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Abstract. This is Part V of our series of papers on log abelian varieties. In
this part, we study polarization and projective models of log abelian varieties.
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Introduction

This is Part V of our series of papers on log abelian varieties. For general
ideas of our theory of log abelian varieties, the following references would be
helpful: Introduction of Part I [8], Introduction and Section 1 of Part II [9], and
a survey [14].
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In Part I [8], we studied a complex analytic theory. In Part II [9], we started
to study an algebraic theory. In Part IIT [10], we illustrated our theory in the
case of log elliptic curves. In Part IV [11], we introduced models for a log abelian
variety and studied proper models. In this Part V, we study projective models
and polarizations on log abelian varieties. In the remaining part of this series,
one of the main subjects should be moduli spaces of log abelian varieties.

The main theorem of this paper is the existence of projective models of a
polarized log abelian variety (Theorem 1.11). The polarization is defined as a
biextension in 1.3. We use the method of theta functions as in the analytic case
(Part T [8], 5.4). To this end, we generalize various theorems of line bundles
on abelian varieties (cf. [12] the theorem of Appel-Humbert, the theorem of the
cube) to log abelian varieties.

The organization of this paper is as follows. In the first two sections, we
summarize our results. In Section 1, we state the results of the existence of pro-
jective models. In later sections, these are proved based on a systematic study of
G-torsors, Gy, jog-torsors and Gy, o5/ G-torsors on log abelian varieties, which
are summarized in Section 2. Sections 3-8 give the proofs of the results described
in Sections 1-2 in the case of constant degeneration. Based on them, we prove
a large part of the results described in Section 1 on projective models in Section
9. After some preparations in Sections 10-11, we prove the general cases of the
results described in Sections 1-2 (Section 12).
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(C) No. 24540035 and Kakenhi (C) No. 15K04811. The second author is partially
supported by NFS grants DMS 1303421 and DMS 1601861. The third author
is partially supported by JSPS, Kakenhi (C) No. 22540011, Kakenhi (B) No.
23340008, and Kakenhi (C) No. 16K05093.

1. Main results, I (projective models)

In this section, we state our main results concerning the existence of a pro-
jective model of a polarized log abelian variety (Theorem 1.11). The proofs of
the propositions in this section will be given in later sections.

1.1. First we briefly review an outline of the definition of weak log abelian variety.
See [11] Section 1 for the details. We use the same notation there.
Let S be an fs log scheme. A weak log abelian variety over S is a sheaf A of
abelian groups on the big étale site of S satisfying the following three conditions.
(1) Each geometric fiber corresponds to an admissible and nondegenerate log
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1-motif.
(2) Etale locally on S, there is a subsheaf of A represented by a semiabelian
variety G such that the quotient A/G satisfies the condition explained below.
(3) The diagonal morphism A — A x A is represented by finite morphisms.
The condition on A/G in (2) is as follows: There are finitely generated free
Z-modules X and Y, an admissible pairing

(,): X XY = Gmiog/Gn,
on S, and an isomorphism A/G = Q/Y, where Y is the image of Y in
Q := Hom(X, Gpniog/Gm) ™).

See 1.3 of [11] for the definition of the last group, i.e., the (Y)-part of Hom(X,

Gm,log/Gm)'
Let X be the image of X in Hom(Y, Gy105/Gy). Then the induced pairing

(,): X XY = Gog/Gm

on S glues globally on S. The G also glues globally and called the semiabelian
part of A (cf. [11] 1.7).

If we replace “admissible and nondegenerate” in the above condition (1) by
“polarizable” ([9] Definition 2.8), we obtain the definition of log abelian variety
([9] Section 4).

1.2. We define a polarization on a weak log abelian variety. First, we discuss the
dual weak log abelian variety in a special case.

Assume that a weak log abelian variety A is with constant degeneration ([11]
1.7). Let M be a log 1-motif corresponding to A via [9] Theorem 8.1. Then, the
dual A* of A is defined to be the weak log abelian variety corresponding to the
dual log 1-motif M* of M. (We will define the dual weak log abelian variety in
the general case in a forthcoming part of this series of papers.)

1.3. We define a polarization on a weak log abelian variety A as a biextension.
For biextensions, see [7] Exp. VII and VIII, and [4].

First, assume that A is with constant degeneration. Then, we already have
the notion of polarization as the one on the log 1-motif M corresponding to A.
See [9] Definition 2.8 for the definition of a polarization on a log 1-motif. This
notion is interpreted in terms of biextension. In fact, if p is a polarization on
M, it induces a homomorphism A to A*. But, since A* is canonically embedded
into Ext(A, Gy 10g) ([9] Theorem 7.4 (3), cf. [9] Remark 7.5 (2)), it gives a homo-
morphism A — Ext(A, Gy, 10g). Hence, by Proposition 2.3 below (whose case of
constant degeneration is proved in 6.3), it corresponds to a biextension of (A, A)
by Gy 10g- This biextension is symmetric.
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We return to the general case. Let A be a weak log abelian variety. Then, a
polarization on A is a symmetric biextension of the pair (A, A) by G, 10g Whose
pullback to (fs/s) for any s € S is induced by a polarization on the log 1-motif
corresponding to A Xg's as above.

By definition, a polarizable weak log abelian variety is a log abelian variety.

1.4. Our main result says that a polarization yields a special model. To de-
scribe constructions of special models, it is convenient to introduce the following
condition on A.

1.4.1. Etale locally on S, there is a homomorphism ¢: Y — X satisfying the
following three conditions:

(1) ¢ is compatible with (, ) in the sense that ((y), z) = (¥(z),y) for any
Y,z €Y.

(2) (4ly).y) € Ms/OF C MO for any y € V.

(3) v induces an isomorphism ¥ ® Q = X ® Q.

1.4.2 REMARK. This condition is satisfied if A is a log abelian variety. But the
converse is not valid. Further, a weak log abelian variety does not necessarily
satisfy the condition 1.4.1. See 4.14-4.15 for the details.

1.5. Let F be an abelian sheaf on the étale site (fs/S)g of fs log schemes over
S. Let p be a biextension of (A, A) by F. Let L, be the F-torsor on A defined
as follows. For any fs log scheme U over S and any morphism a: U — A, the
F-torsor Ly(a) on U is p(a,a) (= the value of the biextension p at (a,a): U —
Ax A).

This construction p — L, induces a natural homomorphism, called the pull-
back to the diagonal,

Biext(A, A; F) — H' (A, F),
which coincides with the homomorphism induced by the diagonal morphism A —

A x A.

1.6 PROPOSITION. Let A be a weak log abelian variety over an fs log scheme S.
Assume that either A is with constant degeneration or A satisfies the condition
1.4.1. Let Hom (Y, X) be the group of homomorphisms ¢: Y — X which are
compatible with ( , ) (1.4.1 (1)).

(1) There are natural isomorphisms

Homy >(7, 7) = Biextsym(A/G, A/G; G tog/Gr) = Biextsym (A4, A; G tog/Gim).

Here Biextgy, means the group of symmetric biextensions.
(2) The pullback to the diagonal

Biext(A, A: Guniog/Gm) — H'(A, Guntog/Gm) (cf. 1.5)
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sends the image of ¢ € Hom (Y, X) by the isomorphism in (1) to the pullback
of the class of the Gy, 105/ Gm-torsor on A/G = Q/Y, obtained as the quotient of
Q X Gnlog/ Gy by the action (h,\) — (yﬂh(v,b(y)”)@(y),y)‘ﬂ) (yeY)ofY.
Here yh denotes x — h(x){x,y) for x € X.

This is proved in 12.12.

1.6.1 REMARK. There is a choice of the sign in this proposition. See Remark
5.2.1 for the details.

1.7. We review briefly the model of A associated to a fan. See Section 2 of [11]
for details.

We assume that an admissible pairing X x Y — Gy, 104/Gpy, as in 1.1 exists
globally.

Let A be the fiber product of

A— Q)Y + Q.
Then, we have an exact sequence
05G—>A—Q—0.

We define certain subsheaves of A and A. Etale locally on the base S, we
can take an fs monoid S, a homomorphism & — Mg/Og, and an S-admissible
pairing

(,): X XY — S

which lifts the above Gy, 105/ Gy-valued pairing. We assume that they exist and
we fix them.

Let C be the subcone of Hom(S,N) x Hom(X,Z) defined as
C = {(N, l) | Z(XKer(N)) = 0}

(cf. [8] 3.4.2). By a finitely generated subcone of C', we mean a finitely generated
submonoid o of the additive monoid C' such that for any a € C satistying na € o
for some n > 1, we have a € o.

If o is a finitely generated subcone of C', we write

Alo)

for the pullback of V(¢) by A — Q and call it the o-part of A, where V(o) is
the o-part of Q defined in [11] 2.3.
Let o be a finitely generated Q>¢-submonoid of Cg.,. Then, by abuse of

notation, we denote V(o N C) by V(o) and A by Al
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Let ¥ be a fan in C, that is, a fan in Hom(S% x X, Q) whose support is
contained in C'® Q>. We define the subsheaf

A

of A as the union of A®) (o0 € X). This coincides with the pullback of Q) by
A= Q, where
Q¥ = V(o)
oEY
Next, assume that X is stable under the action of Y on C', where y € Y acts
on C by (N,1) — (N, 1+ N({—,y))).
Then we define the subsheaf

A
of A as the pullback of the image of Q) in Q/Y by A — Q/Y.

We call these subsheaves Y -parts of A and A, respectively.

1.8 REMARK. In general, as was explained in [11] Remark 2.7, for a weak log
abelian variety A over an fs log scheme S, the above construction glues and the
sheaf A exists globally on S canonically. In the case of constant degeneration, it
coincides with GI(OY; ([11] 1.4).
1.9. Assume that there is a homomorphism : Y — X satisfying (1)-(3) in
1.4.1. Then we have a proper model A®) of A as follows.

Etale locally on the base S, take an S-admissible pairing as in 1.7 and a

homomorphism ¢: Y — X with finite cokernel such that

(1) (¢(y), 2) = (¢(2),y) in S for any y,z € Y
(2) (¢(y),y) € Sforany y € Y

which induces .
For each y € Y, let

Cly) == {(N,1) € C|N({9(2),2)) +2l(¢(2)) >
N({(é(y),y)) +20(é(y)) for any z € Y}

Then the cones C(y) for varying y with their faces form a complete fan in C' (cf.
[11] 3.1). We call this fan the first standard fan and denote it by X,. As will
be shown in 4.13, the local models A®¢) glue into a proper model A®) over S,
which is described as follows.

Let Hom(X, Goiog/Gm)®) = U,ev U(y) as a sheaf, where

Uy) = {h € Hom(X, Gmog/Gum) | h(¥(y))* (W (y), y) | h(¥(2)*(¥(2), 2)
for any z € Y}.
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Let AW C A be the inverse image of Hom(X, G 10e/Gm) /Y C Hom(X,
Gm,log/ Gm)(?) /Y under the canonical surjection A — Hom(X, Gmlog/ Gm)(y) /Y.
Here, Hom(X, G, 105/ Gm)(?) is the subsheaf of Hom(X,G,,105/G) consisting
of the sections h € Hom(X, G 10e/Gm)(U) satisfying for any u € U and = €
X, there are y,9/ € Yy such that (v, y)u|ha(z)|{z,y)e. When there are an
S-admissible pairing and ¢ at the beginning of this paragraph, this subsheaf is
naturally isomorphic to Hom(X, G,10g/Gm)Y) (cf. [9] Remark 7.6.1).

The Gy 10g/Gr-torsor on A associated to ¢ (Proposition 1.6 (2)) has a canon-
ical section on A®) which is given on U(y) by Q — Guiog/Gm ; b+ h(¥(y)?)

(W), y)-

1.10. Let p be a polarization on A.

As the image of —p by the pullback to the diagonal Biext(A, A;G,,105) —
H'(A,Gpog) (1.5), we get an element L_,(= L") of H'(A, Gy 1og)-

On the other hand, the image of —p in Biext(A, A; G, 105/ G, ) corresponds via
Proposition 1.6 (1) to a homomorphism ¢: Y — X which satisfies the conditions
(1)-(3) in 1.4.1. The G,y 10g/Gy-torsor on A corresponding to ¢ (Proposition 1.6
(2)) coincides with the associated G, jo5/Gm-torsor to the above Gy, jog-torsor
L_,on A.

In general, a G, jog-torsor together with a section of the associated Gy, 10/
G,,-torsor gives a Gy,-torsor. Hence, from the above L_, and the canonical
section of the associated G, 105/ Gy -torsor on AW) explained in the last part of
1.9, we obtain a G,,-torsor on A®). Consider the invertible sheaf consisting of
the sections of this G,,-torsor.

