(0]

10

11

12
13
14
15
16
17
18
19
20
21
22
23
24

25

26
27

28
29

30
31
32
33
34
35

INTERNATIONAL JOURNAL FOR NUMERICAL METHODS IN ENGINEERING

Development of stochastic isogeometric analysis (SIGA)
method for uncertainty in shape

Hongguan Zhang'*, Tadahiro Shibutani'”

! Graduate School of Environment and Information Sciences, Yokohama National University, 79-5
Tokiwadai, Hodogaya-ku, Yokohama, Kanagawa 240-8501, Japan

SUMMARY

In this paper, a new method is proposed that extend the classical deterministic isogeometric
analysis (IGA) into a probabilistic analytical framework in order to evaluate the uncertainty in
shape, and aim to investigate a possible extension of IGA in the field of computational
stochastic mechanics. Stochastic isogeometric analysis (SIGA) method for uncertainty in shape
is developed by employing the geometric characteristics of the non-uniform rational basis
spline (NURBS) and the probability characteristics of polynomial chaos expansions (PCE).
The proposed method can accurately and freely evaluate problems of uncertainty in shape
caused by deformation of the structural model. Additionally, we use the intrusive formulation
approach to incorporate PCE into the IGA framework, and the C++ programming language to
implement this analysis procedure. To verify the validity and applicability of the proposed
method, two numerical examples are presented. The validity and accuracy of the results are
assessed by comparing them to the results obtained by Monte Carlo simulation (MCS) based
on the IGA algorithm.

KEY WORDS: stochastic isogeometric analysis, uncertainty in shape, isogeometric analysis,
polynomial chaos expansions.

1. INTRODUCTION

In reality, various uncertainties exist in structural systems, because various the physical
characteristics are not deterministic in the actual engineering application. Such characteristics
include the material properties, boundary conditions and structural shape, etc. These uncertain
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factors can be investigated by a numerical analysis method, that is commonly known as the
uncertainty analysis method. In recent years, with the rapid development of risk-based rules
and structure design methods, traditional deterministic numerical analysis methods have been
unable to meet the need of analysing the uncertainty and randomness in practical engineering
projects. Therefore, the development of uncertainty analysis methods is currently attracting an
increasing amount of attention.

Generally, the stochastic finite element method (SFEM) is employed in order to analyse
uncertain problems in the structural systems. The SFEM is an extension of the classical finite
element method (FEM) that is from a deterministic numerical analysis framework to a
stochastic framework. The SFEM has been widely applied in science and engineering as an
important uncertainty analysis method. Initially, Astill and Shinozuka [1] have presented the
Monte Carlo simulation method (MCS), which is a combination of the FEM and MCS. The
latter is the most general and simplest approach for dealing with response variability in the
structural system [2]. However, the MCS requires excessive computational power in
comparison to other stochastic FEMs, and especially for handling complex models involving
several stochastic variables. The perturbation method [3] overcomes this drawback, when the
perturbation of response variability is in the first and second-order. The perturbation method
was developed by applying the Taylor series expansion of the response vector into the physical
system, and the results of the analysis are the distribution-free [4]. This method is limited within
a minute perturbation range that is usually less than 20 or 30 percent of a variable’s mean value.
In recent years, another important branch of the SFEM has been presented by Ghanem and
Spanos [5], namely, the spectral stochastic finite element method (SSFEM). in general, this
method makes use of the Karhunen-Lo¢ve (K-L) expansion of the Gaussian random field in
order to represent the uncertain parameters of a problem (such as material properties, nodal
displacement, etc.). For the representation of nodal displacement in the SSFEM, an alternative
approach has been provided and consists of using polynomial chaos expansions (PCE) [6].
Additionally, the PCE has also been applied to other SFEM. For instance, Honda [7] proposed
spectral stochastic boundary element method (SSBEM) based on PCE and the K-L expansion
in order to analyse the problem of uncertainty in shape in the boundary. Chen et al. [§]
presented a new method of structural analysis for the solution of response uncertainty problems
in the cases involving uncertainty in shape. The proposed method includes a mathematical
formulation, which is a natural extension of the deterministic finite element concept to the
space of random functions by the Hermite polynomial chaos expansion, in order to represent
the uncertainty of shapes and the response surface. Developments have been described in some
key articles [8-10].

Recently, isogeometric analysis (IGA) method was proposed by Hughes et al. [11] as an
important alternative technology in computational mechanics. Its core idea was the use of the
smooth geometric basis in CAD as the basis functions for numerical analysis [12]. This method
successfully integrated computer aided design (CAD) and computer aided engineering (CAE)
into a unified process, i.e. parameterizing the CAD objects to obtain an effective computation
domain and generate a mesh, which is applied to the FEM analysis framework [13]. Xu et al.
have done a lot of important work to improve the quality of the parameterization of the
computational domain of CAD objects [14,15]. IGA extended rapidly to other fields of
numerical analysis, including uncertainty analysis. Rossana et al. presented an innovative
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numerical method for computing the stress concentration factors in an isotropic plate with
discontinuities by using IGA and SFEM [16]. Hien and Noh developed a perturbation
technique in conjugation with IGA for the stochastic eigenvalue problem of free vibration of
functionally graded material (FGM) plates with two random parameters for the elastic modulus
and mass density, respectively [17]. Hien and Lam use IGA and MCS to address the bending
of a plate under random load [18].

Actually, with the rapid development of industry and the improvement of structural design
technology, the geometric shape of structures has become increasingly complex.
Simultaneously, it has brought more new challenges to the field of uncertainty analysis
techniques. Despite classical SFEM has excellent analytical performance and a sound
analytical system, there are still some inevitable limitations. Especially, in the uncertainty
analysis in shape, because of what its use of a geometry approximated by a finite element mesh
(FE-mesh), some of its innate disadvantages have been exposed. In many situations, this
geometry approximated can cause errors in the analytical results during the performing
uncertainty analysis on some complex and sensitive geometric structures. In order to overcome
the shortcomings in the SFEM mentioned above, based on the natural characteristics of
NURBS, we proposed the stochastic isogeometric analysis method to deal with the problem of
uncertainty in shape. The main contributions of this study are as follows:

e In this study, we proposed to introduce PCE into the IGA analysis framework to address
the uncertainty problems in shape and given a formalization method.

e The numerical solving can be obtained without setting the coefficients of the degree of
change at each node which are needed in the SFEM. Therefore, our work effectively
improves computational efficiency and reduces the complexity of the analysis.

e From the perspective of probabilistic analysis, the random field is directly applied to an
exact geometric entity through the control point, rather than an approximate mesh structure.
Therefore, it is sensitive to geometric shape changes, which effectively reduced geometrical
errors of numerical solving.

e Unlike the MCS analysis mechanism, the analytical framework of the proposed method is
constructed using the intrusive method and is therefore very scalable, and the construction
of stochastic response surface does not require multiple simulations, thus it can deliver very
fast results at minimum computational cost.

e Moreover, by inheriting the advantage of IGA, the proposed SIGA method has several
unique advantages compared to SFEM. For instance, using the smoother, highly continuous
basis function, possessing good interactivity with CAD, and the ability to exactly represent
some commonly encountered geometry such as circles and ellipses, etc.

