴ to 

time 𝑡 in 𝑥଴ , 𝑦଴ , 𝑧଴  coordinates. 

𝑢௜଴
௧ା∆௧ , 𝑣௜଴

௧ା∆௧ , 𝑤௜଴
௧ା∆௧  The displacements of node i (i=S, M) from time 𝑡଴ to 

time 𝑡 ൅ ∆𝑡 in 𝑥଴ , 𝑦଴ , 𝑧଴  coordinates. 

The relations between the deformations of node-to-node contact element and the 

displacements of nodes of this element are shown in Eq. (4.24) 

𝑢଴
௧ା∆௧

௚ ൌ 𝑢଴
௧ା∆௧

ௌ െ 𝑢଴
௧ା∆௧

ெ ൌ 𝑢଴
௧

௚ ൅ ∆𝑢௚ 

𝑣଴
௧ା∆௧

௚ ൌ 𝑣଴
௧ା∆௧

ௌ െ 𝑣଴
௧ା∆௧

ெ ൌ 𝑣଴
௧

௚ ൅ ∆𝑣௚ 

𝑤଴
௧ା∆௧

௚ ൌ 𝑤଴
௧ା∆௧

ௌ െ 𝑤଴
௧ା∆௧

ெ ൌ 𝑤଴
௧

௚ ൅ ∆𝑤௚ 

(4.24) 

It should be noted that the penalty method is used in this work. As a result, the small 

penetration in normal direction between two contact bodies are permitted during the static 

loading process. The Assumption 1 guarantees that this penetration will be increased during the 

static loading process. Therefore, the condition in Eq. (4.25) must be satisfied during the loading 

process. 

∆𝑤௚ ൑ 0 (4.25) 

Assumption 3: The stick-slide status of node-to-node contact element at any time between 

discrete time points 𝑡 and 𝑡 ൅ ∆𝑡 is determined by the internal contact forces at time 𝑡.  

The Coulomb dry friction theory is used in this work, so the condition in Eq. (4.26) is 

checked during the static loading process 

ට൫ 𝑓଴
௧

௚௫൯
ଶ

൅ ൫ 𝑓଴
௧

௚௬൯
ଶ

൏ 𝜇ห 𝑓଴
௧

௚௭ห (4.26) 

where, 𝜇 is the static friction coefficient between two contact bodies.  

If the condition in Eq. (4.26) is satisfied, the stick condition is used to predict the behavior 

of node-to-node element at the time 𝑡 ൅ ∆𝑡. The internal contact forces of this element at time 

𝑡 ൅ ∆𝑡 can be obtained via the penalty method as shown in Eq. (4.27) 
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𝑓଴
௧ା∆௧

௚௫ ൌ 𝑓଴
௧

௚௫ ൅ 𝑘௡ ∙ ∆𝑢௚ 

𝑓଴
௧ା∆௧

௚௬ ൌ 𝑓଴
௧

௚௬ ൅ 𝑘௧ ∙ ∆𝑣௚ 

𝑓଴
௧ା∆௧

௚௭ ൌ 𝑓଴
௧

௚௭ ൅ 𝑘௧ ∙ ∆𝑤௚ 

(4.27) 

The large values of penalty parameters 𝑘௡ and 𝑘௧ will make the values of increments of 

deformation small enough to be ignored. 

If the condition in Eq. (4.26) is violated, the slide condition is adapted to predict the 

behavior of node-to-node element at time 𝑡 ൅ ∆𝑡. Figure 4.3 presents the motion of slave node 

from the time 𝑡 to the time 𝑡 ൅ ∆𝑡. 

 

 

𝑆௧  : the position of node S at time 𝑡 

𝑆௧ା∆௧ : the position of node S at time 𝑡 ൅ ∆𝑡 

 

a. 3D view b. Plane view 

Figure 4.3 The motion of slave node at time 𝑡 ൅ ∆𝑡 

 

Assumption 4: The motion of slave node at the time 𝑡 ൅ ∆𝑡 is determined by two criteria 

as shown in Figure 4.3. The first is that the sliding direction is defined by the friction forces at 

time 𝑡 . The second criterion is that the Coulomb dry friction theory will be guaranteed. It 

means that node S will be in the circle with radius of 𝜇𝛥𝑤௚. 

The sliding direction is determined in Eq. (4.28) 

𝑐𝑜𝑠𝛼 ൌ
𝑓଴

௧
௚௫

ට൫ 𝑓଴
௧

௚௫൯
ଶ

൅ ൫ 𝑓଴
௧

௚௬൯
ଶ

,       𝑠𝑖𝑛𝛼 ൌ
𝑓଴

௧
௚௬

ට൫ 𝑓଴
௧

௚௫൯
ଶ

൅ ൫ 𝑓଴
௧

௚௬൯
ଶ
 

(4.28) 

The internal contact forces of this element at time 𝑡 ൅ ∆𝑡 can be obtained in Eq. (4.29) 

𝑓଴
௧ା∆௧

௚௫ ൌ 𝑓଴
௧

௚௫ ൅ 𝜇 ∙ 𝑐𝑜𝑠𝛼 ∙ 𝑘௡ ∙ 𝛥𝑤௚ 

𝑓଴
௧ା∆௧

௚௬ ൌ 𝑓଴
௧

௚௬ ൅ 𝜇 ∙ 𝑠𝑖𝑛𝛼 ∙ 𝑘௡ ∙ 𝛥𝑤௚ 

𝑓଴
௧ା∆௧

௚௭ ൌ 𝑓଴
௧

௚௭ ൅ 𝑘௡ ∙ ∆𝑤௚ 

(4.29) 

The derivation of Eq. (4.29) is shown in Box 4.1 
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Box 4.1 

The friction force at time 𝑡 ൅ ∆𝑡 is determined in Eq. (a) by the Coulomb dry friction theory 

𝑓଴
௧ା∆௧

௚௦ ൌ 𝜇 𝑓଴
௧ା∆௧

௚௭ (a) 

The normal contact force at time 𝑡 ൅ ∆𝑡 is determined via penalty method as 

𝑓଴
௧ା∆௧

௚௭ ൌ 𝑓଴
௧

௚௭ ൅ 𝑘௡ ∙ ∆𝑤௚ (b) 

Substituting Eq. (b) into Eq. (a), Eq. (c) can be obtained 

𝑓଴
௧ା∆௧

௚௦ ൌ 𝜇൫ 𝑓଴
௧

௚௭ ൅ 𝑘௡ ∙ ∆𝑤௚൯ (c) 

The distributions of 𝑓଴
௧ା∆௧

௚௦ into 𝑥଴ , 𝑦଴  directions are obtained via Assumption 4 

𝑓଴
௧ା∆௧

௚௫ ൌ 𝑐𝑜𝑠𝛼 ∙ 𝑓଴
௧ା∆௧

௚௦ ൌ 𝑐𝑜𝑠𝛼 ∙ 𝜇ሺ 𝑓଴
௧

௚௭ ൅ 𝑘௡ ∙ ∆𝑤௚ሻ 

𝑓଴
௧ା∆௧

௚௬ ൌ 𝑠𝑖𝑛𝛼 ∙ 𝑓଴
௧ା∆௧

௚௦ ൌ 𝑠𝑖𝑛𝛼 ∙ 𝜇൫ 𝑓଴
௧

௚௭ ൅ 𝑘௡ ∙ ∆𝑤௚൯ 
(d) 

Substituting Eq. (4.28) into Eq. (d), Eq. (e) can be determined 

𝑓଴
௧ା∆௧

௚௫ ൌ
𝑓଴

௧
௚௫

ට൫ 𝑓଴
௧

௚௫൯
ଶ

൅ ൫ 𝑓଴
௧

௚௬൯
ଶ

𝜇 𝑓଴
௧

௚௭ ൅ 𝜇 ∙ 𝑐𝑜𝑠𝛼 ∙ 𝑘௡ ∙ 𝛥𝑤௚ 

𝑓଴
௧ା∆௧

௚௬ ൌ
𝑓଴

௧
௚௬

ට൫ 𝑓଴
௧

௚௫൯
ଶ

൅ ൫ 𝑓଴
௧

௚௬൯
ଶ

𝜇 𝑓଴
௧

௚௭ ൅ 𝜇 ∙ 𝑠𝑖𝑛𝛼 ∙ 𝑘௡ ∙ 𝛥𝑤௚ 

(e) 

Eq. (e) can be obtained if and only if the condition in Eq. (4.26) is violated. Assuming Eq. (f) 

is obtained at the time 𝑡. 

ට൫ 𝑓଴
௧

௚௫൯
ଶ

൅ ൫ 𝑓଴
௧

௚௬൯
ଶ

ൌ 𝜇ห 𝑓଴
௧

௚௭ห (f) 

Substituting Eq. (f) into Eq. (e), the equation Eq. (4.29) can be determined. 

 

Physical view point: The stick-slip phenomenon will occur during the static loading process 

within the assumptions of this work. The stick-slide phenomenon can be observed from the 

macro experiments [MO73] to the micro experiments of friction contact [AS04]. 