The next is a main result in this paper and proved in 12.14.

1.11 THEOREM. Let A be a polarized log abelian variety over an fs log scheme
S. Let ¢: Y — X be the induced homomorphism. Then the above invertible
sheaf on AW is relatively ample over the base S. In particular, AW is locally
projective over S.

1.12. In the above, we only discuss the first standard fan. There are other
important special fans, which are introduced in Section 4, that is, the second
standard fan and the fan associated to a star (4.6). These fans also produce
projective models, as is shown similarly (cf. Theorem 9.1).

2. Main results, II (torsors)

In this section, we state our results on G,,-torsors, G, jog-torsors, and G, jog/
Gy, -torsors on a weak log abelian variety A. The main results are Theorem 2.2



28 T. KAJIWARA, K. KATO, AND C. NAKAYAMA

and Proposition 2.4. The proofs of the propositions in this section will be given
in later sections.

2.1 PROPOSITION. Let A be a weak log abelian variety over an fs log scheme S.

Assume that either A is with constant degeneration or A satisfies the condition
1.4.1. For F = Gy, Ghlogs 07 Gitog/ G, we have

HO(A,F) = F.

Here F' on the right-hand-side is regarded as a sheaf on (fs/S)e, F' on the left-
hand-side is regarded as a sheaf on the étale site (fs/A)s of pairs (S', a), where S’
is an fs log scheme over S and a is an element of A(S"), and H°(A, —) denotes

the direct image functor from the category of sheaves on (fs/A)¢ to the category
of sheaves on (fs/S)s.

This is proved after Proposition 12.1.
For a section u of A, let

ty: A— A; v—= uv

be the translation by u. (We denote the group law of A multiplicatively.)
The cubic isomorphism of G,,-torsors on abelian varieties ([12]) can be gen-
eralized as follows.

2.2 THEOREM (Cubic isomorphism). Let A be a weak log abelian variety over
an fs log scheme S. We denote the group law of A multiplicatively. Let F' = G,,,
Gmjogs 07 Gijog/Gm. Let L be an F-torsor on A.

Assume that one of the following conditions (a)—(c) is satisfied.

(a) A is with constant degeneration.

(b) A satisfies the condition 1.4.1 and F = Gy, 10g/ G-

(c) A satisfies the condition 1.4.1 and S is noetherian.

Then the following holds.

(1) There is a unique isomorphism
LS7A7L : 8?1’273}[1 ‘ 8?1,2}1171 ‘ 3?1,3}[171 * 5?273}[/71 ‘ S?l}L * S?Z}L * S?S}L * S;Lil = 1

of F-torsors on A x A x A whose pullback on S by the zero section of Ax Ax A
is the evident one. Here for a subset I of {1,2,3}, s; denotes the morphism
AXAXA—= Ay (v1,20,23) = [[,c; zi and 1 on the right-hand-side denotes
the trivial F'-torsor on A x A x A. This isomorphism is functorial with respect
to (S, A, L). We have tg a1 =tsarL-tsar for F-torsors L and L' on A.

(2) For any S" — S and a,b € A(S"), the F-torsor t,L - thL_l ~tZL—1 . L on
A xg S is trivial étale locally on S'.
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This is proved in 12.5.

2.3 PROPOSITION. Let A be a weak log abelian variety over an fs log scheme.

Assume that either A is with constant degeneration or A satisfies the condition
1.4.1. Let F = Gy, Gy jog, 07 Gintog/Gim. Then we have

Biext(A, A; F) = Hom(A, Ext(A, F)).

The case of constant degeneration of this is proved in 6.3. The general case
is proved in 12.2.
Let H'(A, —) (i € Z) be the right derived functor of H°(A, —).

2.4 PROPOSITION. Let A be a weak log abelian variety over an fs log scheme
S. Let F be either G, Gpog 07 Gpplog/ G- Suppose that one of the conditions
(a)—(c) in Theorem 2.2 is satisfied. Then we have an exact sequence

0 — Ext(A, F) = H' (A F) — Biextym(A, A; F)

wn which the last arrow is characterized by the following property. The composite
HY (A, F) — Biextsym(A, A; F) = Hom(A, Ext(A,F)) is L (a — tiL- L),
The composite

Biextym(A, A; F) — H' (A, F) — Biextym(A, A; F)

1s the multiplication by 2, where the first homomorphism s the pullback to the
diagonal (1.5). Consequently, the cokernel of the last arrow of the exact sequence
18 killed by 2.

This is proved in 12.6.

2.5. Let A be a weak log abelian variety over an fs log scheme S. We con-
sider more about Gy, 1og/Gp,-torsors on A. In the following, we assume that an
admissible pairing

< s >Z XxY — Gm,log/Gm
as in 1.1 exists globally on S, and fix such a pairing.

2.6 LEMMA. Let the notation be as in 2.5.
(1) The canonical homomorphism

X — Hom("Hom(y, Gm,log/Gm)(?)v GmJOg/Gm)

s an isomorphism.
(2) There is a canonical injective homomorphism

Hom (Y, Gutog/Gm) /X — Ext(A)G, Gniog/Gum).
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(3) Hom(A/G, G105/ Gim) = 0.

(4) The canonical homomorphism
Biext(A/G, A/G; Gy 05/ Gr) = Hom(A/G, Ext(A)/G, Gpyiog/Gr))

s an isomorphism.

This is proved in 5.1.
2.7. By the homomorphisms in Lemma 2.6 (2) and (4) together with A/G =
Hom (X, Gomiog/Gm)Y) /Y, we have a homomorphism

Hom, (Y, X) — Hom(Hom(X, G iog/Gm) Y /Y, Hom(Y, Griog/Gm) /X))

— Hom(A/G, Ext(A/G, Cpiog/Cm)) = Biext(A/G, A/G: Giog/Com)-

This induces a homomorphism
Hom( (Y, X) — Biextym(A/G, A/G; G108/ G,

which is to be the first isomorphism in Proposition 1.6 (1).

3. Preliminaries

We gather general facts on biextensions which will be used later. For general
references, see [7] Exp. VII and VIII, and [4].

Let T be a topos. Let A and F be commutative group objects of T.

The following Lemmas 3.1-3.4 are well-known.

3.1 LEMMA. Assume HY(A, F)=F. Then Hom(A, F) = 0.

3.2 LEMMA. Assume H(A, F) = F. Then we have an exact sequence
0— Ext(A, F) = HY (A, F) — H (A, HYA, F)).

Here the last arrow is L — (a — t:(L) - L™1), where t, is the translation by a.

3.3 LEMMA. Assume Hom(A,F) = 0. Then the canonical map Ext(A, F') —
HO%e,Ext(A, F)) is an isomorphism. Here e is the final object of T.

3.4 LEMMA. Assume Hom(A, F) = 0. Then the canonical map Biext(A, A; F')
— Hom(A, Ext(A, F)) is an isomorphism.

3.5 LEMMA. Assume H°(A,F) = F. Then the following three conditions are
equivalent. Let L be an F-torsor on A.
(i) (Cubic isomorphism.) There is a unique isomorphism

LS AL : 3?1,273}L . 39{‘1,2}[71 . 3?1,3}[71 . 5?273}L’1 . s?l}L . S?Z}L . STES}L . S*QL’1 ~1



LOGARITHMIC ABELIAN VARIETIES 31

of F'-torsors on A x A x A whose pullback on S by the zero section of Ax Ax A
is the evident one. Here, s{123) etc. are defined in the same way as in Theorem
2.2, and 1 s the trivial F-torsor.

(ii) (i) without the characterized uniqueness.

(iii) For any S" € T and for any a,b € A(S"), the F-torsort}, L-t: L= -t} L7 -L
on A xg 8" is isomorphic to 1 locally on S’.

Proof. First we prove the equivalence of (i) and (ii). Let N be the left-hand-side
of tg.4r. If we have a cubic isomorphism ¢: N = 1 without the characterizing
condition, we compose three isomorphisms ¢, the pullback of e*(:71): 1 2 e*N (e
is the zero section of A x A x A), and the pullback of the evident isomorphism
e*N = 1 on S, and get the isomorphism having the characterizing property.
Hence, (i) is equivalent to (ii).

We prove that (i) implies (iii). We call it the universal case the case where
S'=AxA,and a,b: Ax A — A are the first and the second projections. Assume
(). To prove (iii), it is enough to consider the universal case. In this case, the F-
torsor Ly := ty, L-t5 L'ty L™"- L is nothing but 7, 4, L8}, oy L7187, 5y L7873 L
on Ax (AxA)=AxS" sothat (i) means that L, is isomorphic to 0%, L, where
Og is the zero map A x S — A x S over S’. Since 0g factors through the zero
section e: 8" — A x S’, L1 comes from S’. Hence, L; is locally trivial on S’.

Finally, assume that the universal case S’ = A x A of (iii) is valid. Then, L,
is trivial locally on S’. By the exact sequence 0 — H'(S", F) = H'(Ax S", F) —
H°(S", H' (A x S’ F)) (which is by the assumption; note that the last A x S’ is
regarded as an object over S’), it implies that L, is isomorphic to the pullback
of some torsor Ly on S’. Then, we have e*L; = Ly on S’ (e is the zero section of
A) and 0%, Ly = Ly, which is a desired cubic isomorphism. O

3.6. Assume H(A, F) = F and assume that the equivalent conditions in Lemma
3.5 are satisfied. Then we have the following two facts.
(1) We have an exact sequence

0— Ext(A, F) — HY A, F) — Hom(A, Ext(A, F)),

where the last arrow is L — (a — (L) - L™1).

(2) The image of the last arrow in the above exact sequence is contained in
Biextsym (A, A; F) C Biext(A, A; F) = Hom(A, Ext(A, F)).

The first one is a direct consequence of Lemma 3.5 (iii). The second one
is seen as follows. The induced map H'(A, F) — Biext(A, A; F) sends L to
(sum*L) - (priL)~' - (pryL)~' - (0*L), which is symmetric.

3.7. Next, we consider the pullback to the diagonal Biezt(A, A; F) — H (A, F).
Assume H°(A, F) = F and assume that the equivalent conditions in 3.5 are
satisfied. Then, the composite Biext(A, A; F)—H (A, F) —Hom(A, Ext(A, F))
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Y

= Biext(A, A; F) is © — xz*, where z* denotes the transpose of z. In fact,
the above composite sends a biextension L to sum*diag”(L) - pridiag*(L)~*" -
pridiag* (L)™', which coincides with L - T*(L) (see [4] 1.2.8). Here T is the
isomorphism A x A — A x A; (z,y) — (y, ).

Thus we have

3.8 LEMMA. Assume H°(A, F) = F and assume that the equivalent conditions
in 3.5 are satisfied. Then, we have an exact sequence

0— Ext(A F) = H (A, F) — Biewtym(A, A; F),
where the last arrow is characterized by the property that the composite H'(A, F)
— Bievtsym(A, A, F) — Hom(A,Ext(AF)) is L v~ (a — t:L - L7'). The

composite
Biextym(A, A F) — HY (A, F) — Biextoym(A, A; F)

s the multiplication by 2. Consequently, the cokernel of the last arrow of the
exact sequence s killed by 2.

The facts in the next lemma are well-known (cf. [3]).
3.9 LEMMA. Let A, B be commutative group objects on T .

(1) Assume that Mor(A", B) = Mor(e, B) for n = 1,2, where e is the initial
object. Then Ext(A, B) — H'(A, B) is injective.

(2) Furthermore, assume that Mor(A3, B) = Mor(e, B). Then we have an
exact sequence

0 — Ext'(A,B) - H'(A,B) % H'(A x A, B),
where a = sum* — prj — pri (sum, pry, pry: A X A — A).