The remainder of this paper is structured as follows: In Sections 2 and 3, we present some of
the basic concepts of IGA and probability theory associated with this study, respectively. The
formulation of the proposed approach (SIGA) is presented in Section 4. Numerical examples
are provided in Section 5. The future works and conclusions drawn from this study are
presented in Section 6.
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2. ISOGEOMETRIC ANALYSIS (IGA)

Plenty of approaches have been used to structure the geometric model in CAD. In general, the
non-uniform rational basis spline (NURBS) basis function has been used to build the geometric
model, and has served as shape function in the pre/post processing of isogeometric analysis
[12].

2.1 B-spline basis and knot vector

In this section, a brief description of the B-spline is given. B-spline is very important for
building the NURBS. The B-splines basis functions are formulated via the Cox-de Boor
recursion formulation [11], as follows:

N (é):{l lfé:igé:<é:i+l

i,p=0

1
0 otherwise M

where1 is the knot index, i.e., i =1,2,---n+ p +1. p is the order of the B-splines basis functions.
N,

=0 (f ) is the zeroth-order B-splines basis function and N, , is the piecewise linear function.

& are knots of the non-descending knot vector in the parameter space, that can be mapped into

the physical space, and define a physical mesh on the geometric entity by partitioning it into
the elements. The corresponding knot vector is expressed by

E:{é:l’gza"'aprﬂ} (2)

For p >0, the basis-functions are defined by the following equation:

§Hp+1 -<
§i+p+l - §i+l

N (&)=-S2"5 N (&)

Nt 3
P s i (©) 3)

The derivative of the ith-order B-spline basis is expressed by

dNi,p (é:) _ pNi,p—l(é:) B p i+l,p—l(§)

4
d‘f éng - é:z éti+p+1 - QZHI
2.2. B-spline curves and B-spline surfaces
In the d-dimensional space R’ , the pth-order B-spline curve C(¢&) is built by
C&)=Y N, (98 (5)

where N, (&) are the B-spline basis functions of order p defined on the open knot vector,

which is nonperiodic and non-uniform. B;represents the control points, which are the vector-

valued coefficients of the B-spline basis functions. An example piecewise quadratic B-spline
curve in R? is shown in Figure 1, where the control points are denoted by red solid circles.
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The dashed line connecting the control points is referred to as the control polygon or control
net, which is a piecewise linear interpolation of the control points. In Figures 1(a) and 1(b), the

two B-spline curves are built from the open knot vector, = ={O, 0,01, 2, 2,3, 4,4, 4}.

Therefore, the curve is interpolatory at the first and last control points. Additionally, it is also
interpolatory at the fourth control point, since the multiplicity of the knot& = 2is equal to the

basis order. Note that the two B-spine curves are built by using the same basis function and
order, with the only difference being that the coordinate of control point 2, i.e., the curve in
Figure 1(b) is obtained by moving the control point 2 in Figure 1(a).

(a) Shape of curve before moving (b) Shape of curve after moving
control point 2 control point 2

Figure 1: Piecewise quadratic B-spline curve, control polygon, and control points inR” .

The B-spline surface is constructed by taking the control net {B},i=1L2,-,n;j=12,--,m,

the knot vectors = and H, and the B-spline basis functions in the direction of the two knot
vectors, as follows:

SEM=Y3 N, (M, (7)B,, ©)

i=l j=1
with

== {51’52""’§n+p+1}

(7)
H = {771’772""’771n+q+1}

where N, (§)and M, (77) are the basis functions of order p and g, respectively. An example

of the B-spline surface is shown in Figure 2, where the mesh lie in the surfaces are defined by
knots in the knot vectors Z==1{0,0,0,0,1/7,2/7,3/7,4/7,5/7,6/7,1,1,1,1} and
H=1{0,0,0,1/8,2/8,3/8,4/8,5/8,6/8,7/8,1,1,1} , that partitioned the surfaces into the

elements. The element boundaries in the surface are simply the images of knot lines under the
geometric mapping. An initial surface is shown in Figure 2(a), that is plane since all the control
points located in a common plane, and the corresponding control net is offset from the surface
in order to obtain the better visualization. The surface in Figure 2(b) is the image after the
surface in Figure 2(a) was changed, which was obtained by moving the control points B
(marked in the red dot) in the control net.
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As described above, one of the important properties of B-splines was shown, that is its ability
to directly change geometrical shape by adjusting the control points. For examples, geometry
in Figures land 2, by adjusting the control points, the geometric shape can be easily changed.
Besides, note that due to the modification scheme property and local support property of B-
splines [19], the area that each control point can affect is local and controllable. As shown in
Figure 2, if control point B is moved to a new location, it only can affect the shape of the
partially adjacent area on the surface and elsewhere is unaffected. In this study, this property
of the B-spline was fully utilised, and the structural analysis with consideration to the
uncertainty in shape was implemented by importing the parameters of uncertainty (mean and
deviation etc.) Into the control point coordinates.

(a) Original geometry (b) Geometry after moving control point B

Figure 2: The cubic x quadratic surface B-spline surfaces and control nets in R * .

2.3. NURBS

The NURBS is a more flexible modelling approach based on the B-spline concept, but without
the drawbacks of B-spline; namely, NURBS allows exact the representation of geometrical
shapes with conic sections, such as cylinders, ellipsoids, etc. However, it is impossible to use
the B-spline to represent these simple shapes exactly. The NURBS basis function is defined as
follows:

N. :
k(e N -
it N;,p(é:)wg

where R, ,(&) represents the piecewise rational functions on the knot vector, and w;, are the

weights applied to an affine transformation of the B-spline curves between the high-
dimensional and low-dimensional spaces. Correspondingly, the derivatives of the NURBS
basis are given by

dR, (&) _ WEN,E-WEN,, &)
dé ’ (w(©)

9

where
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W)=Y N (E)w, (10)

The NURBS curve and surface are defined by the rational basis functions and corresponding
control points, as follows

C&=YR,B (1)

SEM=YSR (R B, (12)

i=l j=I

3. STOCHASTIC REPRESENTATION FOR SIGA

This section focuses on the stochastic analysis techniques employed in this study. The idea of
SIGA with uncertainty in shape proceeds mainly as follows: (1) The inherent randomness of a
system is considered as an input, which is defined by the probability density function (PDF) of
the random variable. (2) IGA is used in conjunction with the PCE of the Gaussian random field
describing the analysis process. (3) The responses of the system are obtained by assuming that
is a function for inputting random variables. The role of the PCE in this study is very important,
since it is used to represent uncertain parameters. Thus, the PCE properties employed in this
study are discussed below.