Mathematical view point: the solution of Eq. (4.29) will be the correction for the 

assumption of Eq. (f) in Box 4.1. The overview of this correction is shown in Figure 4.4. During 

the static loading process, the normal contact force 𝑓௚௭   increase gradually. At the time 𝑡௜ 

when the friction force 𝑓଴
௧೔

௚௦  is larger than 𝜇ห 𝑓଴
௧೔

௚௭ ห, the slide occurs. The next solution is to 

correct the values of 𝑓଴
௧೔

௚௦  to the yield surface at time 𝑡௜. This correction will be stopped when 

the correction of friction force 𝑓଴
௧ೕ

௚௦  at time 𝑡௝ ൐ 𝑡௜ is smaller than the yield of 𝜇 ቚ 𝑓଴
௧ೕ

௚௭ ቚ. At 

this time 𝑡௝ the stick status is adapted, and the friction forces will be updated via the penalty 

values as shown in Eq. (4.27). This procedure will be repeated until the static loading process 

finishes. 
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Figure 4.4 The overview of correction in slide status 

 

Generally, writing Eq. (4.27) and Eq. (4.29) in matrix form, Eq. (4.30) can be obtained 

𝒇଴
௧ା∆௧

௚ ൌ 𝒇଴
௧

௚ ൅ 𝒌௚ ∙ ∆𝒖௚ (4.30) 

where, 𝒇଴
௧ା∆௧

௚ ൌ ൣ 𝑓଴
௧ା∆௧

௚௫ 𝑓଴
௧ା∆௧

௚௬ 𝑓଴
௧ା∆௧

௚௭൧
்

, 𝒇଴
௧

௚ ൌ ൣ 𝑓଴
௧

௚௫ 𝑓଴
௧

௚௬ 𝑓଴
௧

௚௭൧
்

, ∆𝒖௚ ൌ

ሾ∆𝑢௚ ∆𝑣௚ ∆𝑤௚ሿ், and 𝒌௚ is defined in Eq. (4.31) 

𝒌௚ ൌ ൥
𝑘௧ 0 0
0 𝑘௧ 0
0 0 𝑘௡

൩         if ට൫ 𝑓଴
௧

௚௫൯
ଶ

൅ ൫ 𝑓଴
௧

௚௬൯
ଶ

൏ 𝜇ห 𝑓଴
௧

௚௭ห 

𝒌௚ ൌ 𝑻௚
் ∙ ൥

0 0 𝜇𝑘௡
0 0 0
0 0 𝑘௡

൩ ∙ 𝑻௚   if ට൫ 𝑓଴
௧

௚௫൯
ଶ

൅ ൫ 𝑓଴
௧

௚௬൯
ଶ

൒ 𝜇ห 𝑓଴
௧

௚௭ห 

(4.31) 

where, 𝑻௚ ൌ ൥
𝑐𝑜𝑠𝛼 𝑠𝑖𝑛𝛼 0

െ𝑠𝑖𝑛𝛼 𝑐𝑜𝑠𝛼 0
0 0 1

൩ is defined as the transformation matrix to coordinate at time 

𝑡଴. 

It should be noted that the increments of ∆𝑢௚ , ∆𝑣௚ , ∆𝑤௚  will be determined in the 

equilibrium of the whole structure. 
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4.2.3. Structure includes triangular membrane and node-to-node contact elements 

The principle of virtual work for structure which includes triangular element and node-to-

node element at the time 𝑡 ൅ ∆𝑡 can be expressed generally as below 

න 𝛿 𝜺଴
௧ା∆௧ ் ∙ 𝑺଴

௧ା∆௧ ∙ 𝑑 𝑉଴

௏బ

൅ 𝛿 𝒖௚଴
௧ା∆௧ ்

∙ 𝒇଴
௧ା∆௧

௚ െ 𝛿 𝑼଴
௧ା∆௧ ் ∙ 𝑹௧ା∆௧ ൌ 0 (4.32) 

where, 𝑼଴
௧ା∆௧  is the nodal displacements vector of the whole structure from the time 𝑡଴ to the 

time 𝑡 ൅ ∆𝑡, 𝑹௧ା∆௧  is the external nodal forces vector at the time 𝑡 ൅ ∆𝑡, and 𝑉଴  is the 

volume of membrane element at the time 𝑡଴.  

Substituting Eq. (4.7) into Eq. (4.32), and eliminating 𝛿 𝑼଴
௧ା∆௧ ், the equation Eq. (4.33) can 

be obtained below 

𝑴் ∙ නሺ𝑩଴ ൅ 𝑩௅ሻ் ∙ 𝑺଴
௧ା∆௧ ∙ 𝑑 𝑉଴

௏బ

൅ 𝑮் ∙ 𝒇଴
௧ା∆௧

௚ െ 𝑹௧ା∆௧ ൌ 0 (4.33) 

where, M or G matrices show the relation between nodal displacements vector of whole 

structure and nodal displacements vector of membrane elements or node-to-node elements. 

These matrices can be easily obtained in specific problem.  

The Newton-Raphson method can be used to obtain the solution of Eq. (4.33). The residual 

forces after ith iteration are shown in Eq. (4.34) 

𝜱௜ ൌ 𝑴் ∙ නሺ𝑩଴ ൅ 𝑩௅
௜ ሻ் ∙ 𝑺௜

଴
௧ା∆௧ ∙ 𝑑 𝑉଴

௏బ

൅ 𝑮் ∙ 𝒇௚
௜

଴
௧ା∆௧ െ 𝑹௧ା∆௧  (4.34) 

For the next step which is expected to yield the exact solution, Eq. (4.35) can be obtained 

𝜱௜ାଵ ≅ 𝜱௜ ൅
𝜕𝜱௜

𝜕 𝑼଴
௧ା∆௧ ∙ ∆𝑼௜ ൌ 𝟎 (4.35) 

The solution of Eq. (4.35) is the incremental displacements ∆𝑼௜, and the displacements at 

(i+1)th iteration can be determined in Eq. (4.36) 

𝑼௜ାଵ
଴

௧ା∆௧ ൌ 𝑼௜
଴

௧ା∆௧ ൅ ∆𝑼௜ 

𝑼଴ ൌ 𝑼଴
௧

଴
௧ା∆௧  

(4.36) 

where, 𝑼଴
௧  is the nodal displacements vector of the whole structure from the time 𝑡଴ to the 

time 𝑡. In Eq. (4.35), the tangent stiffness matrix 
డ𝜱೔

డ 𝑼బ
೟శ∆೟  consists of three parts as follows 

𝑲௠௘
௜ ൌ 𝑴் ∙ ൦ න

𝜕ሺ𝑩௅ሻ்

𝜕 𝑼଴
௧ା∆௧ ∙ 𝑺௜

଴
௧ା∆௧ ∙ 𝑑 𝑉଴

௏బ

൪ ∙ 𝑴

ൌ 𝑴் ∙ ൣ𝑲௠௘௫
௜ ൅ 𝑲௠௘௬

௜ ൅ 𝑲௠௘௫௬
௜ ൧ ∙ 𝑴 

(4.37) 
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𝑲௠௚
௜ ൌ 𝑴் ∙ ൦ නሺ𝑩଴ ൅ 𝑩௅

௜ ሻ் ∙ 𝑫ഥ ∙ ሺ𝑩଴ ൅ 𝑩௅
௜ ሻ𝑑 𝑉଴

௏బ

൪ ∙ 𝑴 

𝑲௚
௜ ൌ 𝑮் ∙ 𝒌௚

௜ ∙ 𝑮 

where, 𝑲௠௘
௜  and 𝑲௠௚

௜  are the contributions of the elastic stiffness matrix and geometrical 

stiffness matrix of membrane element to the whole structure, respectively, 𝑫ഥ  is defined by Eq. 

(4.10) and depends on the elastic or plastic status of material at the time 𝑡 , 𝑲௚
௜  is the 

contribution of the stiffness matrix of node-to-node element to the whole structure, and 𝒌௚
௜  is 

defined by Eq. (4.31) and depends on contact forces at time 𝑡 . The nonlinear geometric 

problems, elastic-plastic problems and contact problems can be solved generally by these 

combinations. 

The matrices 𝑲௠௘𝑥
௜ , 𝑲௠௘𝑦

௜  and 𝑲௠௘𝑥𝑦
௜  are determined in Eq. (4.38) 
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(4.38) 

where, ℎ is the thickness of membrane element.   
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4.3 Analytical procedure 

As mentioned above, the incremental step-by-step solution was used in this work. The status 

of node-to-node contact element from the discrete time 𝑡 to the discrete time 𝑡 ൅ ∆𝑡 was 

assumed to be only in stick or slide condition. The analysis procedure which is described in 

Figure 4.5 is to find the solution at the time 𝑡 ൅ ∆𝑡. 

 

 

Figure 4.5 The analysis procedure from time 𝑡 to time 𝑡 ൅ ∆𝑡  

 

The tool TLGAP is established according to this analysis procedure. This tool is easily 

incorporated into existing nonlinear finite element programs, and the accuracy will be 

confirmed by the stretch fabrication experiments in Chapter 3 as well as the existing commercial 

program ANSYS. 