3.10 LEMMA. Let X, Y and F be commutative group objects on T . Let { , ): X
XY — F be a bilinear map which is nondegenerate in the sense that the in-
duced maps X — Hom(Y, F) and Y — Hom(X, F) are injective. Assume that
HO(Hom(X,F)/Y,F) = F. Let Hom (Y, X) be the subsheaf of Hom(Y, X)

consisting of the sections v satisfying (Y (y), z) = (¥(2),y) (y,z € Y).
(1) Let 1 be a section of Hom( (Y, X). Then there is an action of the com-

mutative group object Y XY on the trivial F'-torsor on Hom(X, F') x Hom(X, F')
by

(P, a0 f) = (py, a2, p((2) a((y) " )W (2),9) ' f)
((p,q, f) € Hom(X, F) x Hom(X, F) x F),

where (y,z) €Y x Y. Let
By € Biext(Hom(X, F)/Y, Hom(X, F)/Y; F)
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be the biextension defined as the quotient of this trivial F-torsor by this action.
(2) The image of By by the pullback to the diagonal (cf. 1.5)

Biext(Hom(X, F))Y, Hom(X,F)/Y;F) = H'(Hom(X, F)/Y, F)

is described as a quotient of the trivial F-torsor on Hom(X, F) by the action of
Y, where y € Y acts by

(v, ) = oy, 2 (y) )W), )" f) (0, f) € Hom(X, F) x F).
(3) The image of 1 by the composite

Hom (Y, X) = Hom(Hom(X, F)/Y, Hom(Y, F)/X)
— Hom(Hom(X, F) /Y, Ext(Hom(X, F)/Y, F))
coincides with the image of By, by the canonical map
Biext(Hom(X, F)/Y, Hom(X, F)/Y; F)
— Hom(Hom(X, F)/Y,Ext(Hom(X, F)/Y, F)).

Proof. (1) Let (y,z2),(p,q, f) be as in the statement. Let (v, 2’) be another
section of Y x Y. Then it sends (py, gz, p(¢(2) V) q(¢(y) ) (¥ (2),y) 1 f) to
)"

(pyy's a2, (py) (P ()~ (g2) (P () ) (), y') o (2) e (y) ™) ((2), y) 71 f)-

Since (py)(¥(2')) = p(v(2) (W (), y), (a2)(W(Y)) = q(¥(y)){¥(y'), 2), and
W), Y)Y, 2) (W (=), ¥ ) (¥ (2), y) = (¥(22)

which is by (¥(y/), z) = ((2), 4/), this coincides with
(pyy', g2, p((22") g yy ) )W (=2"), yy') 1 ),

which completes the proof of (1).
(2) is deduced from (1) because, in the notation of (1), (y,y) sends (p,p, f)

YY),

to

(py, 2y, (L () ) (W (W), 9) 7 f).
(3) Fix a section p € Hom(X, F)/Y and take a lift p € Hom(X, F'). Since

Ext(Hom(X, F)/Y,F)) C H'(Hom(X,F)/Y, F)

(this is by HO(Hom (X, F)/Y,F) = F and Lemma 3.2), it is enough to compare
the image of p ot by Hom(Y, F) — Ext(Hom(X, F)/Y,F) < H'(Hom(X, F)
/Y, F) and the image of p by the map

Hom(X,F)]Y — Ext(Hom(X,F)/Y,F) — H'(Hom(X, F)/Y, F)
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induced by Bjy. The former is the cokernel of Y — Hom(X, F') x F' which sends
z to (z,p(¥(2))™') = (2,p(¥(2)71)). The latter is the quotient of the trivial
F-torsor on Hom(X, F) by the action of Y, where z € Y acts by

(a:.f) = (a2, p(¥(2) 1) f) (9 € Hom(X, F), f € F).

They coincide with each other and we are done. O]

4. Special models

In 1.9, we introduced the first standard fan. Here we define two more special
fans, that is, the second standard fan and the fan associated to a star.

We start with some preliminary observations 4.1-4.4 on how various con-
ditions are effective in yielding these fans. The definitions of the fans are in
4.6.

4.1. Let S be an fs log scheme, and A a weak log abelian variety over S. Let s
be a point of S, and we work at s for a while. Let

Cs == A{(N,1) € (Ms5/055)" x Hom (X5, Z) | 1((X5)ker(v)) = 0},

where (—)" = Hom(—,N). Let ¢: Y5 — X5 be a homomorphism. For y € Y,
let

Cily) == {(N, 1) € (M§/O55)" x Hom(X5,Z) | N((1h(2), 2)) + 2L(¥(2)) >
N{(¥(y), ) + 2L(¢p(y)) for any z € Y5}.

Assume that ¢ has a finite cokernel, that is, 1) induces an isomorphism ¢: Yz ®
Q — X5 ® Q. Under this assumption, we prove C,(y) C C,. It is sufficient to
show C5(0) C Cs. Assume (N, 1) € C(0), that is,
(1) N({&(y),y)) + 2U((y)) = 0 for any y € V5.

What we have to see is [((X5)ker(n)) = 0. Let 2 € (X5)ker(nv). Then N({z,y)) =0
for any y € Yz. We may assume x = ¢(w) for some w € Ys. By the case y = w
(resp. y = —w) of (1) and by N({(¢(w),w)) = 0, we have [(¢(w)) > 0 (resp.
[(¢(w)) <0). Hence I(¢p(w)) = 0.

4.2. Next, assume further that 1/(x)(y),y) for all y € Yy and that (1(y),2) =
(¢(2),y) for all y,z € Ys. Then the union of the cones C,(y)’s (y € Y5) cover
Cs. To see this, first we prove the following lemma.

4.3 LEMMA. Ify € Yy and if (V(y),y) =1, theny = 1.

Proof. Take any z € Yg. Let N: Mgs/ Ogs — N be any homomorphism. We
have 0 < N((¥(y™z),y"z)) = 2mN({(¢¥(y),2)) + N({(¥(z),2)). Varying m, we
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have N((¢(y), z)) = 0. Since this holds for all N, we have (¢(y), z) = 0. Since
z is any element of Y, this implies 1(y) = 1. Hence y = 1. O

4.4. We prove the union of the cones Cy(y)’s (y € Ys) contains C,. We have to
show that for each (N, 1) € Cj, the function y — N((1(y),y))+21(¥(y)) (y € Ys)

attains a minimum. Since y € (Y5)ker(ny if and only if ¢(y) € (Yg)Ker( ), this
function can be regarded as a function on the quotient space (Ys)/ (Vg)Ker(N).
It is enough to show that the first term N ({1 (y),y)) is positive-definite on this
quotient space. Let y € Y. If N((¢(y),y)) = 0, then the argument in the proof
of Lemma 4.3 shows that N({¢(y),2)) = 0 for all z € Y. By the admissibility,

it implies ¥ (y) € (X5)ker(v), and y € (Ys)ker(nv). This means that the term
N({(¥(y),y)) is positive-definite on the quotient space.

4.5. Now we stop the pointwise consideration.

Let S be an fs log scheme, and A a weak log abelian variety over S. Assume
that there is a homomorphism ¢: Y — X satisfying (1)-(3) in 1.4.1. Then
there always exist étale locally on S the data X,Y,S,(, ): X xY — S,
S = Mg/Og, and ¢ for (A,v) as in 1.7 and 1.9. In particular, ¢ satisfies the
following two conditions.

(1) (6(y), 2) = (¢(2),y) in S* for any y,z € Y;
(2) (¢(y),y) € S for any y € Y.

In the following, we assume that such data exist globally on S.

4.6. We give special fans in C.
First recall the first standard fan defined in 1.9.
This is determined by

Cly) == {(N,1) € CIN((¢(2), 2)) + 21(4(2)) =
N((o(y),y)) + 20(6(y)) for any z € Y}, (y € Y).

We remark that C(y) is defined also as {(N,l) € §¥ x Hom(X, Z) | the same
condition}. This fact is proved similarly as in 4.1. The fact that the first standard
fan is complete is proved similarly as in 4.4.

Next, for each x € X, let

C(z) == {(N,l) € C| N((w, ¢ (w))) + 2 (w) >
N({(z,¢ ' (x))) + 2l(z) for any w € X}.
Here ¢ !(w) is taken in Y ®Q (so N({w, ¢! (w))) is defined over Q). We remark

(
that C'(x) is defined also as {(N,[) € §Y x Hom(X, Z) | the same condition}. The
cones C(x) for varying = with their faces form a complete fan in C'. The proofs
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are similar to the case of the first standard fan. We call this fan the second
standard fan. This fan is used in [1] and [5].

Third, let I be a finite subset of X satisfying the following (i)—(iii):

(i) I generates the abelian group X;

(ii) If z € I, then 2! € I;

(ifi) 1 € I.
Such an [ is called a star in X ([13]). Assume further that (¢(y)o,y) € S for
any € [ and y € Y asin [13]. Fora € [ and y € Y, let

Clay) ={(N,1) € C|N({(6(2)8, 2)) + l(d(2)"B) >
N({(d(y)a,y)) + 1(é(y) ) for any § € I and z € Y'}.

We remark that C'(a,y) is defined also as {(N,l) € §Y x Hom(X,Z) | the same
condition}. The cones C(«q,y) for varying (a,y) (o € I, y € V) with their faces
form a complete fan in C. The proofs are also similar. We call this fan the fan
associated to the star I.

Further, we remark the following. As in [8] 5.4, we can construct more fans.
Let a: Y — S8 be a map satisfying a(y) € S for all but finitely many y € Y
and a(yz) = a(y)a(z){¢(y), z) for any y, z € Y. Note that y — (¢(y),y) gives an
example of such an a for the square ¢? instead of ¢ itself. (Cf. the verification of
the cocycle condition in 4.8.) Then, as in [8] 5.4.3, we can define the associated
first standard fan. The second standard fan and the fan associated to a star in
this context also can be defined.

4.7. We prove that the above three fans are stable under the action of Y.

Let X be either the first standard fan of C' (we call this the case 1), the second
standard fan of C' (we call this the case 2) or the fan associated to a star [ in X
(we call this the case 3).

In the case 1 (resp. case 2, resp. case 3), for any y,z € Y (resp. x € X and
z€Y, resp. y,z €Y and a € I), we will see

ZCy) = C(z1y)

(resp. z*C(x) = C(p(2)"x), resp. 2°C(a,y) = Clo, 27 'y))
in the below, where z* denotes the action of z. These will show that ¥ is Y-stable.

4.8. To see the above equality, first consider the dual action of ¥ on S§” x Xg
via which y € Y maps (1, 7) € S5 x Xg to ((z,y)u, ). Note that it is indeed
the dual of the action of Y on C® = Hom(S®,7Z) x Hom(X,Z) (1.7), which is

seen as N({z,y)1) +1(x) = N(u) + (1 + N({=, 1)) (x).
Let

¢y = ((0(y), v), 0(y)?) € Sg., x Xg
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for each y € Y. Then we have the following cocycle condition:
2y - €y = Cuy,

where z* denotes the (dual) action of z. It is seen as

2oy e = ((0(y)",2) - (6(y). y), 0(y)*) - ((6(2), 2), 8(2)")
= ({6(y), 2) - (6(2).y) - (DY) y) - (6(2), 2), 6(y)*B(2)")
= ({6(2y), 21), 3(29)") = 2.

Further, let a € X and let cay = ¢, - ({a, ), @) € Sg,, x Xq for y € Yg.
Then we have

*
2 Cay  Co = Cazy-

This is deduced from the above cocycle condition together with the equality
Z*(<O./, y)? a) = (<av Z> ) <a7 y)? a) = (<av Zy)? a)'

4.9. In the case 1 (resp. case 2, resp. case 3), we prove
ZCly) = C(z"'y)

(resp. 2*C(z) = C(p(2) 'x), resp. 2*C(a,y) = C(a, 27 y)).

By the remark after the definition of C'(y) (resp. C(z), resp. C(a,y)), the cone
C(y) (resp. C(z), resp. C(a,y)) C Hom(S8P, Z) x Hom(X,Z) is the dual of the
subset

S(y) = { %
<resp. S(z) = {% e X}, resp. S(a,y) = {% o el y e Y})

of S5 x Xq. Hence z*C(y) (resp. 2*C(x), resp. 2*C(a,y)) is the dual cone of
the subset (271)*S(y) (resp. (271)*S(z), resp. (27')*S(a,y)). By the cocycle
condition in 4.8, we have

_ C,—1 Cc—1 c_ —1
(Y epfe) = (22) [ (52) = =

—1y* Cimlo—l@) _ C¢*1<¢<f1>z'>
(reSp' (Z ) <C¢71(z')/c¢ ) G-lo-1()  Co~le(=—1o)

e (1) e = (502) f (amte) = e

o,z Yy

Therefore, (271)*S(y) (resp. (271)*S(x), resp. (271)*S(c,y)) coincides with the
subset

S(Z_l ): {cc_ Yy EY}
(resp S(p(z { 1(;“”1 - x’eX},
resp. S(a, z71y) {C” aG[yEY})
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Taking the dual, we conclude
ZC(y) = C(z7'y)

(resp. 2*C(z) = C(p(2)'x), resp. 2°C(a,y) = C(a, 2 y)).