3.1. Representation of SIGA input

Firstly, the representation of input within the framework of uncertainty analysis is given, which
usually consists of inherent randomness of the structural system, such as, shape, loads,
properties of materials etc. In this study, the uncertainty in shape was considered as a random
variable. In addition, the PCE was used to represent this uncertain parameter and taken as an
input parameter. When the input parameter followed a normal distribution, the input parameter
H(¢) was defined as follows:

H(¢)=H,+H,¢ (13)

where H , is the mean value of the input parameter. H , is the standard deviation for the inherent

randomness of the system, and ¢ is the standard normal probabilistic variable.

3.2. Polynomial chaos expansion (PCE)

In uncertainty analysis, the stochastic expansion method is a significant alternative approach
for representing uncertain parameters [20]. The purpose of stochastic expansion is to better
describe the uncertainty of the system by introducing a series of polynomials characterizing
the characteristics of the stochastic system.

In this study, the PCE was employed in order to represent inherent uncertainty in structure
model. PCE approach uses a random space composed of polynomial bases to describe the
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uncertainty of system with PDF form. The basic idea is to approximately represent uncertainty
by using the sum of the orthogonal polynomial chaos containing independent random variables,
and the key step is to determine the coefficients of each polynomial. The PCE with multiple
random variables for a Gaussian random response is defined as follows [21]:

W(£)=a ¥y + Y a (8 (2)+ X S a, ¥, (9, (£).9,(0))

i=1 i=1 =1
(14)

o i

+Zzzailizgqu(‘9@ (é/),tglz ({),,953 (é’))+

ii=1 iy=1 iy=1

where u (( ) is a random process that can express the input parameter and can approximate the

response; @ ,::*,d; ,

are polynomial coefficients; 4 (& ),...,S.p(é' ) is a set of random

variables in the sample space; ¥, (z9l] ({ ),...,19.p (( )) is a set of orthogonal polynomials,

1

which are functions of the random variable 3 ().

Equation (14) can be reduced to:
u(¢)= ﬁaiwi(é(g)) (15)

whereg(é' ) is the random vector built from random variables. ¢ is the number of terms of

polynomial chaos, and is determined by the following formula:

q:(ppT—’Z)!—l (16)

where p is the maximal order of polynomial chaos, and # is the number of random variables.
According to the Askey-scheme [22], there are different optimal polynomials for different
probability density functions, i.e., the choice of polynomial depends on the probability density

function of the random variable. In this study, the stochastic response u (( ) was approximated
by using the Hermite polynomials as optimal polynomials, because uncertainty in shape was

hypothetically defined as following the normal random distribution. The multi-dimensional
Hermite polynomials are expressed as follows:

iprg » 1z
Jee ey L (7

‘"Pp(é,,-l,"'aé,i 84[]"'84

P

Uncertainty in shape was assumed to be the only random variable in this study. Thus, the single-
variable version of the Hermite polynomials is given by Equation (17) [20]

(W, (O))={1.£.7 -1.8° =3¢, =647 +3,8° —104° +15¢ ...} (18)
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Note that the basis-functions constituting PCE are all orthogonal polynomials. Therefore, we
used the orthogonal property of polynomials to deal with stiffness equations with random
variables in this study. The orthogonal property of the Hermite polynomials is defined by the
inner product of the weight functions as follows:

(¥, (). (9 =] W, ()W ()W ()dg = k15, (19)

where J,, is the Kronecker delta and D is the domain of the standard normal probabilistic
variable, and W () is the weight function of the Hermite polynomials. Generally, the weight

function is the same as the probability density function, in order to ensure that the PCE
converges exponentially to a random variable. For the random variable whose probability
density function is a Gauss function, the weight function is expressed as follows:

P

W)= Nrh ? (20)

and ¥, (&) is derived by the following characteristic:

1 m=0
<\P’"(§)>:{o ifm>0 @D

As mentioned above, if the response surface is obtained by the PCE; then, the mean value and
standard deviation of the stochastic response can be approximated by the following formulas:

E[u]=<iu_/w,-<:>>=uo (o () + S (% () =1, @

P

Var[u]= <(“ _E[”])2> = <[Z”1\Pz (g)_%j > ji:,”jz <\Pj (§)2> (23)

Jj=0

Furthermore, the probability density function can also be obtained by the output responses.
Thus far, some important aspects of PCE have been described with respect to uncertainty
analysis. These properties will be used in the formulation presented in the next chapter.

4. FORMULATION OF STOCHASTIC ISOGEOMETRIC ANALYSIS FOR
UNCERTAINTY IN SHAPE

In this study, we combined IGA and the stochastic methodology in order to create a new
method for estimating the uncertainty in shape. Moreover, in this section, we use two
terminologies (“physically-based” and “FEA-based”) in order to describe the different analytic
viewpoint between the proposed method and the SFEM. These two terminologies have been
used in earlier methods integrating FEM and computational geometry [12]. In this study,
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uncertainty in shape was considered from a physically-based point of view, instead of the
classic FEA-based point of view. The following sections briefly discuss the application of these
two analytic points of view within uncertainty analysis framework, respectively. Subsequently,
the formulation of SIGA for uncertainty in shape will be defined.