 

 

 

 

 

 

 

 

 



Chapter 4. Total Lagrangian formulation for ETFE tensile membrane structures considering friction contact 

70 
 

4.4 Analytical examples and discussions 

4.4.1. The analytical model of stretch fabrication experiments 

The models of a quarter of specimens in stretch fabrication experiments of Chapter 3 are 

shown in Figure 4.6. Each model has 1482 triangular membrane elements and 19 node-to-node 

contact elements. 

 

 

 
Figure 4.6 The models of a quarter of specimens 

 

The initial shapes between two arches are assumed as a part of the cylinder, while the initial 

shapes between arches and outside frames are assumed to be straight from arches points to 

offset points. The offset points are assumed in fixed conditions, and the movements of these 

1000 950

1000 950

A
rc

h 
po

si
tio

n

M
id

dl
e

F
ra

m
e

Middle

Frame

X

Y

X

Z (a) Plane XY

(b) Plane XZ

95
0

A
rc

h 
he

ig
ht

 H

h

Fixed
Fixed in X direction
Fixed in Y direction
Node-to-node elements



Chapter 4. Total Lagrangian formulation for ETFE tensile membrane structures considering friction contact 

71 
 

points, which were observed in the experiments, are used as forced displacement conditions in 

these sample analyses. Totally, there are six analytical models which correspond to six 

specimens of stretch fabrication experiments. The motions of offset points are selected 

arbitrarily between the semifinal steps and the final steps as shown in Table 4.1. 

 

Table 4.1 Forced displacement conditions at offset points in each specimen’s model 

PD10a PD10b PD15a PD15b PD20a PD20b 

Step 4 Step 3 Step 3 Step 5 Step 5 Step 5 

 

The triangular membrane elements were used for ETFE film, and the contact between ETFE 

film and galvanized steel arches were modeled by node-to-node elements. The assumptions of 

local coordinated systems of node-to-node elements at the initial time 𝑡଴ are shown in Figure 

4.7a. The normal contact directions 𝑧଴  were assumed from the center of arches to contact 

points, while the 𝑥଴ axes were defined as tangent directions of arches at contact points. The 

𝑦଴  axes were determined from 𝑥଴  and 𝑧଴  axes. In these sample analyses, the 𝑦଴  axes 

coincide with the X axis of the global coordinate (Figure 4.6). 

 

  

a. TLGAP tool b. ANSYS 

Figure 4.7 Assumption of contact between ETFE films and galvanized steel arches 

 

The existing commercial software ANSYS is used to confirm the suggested formulations and 

analytical procedure for the frictionless case. In ANSYS software, the SHELL181 elements were 

used for ETFE film with the same mesh generation as shown in Figure 4.6. The SOLID 187 

elements modeled the steel arches, while CONTA174 and TARGE70 were used to model the 

contact between ETFE film and steel arches as shown in Figure 4.7b. In the next part, TLGAP 

indicates the results of suggested formulations, while ANSYS shows the results of ANSYS. 

The material properties for ETFE film are determined based on uniaxial tension test [EJ13], 

[TY04] and shown in Table 4.2. It should be noted that the 2nd Piola-Kirchhoff stress and Green-

Lagrange strain are used in the suggested formulations, while the true stress and logarithm strain 

are used in ANSYS software [AN07]. However, the difference between two formulations are small 

in case of the “moderate” displacements [KB76] as these sample analyses. 
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Table 4.2 The properties of ETFE film 

Young modulus 800 MPa 

First yield point 13.28 MPa 

Second yield point 23.04 MPa 

First strain hardening ratio 80.5 MPa 

Second strain hardening ratio 3.0 MPa 

 

In these sample analyses, the penalty values of 𝑘௦ and 𝑘௧ in Eq. (4.31) are taken as three 

high order [SL93] than axial stiffness of ETFE film of 8*1015 N/m. 

 

4.4.2. Frictionless contact case 

This is an ideal case when there is no friction in the contact surface. The nodal Mises stresses, 

which are the average value of element Mises stresses concentrated at node, were calculated in 

both TLGAP and ANSYS programs. The results are compared over 4800 nodes of six analytical 

models and shown in Figure 4.8. 

 

 
Figure 4.8 The nodal Mises stress in ANSYS and TLGAP 

 

The correlation ratio between ANSYS and TLGAP is 0.92. A good agreement is seen, and 

the results obtained by the proposed analytical method are validated. Figure 4.9 shows the 

analytical results of each specimen in both ANSYS software and the proposed analytical method. 
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a1. PD10a, ANSYS a2. PD10a, TLGAP 

  

b1. PD10b, ANSYS b2. PD10b, TLGAP 

  

c1. PD15a, ANSYS c2. PD15a, TLGAP 

  

d1. PD15b, ANSYS d2. PD15b, TLGAP 

  

e1. PD20a, ANSYS e2. PD20a, TLGAP 

  

f1. PD20b, ANSYS f2. PD20b, TLGAP 

Figure 4.9 The distribution of nodal Mises stress in ANSYS and TLGAP 
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4.4.3. Friction contact case 

When friction exists on the contact interface, the solution of contact problem depends on 

the history of load applied to the structure. Therefore, the complexity of geometrical, elastic-

plastic problems is increased when the friction contact is considered. Consequently, the results 

of above analytical examples could not be obtained by ANSYS due to the convergence criteria. 

However, the proposed analytical method still shows the effectiveness for the friction contact 

case. 

(a) Effect of the number of load steps 

In the proposed analytical procedure, the stick-slip phenomenon occurs during the static 

loading process. In order to observe the effect of the number of static load steps, the analysis 

was firstly repeated using 100, 200 and 400 equal load steps. The friction coefficient of 0.3 is 

used to investigate the effect of load steps. 

The equivalent friction force 𝑓௚௦  and the equivalent slide 𝑢௦ in each of the node-to-node 

contact element are calculated in Eq. (4.39).  

𝑓௚௦ ൌ ට𝑓௚௫
ଶ ൅ 𝑓௚௬

ଶ 

𝑢௦ ൌ ට𝑢௚
ଶ ൅ 𝑣௚

ଶ 

(4.39) 

where, 𝑓௚௫ and 𝑓௚௬ are the friction forces in the local coordinates 𝑥଴ and 𝑦଴, respectively, 

while 𝑢௚ and 𝑣௚ are the displacements in the local coordinates 𝑥଴ and 𝑦଴ or slide values 

between ETFE film and steel arch in 𝑥଴ and 𝑦଴ directions (Figure 4.7). 

The relations between 𝑓௚௦  and 𝑢௦ for the PD15a specimen at four specific node-to-node 

contact elements which correspond to the observed slide points in experiments (Figure 3.17a) 

are represented in Figure 4.10. 
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a. Point II b. Point III 

  
c. Point IV d. Point V 

Figure 4.10 Relation between friction forces and slide values, 𝜇 ൌ 0.3, PD15a 

 

In this figure, the dash lines with triangle, circle and square markers indicate the results of 

TLGAP for 100, 200 and 400 equal load steps, respectively. It can be seen from Figure 4.10 that 

the stick-slip phenomenon occurs during the analysis. The higher the number of equal load steps 

is, the higher the frequency of occurrence of stick-slip phenomenon is, and the accuracy of the 

analysis will be improved dramatically. However, the increment of load steps accompanied with 

the increment of calculation time. In those sample analyses, the results obtained for 200 and 

400 equal load steps are almost the same.  
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Figure 4.11 presents the distribution of nodal Mises stresses of PD10a and PD15a 

specimens for 100, 200 and 400 equal load steps. It can be seen from Figure 4.11 that the nodal 

Mises stresses of ETFE film are almost the same for 100, 200 and 400 equal load steps in both 

PD10a and PD15a specimens. 

 

   
100 steps 200 steps 400 steps 

a. Nodal Mises stress, 𝜇 ൌ 0.3, PD10a 

   
100 steps  200 steps 400 steps 

b. Nodal Mises stress, 𝜇 ൌ 0.3, PD15a 

Figure 4.11 The effect of load steps on Mises stress distribution of ETFE film 

 

In conclusion, the 200 equal load steps are enough to evaluate both prestress on ETFE film 

and the friction characteristics at contact surfaces. Therefore, 200 equal load steps are chosen 

for the next investigations. 
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(b) Effect of friction coefficients on stress distribution of ETFE film 

 

  
a. 𝜇 ൌ 0.0 b. 𝜇 ൌ 0.3 

  
c. 𝜇 ൌ 1.0 d. No slide at arches’ position 

Figure 4.12 Distribution of nodal Mises stress in TLGAP results, PD15a 

 

Figure 4.12 shows the distribution of nodal Mises stress for the specimen PD15a. When the 

slide between ETFE film and steel arch is ignored, the Mises stress of the middle part is small 

(Figure 4.12d). The increment of friction coefficient will decrease the slide values between the 

film and arch in the suggested formulation. As a result, the higher friction coefficient is, the 

smaller Mises stress of the middle part is. 