4.10. By the Y-stability of ¥ shown in the above, the model A® is Y-stable.
We can see this last fact by a different understanding as follows. In the case 1
(resp. case 2, resp. case 3), let y € Y (resp. z € X, resp. a € [, y € V). Let

Uly)
(resp. U(x), resp. U(a, y))

be the C(y)-part (resp. C(x)-part, resp. C(a,y)-part) of A (1.7). Then, as is
shown below, this subfunctor of A satisfies the following.

2*U(y) =U(z71y) for any y,2 € Y

(resp. 2*U(x) = U(¢p(z) 'z) for any z € X,z € Y,
resp. 2*U(a,y) = U(a, 27 y) forany a € I, y,2 € Y),

which implies that A® is Y-stable.
4.11. We prove the above formulas. As a preliminary, first observe that any
element (u,z) of (S%)g x Xg gives a section of the trivial (G, 105/ Grm) @2z Q-

torsor over Hom(X, Gy10g/Gm)Y) by h + ph(z). This construction gives a
homomorphism

(S8)g x Xo — Hom(Hom (X, Goniog/Gm) ™, (Grutog/Gim) @z Q);
(@) = (h = ph(z)).

Further, this construction of the sections is compatible with the action of Y in the
sense that for any z € Y, the element 2*(u, x) ((1, ) € S x X)) gives the section
obtained by the pullback of the section that (u,x) gives by the action of z on
the space Hom(X, Gu10e/Gm)Y). This is seen as ((z, z)u)h(x) = p(h{—, 2))(x).
4.12. By 4.11, the element ¢, (y € Y) (resp. ¢, (y € Yg), resp. coy (@ € I,y €
Y)) in 4.8 gives a section

c(y) (resp. c(y), resp. (e, y)).

Since C(y) (resp. C(z), resp. C(a,y)) is the dual of the subset S(y) (resp. S(z),
resp. S(«,y)) in 4.9, by definition, the C'(y)-part (resp. C'(z)-part, resp. C(«, y)-
part) of Hom(X, G, 105/Gp)Y) is the part where

c(y)le(y') for any v/ € Y

(resp. c(¢~(z))|c(¢~(z")) for any 2’ € X,
resp. c(a,y)|c(d/,y') for any o/ € I,y € Y).
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Hence, its translation by z* (z € Y) is the part where (271)*c(y)|(z71)*c(y/)
for any 3y € Y (resp. (z7')*c(¢ H(z))|(z7 ) *c(p ! (2')) for any 2/ € X, resp.
(z7H*e(a, y)|(z71)*e(o,y)) for any o € I,y € Y). Here (27')* means the
pullback by the action of 2! on the space Hom(X, G108/ Gm)™).

By the cocycle condition in 4.8 together with the facts in 4.11, we have

(=) ely) = 20
(resp. (z7H*c(op71(x)) = o (@) ey (=" e(a, y) = C(Oé,z_ly)).

c(z71) c(z71)

Therefore, the translation is the part where

cz"'y)
c(z~1)

c(z"1¢~1(z
(vosp. o)

resp. C(f(’zz__ ll)y)

% for any 3/ € Y

c(zicl(fj)(x/)) for any ' € X,

[

C(Z_l)y/) for any o/ € I,/ € Y),

which coincides with the part where
c(z7'y)|e(z"1y) for any ¢ € Y,
(resp. c(z 7t~ (z))|c(271g (2')) for any 2’ € X,
resp. c(a, 27 y)|e(a/, 271y for any o/ € I,y € Y),
that is, the C'(z'y)-part (resp. C(¢(z)1x)-part, resp. C(a, z71y)-part). Hence,
we have the above formulas.

4.13. Let S be an fs log scheme, and A a weak log abelian variety over S. Let
¥:Y — X be a homomorphism satisfying (1)—(3) in 1.4.1. Then the above
description of the subfunctor U(y) (resp. U(x), resp. U(q,y)) also shows that
this subfunctor can be defined stalkwise, defined only by v, and independent of
the choices of ¢, so that the model A®) glues globally on the base S. We denote
this glued model on the base by A®).

4.14. Here we describe the details of Remark 1.4.2.

First a homomorphism ¢: ¥ — X at a point of S satisfying (1)-(3) in 1.4.1
induces 1 satisfying (1)—(3) in 1.4.1 on some étale neighborhood (see 12.13 for
the proof).

In particular, a log abelian variety satisfies the condition 1.4.1. In fact, for a
log abelian variety A, by definition, there is a polarization p on the associated
log 1-motif at each point, and p gives a ¢ satisfying (1)—(3) in 1.4.1 at that point.
Hence A satisfies the condition 1.4.1 by the above fact. On the other hand, a
weak log abelian variety does not necessarily satisfy the condition 1.4.1 and a
weak log abelian variety satisfying the condition 1.4.1 is not necessarily a log
abelian variety. See examples in 4.15 below.

In [11] Corollary 9.5, we proved that any weak log abelian variety A locally
comes from a weak log abelian variety Ay over some noetherian base. Another
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consequence of the above fact is that the above Ay can be taken to satisfy the
condition 1.4.1 whenever the original A satisfies it.

4.15. Here we include examples mentioned in the above 4.14. That is, we give
an example of weak log abelian variety which does not satisfy the condition 1.4.1
and an example of weak log abelian variety satisfying the condition 1.4.1 but not
being a log abelian variety.

First, let S = (SpecC, (N? = (g, ¢2))*). Consider G105 = Glog,s and
regard ¢y, g as sections of it. Let Y = Z% = (ey, e5), where (e;); is the canonical
base. Then we claim that the weak log abelian variety on S associated with the
log 1-motif defined by Y — Gfmlog; e1 — (q1q2, 1), ea — (ga2, q1g2) does not satisfy
the condition 1.4.1.

Second, let S = (Spec C,(N= <q>)“) Consider Gy, 105 = G 10g,5 and regard
q as a section of it. Let Y = Z? = (ey, e3), where (¢;); is the canonical base. Then
we claim that the weak log abelian variety on S associated with the log 1-motif
defined by Y — G?n’log; e1 — (2q,1),es — (2,2q) is not a log abelian variety but
satisfies the condition 1.4.1.

We prove the above claims based on the fact that for any positive-definite
real symmetric matrix A, the product A (}1) is not symmetric.

First, we prove that the first example does not satisfy the condition 1.4.1.
Let X = Hom(G?,,G,,) = Z?. Then the associated pairing X x Y — (N?)#P is
represented by a pair of matrices I := (39) and S := ({ }). If the condition 1.4.1
is satisfied, there is another real square matrix A whose determinant is not zero
such that both AI = A and AS are symmetric and semipositive-definite. This is
impossible by the above fact.

As for the second example, the pairing modulo G,, is the standard one and the
identity : Y — X = Hom(G? , G,,) = Z?* satisfies the condition 1.4.1. We prove
that, however, it is not a log abelian variety. For this, observe that the associated
pairing X x Y — G, 10 factors as (I, S5): X XY — Z* = ¢% - 22 C Gppjog. If it
is a log abelian variety, by definition, there is a polarization, which implies that
there is another real square matrix A whose determinant is not zero such that
both Al = A and AS are symmetric and such that A is positive-definite. This
is impossible again by the above fact.

5. Special torsors

In the previous section, we define some special models of a weak log abelian
variety A. Here we consider special G,,-torsors on these models when a polar-
ization on A is given.
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5.1. First we prove Lemma 2.6.

Let A be a weak log abelian variety over an fs log scheme. Assume that either
A is with constant degeneration or A satisfies the condition 1.4.1. Assume also
that an admissible pairing

<, >2 X XY%Gmylog/Gm

as in 1.1 is given globally on S.

We prove Lemma 2.6 (1). Let F=Hom(Hom(X, Gumiog/Cm)™), Guniog/Com).-
We prove that the natural map X — F is injective. Let T be an fs log scheme
over S. Let z € X(T). Assume that the image of x in F(T) is zero. Then
(x7,y); =0 for any t € T and y € Y. Hence 2; = 0 for any t € T and = 0.

Next let Hom(X, Gumiog/Gm)?) = Gumiog/Gm = Hom(Z, G oy /Gim) be a
section of F'. Then, we can prove that it is induced by some homomorphism
Z — X by the same method as in [9] 7.26. Hence, X — F is also surjective,
which completes the proof of Lemma 2.6 (1).

We prove Lemma 2.6 (2) and (3). From the exact sequence

(%) 0= Y = Hom(X, Gpiog/Gr)Y) = A/G = 0
together with Lemma 2.6 (1), we obtain an exact sequence

0 — Hom(A/G, G iog/Gim)
— X = Hom(Y,Gpiog/Gim) — Ext(A)G, Grriog/Gim).

This gives the injection in Lemma 2.6 (2) and the vanishing Lemma 2.6 (3).
Lastly, Lemma 2.6 (4) is by Lemma 3.4 and Lemma 2.6 (3), which completes
the proof of Lemma 2.6.

5.2. Let A be a weak log abelian variety over an fs log scheme S. Let the notation
be as in 1.1. Assume that we are given a homomorphism

VY - X

satisfying the conditions (1)-(3) in 1.4.1.

In general, giving a Gy, 1o/ Gm-torsor on A/G = Y\ Hom(X, G iog/Cm))
is equivalent to giving a Gy, 10g/Gm-torsor on Hom(X, G,y 10e/ Gm)(?) endowed
with an action of Y which is compatible with the canonical action of Y on
Hom (X, Gmlog/Gm) ),

Now, the G, 105/ G-torsor Z¢ on A/G which is the image of 1 by the homo-
morphism Hom, >(?, X) — Biexteym(A/G, A/G; Gpiog/Gm) = HY(A/G, Gy, 100
/G,,) induced by Lemma 2.6 (cf. 2.7), just proved, is described as follows.
The corresponding Gy, 105/ Gy-torsor on Hom (X, Gm,log/Gm)(ﬁ is the trivial
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Gnog/Gm-torsor Gy 10g/ Gy, and the action of y € Y is given by the multi-
plication by c(y)~!, where

(In the situation where ¢ exists as in 4.5, this ¢(y) is the image of the ¢(y) in
4.11, where ¥ is a lift of y.) This description is claimed in Proposition 1.6 (2)
and is seen by Lemma 3.10.

Though the fact that the above description indeed gives an action of Y can
be seen by Lemma 3.10, here we directly show this and observe that this fact
relates to the cocycle condition in 4.8. The most explicitly, this fact is shown as
follows. Let y,2 € Y, h € Hom(X, Gymiog/Gm)Y). Then we have

which shows that the above gives an action.
This calculation is equivalent to

and to

(14) y(e(z) ) - ely) " = elyz) " for g,z € Y
The last one can be checked also as
y*(e(z) )=y ((¥(2), )"y
1
)

Y (c(z) ™) - ely) T =W(z),2) -
(W(yz),y2) " (yz) > = cyz) ™,

and also can be deduced from

y'(e(z)h) ely) ™ =clyz) " fory,z €Y,

which already appeared in 4.12. Thus the fact that the above description gives
an action relates to the cocycle condition in 4.8.

5.2.1 REMARK. In the above, we adopt the sign convention that the boundary
map Hom (Y, Guiog/Gm) = Ext(A/G, G piog/Gm) associated to the short exact
sequence (x) in 5.1, which gives a part of the proof of Proposition 1.6, should be
(h — the extension obtained by the pushout by A from (x) in 5.1). Provided if we
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adopt the opposite convention (h — the extension obtained by the pushout by
h~! from (%) in 5.1), then the resulting first isomorphism in Proposition 1.6 (1)
would become the (—1)-times of ours and the action in Proposition 1.6 (2) would
become (h, \) — (yh, h(1(y)?){(y),y)\). Note that, to make our constructions
and proofs more understandable, we adopt the similar convention in this paper
except 8.5-8.12. See, for example, the proof of Lemma 3.10 (3). (In 8.5-8.12,
the sign convention is not compatible with that in the other parts. Cf. Remark
8.5.1.)

5.3. Let the situation be as in 4.5. Let ¥ be as in 4.7, and A®) the corresponding
model of A.
Let p be a polarization on A. Let L_, be the G, jos-torsor which is the image
of —p by the pullback to the diagonal Biext(A, 4; Gy 10g) = H'(A, G og)-
Assume that v is compatible with —p in the sense that the image of 1 in
Biextsym (A, A; Gy 10g/Gry) by the map

HOIH( s )(?7 Y) - BieXtSyHI(A7 A7 Gm,log/Gm)

in 2.7 coincides with the image of —p. Let Ly be the G, 105/ Gy-torsor which is
the image of this last image of ¢ by the pullback to the diagonal

Biextoym (A, A: Grotog/Gr) = H'(A, Grpiog/Gon).-

Then L, is induced by L_,.