4.1. Classic FEA-based point of view for uncertainty analysis

In general, the use of traditional SFEM to discuss uncertainty in shape is based on the FEA-
based point of view, i.e. the SFEM is built from the analytical framework of the classic FEM
[8-10]. Thus, it inherits all the characteristics of FEA in the term of geometry and algebra. It is
regrettable that the some of the characteristics inherited may hinder the further development of
SFEM in terms of uncertainty in shape, although they may not have any impact on the
numerical analysis in the FEM or other SFEM. Among them, a major development bottleneck
is the geometric representation of the analysis object. The requirements for the performance of
the geometric shapes are usually relatively high in analyzing uncertainty in shape, especially
for complex geometric structures. However, throughout the probability analysis process,
SFEM use a geometry approximated by FE-mesh to represent the uncertainty in shape, namely,
the random field is actually acted upon an approximate geometry instead of an actual geometric
structure, so that leads to geometric errors, inevitably. Notwithstanding, through some mesh
refinement methods inherited from the FEM, the analytical object can be as much as possible
conform to the actual geometric structure, but this typical geometric error cannot be reduced
indefinitely. Moreover, the analytical model is partitioned into the elements connected by
nodes, and through linear interpolation shape functions to achieve interpolation within the
elements. Therefore, all the information is tied to the finite element mesh, in the SFEM, the
uncertain parameter information is introduced into nodal coordinates as well, in order to
represent the uncertainty in shape. As the position of the corresponding node changes, the shape
of the mesh and elements also changes. Thus, in order to avoid affecting the accuracy of the
analytical results, the appropriate FE-mesh must be restructured by remeshing, repeatedly. This
increases the difficulty and time of analysis. Furthermore, the FE-mesh is usually insensitive
to detecting shape changes at the geometrical boundaries containing surface or curve, or even
failing to represent the deformation process. For instance, there is a plate with a circular hole
and we assume that the random field is acted on the location of the circular hole. At present,
within the SFEM analytical framework, the uncertainty at hole can only be considered as
changes in the size of the radius [8]. If we want to assume that the uncertainty representation
is the shape change from circular to other irregularities, which is difficult to be achieved in the
current SFEM analytical framework, let alone more complex geometric structures. If it is in
the case of FEM, the geometric shape can be artificially and arbitrarily changed by the
geometric visualization tools, and then repartition it into the FE mesh. However, in the actual
analysis and formulation, the shape of the analytical object cannot be controlled artificially and
visually, instead, use the algebraic method to deal with the analysis process. Therefore, in the
analysis process of SFEM, the uncertainty representation in shape cannot be achieved simply
by changing the coordinates of nodes with uncertain parameters, and also need to consider its
influence on other elements and nodes. This influence is difficult to be controlled and
determined for complex uncertainty representation. In Reference [8-10], Chen et al. by setting
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the coefficients of the degree of change at each node to represent the uncertainty in shape and
gave the corresponding algorithm, but that cannot perform well for geometric structures with
curves and surfaces due to the drawbacks inherited from the FEM mentioned above. Besides,
these coefficients of the degree of change also there is an impact on the analytical results to a
certain degree. Namely, if the bad coefficients are determined, a bad FE-mesh will be generated,
resulting in an inaccuracy result that may be obtained [23].

Through the discussion of the above classic FEA-based point of view, we can know that
despite the powerful FEM has been widely expanded and applied to various engineering fields,
and has achieved prominent achievements. However, for the uncertainty analysis in shape
based on FEM analysis framework, some inherent characteristics of FEM limit its development
and greatly increase the difficulty and cost of analysis. Therefore, in order to break these
bottlenecks, in this study we introduced the physically-based analytical point of view to deal
with the uncertainty in shape.

4.2. Physically-based point of view for uncertainty analysis

In this study, a novel method is proposed in the aspect of reliability analysis for uncertainty in
shape, and it is carried out from a physically-based point of view, i.e. the entire probability
analysis uses an actual geometric structure to represent uncertainty in shape instead of an
approximate one. Similarly, the SIGA for uncertainty in shape is an extension from the classical
isogeometric analysis framework. Some of the characteristics inherited from IGA make up for
the shortcomings of traditional SFEM on the uncertainty analysis in shape. The SIGA takes
full advantage of these the native characteristics of IGA, that is using the same geometry
description in engineering design and analysis processes, respectively [12]; Thus the random
field is acted upon the geometric entity, the geometric errors are eliminated to the utmost,
especially, the more complex the geometry, the more obvious this advantage, for example,
circle and ellipse, and irregular geometry, etc. And, since a physical mesh on the geometric
entity is used for discretization in the uncertainty analysis process, it does not need to be like
FEM the mesh repartition due to shape change and determining coefficients of the degree of
shape at each node, so the calculation load is reduced.

Another major advantage of the physically-based point of view, besides being precision in
representing the complex geometric structure and its less computationally expensive, is that it
can define the analytical boundaries flexibly, exactly and easily. This advantage is obtained
based on local support property and the local modification scheme property of NURBS [19],
coupled with the power of NURBS which ability to directly manipulate the geometric shape
by adjusting the control points. Therefore, the uncertainty in shape can be represented
arbitrarily, and region and degree of shape change can be controlled easily, flexibly and exactly.
The specific example shown in Figure 3 consists of one-quarter of a circular disk with a circular
hole at the centre. It was assumed that the shape of the circular hole entails uncertainty. As
shown in Figure 3(a), the control points 1,2, and 3 control the shape of the hole directly, and
any one of them can import uncertain parameters to represent the uncertainty in shape at the
circular hole. Therefore, the determination and control of the analytical boundary for the region
of interest became dramatically easier. We do not need to consider moving other control points
to represent uncertainty in shape and the impact on the ones.
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Through the above discussion, it is obvious that the natural geometric features of NURBS
provides great convenience for uncertainty analysis in shape. Here, it should be mentioned
again that the ability of control points manipulating geometric shape intuitively and freely was
adequately exploited to achieve representation of uncertainty in shape in this study. Thereby,
degrees of freedom and uncertain parameters are located at the control points. And based on
an affine invariance property that follows from the partition of unity property in the NURBS
[12,19], ensures that the random field acts precisely on the geometric entity through the control
points, in spite of the fact that the control points are commonly not interpolatory in NURBS,
unlike in standard FEM. Let us look at some details from the algebraic perspective. For better
illustrative on this point, we suppose a two-dimensional geometry was structured from the
Equation (12), and the let control point By be introduced uncertainty, i.e. the control point By

was moved to a new position B, , +V, where v is randomly varying geometric vector used to

represent uncertainty in shape. Since the new NURBS geometric structure was defined by

B1’1 PR Bk,h + ‘7, Tt Bn,m ,as follows:
k=1 h-1 " m
SEM=DDR (OR, (DB, +R,(ER, (B, +¥)+ D > R (ER,,(1)B,,
=t = i=k+1 j=h+1
= Z Z Ri,p (g)Rj,q (n)Bi,j + Rk,p (é)Rh,q (ﬂ)(Bk’h + ‘7) (24)

i=1 j=1

=S(&En)+R, (E)R, (7)Y

It can be clearly known from Equation (24), only the &, A4-th term used a control point containing

uncertainty, B, , +V, after regrouping, the new geometric structure is the sum of the original

one and a R, (&R, (7)v . Furthermore, the randomly varying geometric vector v can be
expressed by coordinates of the movement of control point, v = (x —x,y—y), where x and y
are the control point coordinates before the shape change. x and j are the coordinates after the

shape change. And its representation form regard with uncertainty can specifically be given by
coordinate of the corresponding control points and a linear function with a random variable,
¢ , as follows:

£:x+LX:x+Zn:Lx[‘P(§) (25)
j):y+Ly:y+iLy[‘P(§) (26)

where ¥ (( ) is the polynomial (Hermite polynomials) chaos with random variables. L and L,

are the deviation lengths in the x- and y-direction, respectively. In this study, the representation
of uncertainty in shape is assumed to follow a normal distribution, such that the deviation

lengths (L, and L, ) can be rewritten as:
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L=SLW()=L+1¢ 27)

L= iw’(é )=L+L¢ (28)

where I and L7  are the mean and standard deviation, respectively, the subscripts x and y

ory vory
represent the x- and y-direction in the coordinate space. Figure 3(b) shows an example of
uncertainty representation with regard to geometrical shape. We assumed that the deformation
of structure model occurs along the inner circular hole. In this example, the uncertainty in shape
of the model was represented by introducing the uncertain parameter into control point 1, which

is denoted by the hollow circle. Control point 1(red solid node) is the location of control point
1 after shape changed, and the bidirectional arrow (in black) indicates the deviation length (L).
As shown in Figure 3(b), we can see that the shape of the inner circular hole can be changed
simply by moving control point 1, and without having to move other points. Additionally, the
deviation length (L) is introduced directly into the coordinate of the control point in order to
geometrically represent the uncertainty in shape.

(a) Control points 1, 2 and 3 for (b) Shape of circular hole at centre is
controlling circular hole at the centre. changed by moving control point 1 to 1.

Figure 3:  One quarter of circular disk with circular hole at centre
4.3. Incorporating PCE into IGA Formulation

In this study, the SIGA framework was developed by utilising the intrusive method. The
formulation of SIGA was defined by incorporating the PCE into the original IGA formulation
framework. Therefore, Stiffness equation in original IGA formulation was redefined in the
form of PCE. In this section, the formulation of SIGA is given with respect to a two-
dimensional linear elasticity problem with a single random variable.
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Firstly, an abstract weak form is given by using the Galerkin’s method in the finite-
dimensional subspaces of the trail solution space S and by weighting function space W [12,24],
these subspaces are denoted by S” and W", respectively. The Galerkin approximation of the
weak formulation is as follows: given body-force f:Q — R and boundary conditions

r:T >R, find 4" € §" ,such that for allw" e W"
a(w",u") =", )+, r); (29)

where the a (-,-) and (-,-) denote the bilinear form and inner-product form, respectively (see [11]

and [24] for more details). In this study, the finite-dimensional subspaces S" and W" are
constructed from NURBS. Therefore, " and w" can be written as

W =Yc R, (30)

w'=> d,R, (31)

B=

where ¢, andd, are the control variables. Then, the matrix equation can be constructed as

follows:
Kd=F (32)

where K is the global stiffness matrix, F is the global force vector, and d is the unknown
displacement response in this formulation. The global analysis system is assembled from the

local stiffness matrices k,and force vectors f, established over the elements €.
In the SIGA formulation, the local stiffness matrix containing the random variables ¢ 1is

expressed as follows:
k($)=| B ($)DB(S) (S ) dex (33)

where B(g" ) and J (g“ ) are the strain matrix and the Jacobian matrix which involve random

variable ¢ ,respectively, D is the material property matrix.

In conventional SFEM, the element stiffness matrix in the physical space is directly mapped
to the parent space in order to perform numerical integration. However, in SIGA framework,
three space transformations need to be considered, i.e., an affine mapping from the parent space

to the parameter space (f:Q — ¢ ); a geometrical mapping from the parameter space to the
physical space ( g:f) — Q). Then, these two mappings are combined to constitute space
mapping from the parent space into the physical space (y :fo g ). The mapping processes in

the SIGA are illustrated in Figure 4. For a more detailed and thorough discussion of these space
concepts, see [12].
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Figure 4: Diagram of mappings in analysis process. Dashed line with arrowhead denotes the
inverses of the mappings.

To integrate Equation (33) numerically, the mapping, y :fo g was calculated by using the

Jacobian determinant including the random variable. Thus, Jacobian determinant for this
mapping is expressed by

Roe Ron %{x+i@i‘}’(é’)}a—é ai{ﬁig;y(;)}a_’l

il B fTelf abteol
Foe don|of < & of 3 on
ok snsa| [t EEOE S Bl

where X and ¥ are the coordinates involving the random variable ¢ in the physical space (see

Equations (25) and (26)). £ and# are the parametric coordinates in the parameter space, and

are obtained by the knot vectors and parent element coordinates of the Gauss points, as follows:
(. +&)+EE.-9)

¢= 5 (35)

n= ((77141 +77i) +277(77i+1 _771')) (36)
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where £ and 7 are the parent element coordinates. In practice, the Equations (35) and (36)

involves a mapping which from the parent space to the parameter space f D50 .
Additionally, the mapping from the parameter space to the physical space g:f) —>Q s

calculated from the NURBS basis functions and the control point coordinates. The
transformation matrix for mapping g:Q—Q is represented by Equations (11), (25) and (26)

& &) SRS we)| SEL LS w(e)
J(¢)=|% om|_| T ool w7 ) Eonl dw (37)
B A B P PRI SRS )

o on = o¢ _y[ =0 Y = on _yi =0 . il

where n, is the number of the nonzero NURBS basis function over element e, which is equal to
(p+1)* in this formulation, and where p is the order of the basis function. The associated
Jacobian determinant for this mapping is denoted as ‘Jg(é’ )‘ . Thus, the matrix form of

Equation (34) is represented by

o ooy

J()- 0f o0& o o7
Gos @on
0 & 0y 07
LR [ ¢ log &ar| & Jon | G

Flx YL v e S oS ()|

| af i i jzo X; (;)_ 8§ e 677 I i ; X (é,)_ 677

n oR [ n ] 0& & OR I c on

iy 2N L v - —Lly+> L ¥ —

= o0& _yl ]zo g (é,)_ o0& ‘I on _yl ./ZO Y (é/)_ aﬁ_

Note that, in this study, uncertainty in shape is considered as the variable random, and
represented by introducing PCE into the control points coordinates in the physical space.
Therefore, uncertainty representation exists in this mapping process.