The Mises stresses of part A and part B (Figure 3.8), which were observed in experiments, 

are used to compare with the results of the proposed analytical method throughout six 

specimens. Figure 4.13 presents those comparisons. 
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a. Part A b. Part B 

Figure 4.13 Mises stress of part A and part B in both experiments and TLGAP 

 

In Figure 4.13, the results of experiments are shown in bar and error bar type. The violet 

column shows the results of the fixed conditions between ETFE and arch, while the red, green 

and yellow bars present the results in case the static friction coefficient between ETFE and arch 

is 0.0, 0.3, 1.0, respectively. At part B, the introduced prestress was mainly depended on the 

drawing value of b. The slide between ETFE and steel arch almost did not affect to the 

equivalent stresses at part B. Therefore, the Mises stresses of all cases of analyses were the same 

(Figure 4.13b). The results of experiments confirmed partially the results of TLGAP. 

At part A, the same phenomenon was observed throughout the specimens. The increment of 

friction coefficient will decrease the slide values between the film and the arch. As a result, the 

higher friction coefficient is, the smaller Mises stress of part A is. The average values of the 

experiment results are in high agreement with the results of proposed method in case of 0.3 of 

static friction coefficient between ETFE and galvanized steel arch. Those results indicate the 

validity of proposed method firmly because the static friction coefficient between ETFE and 

steel plate are around 0.2 to 0.3 according to the technical report of Chemours Co., [CH17]. 
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(c) Observed slide values at position of arch 

The static friction coefficient of 0.3 is used to investigate the slide values between ETFE 

film and steel arches in this section according to the results of section 4.4.3b. The deformation 

shapes of six analytical models are shown in Figure 4.14.  

 

  

a. PD10a b. PD10b 

  
c. PD15a d. PD15b 

  

e. PD20a f. PD20b 

Figure 4.14 Initial shapes and deformation shapes in TLGAP, 𝜇 ൌ 0.3 

 

 In this figure, the dash black lines show the initial shape, while the blue solid lines present 

the deformation shapes of proposed analytical method for the 0.3 of static friction coefficient 

between ETFE and steel arch. In addition, the red solid lines indicate the slides between ETFE 

and arches. 

The relation between the slide values in X and Y directions (Figure 3.18) during the 

experiments and the relation between slide values in 𝑥଴ and 𝑦଴ directions (Figure 4.7) during 

the load steps in proposed analytical method are shown in Figure 4.15. In this figure, the dash 

lines with circle, square, diamond, triangle and minus markers present the results at point I, II, 

III, IV and V respectively. Generally, the high agreement can be seen between the experiments 

and suggested analytical method. 
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a1. PD10a, Experiment a2. PD10a, TLGAP 

  
b1. PD10b, Experiment b2. PD10b, TLGAP 

  
c1. PD15a, Experiment c2. PD15a, TLGAP 
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d1. PD15b, Experiment d2. PD15b, TLGAP 

  
e1. PD20a, Experiment e2. PD20a, TLGAP 

  
f1. PD20b, Experiment f2. PD20b, TLGAP 

Figure 4.15 Slide history between ETFE and steel arches in both experiments and TLGAP, 

𝜇 ൌ 0.3 
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The slide values in 𝑥଴  and 𝑦଴  directions in the proposed analytical method are 

transformed into the X and Y directions and compared with the results of the experiments. The 

Figure 4.16 shows these comparisons. The horizontal axis presents the results of TLGAP, while 

the vertical axis indicates the results of experiments. The proposed analytical method is in high 

agreement with the observed values of experiments in Y direction, while there have a few of 

differences in X direction, especially in case of PD10a and PD20b specimens. However, the 

history of slide in X and Y directions is almost the same between the analyses and the 

experiments (Figure 4.15a, Figure 4.15f). Therefore, these discrepancies can be accepted, and 

the validity of proposed method is confirmed. 

 

 

  
a. Slide in X direction a. Slide in Y direction 

Figure 4.16 The comparison of slide values between experiments and TLGAP, 𝜇 ൌ 0.3 
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4.5 Summary 

(a) The total Lagrangian formulations were established for both triangular membrane 

element and node-to-node contact elements. The analytical procedure which used these 

formulations to solve the problems of geometrical nonlinearity, the material nonlinearity and 

the nonlinearity of friction contact was also suggested. 

(b) The number of load steps affected to the accuracy of results of the proposed analytical 

method. The greater number of load steps was, the more accuracy the results were. However, 

the increment of load steps accompanied with the increment of calculation time. In those sample 

analyses, 200 of equal load steps was recommended. 

(c) The analytical proposed method was in the high agreement with the existing commercial 

software ANSYS for the frictionless case. Moreover, this method was effective for the friction 

contact too. 

(d) The accuracy of proposed analytical method was confirmed by stretch fabrication  

experiments in both Mises stress and observed slide values between ETFE film and galvanized 

steel arches. The results of proposed method for the 0.3 of static friction coefficient between 

ETFE and galvanized steel arches were in good agreement with the results of experiments.  
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Chapter 5. Fabrication of 3D ETFE curved surface by 
stretching drape strips considering friction contact 
 

 

5.1 Introduction 

The fabrication of low-rise 3D smooth curved surface of saddle type tensile membrane 

structure by stretching plane strips of ETFE film for the middle part was confirmed. However, 

the establishment of high-rise 3D smooth curved surface by drawing the plane strips still had 

problems because of the occurrence of wrinkling and the insufficient prestress. Therefore, the 

stretching of drape strips for the middle part should be proposed to fabricate the high-rise 

smooth curved surface. In addition, the results of the proposed analytical method in Chapter 4 

were in good agreement with the results of experiments of Chapter 3 for the 0.3 of static friction 

coefficient between ETFE and galvanized steel arches. However, the possibility of using this 

value of static friction coefficient should be investigated furthermore by both the element 

experiments and the stretch fabrication experiments. Therefore, the purposes of this chapter are: 

(1) The rolling test is carried out to investigate the static friction coefficient between ETFE 

film and black/galvanized steel pipes. 

(2) The stretch fabrication experiments for saddle type of tensile membrane structure of 

15% rise ratio: (a) the results of form finding and cutting pattern analysis in Chapter 2 are 

applied to fabricate the specimens of 1:1 and 3:1 of prescribed stress ratios between the MD 

and TD directions for the middle part; (b) The analytical method in Chapter 4 is used to predict 

the drawing values considering the friction contact between ETFE film and galvanized steel 

arches. This prediction guarantees the sufficiency of introduced prestress and the absence of 

wrinkling; (c) The stretch fabrication experiments are carried out to confirm this fabrication 

technique. 

(3) The pressurization test is investigated to confirm the strength of the ETFE tensile 

membrane structure type after above introduced prestress stage. 

 

 

 

 

 

 

 

 

 



Chapter 5. Fabrication of 3D ETFE curved surface by stretching drape strips considering friction contact 

87 
 

5.2 Rolling test on static friction coefficient between ETFE and steel pipes 

5.2.1. Process and setup of experiments 

 

 

  

a. Phase 1 b. Phase 2 

Figure 5.1 Setup of rolling test on static friction coefficient 

(all dimensions are in millimeter) 

 

Figure 5.1 shows the setup of rolling test for static friction coefficients between ETFE film 

and steel pipes. The setup of experiment consists the test steel pipes, ETFE film, two aluminum 

rollers and weights, and these components comprise a simple system in which a pulley method 
[SU95], [YS14] is implemented for friction measurement. The steel pipes are fixed in the 

experiments. There are two types of steel pipes which are described in Table 5.1, while the 

properties of ETFE film for the test are shown in Table 5.2. 

The experiments were carried out in two phases. In phase 1, the two aluminum rollers, 

which can be adjusted the heights, were used to investigate the effect of five contact angles: 

𝛽 ൌ 76଴ሺ𝛼 ൌ 52଴ሻ , 𝛽 ൌ 95଴ሺ𝛼 ൌ 42଴ሻ , 𝛽 ൌ 110଴ሺ𝛼 ൌ 35଴ሻ , 𝛽 ൌ 123଴ሺ𝛼 ൌ 28଴ሻ , 𝛽 ൌ

180଴ሺ𝛼 ൌ 0଴ሻ on the static friction coefficient between the ETFE film and steel pipes. The 

contacts between two aluminum pipes and ETFE were reduced by the setup of rollers and the 

lubrication of oil. However, this setup still had the effect on the test results of friction contact 

between steel pipes and ETFE films which will be discussed in the next section. Therefore, the 

experiments were carried out in phase 2 in which only one of contact angle 𝛽 ൌ 180଴ was 
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setup to measure the friction between the test steel pipes and ETFE film. 

In the experiments, the specimens of ETFE film were put on the steel pipes, and the identical 

weights were set up at the ends of the film. Next, the input weight ሺ𝑇ଶሻ was increased slowly 

by adding water to a container hung on at the one end of ETFE specimens. When the slide 

between the ETFE film and steel pipes was observed, both fixed weight ሺ𝑇ଵሻ and the input 

weight ሺ𝑇ଶሻ were measured by the A&D EK-6000H equipment. In phase 1, the fixed weight 

ሺ𝑇ଵሻ was set up as 150g, while this weight was changed within range of 50g, 100g, 150g, 200g 

and 250g in phase 2. The experiments were repeated in six trials for one case of fixed weight 

in both phases. 