In the case 1, let n = 1. In the case 2, let n be an integer > 1 which kills the
cokernel of ¢: Y — X. In the case 3, let n = 1.

We define a special G,,-torsor on A®) which is inside the pullback of the
Gy tog-torsor L2 on A to A®).

Giving such a G,,-torsor is equivalent to giving a section of the Gy, 105/ G-
torsor on A®) induced by ij”. So, it is defined by a section of the Gy, 10g/Gm-
torsor on A®) /G =Y\ Hom (X, Gppiog/Gm)® induced by LG, where Hom (X,
Gimtog/Gm)®) is defined similarly to Q) in 1.7. Furthermore, it is given by a
section of the trivial torsor Gy, 10g/ Gy, o1 Hom (X, Gmlog/ G,,)®) which is com-
patible with the action c¢(y)™ (y € Y) of Y (cf. 5.2). We define the last one as
follows.

First consider the case 1. Let s be the section of Gy, 15/ Gy, 01 Hom (X, Gm,log
/G,,)® which is given by (¢(2), 2) - ¢(2)? on the part of Hom (X, G 10g/Gm) ™)
corresponding to C(z) (z € Y). Then s is compatible with the action of Y
given by c(y)™! (y € Y), that is, we have y*(s) = s-c(y)~! for y € Y. Here
y* is the pullback of the translation of y. We prove this. Since the action of y
sends the part of Hom (X, Guiog/Gm)® corresponding to C(z) (z € Y) to the
part corresponding to C(z-y~1) (cf. 4.12), on the part of Hom (X, G, 10g/Gm) >
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corresponding to C'(z), y*(s) coincides with

)
v ((o(zy )2y oz y7)?)
= (0(z-y )2y ) oz y ) (o= )% y)
= (6(2),2) - 6(2 )2 (), y) " oly)
=s-c(y).
(This can be seen also by the equation (#x) in 5.2.)

Next consider the case 2. Let s be the section of Gy, 15/ Gy, 01 ’Hom(Y, Gm,log
/G,,)®) which is given by (z, ¢~ (z™)) 2" on the part of Hom(X, Guiog/Gm)®
corresponding to C(x) (x € X). Then s is compatible with the action of Y given
by c¢(y)™ (y € Y), that is, we have y*(s) = s - c(y) ™ for y € Y. We prove this.
Since the action of y sends the part of Hom(X, G, 10e/Gm)®) corresponding
to C(z) to the part corresponding to C(z - ¢(y)~") (cf. 4.12), on the part of
Hom (X, Guiog/Gm)® corresponding to C(z), y*(s) coincides with

(
") - (- oly
) (o

y((z-oly) o (2" -o(y))™)

= (z-o(y) o @y ) - (@ d(y) T (- B(y) ) Y)
= (z,¢ (&™) - 2™ - (DY), y) " - Bly)

=s-c(y) "

Lastly consider the case 3. Let s be the section of G, jog /G, 011 ’Hom(Y, Gm,log
/G,,)®which is given by (#(2)a, 2)-¢(2)2a on the part of Hom (X ,Gp10g/Gin) >
corresponding to C(a, z) (o € I, z € Y). Then s is compatible with the action
of Y given by c(y)™! (y € Y), that is, we have y*(s) = s-c(y)~! for y € Y.
We prove this. Since the action of y sends the part of Hom(X, G, 10g/Grm)™
corresponding to C(a, z) to the part corresponding to C(«,z -y~ ') (cf. 4.12),
on the part of Hom (X, Gpiog/Gm)® corresponding to C(a, 2), y*(s) coincides
with

Q@ %0,
a,zy” ") - d(zy™ ) Pa- (p(zy~) e y)

6. Case of constant degeneration, I

In Sections 68, we prove the results in Section 1 for weak log abelian varieties
with constant degeneration. We also prove an important Theorem 8.5, which
gives a description of H'(A, Gy, 10g)-

In this section, we prove some basic results.
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6.1. Let A be a weak log abelian variety with constant degeneration over an fs log
scheme S. Let G be the semiabelian part and [Y — Giog] be the corresponding
log 1-motif. In particular, we have A = Gl(:g) /Y. Let T and B be the torus and
abelian part of G, respectively. Thus we have an exact sequence 0 - T — G —
B — 0. Let X = Hom(T,G,,) and let (, ): X XY — Gy,105/ Gy, be the induced

canonical pairing. We have A= Gl((});) in this case (cf. Remark 1.8).

The next proposition gives the proof of Proposition 2.1 in this case (i.e., in
the case of constant degeneration).
6.2 PROPOSITION. (1) H°(A,G,) = H°(S,G,) and H*(A,G,,) = H°(S,G,,).
(2> HO(A’ Gm,log) = HO(S7 Gm,log) and HO(Aa Gm,log/Gm) :HO(S7 Gm,log/Gm>-
6.3. As a corollary, we see that Proposition 2.3 holds in the case of constant
degeneration by Lemmas 3.1 and 3.4.

6.4. For the proof of Proposition 6.2, we first prove the following facts. Let
g: A — B be the canonical morphism. Then we have

6.4.1. ¢9.G, = G,, 9.G,, = G,,.

6.4.2. 9.(Giog/Gm) =~ X @ (G 1og/Gi)p canonically.

6.4.3. 9.(Gy100) = X @ Gy 108, 5 canonically.

Proof. Since Aisa Tlg;)—torsor on B, we have only to show the case where B is
trivial. In this case, first 6.4.2 is proved by [9] Proposition 7.9 (2). Second, [9]
Proposition 7.9 (3) shows ¢.G, = G, and ¢.G,, = G,,, (6.4.1). Then we have a

commutative diagram with exact rows

1 — G, — XBGpie —— X (Giog/Gry) — 1

b I

I —— g*Gm —_— g*(Gm,log) E— g*(Gm,log/Gm)a
from which we have 6.4.3. ]

6.5. We prove Proposition 6.2. Note that for F' = G, Gy, Gy log, O Gy log/ G,
H(A, F) is the Y-invariant part of H°(A, F). For F = G, or G,,, 6.4.1 shows
that HO(A, F) coincides with H(B, F) = H°(S, F) proving Proposition 6.2 (1).
Next we prove Proposition 6.2 (2). For x € X and y € Y, we have

t(x mod G,,) = (v mod Gy,) - (z,y),

where we regard z as a global section of Gy, 105/ Gy, o1 A. Since the pairing ( , )
is nondegenerate, this shows that the Y-invariant part of HO(A, Gmjog/Gm)

= H%B,X) ® H°(B,Gy,104/Gyn) (6.4.2) coincides with H(B, Gpiog/Gm) =
HO(S, Gmog/Gm). Hence HY(A, Gyiog/Grm) = H(S,Gptog/Gm). Together
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with H°(A4,G,,) = H°(S,G,,), we also see HY(A,Gp10g) = H(S,Gyntog) by
localizing S.
6.6 PROPOSITION. (1) R'¢.(Gp10e) = {1}.
(2) B! 9(Grmog/Gm) = {1}.
Proof. The fact that A is a Tlg?—torsor on B reduces (1) and (2) to
HUTY)  Grog) =0 and - HYTLY), Grtog/G) = 0,

log > log

respectively. The former was seen by the argument in the fifth paragraph of [9]
7.17, which is a part of the proof of ibid. Theorem 7.3 (2). After replacing G, jog
by G log/Gm, the same argument works and the latter is also seen. O]

6.7. Let H be the sheaf of abelian groups on (fs/S)¢, defined by

H = {(+,a) | is a homomorphism ¥ — X and a is a map Y — G, 105/Gm
such that a(yz)a(y) 'a(z)™" = (Y(y),2) for all y,z € Y}.

6.8. We define a natural homomorphism
H — H'Y(A, Grntog/Gi)-

Let (1, a) be a section of H. Consider the quotient of Ax G 1og/Gm, by the action
of Y given by (m, ) — (ym, Aa(y) " 'm((y) ™)) (ye Y,me A\ e G tog/Gm),
where the last m represents the image of m in A/G = Hom(X, G105/ Gm)™
by abuse of notation. Then this quotient gives a Gy, 105/ G,,-torsor on A, which
is defined as the image of (¢, a).

Let X — H be a homomorphism sending z € X to (0, (z, —)). It is injective
and we identify X with the image of this injection. Then the above homomor-
phism H — H(A, Gy10¢/Gr) factors through H/X because m +— (m, m(z™1))
gives a section of the torsor on A associated to x € X.

6.9 THEOREM. We have the following isomorphisms and the commutative dia-
gram with exact rows.

(1) Hom(Y, Grntog/Gm) /X = Ext(A/G, Grniog/Cm) = Ext(A, Gpog/Com).-
(2) H/X = HYA/G,Gumiog/Gm) = HYA, Grntog/Gim).
(3)

0 —— Hom(Y,Gpog/Gr)/ X —— H/X — Hom (Y, X)

i i i
0 ——  E2t(A,Giog/Gr) —— HYA, Grutog/Cum) —— Bieatyym (A, A; Gontog/Gin).-
This is proved in 6.14-6.18.
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6.10. We interpret the above homomorphism H — H(A, G,10g/Grm) in 6.8 in
terms of H(Y, H(A, Gimog/Gm))-

First, a section of H can be regarded as a cocycle of the inhomogeneous
cochain complex associated with the Y-module X & (G, 10s/Gn)s, where the
action of y € Y on X @ (G 1og/Gim)s is

(x,¢) — (z,c(x,y)).

In fact, a cocycle is a map (¢,a): Y — X & (G 10e/ G ) s satistying
(Y(yz),alyz)) = 2(v(y), aly)) - (¥(2), a(z)) = (Y)Y (2), aly){L(y), 2)a(z)),

which is nothing but a section of ﬁ.~
Next, Hom(X, Guiog/Gm)Y) =2 A/G gives a natural homomorphism

X & (Grniog/Gm)s = H (A, Gntog/Grm),
which is in fact an isomorphism by 6.5. Hence there is a natural homomorphism
H = H\(Y, X ® (Guutog/Gr)s) = H' (Y, H(4, Grojog/Gin)).
On the other hand, the canonical homomorphism
H' (Y, H(A, G jog/Gm)) = H (A, G tog/Gr)

is described as follows. Let f(y)(m) (y € Y,m € A) be a cocycle of the inho-
mogeneous cochain complex associated with the Y-module 7—[0(11, Gmog/Gm).
Consider the quotient of A x G 1og/Gm by the action of Y given by (m, \) —
(ym, Af(y)(m)™) (y € Yym € A\ € G log/Gm). Then this quotient gives a
G, log/Gm-torsor on A, which is the image of f.

Therefore the composite of the above homomorphisms

H — HY(Y,H(A, Gpriog/Cm)) = H (A, Gpriog/Com)

coincides with the homomorphism in 6.8.

6.11 LEMMA. Let f: H — S be a surjective morphism of schemes with geomet-
rically connected fibers. Let F' be a sheaf of abelian groups on Sg . Then we have
the following.

(1) Assume that either f is smooth or f has a section. Then f.f*F = F.

(2) Assume that étale locally on S, there is a finite decomposition of S by
subschemes such that the restriction of F to each subscheme is constant with
torsion-free value. Assume further that there are a noetherian scheme Sy, a sur-
jective smooth morphism fo: Hy — Sy of schemes with geometrically connected
fibers, and a morphism g: S — Sy such that the base-changed morphism fy with
respect to g is isomorphic to f over S. Then R'f,f*F = 0.
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Proof. (1) Since f is surjective, we see that the natural map F — f.f*F is
injective. It suffices to show that F'(S) — F(H) is surjective. Since the statement
is étale local on S, in the case where f is smooth, we may assume that there is
a section s: S — H to f. Then it is enough to show that, for any element a of
F(H), its pullback by s o f coincides with a. To see this, we may assume that
S is the spectrum of an algebraically closed field. Then, F' is constant and the
connectivity implies F'(H) = F(5), as desired.

(2) First we show that we may assume that F is constant. Since the statement
is étale local on S, we may assume that there is a decomposition of S as in the
assumption globally. Then we may assume that F' = 5Ny, where j: T — S is
an immersion and N is the constant sheaf with values in a torsion-free abelian
group N. Replacing S with the closure of T', we may assume that j is an open
immersion. Then, j; N7 injects to Ng, and by (1), R'f.f*/iNr — R'f.f*Ng is
also injective. Hence, we may and will assume that F' is constant.