In addition, the orthogonal property of PCE is needed to be used in order to perform the

formulation. Therefore, the ‘J (¢ )‘ needs to be rewritten as Hermite polynomial form, and

obtained by the following procedure: substituting Equations (27) and (28) into Equation (38),
solving the Jacobian determinant, and then combining like terms with respect to ¢ . Finally,

the ‘J(g’)‘ is expressed as:

() =]+ +...+ ],

& =) (39)

where 7 is the polynomial order. it is equal to 2, since, in this study, the representation of
uncertainty in shape was assumed to follow a normal distribution.
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Moreover, in order to obtain the strain matrix B(g“ ), the derivatives of the basis-functions

with respect to the physical coordinates must be calculated. Thus, we first used Equations (35)
and (36) to calculate the parametric coordinates with respect to the quadrature points in the
parent space. subsequently, the derivatives of the basis-functions with respect to the parameter
coordinates were calculated by Equation (9). Finally, the derivatives in the physical space were
obtained by applying the chain-rule, as follows:

OR(C,m) _OR 0¢  OR on (40)
08 0f ok on ox

OR(S,m) _OR 0¢  OR on @1
o) 0 on oy

where 0£/0x , 0&/0p are obtained by calculating the inverse of the mapping from the
parameter space to the physical space, and the inverse of this mapping is denoted by 1/ ‘J p (; )‘ .
In this expression, the denominator contains the random variable £ ; therefore, it cannot be
directly calculated by applying the PCE. However, 1/ ‘Jg (¢ )‘ can be derived approximately by

using orthogonally of Hermite polynomials, as follows
(O =X 2.0 (42)
a=0

where W (( ) represents the pth-order Hermite polynomials, and Y represents the unknown

coefficients with respect to the approximate polynomials. We used an algorithm based on the
orthogonal property of the Hermite polynomials in order to calculate the unknown coefficients.
More details about the algorithm can be found in [10]. After the unknown coefficients were

calculated, we were able to determine 1/ ‘J (&)

, and the applied it to the solution of matrix

B(¢) in Equation (33). Thus, B ((; ) is expressed by Equations (40), (41) and (42), as follows:

R(Em) 2, 2 6n) 0
ox n
OR(&,1) 4 oR(&,m) OR(E,m)
B(¢)=| 0 5|7l ‘ oc | on (43)
OR(E.m) BR(E.m) OR(&.n)  OR(&m) OR(Em) | OR(E.m)
L x| | o on o& on

We substituted Equation (42) into Equation (43) in order to rewrite the strain matrix B (§ ) as

PCE form with respect to the random variable £ :

r

1
OB (44)
Aty ;

B(() ‘xli)% ! xlﬁx§+--+;xB x(:‘

[ ) G
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Recall that in the above equations, the strain matrix and Jacobian matrix were all expressed in
PCE form. Therefore, we were able to obtain the PCE representation form of Equation (33) as
follows:

n+r

k(&)= 2k ¥, (¢) (45)

Subsequently, we assembled the local stiffness matrix k, into the global stiffness matrix K and

rewrote it in PCE form, as follows:
K=ZK‘I’_/(§) (46)
Similarly, the local force vector is expressed as follows:

£(9)=], R(E)n |1 aex (47)

where 7, 1s the surface force vector. The PCE form is denoted as:

£O)=2£.2.(0) @)

The derivation process of Equation (48) was the same as that of Equation (45); however, due
to the applied loads on the single-side, the £, was the obtained by the one-dimensional NURBS

basis functions. Then, the global force vector was assembled and represented in PCE form, as
follows:

F=2F¥ ({) (49)

Moreover, the unknown displacement response vector d in Equation (32) could also be derived
approximately by utilising orthogonal property of Hermite polynomials. Thus, we first
represented it in PCE form:

d=>dY,(¢) (50)

Note that the order of PCE for Equation (50) is assumed in accord with that of global stiffness
matrix (see Equation (46)), which is needed in order to solve the global stiffness matrix later.
The substitution of Equations (46), (49), and (50) into Equation (32), yields:

YK (O)x 3., (€)= 2 ¥, () (51)

To solve Equation (51), we utilised the same algorithm used to solve Equation (42). According
to the algorithm [10], the orthogonal property of PCE was utilised in order to solve the
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unknown displacement response vector d. First the two-sides of Equation (51) were multiplied

by ¥, (§ ) W () and were then integrated, simultaneously. Thereby, we obtained:

J SR ()% S a2, ()W, (WM = [ SR, ()%, (WS (2

Thus, the inner-product form can be given by

n+r n+r n

2K(¥ (), ()Y, (€)1, =D F (¥, () ¥, () (53)
where

(2, (O)¥, () O) =] ¥, (),(O)¥,()W()ds (54)
where (¥, () is calculated by the Equation (21).

Subsequently, Equation (51) could be rewritten in a form of simultaneous equations by
Equation (52), (53), and (54), as follows

Kio{)  Kauf) Koo ()| 4 F, ()
K., () K, () K, () d |_| K <> (55)
Koo l) Kot () Ko O] (B0

where <> denotes the inner-product with respect to PCE. Finally, the stochastic response of the

displacement representing uncertainty in shape was obtained by Equation (55).

In this study, we used the C++ programming language in order to implement the formulation
of proposed method. Figure 5 shows a flowchart of program of the SIGA for uncertainty in
shape. Clearly, the SIGA program architecture is similar to the IGA program architecture, and
the different portions of the program are the those shown in blue in Figure 5. The program
begins with the READ INPUT box that read the information containing the geometrical data,
stochastic parameter, etc. After the pre-processing steps are completed, the PCE is introduced
into element loop and assembly of system, and that plays an important role in these algorithms.
Then, the calculation results in regard to displacement response surface and normal probability
distribution, etc. are recorded.
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’ ( Geometrical data: \ .
. Form the strain-displacement
coordinate of control ) )
READ INPUT < points, knot vector, etc. matrix B and rewritten the
v Stochastic parameter: PCE form
Build arrays for mearé:\rlli(; g’;ar:ldard v
connectivity and allocation Material prope. rties. B}lﬂd the local stiffness
v Boundary conditions. matrix k, and force vector f,
Initialize the global stiffness in PCE form
matrix K and force vector F v
v v End loop over
/ Loop over elements \ Gauss points
" Compute |J (¢ )| using ¥
Initialize the local stiffness orthogonal property of PCE Assemble k, , f,to global
matrix k, and force vector f, v stiffness matrix K and force
Numerical approximate inverse vector F
/ Loop through Gauss points \ of |J (¢ )| using the Hermite v
v . End loop over
polynomials
elements
Compute the parameter
coordinate [ £,77] v
v Solve global system
- ~ Kd = F with respect to
Compute 85/ 05:0n/o7 displacement.
v Displacement response v
. . surface.
Evaluate basis functions <«----= WRITE OUTPUT
and derivatives Normal probability
| distribution STOP

Figure 5: Flowchart of program for stochastic isogeometric analysis for uncertainty in
shape, which applies to single-patch. Routines in blue denote differences from IGA program.