 

Table 5.1 The properties of ETFE 

specimens 

Parameters Values 

Width 20~30 mm 

Thickness 200 𝜇𝑚 

Type Printed dot 
 

Table 5.2 The properties of steel pipes 

Parameters Values 

Material test standard JIS G3452 

Dimensions ∅ ൌ 42.7 𝑚𝑚 

Thickness 𝑡 ൌ 3.2 𝑚𝑚 

Division Black & Galvanized types 
 

 

Figure 5.2 presents the photos of the setup of the experiments, the specimens of ETFE film 

and the steel pipes. 

 

 

 

b. Test steel pipes 

 

a. Experiments’ setup c. Test ETFE specimens 

Figure 5.2 Photos of setup of experiments, ETFE specimens and steel pipes 
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5.2.2. Results and discussions on static friction coefficient between ETFE and steel pipes 

In phase 1 and phase 2, the static friction coefficients between ETFE and steel pipes can be 

obtained via the Euler’s belt formula in Eq. (5.1) 

𝑙𝑛 ൬
𝑇ଶ

𝑇ଵ
൰ ൌ 𝜇 ∙ 𝜃 (5.1) 

where, 𝑇ଶ is the input weight, 𝑇ଵ is the fixed weight, 𝜇 is static friction coefficient, and 𝜃 

is the contact angle. 

 

 a. Phase 1 

The relations between the contact angle in phase 1 and the natural logarithm between the 

input weights and fixed weights are shown in Figure 5.3.  

 

𝜃 ൌ 𝛽                 𝜃 ൌ 𝛽 ൅ 𝛼 

  

a. ETFE and galvanized steel pipe b. ETFE and black steel pipe 

Figure 5.3 Effect of friction contact angle on static friction coefficients 

 

In phase 1, when the friction contacts between ETFE film and aluminum rollers are ignored 

the contact angle 𝜃 is determined as the angle 𝛽 which is described in Figure 5.1a. In Figure 

5.3, the square makers represent the relation between 𝜃 ൌ 𝛽  and the natural logarithm 

𝑙𝑛ሺ𝑇ଶ/𝑇ଵሻ , while the dash lines show the linear regression lines [BR09]. Mathematically, the 

equation Eq. (5.1) implied that when the contact angle is zeros, the natural logarithm 

𝑙𝑛ሺ𝑇ଶ/𝑇ଵሻ  is also zeros. Therefore, those regression lines should pass through the origin. 

However, it can be seen from Figure 5.3 that the constant terms of the dash regression lines are 

obtained because of the effect of friction contact between ETFE and aluminum rollers.  

When we assume that the static friction coefficient between ETFE and aluminum rollers is 
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a half of static friction coefficient between ETFE film and test steel pipes, the contact angle 𝜃 

is determined as 𝛽 ൅ α which are described in Figure 5.1a. The relations between 𝜃 ൌ 𝛽 ൅ α 

and the natural logarithm 𝑙𝑛ሺ𝑇ଶ/𝑇ଵሻ are shown by the circle markers in Figure 5.3. And the 

constant terms of the regression lines which are indicated by solid lines, are eliminated by this 

assumption.  

In conclusion, the slopes of solid regression lines represent the static friction coefficients 

between ETFE film and steel pipes as: (a) 0.316 in case of ETFE and galvanized steel pipe; (b) 

0.333 in case of ETFE and black steel pipe 

 

b. Phase 2 

In phase 2, the contact angle is set up as 𝜃 ൌ 𝛽 ൌ 180଴ (Figure 5.1b) to eliminate the 

effect of friction contact of aluminum rollers. The fixed weight was changed to check the effect 

of tension of ETFE film. There were five cases of tension of ETFE film of 25, 49, 74, 98 and 

123 N/m. The experiments were repeated randomly in six trials for one case of tension. The 

static friction coefficients between ETFE film and steel pipes are calculated by Eq. (5.1), and 

the results are shown in the relation with the tension of the film in Figure 5.4. 

 

  
a. ETFE and galvanized steel pipe b. ETFE and black steel pipe 

Figure 5.4 Effect of tension of film on static friction coefficients 

 

In Figure 5.4, the solid lines show the average values of static friction coefficients, while 

the bars and error bars present the maximum and minimum values of six random measurements. 

As we can see from Figure 5.4, the average values of static friction coefficient between ETFE 

film and galvanized steel pipe decrease from 0.346 to 0.300 when tension forces in ETFE film 

increase from 25 N/m to 123 N/m. The same phenomenon was observed in case of friction 

contact between ETFE and black steel pipe. The average values of static friction coefficient 

between ETFE film and black steel pipe decrease from 0.369 to 0.328. The reason can be 
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explained as the contact areas between the film and asperities of the surfaces of steel pipes were 

more widely under the low tension. This is so-called the anchor effect [YS14]. This effect can also 

be used to explain the reason why the friction coefficient between ETFE and black steel pipe 

are larger than this coefficient between ETFE and galvanized steel pipe. 

 

5.2.3. Summary on static friction coefficient between ETFE film and steel pipes 

The average values of static friction coefficient between ETFE film and galvanized steel 

pipe is 0.323, and this coefficient between ETFE film and black steel pipe is 0.342. Compared 

with the static friction coefficient between ETFE and steel plate of around 0.2 to 0.3 according 

to technical report of Chemours Co., [CH17], those results indicated the validity. In addition, the 

phenomenon that the static friction coefficient decreases with the increase of the film tension is 

confirmed by above element experiments. Moreover, the results of analytical method in Chapter 

4 were in good agreement with the results of the stretch fabrication experiments in Chapter 3 

for the 0.3 of static friction coefficient between ETFE and galvanized steel pipe. In conclusion, 

the value of 0.3 of the static friction coefficients between ETFE film and galvanized steel arch 

can be used in the stretch fabrication method. 
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5.3 Fabrication experiments of 3D ETFE curved surface by stretching drape strips 

5.3.1. Overview of experiments 

 

 

Figure 5.5 The process of stretch fabrication experiments, drape strips for middle part 

 

The process of stretch fabrication experiments was described in Chapter 3. Figure 5.5 

represents this process for the convenience in which the drape strips are used for the middle 

part of the saddle tensile membrane structure. Only 15% of rise ratio is investigated in the 

experiments of this chapter. The ideal shape of the corner part is found by form finding analysis 

for the 3:1 of prescribed stress ratio between X and Y directions, while the ideal shapes of the 

middle part are obtained for the 3:1 and 1:1 of the prescribed stress ratios. There are two types 

of specimens which cutting pattern shapes of the corner part and the middle part are shown in 

Figure 5.6. Each type of cutting strips has two specimens named as a and b, so there are four 

specimens totally as DD1511a/b and DD1531a/b. The letter “D” indicates the drape type of 

strips for both corner and middle parts. While the former number 15 presents the rise ratio of 

15%, the later number 11 and 31 show the values of 1:1 and 3:1 of the prescribed stress ratio 

for the middle part, respectively. Table 5.3 represents the information of specimens. The 

thickness of ETFE film is 250𝜇𝑚 in these experiments. 
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Table 5.3 Information of specimens 

Specimens Rise ratio 
Types of cutting strip ETFE properties 

Corner Middle Thickness Type 

DD1511a/b 15% Drape (3:1) Drape (1:1) 250 𝜇𝑚 Printed dot 

DD1531a/b 15% Drape (3:1) Drape (3:1) 250 𝜇𝑚 Printed dot 

 

 
a. DD1511 specimens 

 
b. DD1531 specimens 

Figure 5.6 Types of cutting strips (all dimensions are in millimeter) 

 

The numbers show the lengths of cutting lines, while the percentages indicate the 

expansions of the lengths of drape strips and the corresponding lengths of the form finding 

shapes in Figure 5.6. 
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5.3.2. Prediction for values of drawing boundary 

Two purposes of the prediction are: (1) the introduced Mises prestress on ETFE film is 

around the first yield point of this film, and the equivalent strain is smaller than 10%; (2) The 

absence of wrinkling is required. 

Figure 5.7 shows the assumptions for analytical models of the prediction. The models of a 

quarter of specimens, which have 400 triangle membrane elements and 10 node-to-node contact 

elements, are used to predict the behavior of ETFE film and friction contact between the film 

and supporting galvanized steel arches.  

 

 
a. 3D view of the models of a quarter of specimens 

 

b. XY plane 

Figure 5.7 Models of a quarter of specimens in prediction 

 

The initial shapes of those models are adapted from the results of form finding analysis. 

The offset points are assumed in fixed conditions, and the movements of these points are used 

as forced displacement conditions in these analytical models. The relation between the motion 

of those offset points and the boundary drawing values in section 3.3.4 are used to determine 
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the drawing values. In the other words, one of drawing values of a, b, c and d will give the 

corresponding movements of offset points which can be determined by Figure 3.17. While the 

properties of ETFE film are similar in Chapter 4 (Table 4.2), the static friction coefficient 

between ETFE film and galvanized steel arches is adapted as 0.3. 