Next we show that we may assume that S is noetherian. To see this, we may
assume that S is the projective limit of noetherian schemes S, over Sy whose
transition morphisms are affine. If the conclusion holds for the base-changed
morphism of fy over any Sy, then it also holds for f. Thus, we may assume that
S is noetherian.

We show that we may assume further that S is normal and integral. Let
S’ be the disjoint union of the normalizations of the irreducible components
of S. Let p be the canonical surjection S — S. By (1), the homomorphism
RYf.f*F — R'f.f*p.p*F is injective. Since p is pro-finite, by the usual proper
base change theorem and the fact Rp, = p., we see that R'f, f*p,p*F is equal
to p R f. f*p*F, where we denote the base-changed morphisms by the same
symbols. Hence we may assume that S is normal and integral.

Further, we may assume that S is strictly local. Then, H is connected and
normal because f is smooth with connected fibers. Therefore, H is irreducible
and geometrically unibranch, and by [2] Exposé IX Proposition 3.6 and Remar-
ques 3.7, we have H'(Hyg;, F') = 0, as desired. O]

6.12 PROPOSITION. H*(G,Z) = Z,H°(G, G105 /Gm) = Gtog/Gm, and
HY(G,Z) = HY(G, Grjog/Gin) = 0,
Proof. As in the proof of [9] Proposition 7.22, this reduces to Lemma 6.11. Note

that the sheaf G, 105/ Gy, restricted in a small étale site and the morphism G — S
satisfy the assumptions in Lemma 6.11 (1) and (2). O

6.13 PROPOSITION. (1) H'(A, Gy105/Crm) = H(A/G, Gintog/Gm) = 0.
(2) %O(Aa Gm,log/Gm) = 7_[0(*’4/6717 Gm,log/Gm) =X SY Gm,log/Gm-
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Proof. (1) First, by Proposition 6.6 (2) and 6.4.2, we have

HYA, Grotog/Cm) = H' (B, g2 (Cmiog/Cm)) = H' (B, X) & H' (B, Gotog/Cm).

By Proposition 6.12, the last group vanishes.

Next, consider the inclusion Hl(A/G Pe(Crtog/Gm)) C HY(A, Grog/Grm) =
0, where p is the projection A= A/G Since p is a G-torsor in the cate-
gory of étale sheaves, it is represented by G-torsors. Hence, p.(Gy,10e/Gm) =
Gmog/Gm by Lemma 6.11 (1). Together with the above inclusion, we conclude
HYA/G, Goog/Crm) = 0

(2) Again by 6.4.2, we have

HOA, G tog/Gom) = HO(B, X) © H*(B, Grntog/Crm) = X ® G tog/ G,

where the last equality is by Proposition 6.12.

Next, we have H(A/G, Ginog/Gm) C HO(A, G, 108/Gm) = X © G tog /G-
Further, there is the inverse map XBG10g/ G — HO(A/G, Gy 1og/Gym) because
A/G Hom (X, Gpiog/Grm)Y). Thus, HO(A/G Gmjog/Gm) = X ® G log/ G-

[

6.14. We prove the part H/X = H'(A, G,,105/Grm) of Theorem 6.9 (2). Con-
sider the exact sequence

0= HY(Y, H(A, Gptog/GCm)) = H' (A, Giog/Crm) = H' (A, Grtog/Com).
By Proposition 6.13 (1), we have H'(A, Gy, 105/Gm) = 0. Hence
Hl(Aa Gm,log/Gm> =H' (Y> HO(Z’ Gm,log/GM)) =H' (Yv X & (Gm7log/Gm)S)>

where the last equality is by Proposition 6.13 (2).
We compute H' (Y, X @& (Gy10g/Gm)s) by the inhomogeneous cochain com-
plex. As is seen in 6.10, the group of cocycles is H. A coboundary is a map

Y = X & (G log/Gm)s sending y € Y to
y(IL’,C)/(iL’,C) = (x,c(x,y))/(x,c) = (07 <.I',y>)

for some (7,¢) € X @® (Gp1og/Gm)s, which is nothing but a section of X C H.
Hence, we have H(Y, X & (G,n10¢/Gm)s) 2 H/X.

6.15 PROPOSITION. Let Hom,q;(Y, X) be the subgroup of Hom(Y, X) consisting
of all homomorphisms p such that there is another homomorphism p' satisfying
(p(y), z) = (P'(2),y) for any y,z € Y. We have the following.

(1) Hom(Y, X) = Hom(Hom(X, Gy 105/Cm) ™), Hom (Y, Gyriog/Gn)).-

(2) Homy y(Y, X) — Hom,g;(Y, X)
= Hom(Hom(X, Goiog/Gm) Y)Y, Hom (Y, G tog/Grm) )/ X))
= Hom(Hom(X, Guiog/Gm) Y)Y, Hom(Y, Giog /G )/ X).
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We remark that the image in Hom(Y, X) of Hom(Hom(X, G,106/Gm)Y),
Hom (Y, Gpiog/Gm))) by the inverse isomorphism in (1) contains Homg; (Y, X);
but it does not necessarily coincide with Hom,q;(Y, X) or Hom(Y, X).

Proof. (1) is by [9] Theorem 7.3 (3).

(2) We call the p' in the statement is an adjoint of p. If p is symmetric, p
itself is an adjoint of p. Hence we have the first inclusion.

Next we prove that the homomorphism Hom(X, Gy, 105/Gp )Y — Hom(Y,
Gmog/Gm) corresponding to p: ¥ — X via the isomorphism in (1) factors
through Hom(Y, Gmﬂlog/Gm)(X) if p has an adjoint p’: Y — X in the sense that:

() For any y,z € Y, we have (p(y),z) = (p'(2), ).
Let ¢: X — Gynog/Gm be any section of Hom (X, Gyniee/Grm)Y). Since it
belongs to (Y')-part, for any y € Y, there are y;,y2 € Y such that
(), y) o) {p(y), y2)-

By (%), this is equivalent to

' (), v e P (v2), y),

which means that the homomorphism pop: Y — G, 10s belongs to the (X)-part
of Hom(Y, Gy, 10g/Gr). Thus we have the canonical homomorphism

Hom,g; (Y, X) — Hom(Hom (X, Gpieg/Gm) ) /Y, Hom(Y, Gpjog /G )X/ X).

To see that this is an isomorphism, apply [9] Theorem 7.6 (1) with X’ = Y,
Y'= X, and (, ), where (y,z)" = (z,y) (r € X,y €Y).

To see the last isomorphism in (2), it is enough to show that any homomor-
phism

£ Hom(X, Giog/Cm) Y)Y — Hom (Y, Gptog/Gum) /X

comes from a homomorphism p having an adjoint. Locally on the base, f lifts to
a homomorphism

F1 Hom(X, Giog/Gm) Y = Hom(Y, Gppiog/Gry),

which sends Y into X. This is possible because Ext(A/G, X) = 0, which comes
from Ext(A, X) =0 ([9] 7.23) and Hom(G, X) = 0. By (1), this f comes from a
homomorphism p: Y — X. It suffices to show that p has an adjoint. Let y be
an element of Y. Since fsends Y into X, there is an element x of X such that
(p(=),y) = (x,—). Let p'(y) := x. Then the map p’ makes a homomorphism
from Y to X, which is an adjoint of p. m
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6.16. We prove the case F' = Gy 10g/Gyy, of the cubic isomorphism (Theorem
2.2) for this case of constant degeneration, which implies the exactness of the
lower row in the diagram in Theorem 6.9 (3) by Lemma 3.8 and Proposition 2.1
(proved in Proposition 6.2). By Lemma 3.5, it is enough to show only Theorem
2.2 (2). (Notice that the functoriality and the last equality in Theorem 2.2 (1)
are deduced from the uniqueness in the first statement of Theorem 2.2 (1).)

Let the notation be as in the statement. Let u,v € A(S’). We identify L with
the class of a section (¢, a) of H modulo X by 6.14. Then we have t (1, a) =
(¢, au(v))). Here u(v) is the composite of ¢: Y — X and u: X — Gy 10e/Gm
modulo Y regarded as a section of Hom(Y, G 105/Gp) ) /X . Thus L+ t:L- L7
sends (¢, a) to (1,u(z)). Next, the same argument shows that L ~— ¢*L - L™1
kills (1,0) for any b locally on S’. Hence the composite L s t* L-t*L~1-t*L71. L
kills the class of L locally on S’, which completes the proof.

6.17. We continue to prove Theorem 6.9.
(a) The first homomorphism in Theorem 6.9 (1) is injective.
This is by Lemma 2.6 (2) which is already proved in 5.1.
(b) The second homomorphism in Theorem 6.9 (1) is also injective.
This is by Hom(G, Gy, 10g/Gr) = 0 which is seen by [9] Lemma 6.1.1.
By (b), the natural homomorphism

Hom(A/G,Ext(A)G, Gpog/Gr)) = Hom(A, Ext(A, Gpiog/Gi))

is injective and hence

(c) Biextsym(A/G, A)G; Giog/Gm) — Biettsym(A, A; G iog/Grr) is also in-
jective.

Further,

(d) The composite Hom (Y, X) — Biext(A/G, A/G;Gpiog/Grm) in 2.7 is
injective.

In fact, the first homomorphism in the display in 2.7 is injective by Proposi-
tion 6.15 (2) and the second homomorphism in the display in 2.7 is also injective
by (a). Hence we have (d).

The commutativity of the diagram in Theorem 6.9 (3) is by construction.
By (c) and (d), the right vertical arrow of the diagram in Theorem 6.9 (3) is
injective. Therefore, the left vertical arrow of the diagram in Theorem 6.9 (3) is
surjective. Together with (a) and (b), we complete the proof of Theorem 6.9 (1).

We prove Theorem 6.9 (2). We already proved H/X = H'(A, Gpiog/Gum)
in 6.14. The same proof works for H/X = HY(A/G,Gpiee/Gm) if we know
HYA/G, Gtog/Gm) = 0 and HO(A/G, Grtog/GCrm) = X ® Gptog/Gre. They are
proved by Proposition 6.13 (1) and (2), respectively.

The remaining part is the surjectivity of the right vertical arrow of the di-
agram in Theorem 6.9 (3). This is a part of Proposition 1.6 (1), which will be
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proved in the next paragraph.

6.18. We prove Proposition 1.6 for the case of constant degeneration. We have
already seen Proposition 1.6 (2) in 5.2. To see Proposition 1.6 (1), by (c) and (d)
in the previous paragraph, it is enough to show that the map Hom (Y, X) —
Biextsym (A, A; G iog/ G ) is bijective, which also completes the proof of Theorem
6.9.

By Proposition 6.15 (2), we have

Homaa (Y, X) = Hom(Hom(X, Gm,log/Gm)(Y)/Y, Hom (Y, G tog/Gm)/X)

(see Proposition 6.15 for the definition of Hom,q;(Y,X)). By Theorem 6.9 (1)
(already proved in 6.17), this is isomorphic to

Hom(A/G, Ext(A)G, G iog/Gim))-
Further, we prove
(x)  Hom(A/G,Ext(A)G, Gpiog/Gr)) = Hom(A, Ext(A, Gptog/Gm)).

First, we have Hom(G, Gy,105/Grm) =0 ([9] Lemma 6.1.1) and Ext(G, Gy 1og/Gim)
= 0. (The latter is by Proposition 6.12 together with Lemma 3.2.) Hence,
Ext(A, Gmiog/Gm) = Ext(A)G, Gpiog/Gm)(= Hom(Y, Gy iog/Gim)/X). Hence
it is enough to show Hom(G, Hom(Y, G 10e/Gm)/X) = 0. By Proposition
6.12 together with Lemma 3.2, we have £zt(G,X) = 0. On the other hand,
Hom(G, Hom(Y, Gy 105/ Grn)) vanishes by [9] Lemma 6.1.1. Thus Hom(G, Hom
(Y, Gpitog/Gi) /X)) = 0 and we have (x).

By Proposition 2.3 (proved for the present case in 6.3), Hom(A, Ext(A, G, 1og
/G)) = Biext(A, A; G iog/Gr). Therefore, we have proved

Homyug; (Y, X) =2 Biext(A, A; G iog/Grn)-

Taking the symmetric parts, we have the desired bijection. This completes the
proof of the case of constant degeneration of Proposition 1.6 and also the proof
of Theorem 6.9.

The following propositions will be used in the next section.
6.19 PROPOSITION. The image of any homomorphism A — Ext(A, Gy iog) 15
contained in the dual log abelian variety A* (1.2).