Remark

(1) In this formulation, the uncertain parameters were only imported into some specific
control points in order to represent the uncertainty in shape. These specific control
points were determined according to geometrical shape and range that needed to be
analysed in the structure model, and these control points had ability to intuitively
change shape within this range. Therefore, the uncertainty in shape for structure
model could be accurately presented by just importing the uncertain parameters into
one or more control points. In this context, this method greatly reduces the
computational cost.

(2) The role of PCE is important in the intrusive SIGA formulation procedure. Recalling
that the stiffness matrix, force vector and displacement were all rewritten as a
representation form of PCE, because we needed to use the orthogonal property of
PCE to solve the global stiffness equation.

(3) Note that the algorithms developed so far only apply to Gaussian stochastic fields
and processes, and that program of SIGA formulation is implemented based on a
single-patch.
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5. NUMERICAL EXAMPLES

In this section, we apply the stochastic isogeometric analysis framework to a cantilever beam
model and a localized corrosion problem. We used chosen examples in order to demonstrate
the accuracy and convergence of the proposed method. In all cases, the model problems
considered here were linear-elastic problems. Their solutions compare directly to that of MCS
used as a reference value. The all calculations are implemented using C++ programming
language, and timed on a Windows 10 pro 64bit with Intel(R) CPU E5-2603 v3 @ 1.6 GHz
processor (12 CPUs) and 64GB RAM. Additionally, in the figure, the Poisson’s ratio and
Young’s modulus are denoted by vand E, respectively.

5.1 Example 1: quarter-circular cantilever beam

First, we present a verification example with regard to a quarter-circular cantilever beam. In
the setup of problem illustrated in Figure 6, the hash marks on the bottom edge denote the
Dirichlet boundary conditions. Additionally, the beam was subjected to a uniform pressure
(P.=1N/mm?) on its left-edge. The inner and outer radii of the circular beam are denoted as

R .R

in 2 " tout?

respectively. The control points used when building the model are plotted in Figure

6(b), while L and L, denote the deviation length of control point 2 in the x- and y-direction,

respectively.

In this two-dimensional example, we assumed that the changes in shape take place in the
inner circle. As shown in Figure 6(b), moving any one of the control points 1, 2, and 3 can
change the shape of the inner circle. Here, we imported the uncertainty parameters into the
coordinate of control point 2 in order to intuitively manipulate the shape of the inner circle.

The corresponding standard deviation and mean L and L, in control point 2 were set to 0.5

and 0, respectively.

E =206GPa
v=0.30

(a) Problem definition for verification (b) Control points and control net.
example.

Figure 6: Quarter-circular cantilever beam problem
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In this example, we present the analysis results for the displacement response surface in the
position of control point A, which is a stress concentration position, and compare them to the
analysis results obtained by the MCS and the IGA methods, respectively.

First, in order to demonstrate the accuracy of the analysis results obtained by the proposed
method, the results of SIGA and IGA were compared, as shown in Figure 7, which shows that
the proposed method had very high precision. The x-axis in Figure 7 represents the stochastic
variable ¢ , while the y-axis represents the corresponding displacement value. The numerical
results of IGA were obtained by modifying coordinate of control point 2 in the x- and y-
direction as indicated in Table 1. The response surface of SIGA was computed by using
Equation (50). In this example, the order of the Hermite polynomials used to calculate the
respond surface was taken as the fourth-order. The polynomial coefficients within the range of
Oth to 8th-order are shown in Table 2 and denoted by a;. They were derived by Equation (55)
in Section 4. Thus, the response surface in this example was obtained by:

d(£)=1.x107W, (£)+9.83x10°W, () +
12131079, (¢) +2.1x10°¥, (¢)~3.31x107°%, (¢) (56)

Moving distances

-25 20 15 10 -05 00 05 1.0 15 20 25
0W64+——FT—"——F——F7——T7T7T"T1T T T 17—

10.5 1 ]
10.4 ]
10.3 4 ]
10.2 1 ]
10.1 4 ]
10.0 4 ]

99 ]

9.8 sical

07 = IGA |
96 ]
54— ]

Displacement(10™*mm)

Random variable(s)

Figure 7: Displacement response obtained by SIGA and numerical results of IGA

In fact, the obtained response surface converged to an exact optimal solution as the order of
the polynomial increased. Figure 8, shows error between the analysis results of IGA and SIGA.
It can be seen that their errors are very small from the fourth-order of polynomials onwards.
Thereby, the demand for precision of analysis results is met and this method is shown to be
feasible and accurate. Additionally, the polynomial coefficients of response surface are also
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very small from fourth-order onwards and can be ignored (see Table 2). Based on these
considerations, the polynomials in Equation (55) is only computed to the fourth-order.

Table 1: Moving distances for control point 2, and corresponding displacement of control
point A, indicated in Figure 6(b).

Moving 2 15 -1 0.5 0 0.5 1 15 2
distances

x-coordinate 8.00 8.50 9.00 9.50 10.00 10.5 11 11.5 12
y-coordinate 8.00 8.50 9.00 9.50 10.00 10.5 11 11.5 12

Displ t
ISIE laocfl)nen 967 | 976 | 985 | 994 | 10.04 | 10.14 | 1024 | 1034 | 1045
Table 2: Polynomial coefficients of response surface, (a;).
Order
(ith) 0 1 2 3 4 5 6 7 8
ai 1.0x103 | 9.8x10°¢ | 1.2x107 -2.1x107 -3.3x10°10 | 22,1101t -2.2x10°12 2.5x10°12 | -1.5x10°13
0.05 — T T T T T T T T T T T T T T T T
0.00 - —F——p ® o 2 * -
-0.05 4 —o (=4 5
=
- o (=2
& -0.10 ~ L | g
ugJ —0— (=0
—» =l
-0.15 s
7A7 C:3 -
-0.20 4 —w—{=4 B
-0.25 e e e
0 1 2 3 4 5 6 7 8 g

PCE order
Figure 8: Error measured by numerical results of IGA and SIGA.

Additionally, the statistical characteristics of the proposed method were investigated by
comparing with Monte-Carlo simulation. In Figure 9, we present the displacement probability
density functions for the control point A in the x-direction. The reference values (gray clustered
column) were obtained by repeatedly performing Monte Carlo simulations with 10,000 model
samples and the degrees of freedom in a single sample are 36. The average running time of the
program for MSC is 99.196 second. For SIGA, the probability density function of the system
was computed by substituting 10,000 random variables ¢ into the Equation (56). The degrees

of freedom are 324 and the average running time of the program is the 0.093 second. The
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comparison of these results to those obtained by MCS revealed that the probability distribution
obtained by SIGA is almost the same as that of MCS, but at a much lower computational cost.
Moreover, the mean and standard deviation from these two methods and PCE are listed in Table
3. It can be easily seen that they are almost equal. Note that the mean and standard deviation
of PCE are derived by Equations (22) and (23).