 

(a) Prediction for sufficient introduced Mises prestress 

 

  
a. Positions of drawing values b. Observed elements 

Figure 5.8 Drawing values and observed elements 

 

Figure 5.8 indicates the drawing values at four special positions and the observed elements 

in the prediction. As mentioned above, this prediction will guarantee that the introduced Mises 

prestress on ETFE film is around the first yield point of this film, and the equivalent strain is 

smaller than 10%. This work increases the yield strength of the film and promises the absence 

of the tear of the film. Therefore, the drawing values of a, b, c and d at the final step are 

determined in Table 5.4. 

 

Table 5.4 Prediction for drawing values 

Specimens a (mm) b (mm) c (mm) d (mm) 

DD1511 40 30 40 40 

DD1531 40 30 40 50 

 

The results of nodal Mises stress distribution on ETFE film and the deformation shapes 

according to the prediction are shown in Figure 5.9. The dash line shows the initial shape, while 

the solid line indicates the final shape in this figure. All elements of DD1531 and 

DD1511specimens reaches to around the first yield point of ETFE film of 13.28MPa. 
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Intial and deformation shapes Intial and deformation shapes 

  
Nodal Mises stress distribution Nodal Mises stress distribution 

a. DD1511  b. DD1531 

Figure 5.9 Distribution of predicted Mises stress on ETFE film 

 

The relation between the Mises stress and equivalent strain of twelve elements in Figure 5.8 

are represented in Figure 5.10. It should be noted that while the Mises stress is calculated by 

Eq. (5.2), the equivalent plastic strain is saved during the analysis by the suggested analytical 

method in Chapter 4. 

𝑆௘௤ ൌ ටሺ𝑆௫௫ሻଶ ൅ ൫𝑆௬௬൯
ଶ

െ 𝑆௫௫𝑆௬௬ ൅ 3൫𝑆௫௬൯
ଶ
 (5.2) 

where, 𝑆௫௫ , 𝑆௬௬  and 𝑆௫௬  are the 2nd Piola-Kirchhoff stresses in x, y local coordinate of 

membrane elements and the shear stress, respectively.  

 

  

a. DD1511 b. DD1531 

Figure 5.10 Relations between Mises stresses and equivalent strains 

 

In Figure 5.10, the dash line shows the material model of ETFE film, while the color maker 
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points present the results of the prediction of twelve elements. Figure 5.10 shows that the 

equivalent strains of element 1 are smaller than 10%. Therefore, the drawing value of b is 

determined as 30mm. In case of DD1531 specimen, the Mises stresses of element 10, 11, 12 can 

be increased up to the first yield point of ETFE film by the increment of d values. However, the 

limit ratio of drawing values d/c should be suggested because of the absence of wrinkling. This 

problem will be discussed in the next part. 

 

(b) Prediction for the absence of wrinkling 

 

 
 

a. Position of wrinkling in PD15 specimens b. Representative elements  

Figure 5.11 Observed representative elements in prediction of wrinkling 

 

Figure 5.11b shows the two observed elements for the prediction of wrinkling which 

correspond to the occurred position of wrinkling in the stretch fabrication experiments of 

Chapter 3. The drawing values of a, b and c remain constant as shown in Table 5.4 in this 

prediction, while the value of d is increased from c to 2c. The minimum principal stresses and 

strains, which are calculated by Eq. (5.3), are shown in the relation with the ratio d/c in Figure 

5.12.  
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(5.3) 

where, 𝑆௫௫ , 𝑆௬௬  and 𝑆௫௬  are the 2nd Piola-Kirchhoff stresses in x, y local coordinate of 

membrane elements and the shear stress, respectively, 𝜀௫௫, 𝜀௬௬ and 𝜀௫௬ are Green-Lagrange 

strains in x, y local coordinate of membrane elements and the shear strains, respectively. All of 

these values are obtained by the analytical method in Chapter 4. 

In Figure 5.12, while the dash lines show the results of minimum principal stresses, the solid 

lines present the results of minimum principal strains. Moreover, the lines with circle, square 
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and triangle markers indicate the prediction results of PD15, DD1511 and DD1531 respectively. 

It should be noted that the PD15 is the specimen in previous experiments which had the plane 

strips for the middle part. 

 

 
a. Elements I 

 
b. Elements II 

Figure 5.12 Minimum principal stresses and strains 

 

Up to now several wrinkling criteria have been proposed. Generally, three main types can 

be categorized: the first is based upon the principal stresses [PC88], [BT92]; the second upon the 

principal strains [RM82]; the third upon the principal stress and strains [DR87]. However, this 

prediction is based upon the principal minimum strains. It can be seen from Figure 5.12 that 

although the minimum principal stresses of elements I and II are larger than zeros in case of 
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PD15, the minimum principal strains of these elements smaller than zeros for 1.5 of d/c 

(PD15b) and 2.0 (PD15a). As a result, the wrinkling was observed in the experiments of section 

3.3.3. Therefore, the ratio between d and c for DD1511 and DD1531 specimens are controlled 

smaller than 1.5 and 1.4, respectively in order that the minimum principal strains of element II 

are larger than zeros. 

 

(c) The process of drawing 

The experiments were carried out in four steps according to the predictions, and the values 

of drawing boundary are shown in Table 5.5. 

 

Table 5.5. The process of experiments 

 a (mm) b (mm) c (mm) d (mm) 

Step 1 10 10 10 10 

Step 2 20 15 20 20/25* 

Step 3 30 20 30 30/40* 

Step 4 40 30 40 40/50* 

* The first value was used for DD1511a/b, while the second value was used for DD1531a/b 
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5.3.3. Smooth curved surface 

The 3D curved surfaces without wrinkling could be established by the suggested drawing 

values as shown in Table 5.5. Figure 5.13 represents the initial and final shapes throughout four 

specimens. 

 

  

a1. DD1511a, Initial shape a2. DD1511a, Final shape 

  

b1. DD1511b, Initial shape b2. DD1511b, Final shape 

  

c1. DD1531a, Initial shape c2. DD1531a, Final shape 

  

d1. DD1531b, Initial shape d2. DD1531b, Final shape 

Figure 5.13 Smooth three-dimensional curve surfaces  
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5.3.4. Stress distributions on the final curved surfaces 

 The Mises stresses of the film after the drawing boundary process are checked by both the 

measurement in experiments and the analytical method. In the experiments, the lengths of four 

edges and two diagonals of part A and part B as shown in Figure 3.8 were measured. The paper 

tape and caliper were used to measure these lengths to increase the precision in the experiments 

of this chapter. The results of Green-Lagrange strains of part A and B are shown in Figure 5.14 

at the final step. 

 

  
a. Part A b. Part B 

Figure 5.14 Green-Lagrange strains of part A and part B 

 

In Figure 5.14, the solid bar shows the strain in long direction (MD), while the diagonal 

pattern and horizontal pattern columns presents the strains in short direction (TD) and shear 

strain, respectively. At part A, strain in TD direction yy is around five times larger than strain 

in MD direction xx in case of DD1511 specimens, while the MD and TD strains in case of 

DD1531 specimens are almost the same. The length of middle cutting pattern line was 2042mm 

for DD1531 as shown in Figure 5.6. This length was larger than 2009mm of DD1531. Therefore, 

the strain in MD direction xx of part A of DD1531 was larger than that of DD1511 for the same 

values of drawing boundary. The same phenomenon was observed in TD direction. According 

to these observed strains, the 2nd Piola-Kirchhoff stresses of part A and part B can be obtained 

as same as section 3.3.2. 

In analysis, the suggested analytical method of Chapter 4 is used for the 0.3 of the friction 

coefficients between ETFE film and galvanized steel arch. The models of a quarter of specimens 

are same with section 5.3.2. However, the motions of offset points, which were observed in the 

experiments, are used directly as the input forced displacements conditions. The results of 
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relation between the drawing values of a, b, c and d and the movements of special offset points 

1*, 2*, 3* and 4* (Figure 3.16) during the experiments are shown in Figure 5.15. 

 

 

  
a. a and movement of 1* in X direction b. b and movement of 2* in X direction 

  

c. c and movement of 3* in Y direction d. d and movement of 4* in Y direction 

Figure 5.15 The movements of offset points during the experiments 

 

In this figure, the solid lines with circle, diamond, square and triangle markers represent the 

results of the motion of offset points in DD1511a/b and DD1531a/b, respectively. The dash 

lines indicate the suggested functions which were suggested in section 3.3.4. Generally, the 

results obtained in the experiments of this chapter were in high agreement with the suggested 

functions.  
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The stress distribution in long direction (MD), short direction (TD), shear stress and Mises 

stress over 400 membrane elements at the final step are shown in Figure 5.16.  

 

 

a. Element numbers 

  
b. DD1511a c. DD1511b 

  

d. DD1531a e. DD1531b 

Figure 5.16 Stress distribution, TLGAP, 𝜇 ൌ 0.3 
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In Figure 5.6, the circle, square, x sign and triangle markers show the results of the final 

stress in MD direction, TD direction, shear stress and Mises stress. It can be seen that the final 

Mises stress on the film almost reaches the first yield point of ETFE film of 13.28 MPa. The 

sufficient input prestress is confirmed by the suggested drawing values. The nodal distribution 

Mises stress are shown in Figure 5.17. 