Proof. By [9] Theorem 7.4 (3), we have Ext(A, Gy, 10g) = Gi,p/X. Any homomor-
phism A — Gf,, /X induces a homomorphism A/G — Hom (Y, Gy, 105/ Gm)/ X by
[9] Corollary 6.1.2, and its image is contained in A*/G* = Hom (Y, G106/ Gm) X/
X by

Hom(A/G, Hom(Y, Gy iog/Gm)/X) = Hom(A/G, Hom(Y, GmJog/Gm)(X)/X)
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(Proposition 6.15 (2)). Hence we see that A — Gf,, factors through Gifgx)/X =
A*, as desired. n

6.20 COROLLARY. We have the following.
Hom (A, A") = Biext(A, A; G jog), Homgym(A, A*) = Biextsym (A, A; G og)-

Here Homggm (A, A*) is the sheaf of homomorphisms A — A* which coincides
with its dual A = A — A*.

Proof. By Lemma 3.4 and Hom(A, Gy, 10¢) = 0 ([9] Theorem 7.4 (4)), we have

Hom(A, Ext(A, Gprog)) = Biext(A, A;Gyyog). Then, the first isomorphism is
deduced from the previous proposition. Taking the symmetric parts, we obtain
the second isomorphism. O

7. Case of constant total degeneration

In the next section, we will give a description of the group of Gy, e-torsors
on a weak log abelian variety with constant degeneration. This section treats
the special case where the abelian part B = 0. The reason why we treat the
case B = 0 in this separated section is that in the case B = 0, the description
becomes especially simple and becomes very similar to the classical theorem of
Appel-Humbert which describes the group of G,,,-torsors on a complex torus (see
7.9), and hence this special case explains well the idea of proof and serves as a
good introduction to the general case treated in the next section. In fact, this
section is logically unnecessary as it is contained in the next section.

Let A be a weak log abelian variety over an fs log scheme S with constant
degeneration such that the abelian part B = 0. Let the notation be as in 6.1 in
the previous section. We further assume that the locally constant sheaves X and
Y are constant. Let ((, )) : X XY — Gy, 104 be the canonical pairing defined by
Y = AC Hom(X,Gpiog)-

7.1. Let H be the sheaf of abelian groups on (fs/S)¢ defined by

H={(p,a)|pis a homomorphism Y — X and a is a map Y — G, 1oy such that
a(yz)a(y)'a(z)™" = ((p(y), 2)) for all y, 2 € Y'}.
7.2. We define a natural homomorphism

H — H'Y(A,Gpog)-

Let (p,a) be a section of H. Consider the quotient of A x Gin,log by the action of
Y given by (m,A) = (ym, Aa(y)"'m(p(y) ")) (y € Y;m € A, X € Gy ioq), where
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the last m is regarded as a section of Hom(X, Gm,log)(y) >~ A. Then this quotient
gives a Gy, jog-torsor on A, which is defined as the image of (p, a).

Let X — H be a homomorphism sending € X to (0, ((x, —))). It is injective
and we identify X with the image of this injection. Then the above homomor-
phism H — H(A, G, 10¢) factors through H/X because m — (m, m(z™1)) gives
a section of the torsor on A associated to z € X.

7.3. We interpret the above homomorphism H — H'(A, G, 10g) in 7.2 in terms
of H'(Y, H(A, Gpiog))-

First, a section of H can be regarded as a cocycle of the inhomogeneous
cochain complex associated with the Y-module X @ G, 1045, Where the action of
Yy < Y on X & Gm,log,S is

(@,¢) = (z,c{(z, )
In fact, a cocycle is a map (p,a): Y — X @ Gy, 10g,5 satisfying

(p(y2), alyz)) = 2(p(y), ay)) - (0(2), a(2)) = (P(Y)p(2), a(y){(p(y), 2))a(2)),

which is nothing but a section of H.
Next, Hom(X, G10g)Y) = A gives a natural homomorphism

X @ Gpjogs — HO(A, Gotog)-
Hence there is a natural homomorphism
H— H(Y, X @ Gpiogs) = H' (Y, H (A, Gpriog))-
On the other hand, the canonical homomorphism
H (Y, H(A, Grtog)) — H' (A, Grniog)

is described as follows. Let f(y)(m) (y € Y,m € A) be a cocycle of the inhomo-
geneous cochain complex associated with the Y-module HO(Z, G 1og). Consider
the quotient of A x Gynog by the action of Y given by (m, \) — (ym, Af(y)(m)~1)
(yeY,me E, A € Gy og). Then this quotient gives a G, j0g-torsor on A, which
is the image of f.

Therefore the composite of the above homomorphisms

H — HY(Y,H(A, Gpiog)) = H' (A, Grotog)

coincides with the homomorphism in 7.2.

7.4 THEOREM. The natural homomorphism
HIX = HY (A, Gy o)

7.2 1s an isomorphism.
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Proof. Consider the exact sequence
0 — H' (Y, H*(A, Gjog)) = H' (A, Grtog) = H (A, Gy iog)-
By Proposition 6.6 (1), we have (A, G log) = 0. Hence
H (A, G og) = H' (Y, HO(A, Ginog)) = H' (Y, X @ G og, ),

where the last equality is by 6.4.3.

We compute H 1(Y, X @Gy 10g,5) by the inhomogeneous cochain complex. As
is seen in 7.3, the group of cocyclesis H. A coboundary isamap Y — X®G,, 10g,s
sending y € Y to

y(x,c)/(,c) = (,c{(z, )/ (x,¢) = (0, ({z,9)))

for some (z,c) € X @ Gy, 100,9, Which is nothing but a section of X C H. Hence,
we have H'(Y, X @& Gy 1005) = H/X. O

7.5. We prove the cubic isomorphism (Theorem 2.2) for this case of the constant
total degeneration. By Lemma 3.5, it is enough to show only Theorem 2.2 (2).

Let the notation be as in the statement. The case F' = Gy, 104/ Gy, is already
proved in 6.16. We prove the case I’ = Gy, 1os Which implies the case ' = G,,
because the natural homomorphism H!'(A, G,,) — H' (A4, Gu10g) is injective by
Proposition 2.1 (proved in Proposition 6.2). The proof is parallel to that for the
case F' = Gy, 10g/Gy in 6.16.

Let u,v € A(S’). We identify L with the class of a section (p, a) of H modulo
X via the isomorphism in Theorem 7.4. Then we have ¥ (p, a) = (p, au(p)). Here
u(p) is the composite of p: ¥ — X and u: X — G,y 10 modulo Y regarded as
a section of Hom(Y, Gy10) ™ /X. Thus L +— t:L - L~! sends (p,a) to (1,u(p)).
Next, the same argument shows that L ~ t*L - L' kills (1,b) for any b locally
on S’. Hence the composite L+ t%, L-t* L' -¢*L~1- L kills the class of L locally
on S’, which completes the proof.

7.6. Define a subgroup sheaf Hom (Y, X) of Hom (Y, X) by
Hom ) (Y, X) = {p € Hom(Y,X) | {{p(y), 2)) = ({p(2),y)) for all y, z € Y}
Then we have an exact sequence
0= Hom(Y,Gpog) = H — Homy,y(Y, X),
where the definitions of the arrows are as follows:

Hom(Y,Gpiog) = H; a— (1,a),
H — Homy (Y, X); (p,a) — p.
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7.7 PROPOSITION. We have a commutative diagram with exact rows
0 —— Hom(Y, Gm,log)/X — H/X — ’Hom«,»(Y, X)

| I I
0 ——  Ext(A,Gpiog) —— HY A, Gpog) —— Homgym(4, A%)
i which all the vertical arrows are isomorphisms. Here the last arrow in the

lower row sends L € H' (A, Gy jog) to A — A% w s t5(L) - L7t (Cf. Corollary
6.20 for the definition of Homgym(A, A*).)

7.8. We prove Proposition 7.7. By Lemma 3.8, the part of the cubic isomorphism
proved in 7.5 and the part of Proposition 2.1 proved in Proposition 6.2 (2), we
have the exact sequence

0= Ext(A, Gpog) — H (A, Gmjog) = Biextsym (A, A; Gy log)-

By Corollary 6.20, the last group is naturally isomorphic to Homgym(A, A*).
Thus we obtain the lower row in the diagram.

The upper row is clearly exact and the right vertical homomorphism is defined
by the definition of the group Hom (Y, X). The commutativity of the diagram
is by construction. The middle vertical isomorphism is by Theorem 7.4. The
rest is to show that the right vertical homomorphism is an isomorphism. By
Proposition 6.15 (2), we have an isomorphism

Homagi (Y, X) = Hom(A/G, A*/G*)

(see Proposition 6.15 for the definition of Homag;(Y, X)). We can regard Homgym
(A, A*) as a subsheaf of Hom(A/G, A*/G*) because any homomorphism A to the
torus G* is trivial by [9] Theorem 7.4 (4). Since its corresponding subsheaf of
Homaqi(Y, X) is Homy,y (Y, X), the right vertical homomorphism is an isomor-
phism.

7.9. We remark that the above Proposition 7.7 is similar to the classical theorem
of Appell-Humbert (see Chapter I, Section 2 of the textbook [12] of Mumford)
concerning the analytic presentation of the Picard group of a complex torus.

8. Case of constant degeneration, 11

Here we prove all the results described in Sections 1-2 in the case of constant
degeneration that are not proven so far.

Let the notation be as in the beginning of Section 6. For simplicity, unless
otherwise stated, we assume in this section that X and Y are constant, not only
locally constant, though the results in this section can be generalized to the case
of locally constant X and Y.
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8.1. For x € X, define a G,,-torsor E(x) on B to be the pushout of G,,, & T — G
in the category of sheaves of abelian groups on (fs/S). We have a commutative
diagram with exact rows

O — 7 —— @ B s 0
e | | |
0 — G,, — E(x) s B s 0.

For x € X and y € Y, we define an isomorphism of G,;, jog-torsors on B

(2, 9)): B(@)iog = ty(E(x)10g)

as follows. Here E(x)),, denotes the G, jog-torsor on B obtained from E(z), and
t, denotes the pullback by the translation t,: B — B by the image of y in B
under the canonical homomorphism Y — B.

Consider the commutative diagram with exact rows

0 —— Tiog —— Giog > B > 0
s | |
0 —— GmJog —_— E(Q?)]Og > B > 0.

Note that Y is embedded in Giog. We have a commutative diagram

E(x)bg - 7 E(x)log

! !

B —— B,

where the upper horizontal arrow is the translation by the image of y. This
diagram defines the desired isomorphism ((z,y)): E(2)g — to(E(7)10g)-
This isomorphism ((x,y)) has the following properties 8.1.1-8.1.4.

8.1.1. ((x,y)) mod G,, = (z,y).

Here, since the G, 10g/Gp-torsor obtained from E(z) is trivial, the isomor-
phism of G, 10g/Gp-torsors obtained from ((z,y)) is regarded as a section of
Gmog/Gm, and we denote this section of G,y 10/ G by ((z, 7)) mod G,,.

8.1.2. ((xx y)) = ((x,y)) - ((«',y)) for 2’ € X.

Here the product on the right-hand-side is defined because the G,,-torsor
E(zz’) is the product of the G,,-torsors F(z) and E(x’).

8.1.3. ((z,yy)) = t,(({z, y))) o ((z,¢)) for y' € Y,
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8.1.4. Assume B = {1} = S and identify E(z) with G,, = G,, s in the natural
way. Then ((x,y)), regarded as a section of G, 1o, coincides with the image of
y under the composite Y — Giog = Tiog N G, log-

8.2. Let H be the sheaf of abelian groups on (fs/S)¢ associated to the presheaf
classifying triples (L, p,a) of a G,,-torsor L on B, a homomorphism p: A — A*,
and an isomorphism

(Z(y): Llog : E(p<y>>10g E> tZ(Llog)

of Gy 1og-torsors on B given for any y € Y that satisfy the following conditions
8.2.1 and 8.2.2. Here Ly, denotes the Gy, jog-torsor on B associated to L and
p(y) denotes the image of y in X under the homomorphism Y — X induced by
p (by abuse of notation).

8.2.1. The homomorphism B — B*; u ~— (L) - L™! coincides with the map
induced by p.

This condition for u = y € Y shows that L - E(p(y)) = t;L locally on the
base S.