Table 3: Mean and standard deviation from SIGA, MCS, and PCE.

SIGA MCS PCE
MEAN (103 1.0041 1.0039 1.0041
STDEV (10°) 9.8175 9.8163 9.8319
5 T T T T T T T T T
I SIGA
4 - o
3 i
°
g
a 24 _
[a
14 a
0 LA L

95 96 97 98 99 100 101 10.2 10.3 104 10.5

Displacement(1 0'4mm)

Figure 9: Displacement probability density functions for the control point A in the x-direction
Example 2: localized corrosion

The second example involves a potential application of this method to the problem of
uncertainty in shape caused by localized corrosion. The controllability and scalability of
proposed method are demonstrated by this example. The relevant setup of the boundary
conditions and material properties is illustrated in Figure 10 (a), where the analysis model was

subjected to a uniform tensile force (7, =100N/mm®) in the x-direction on the right edge. The
corresponding control net and control points is shown in Figure 10 (b) where L7 and L are

the deviation lengths of the control points m and 7 in the y-direction, respectively.

24 |Page



10
11
12
13
14

15
16

17

18
19
20
21
22
23

70.00mm :

7. =100N/mm”*
=

E =206GPa
v=0.30

16.00mm

—_—

(a) Problem description and data.

® \er TLZ

m n

(b) Control net and control points. Rectangular region indicates location where localized
corrosion phenomena occurred.

Figure 10: Localized corrosion problem

In this example, we assumed that localized corrosion phenomena appeared on the surface of
region @ shown in Figure 10 (b). The uncertainty in shape in region ® can be represented
through the introduction of the uncertainty parameters into the control points m and n, since
these two control points have the ability to directly change the geometry of this area (see Figure
10 (b)). The corresponding stochastic parameters are shown in Table 4, where acceptable
different values are assigned to the mean and standard deviation for the y-coordinate of control
points m and n, respectively.

Table 4: Stochastic parameters (L7 and L ) for the region @ with uncertainty

y-direction Mean Standard deviation
L7 (control point m) 0 0.5
L', (control point 1) 0 0.6

In what follows, we present the displacement in the x-direction for the position of B point
which is highlighted by red circle shown in Figure 10 (b). They were obtained by using IGA,
SIGA methods, respectively. In Table 5, we present the coefficients of displacement response
obtained from proposed method (see Section 4). By these coefficients, we computed the
displacement response surface shown in Figure 11 and denoted by the solid grey line, while
the red-dots denote the reference values obtained by determinate IGA method. by comparing
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the displacements obtained by SIGA and IGA. It can be easily seen that the analysis results of
SIGA are in good agreement with the reference values.

Table 5: Coefficients of displacement response, (a;).

Order(ith) 0 1 2 3 4 5 6 7 8
a; 4.5x102 | -1.8x1073 | 2.6x10* | -2.6x10° | 1.3x10° | 7.5x108% | -1.6x107° | -1.8x10® | 2.4x10?°

607777 T T T T

5.8 - i
5.6 - i
5.4 i

5.2 - i
1 SIGA|
5.0 1 B |GA | T

4.8- y

4.6 il

Displacement(10°mm)

4.4 d

4.0 +——————————————————

Random variable(%)

Figure 11: Displacement response from SIGA and numerical results of IGA

Furthermore, in Figure 12, we provide the probability density functions of displacement in the
x-direction in the position of B point, they were obtained by MCS and SIGA methods,
respectively. The results of MCS obtained by running for 10,000 iterations are denoted by the
grey-column in Figurel2. The degrees of freedom in a single sample are 100. The average
running time of the program for MSC is 338.482 second. The results of SIGA were obtained
by generating 10,000 random variables ¢ in the same Gaussian random field as MCS, and

then introducing the response surface. For the SIGA proposed, the degrees of freedom are 1800,
and the average running time of the program is the 4.816 second. In comparison to MCS, the
performance of SIGA was better in terms of computational efforts. Moreover, the mean and
standard deviation for MCS , SIGA and PCE are also shown in Figure 12, where it can be
seen that their degree of dispersion is almost the same.

This example demonstrates flexibility of the proposed method. In the SFEM analysis
framework [8-10], we may need to consider the deformation of the mesh and possible
interference between the adjacent nodes, because these factors can affect the accuracy of the
analytical results. The SIGA overcame these problems, we could choose the analysis positions
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and range of model freely and flexibly according to the actual situation during the process of
analysing uncertainty. Especially, for dealing with complicacy geometry entity, this flexibility
and efficiency is even more important.

30 T T T T T T
MEAN (107) STDEV (10°%)
SIGA 4.5271510 1.775540
2.5 MCS  4.5305172 1799910
PCE 4.5274100 1.790778
2.0 .
S 154 -
(g
E l N SIGA T
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Figure 12: Displacement probability density functions for B point position in x-direction.
Mean and standard deviation for MCS , SIGA and PCE.

6.CONCLUSIONS

This paper presented an innovative numerical method for estimating uncertainty in shape by
conjugating the isogoemetric analysis framework and probability theory. In this study, the
uncertainty in shape was estimated from a “physically-based” point of view, rather than from
the classic “FEA-based” point of view, namely, the uncertainty in shape of structure model was
represented by directly introducing stochastic parameters into the control points in the physical
space. Additionally, we elaborated on the formulation of SIGA, which is an intrusive
formulation procedure. The deterministic isogoemetric analysis framework was rewritten as an
uncertainty form based on PCE, and the orthogonal properties of PCE were fully utilised in
order to solve the stiffness matrix. Finally, we used the C++ programming language to
implement this formulation, and obtained the response surface for the displacement. In order
to demonstrate the validity and practical value of the proposed method, the two numerical
examples were offered. By these two numerical examples, it could be seen that the numerical
solutions from the SIGA were in good agreement with those obtained by IGA and MCS.
Moreover, the two examples allowed us to investigate the scalability and applicability of the
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proposed method to very large problems in two- and three-dimensions as well as in parallel
implementations.

In future research work, we plan to apply this method to more complex analytical models,
especially for the handing of multi-patch and complex CAD boundaries problems, such as
multi-patch Coons etc [25,26]. Therefore it is indispensable to construct an analysis-suitable
parameterization method for SIGA [27]. On the other aspect, we will introduce more stochastic
variables into the analytical model in order to represent the more complex stochastic shape.
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