 

  
a. DD1511a b. DD1511b 

  
c. DD1531a  d. DD1531b 

Figure 5.17 Mises stress distribution, TLGAP, 𝜇 ൌ 0.3 
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The results of Mises stress at part A and part B are shown in Figure 5.18 in both experiments 

and analyses. The dot pattern columns indicate the results of experiments, while the diagonal 

pattern columns show the results of analyses. Again, the high agreement between the suggested 

analytical results and the results of the experiments are observed, so the validity of suggested 

analytical method is confirmed additionally. 

 

  
a. Part A b. Part B 

Figure 5.18 Mises stress of part A and part B 

 

At part A, the Mises stress of DD1511 and DD1531 specimens are almost the same in case 

the suggested drawing values of 
ௗ

௅
  are 2%  for DD1511 specimens and 2.5%  for DD1531 

specimens. These stresses are around 1.6 times larger than that of PD15 specimens, although 

the drawing value of 
ௗ

௅
 is 3% for PD15. The effectiveness of drape strips is confirmed. Here, 

L is span of this saddle type of structure, and the results of PD15 can be referred in Figure 4.13. 
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5.3.5. Slide between ETFE and supporting arches 

The initial and deformation shapes in the analyses are shown in Figure 5.19. The dash lines 

show the initial shape, while the solid lines indicate the deformation shape in this figure. The 

slides between ETFE film and the galvanized steel arches were observed by both experiments 

and analyses at five special position as shown in Figure 3.18. The results of these observations 

are shown in Figure 5.20. It should be noted that the slides were observed in X and Y directions 

(Figure 3.18) in the experiment, while they were obtained in 𝑥଴ and 𝑦଴ directions (Figure 

4.7) in the analyses. 

 

  

a. DD1511a  b. DD1511b 

  
c. DD1531a d. DD1531b 

Figure 5.19 Initial and deformation shapes, TLGAP, 𝜇 ൌ 0.3 

 

  

a1. DD1511a, Experiment a2. DD1511a, TLGAP  
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b1. DD1511b, Experiment b2. DD1511b, TLGAP  

  
c1. DD1531a, Experiment c2. DD1531a, TLGAP  

  
d1. DD1531b, Experiment d2. DD1531b, TLGAP  

Figure 5.20 Slide history between ETFE and steel arches in both experiments and TLGAP, 

𝜇 ൌ 0.3 
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In Figure 5.20, the dash lines with circle, square, diamond, triangle and minus markers 

present the results at point I, II, III, IV and V, respectively. Again, the high agreement can be 

seen between the experiments and the analyses. The slide values in 𝑥଴ and 𝑦଴ directions in 

analyses are transformed into the X and Y directions and compared with the results of the 

experiments. Figure 5.21 shows these comparisons. 

 

 

  
a. Slide in X direction a. Slide in Y direction 

Figure 5.21 The comparison of slide values between experiments and TLGAP, 𝜇 ൌ 0.3 

 

The horizontal axis presents the results of analyses, while the vertical axis indicates the 

results of experiments. It can be seen that the analyses are in high agreement with the observed 

values of experiments in both X and Y direction. The validity of suggested analytical method of 

Chapter 4 is confirmed additionally. 
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5.3.6. Saddles heights 

 

 

 

a. 3D view b. Elevation view 

Figure 5.22 Saddle heights 

(All dimensions are in millimeter) 

 

The saddle heights ℎଵ and ℎଶ, which are presented in Figure 5.22, are measured by the 

carpenter’s square with precision of 0.5mm at the first and final steps of experiments. The results 

of those heights are shown in Figure 5.23 versus the target heights of minimum surface. 

 

  
a. ℎଵሺ𝑚𝑚ሻ  b. ℎଶሺ𝑚𝑚ሻ 

Figure 5.23 The results of saddle heights 

 

The saddle height ℎଵ  of specimens DD1511a/b at the final shape was higher than the 

results of minimum surface, while this height of specimens DD1531a/b moved toward to the 

minimum surface results. Therefore, the prescribed stress ratios in form finding analysis should 

be chosen depending on the viewpoints of architecture. In addition, the final shapes of PD15, 

which used the plane strips for the middle part, were far from the results of minimum surfaces. 

In conclusion, when the rise ratio of saddle type of membrane structure is high, the drape strips 
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for the middle part are strongly recommend. 

The saddle height ℎଶ of four specimens (DD1511a/b, DD1511a/b) moved toward to the 

height of minimum surface, and the same results were observed in case of PD15 specimens. 

The prescribed stress ratio between MD and TD directions of 3:1 in form finding analysis for 

the corner part was accepted highly. 

 

5.4 Pressurization experiments 

5.4.1. The setup of experiments and results 

 

 

 
a. Compressor for pressurization b. Setup of laser displacement meters 

Figure 5.24 The overview of pressurization tests 

 

The pressurization test is investigated to confirm the strength of the ETFE membrane 

structure after the introduced prestress stage. This test was carried out after around ten hours of 

the stretch fabrication period. The internal pressure was input by the compressor. The process 

of pressure is described as follow: 0kPa  0.5kPa  0kPa  1kPa  0kPa 1.5kPa 0kPa 

 2kPa  0kPa. The vertical displacements of ETFE film were measured by the laser 

displacement meters during the pressurization test. The setup of laser meters is described in 

Figure 5.24b. Figure 5.25 indicates the shapes of specimen DD1531b at the initial pressure of 

0kPa and the final pressure of 2kPa. 

The relation between pressure and vertical displacements of positions ① and ④ are 

shown in Figure 5.26. 
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a. Initial shape at 0 kPa b. Final shape at 2 kPa 

Figure 5.25 The photos of pressurization tests, DD1531b 

 

  

a1. DD1511a a2. DD1511b 

  

a3. DD1531a a4. DD1531b 

a. Relation between pressure and vertical displacement of ① position 
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b1. DD1511a b2. DD1511b 

  

b3. DD1531a b4. DD1531b 

b. Relation between pressure and vertical displacement of ④ position 

Figure 5.26 Pressurization test results 

 

In case of specimen DD1511a, the air was escaped at the corner of specimens because of 

the setup of experiments. As a result, the experiment was interrupted at the pressure of around 

1.3kPa. The gum tape was used to solve this problem in the rest of experiments, and the target 

of pressure of 2.0kPa could be reached. 

The residual displacements were observed at very high of pressure of 1.5kPa. The 

sufficiency of introduced prestress was confirmed. The stiffness of structure at the corner part 

are larger than the middle part because the dimensions of corner part (1mx2m) are smaller than 

middle part (2mx2m), and the introduced prestress of the corner part are larger than that of the 

middle part (Figure 5.15). In addition, the reduction of the rigidity of structures can be seen at 

the pressure of 1.3kPa from those relation curves. 
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5.4.2. Effectiveness of using drape strips 

 

 

a. Relation between pressure and displacement at ① position over six specimens 

 

b. Relation between pressure and displacement at ④ position over six specimens 

Figure 5.27 Comparison between plane strips and drape strips in pressurization test 

 

The using of drape strips for the middle part of the saddle type of membrane structure 

introduced two advantages: (1) the absence of wrinkling after stretch fabrication period; (2) the 

sufficiency of introduced prestress for the middle part. The former advantage was confirmed by 
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the results stretch fabrication test in Figure 5.13. The later advantage is confirmed additionally 

by the comparison in the pressurization test. In Figure 5.27, the solid and dotted lines show the 

results of DD1511, DD1531, respectively, while the dot-and-dash lines present the results of 

PD15. It should be noted that PD15 were the specimens which used plane type of cutting pattern 

for the middle part of previous experiments. In Figure 5.27a, the stiffness of the structures for 

the middle parts of DD1511 and DD1531 specimens was larger than that of PD15 specimens. 

The reason can be explained by the enough pre-stress of tension and the final smooth curved 

surface. In contrast, the stiffness of the structures for the corner parts was the same over 

specimens because the same cutting pattern types were used in this part. 

 

5.4.3. Modeling of pressurization tests 

The assumptions for the models of pressurization test are:  

(a) The initial shapes are obtained directly from the final shapes of the models of stretch 

fabrication test in section 5.3.4. 

(b) The initial prestresses are also obtained directly from the results of analyses of stretch 

fabrication test. This assumption ignores the effect of viscous properties of ETFE film or the 

reduction of prestress. 

(c) The material model for ETFE film is considered in two cases. The material model remains 

constant as shown in the stretch fabrication test for case 1, while the first yield point of ETFE 

is assumed to increase for case 2. Table 5.6 shows the assumption of ETFE model in two cases. 

While the Table 5.6a present the model in case 1, which is reminded for the convenience, the 

Table 5.6b indicates the material model in case 2. 

 

Table 5.6. The assumption models for ETFE film 

Table 5.6a Case 1 

Young modulus 800 MPa 

First yield point 13.28 MPa 

Second yield point 23.04 MPa 

First strain hardening ratio 80.5 MPa 

Second strain hardening ratio 3.0 MPa 
 

Table 5.6b Case 2 

Young modulus 800 MPa 

First yield point 15 MPa 

Second yield point 23.04 MPa 

First strain hardening ratio 66 MPa 

Second strain hardening ratio 3.0 MPa 
 

 

It should be noted that the first yield point of ETFE film depends not only on the temperature 

but also on the strain-rate [CG11], [MK08]. Therefore, the increments of the first yield point in case 

2 can be explained by two reasons: (1) The stretch fabrication affected to the first yield point. 

As it can be seen from Figure 5.16, all part of ETFE film reached the Mises stress of around 

15MPa after the stretch fabrication test; (2) The ETFE film in stretch fabrication test had the 

higher first yield point than that of the uniaxial test. The results of analysis model in 
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pressurization tests are shown in Figure 5.28 regards of the results of experiments. It should be 

noted that the static friction coefficient between ETFE and steel galvanized arch is 0.3 in these 

analyses. 

 

  

a. DD1511a b. DD1511b 

  

c. DD1531a d. DD1531b 

Figure 5.28 The analytical results of pressurization test 

 

In Figure 5.28, the dash line shows the results of pressurization tests, while the dash-dot and 

solid lines present the results of analyses for case 1 and case 2 models of material, respectively. 

As we can see in Figure 5.28, the results of analyses of case 2 and the results of the experiments 

are in higher agreement than that of case 1. The increment of the first yield point can be 

confirmed by those results. 
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The next part will investigate the slide between the ETFE film and galvanized arch in 

pressurization tests. The deformation shapes of specimens for case 2 of material model are 

shown in Figure 5.29. In this figure, the dash lines indicate the initial shape, while the solid line 

represent the deformation shape. The slide between the ETFE and arch was so small in these 

analyses. 

 

  
a. DD1511a b. DD1511b 

  
c. DD1531a d. DD1531b 

Figure 5.29 Initial and deformation shapes in pressurization tests, TLGAP, 𝜇 ൌ 0.3 
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Figure 5.30 shows the slide at five special contact points (Figure 3.17) in 𝑥଴  and 𝑦଴ 

directions (Figure 4.7) during the modeling of pressurization tests. It can be seen that the slide 

values at points I and II are almost zeros, while the slide values at point III, IV, V are smaller 

than 2mm. The pressure on the ETFE film at both sides of arch are almost the same during the 

pressurization, so the slide between the ETFE and arch are small in those tests. 

 

  

a. DD1511a b. DD1511b 

  

c. DD1531a d. DD1531b 

Figure 5.30 Slide between ETFE and steel arch in pressurization tests 
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The Mises stress distribution for the case 2 of ETFE material are shown in both cases: (1) 

slide consideration with static friction coefficient of 0.3; (2) no slide or fixed conditions at the 

positions of arch in Figure 5.31. It can be seen from Figure 5.31 that the Mises stress distribution 

is almost the same regardless of the consideration of slide at the positions of arch. 

 

  
a1. DD1511a, 𝜇 ൌ 0.3 a2. DD1511a, No slide 

  
b1. DD1511b, 𝜇 ൌ 0.3 c2. DD1511b, No slide 

  
c1. DD1531a, 𝜇 ൌ 0.3 c2. DD1531a, No slide 

  
d1. DD1531b, 𝜇 ൌ 0.3  d2. DD1531b, No slide 

Figure 5.31 Nodal Mises stress distributions in pressurization tests 
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5.5 Summary 

 

(a) The 3D smooth curved surface of 15% rise ratio of saddle type of membrane structure 

could be established by drawing drape strips with several prescribed stress ratios. In this 

fabrication technique, the drawing values of a and c are determined by 2% of span of structure, 

while the drawing values at corner of b is 1.5% of span. The drawing values d are 2% and 2.5% 

for drape strips which used prescribed stress ratios between MD and TD directions in form 

finding analysis of 1:1 and 3:1, respectively. Those drawing values will guarantee: (1) all parts 

of ETFE film got the introduced prestress of around its first yield point; (2) The absence of 

wrinkling was confirmed; (3) The tear of ETFE at corner edge was absented. 

 

(b) The value of 0.3 of static friction coefficient between ETFE film and galvanized steel 

arch could be used positively in the prediction of the behavior of ETFE film during the stretch 

fabrication technique.  

 

(c) The suggested analytical method in Chapter 4 was confirmed not only by the stretch 

fabrication tests but also by the pressurization tests. 

 

(d) The pressurization tests confirmed the sufficient introduced prestress of ETFE film. The 

reduction of the rigidity of structures after the prestress construction stage was seen at the 

pressure of around 1.3kPa. 

 

(e) The effect of friction contact between ETFE and galvanized steel arch on the distribution 

of stress in ETFE film was small in pressurization tests. The slide between ETFE and galvanized 

steel arch could be ignored if the external forces of ETFE film are balanced at both sides of 

arch. 
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Chapter 6. Conclusion 
 

 

6.1 Conclusion 

 

In this thesis, the analytical method which could solve the geometrical nonlinearity, the 

material nonlinearity and the nonlinearity of friction contact condition was developed. In 

addition, the stretch fabrication technique for saddle type of ETFE tensile membrane structure 

with less weld lines by drawing the combination of plane and/or drape strips was also 

established. The summaries of this thesis are listed below: 

 

(1) The analytical method 

The total Lagrangian formulations were established for both triangular membrane element 

and node-to-node contact element. The analytical procedure which used these formulations to 

solve the problems of the geometrical nonlinearity, the material nonlinearity and the 

nonlinearity of friction contact was also suggested. In this procedure, the incremental step-by-

step solution was used. The status of node-to-node contact element from the discrete time 𝑡 to 

the discrete time 𝑡 ൅ ∆𝑡  was assumed to be only in stick or slip condition. The stick-slip 

phenomenon could be occurred frequently within the assumptions of this study. When the slide 

condition is adapted, the slide direction is updated by the friction contact forces of node-to-

node element in previous stick condition. On the other words, the stiffness and slide direction 

of node-to-node contact element were independent with the incremental nodal displacements 

from the discrete time 𝑡  to the discrete time 𝑡 ൅ ∆𝑡 . This work improved the convergence 

criteria during the static loading process. The accuracy and applicability of suggested analytical 

method are confirmed by the existing commercial software ANSYS for the frictionless case. 

Moreover, this method was effective for friction contact case too. The accuracy of proposed 

analytical method was confirmed by stretch fabrication experiments in both Mises stress and 

observed slide values between ETFE film and galvanized steel arches. The results of the 

proposed analytical method were in good agreement with the results of the experiments for the 

values 0.3 of static friction coefficient between ETFE and galvanized steel arches. 

The small slide, however, was considered in this suggested analytical method. The effect of 

the change in normal contact direction during the loading process should be investigated to 

consider the large slide case. 

 

(2) Stretch fabrication technique for saddle type of ETFE tensile membrane structure 

In saddle type of tensile membrane structure using ETFE film, the form finding analysis 
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could be carried out with several prescribed stress ratios between the MD and TD directions. 

Those ratios were determined by the dimensions and the shapes of structures. The cutting 

pattern analysis based on the mathematical approach produced the drape strips without the 

consideration of prestress which correspond to the results of the form finding analysis. These 

drape strips were connected together and/or with plane strips, which are not draped, by heat 

seal lines into the specimens, and the boundary of these specimens was drawn to introduce the 

prestress. The 3D smooth curved surface with sufficient prestress could be established by those 

construction processes. 

In case of the low-rise ratio (10%), the drawing the combination of drape strips of the 3:1 

of prescribed stress ratio between MD and TD directions for the corner part and the plane strips 

for the middle part could establish the smooth curved surface. 

In case of high-rise ratio (15%), the drape strips were also required for the middle part. Both 

of 1:1 or 3:1 of prescribed stress ratio between MD and TD directions for drape strips of the 

middle part could be used to establish the smooth curved surface. The adjustment of drawing 

values guaranteed that the introduced prestresses in those cases were almost the same. However, 

the saddle height of the final curved surface for the case of 1:1 of prescribed stress ratio was 

higher than that of 3:1 of prescribed stress ratio. Therefore, the prescribed stress ratios in form 

finding analysis should be chosen according to the viewpoints of architecture. 
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6.2 Application of the presented method in tensile membrane structure using ETFE film 

 

(1) The value 0.3 of static friction coefficient between ETFE film and galvanized steel 

arches is recommended to evaluate the effect of friction contact during the introduced prestress 

stage. 

 

(2) The suggested analytical method can be used to predict approximately the behavior of 

the ETFE film during the stretch fabrication process. The suggested method is simple and easily 

incorporated into existing nonlinear finite element programs. 

 

(3) When the tensile membrane structure has the multiple supporting arches, the selection 

between drape strips, which are determined by several prescribed stress ratios in form finding 

analysis, and/or plane strips is recommended to establish the smooth curved surface. This 

selection depends on the dimensions and the required final shapes of the structures.   

 

(4) The relationship between the motion of offset point of ETFE film and the drawing values 

was established. This relationship can be used to predict the behaviors of ETFE film and 

determine the drawing values in the practical construction. 
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