8.2.2. For any y,2z € Y, we have
a(yz) =t(a(y)) e a(z) - {(p(y). 2))-

The meaning of the equation in 8.2.2 is as follows: a(yz) is an isomorphism
Liog - E(p(y2) )og = t;.(Liog). On the other hand, by using

E(p(yz)) = E(p(y)) - E(p(2)),

we have the composite isomorphism

Liog - E(p(y2))1og = Liog  E(p(2) )1og " E(P(Y) )10g == (Liog) - L2 (E(P(Y) 10g) = tZz(Llog)7

where the second isomorphism is given by a(z) - ((p(y), z)) and the last iso-
morphism is given by t¥(a(y)). The equation in 8.2.2 means that these two
isomorphisms coincide.

8.3. We construct a homomorphism
H — HY(A, Gmlog)-

Let g: A — B be the canonical morphism. Let (L, p,a) be a triple satisfying
8.2.1 and 8.2.2. We show that we have a canonical action of Y on g*(Lj,g) which
is compatible with the action of ¥ on A (by translation), and hence ¢*(Lig)
descends to a Gy, jog-torsor on A = A /Y. This defines the desired homomorphism
H — HYA, G og)-
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For x € X, the commutative diagram with exact rows

0 —— TIE}Q — A > B 0
| | |
0 —— Gmjog —— E(2)10g > B 0

shows:
8.3.1. The G, jog-torsor g*(E(z)0g) On Ais canonically trivial.

We have isomorphisms

g* (Llog) = g* (Llog) : g*(E(p(y))log) = t;;g* (Llog)

of Gy, 10g-torsors on A, where the first isomorphism is by 8.3.1 applied to = = p(y),
the second isomorphism is induced by a(y), and ¢, denotes the translation by y
regarded as a section of A. Thus we have an isomorphism for each y € Y

8.3.2. g"(Liog) = t;(g"(Liog)) for y € Y.

As is easily checked, the condition 8.2.2 shows that the isomorphisms 8.3.2 for
y € Y give an action of Y on g*(Liog) which is compatible with the action of Y
on A.

8.4. We have an exact sequence
8.4.1. 0 = G}, = H — Hom(A, A7),

where the homomorphism H — Hom(A, A*) is defined by (L,p,a) — p, and
the homomorphism Gj,, — H is defined as follows. For an exact sequence
0 =+ G,, = L - B — 0 and a homomorphism s: Y — L, such that the
composite Y — Lj,; — B coincides with the canonical map Y — B, the map

lg — H sends the class of the pair (L, s) to the class of the triple (L, 1, a), where
1 denotes the trivial homomorphism and the isomorphism a(y): Liog — to(Liog)
is defined by the following commutative diagram:

Llog é Llog
s(y)

[

B%B.

Here the upper horizontal arrow is the translation by s(y).

The exactness of the sequence 8.4.1 is proved as follows. The problem is to
show that a triple (L, 1,a) in the kernel of H — Hom(A, A*) comes from G
By the classical exact sequence

*
log*

0 — Ext(B,G,,) — H'(B,G,,) — Hom(B, B*)
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and 8.2.1, L comes from Ezt(B,G,,) locally on S. For y € Y, the restriction of
the isomorphism a(y) to the origin of B induces a map

8.4.2. Gm,log,S = L10g|{1} E) Llog‘{y} C Llog-

Here Liog|gyy (resp. Liog|{1}) denotes the Gy, jog-torsor on S obtained as the pull-
back of Loz under y: S — B (resp. under the origin S — B of B), and L|,
is identified with G, 10,5 since L comes from Ext(B,G,,). Denote the image of
1 € Gpog,s In Liog under the map 8.4.2 by s(y). It is easily seen that (L, 1,a)
comes from (L, s) € Gj,.

8.5 THEOREM. (1) If L is a G, 10g-torsor on A, the map

A— HY (A Ghog); u—ti(L)- L1
s a homomorphism, and the image of this map is contained in A*. Note that
A* C Ext(A, Gtog) C H' (A, Gontog)-
(2) We have a commutative diagram with exact rows

0 — e/ X — H/X —— Homgym(A, A¥)

Ll M |

0 —— Eat(A,Gpiog) —— HY A Gprog) —— Homgym(A, A%)

wn which the vertical arrows are isomorphisms. Here the last arrow in the lower
row sends L € HY (A, Gpjog) to A = A*; u— t5(L) - L™t. (Cf. Corollary 6.20
for the definition of Homgym (A, A*).)

8.5.1 REMARK. Note that in the case of total degeneration, the left and the
middle vertical arrows in the diagram in (2) reduce to (—1)-times of the corre-
sponding ones in Proposition 7.7. See Remark 5.2.1 for the left one. As for the
middle one, note that the G,, joe-torsor on A associated to (p,a) € H in Section
7 coincides with the one associated to (G,,, —p,a™!) € H in this section, where
—p: A — A* is induced by (—1)-times of p and a™*(y): Gyiog = Gmjog (Y €Y)

is the multiplication by a(y)~".

Before proving this theorem, we prove the following proposition.

8.6 PROPOSITION. We have a bijection to H'(A, Gy 10g) from the sheaf of the
isomorphism classes of a G,,-torsor L over B paired with an action of Y on the

G og-torsor g*(Lig) on A which is compatible with the action of Y on A. See
8.2 for Liog.

Proof. We prove the bijectivity by giving an inverse map. Let £ be a Gy, 1og-
torsor on A. We construct strict étale locally on S, a G,,-torsor L and an action
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of Y on ¢*(Ljg). The exact sequence

0 — HYB,Gpiog) = H (A, Gppiog) = H(B, R'gu(Gniog))
and Proposition 6.6 (1) prove

HY (B, Goniog) = HY(A, Gytog).

By

HO(B, Giog/Gm) = Giiog/Gms HY (B, Gpiog/Gm) = {1},
we have

H'(B,G) = HY (A, Griog)-

This proves that £ comes strict étale locally on S, from a G,,-torsor L on B such
that g*(Liog) is endowed with an action of Y which is compatible with the action
of Y on A. O

8.7. We show that the homomorphism H — H!'(A,G,,10e) defined in 8.3 is
surjective. Let £ be a Gy, jog-torsor on A. We construct locally on S, a triple
(L,p,a) in H which produces £.

First by Proposition 8.6, £ comes locally on S, from a G,,-torsor L. on B
such that ¢* (L) is endowed with an action of Y which is compatible with the
action of Y on A.

We next define a homomorphism v: Y — X as a preparation for the defi-
nitions of p and a. Since the G, 10g/Gyp-torsor on A obtained from g*(Liog) s
trivial, the action of y € Y on g*(Liog) defines an element of the group

H(A, Gpotog/Cm) = X ® H(B, Grntog/Grm)  (6.4.2).

Define ¢(y) € X to be the first projection of this element.
We define an isomorphism

a(y>: Llog ' E(qu)(y))log E) t;(Llog)

for y € Y. Recall that for + € X, ¢*(E(2)10g) has a canonical section (8.3.1).
Since the Gy jog/G-torsor on A obtained from ¢*(E(z)) is trivial, the canon-
ical section of ¢*(E(z)1g) induces an element of HO(A, Gmjog/Gm) = X &
H°(B, Gum,og/Gm), and it is seen easily that this element coincides with (z,1).

Consider the isomorphism of G, jog-torsors on A

8.7.1. g*(E(W(y))og) = 59" (Liog) - ¢ (Liog) "
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which sends the canonical section of g*(E(¢)(y))ig) to the section of ¢ g*(Liog) -
g*(Liog) " defined by the action of Y on g*(Lig). Since the canonical section of
9 (E(¢(y))iog) and the above section of g*(Lig) - g*(Lig) " induce the same
clement ¥(y) of X = HO(A, Gmtog/Gm)/H(B, Giog/G), the isomorphism

8.7.1 comes from an isomorphism

E@W(y)hog = ty(Liog) - Ligg

on B which is determined by 8.7.1 unlquely This gives the desired a(y).

Next we define a homomorphism p: A — Giog- Let u be a section of A given
on an fs log scheme U over S. We define a section p(u) of Gi,, on U. By replacing
U by S, we consider the case U = S. Locally on S, the G,,-torsor ¢*(L)-L~! on B
comes from Ext(B,G,,). We assume that ¢} (L)-L~! comes from Ext(B,G,,). For
y €Y, the action of Y on g*(Liss) induces an isomorphism ¢*( L) — tsg* (Liog)
and it induces

~

t2g" (Liog) * 9" (Liog) ™ = tity0" (Liog) 159" (Liog) ™

By taking the pullback of this isomorphism by the origin S — A of Z, we have
an isomorphism

(tZ(LIOg) ) ngéﬂ{l} = (tZ(LIOg) ) Ll?é)’{y}'

Since t#(L) - L™ comes from Ext(B,G,,), the left-hand-side is the canonically
trivial G, j0g-torsor on S, and hence we obtain a section s(y) of the right-hand-
side. This gives a homomorphism s: Y — (¢ (L)- L)} such that the composite
Y — (t5(L) - L ')10g — B coincides with the canonical map Y — B. We define
p(u) to be the section (¢(L)- L™, s) of G

log*
Since Hom(A, Gf‘og) = Hom(G, G*) ([9] Theorem 7.3 (3)), the image of the

homomorphism p: A — G;_ is contained in (G7,,)X) = A*. Tt can be seen that

log log
the following diagram is commutative.
Yy — A
oL b
X — A~

Hence p induces a homomorphism A — A* and a(y) for y € Y is regarded as an
isomorphism Liog - E(p(Y) g — t;(Liog)-

We can check that the conditions 8.2.1 and 8.2.2 so that the triple (L, p, a) is
a section of H, and it is easily seen that £ € H!'(A, G, 10¢) comes from (L, p, a).
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8.8. We prove Theorem 8.5.
First we prove Theorem 8.5 (1). Consider the diagram

H — Hom(A, A*)

l Jo

Hl(A, Gm,log) —_— MO?“(A, Hl(A, Gm,log)),

where Mor means the sheaf of morphisms (which are not necessarily homomor-
phisms of sheaves of groups) and the lower horizontal arrow is defined by sending
the class of a Gy, jog-torsor L on A to the morphism u +— (L) - L™1. Tt is easily
seen that this diagram is commutative. Since the left vertical arrow is surjective

Lis in fact a

as we have already shown, this diagram shows that u — ¢! (L) - L~
homomorphism from A to A*. This proves Theorem 8.5 (1).
(2) We prove that the surjective homomorphism H — H'(A, G, 10g) induces

an isomorphism H/X = H'(A, G, 10g)- It is easy to see that the diagram

Gfog —_— H

l |

Ext(A, Gpiog) —— HY A, Gpytog)-

is commutative, where the left vertical arrow is a surjection defined by [9] The-
orem 7.4 (3). By this and the commutativity of the diagram

H — Hom(A, AY)

| H

HY (A, Gpjog) —— Hom(A, A¥),

and by the exactness of the sequence 8.4.1, the kernel of H — H'(A4, Gy 10g)
comes from Gj, — Ext(A, Gprog)) = X (9]
Theorem 7.4 (3)).

We have shown that the lower row in Theorem 8.5 (2) without “sym” is

isomorphic to the upper row in Theorem 8.5 (2) without “sym”. Hence the

and hence coincides with Ker(Gj,,

exactness of the upper row in Theorem 8.5 (2) without “sym” shows that the
lower row in Theorem 8.5 (2) without “sym” is exact. By the argument in the
proof of 3.6 (2), the image of the last map in the lower row is contained in the
symmetric part. Hence the same holds for the upper row. This completes the
proof of Theorem 8.5 (2).

8.9. Proof of the cubic isomorphism (Theorem 2.2) for the case of constant
degeneration. As in 6.16, it suffices to show only (2) of Theorem 2.2. First,
we already proved the case F' = Gy, 105/G,y, in 6.16. Next, (1) of Theorem 8.5
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proves (2) of Theorem 2.2 for F' = G, 0s. By Proposition 6.2, the canonical
homomorphism H'(A, G,,) = H' (A, G, 10¢) is injective. Hence, (2) of Theorem
2.2 for F' = G,, reduces to that for F' = Gy, 1og-

By Lemma 3.8, we prove Proposition 2.4 in the case of constant degeneration.

The next is a complement of Proposition 2.4 in the case of constant degener-
ation. The proof is straightforward.

8.10 PROPOSITION. The composite

(where the first isomorphism is by Corollary 6.20 and the next arrow is the
pullback to the diagonal) is described as p + the class of (Lyy,,p* a), where
L,, and a are defined as in 8.11 and 8.12 below. In particular, the cokernel
of H'(A,Gpog) — Homsym(A, A*) is killed by 2. (Cf. Corollary 6.20 for the
definition of Homgym(A, A*).)

8.11. The definition of L,, in Proposition 8.10 is as follows. Let pp: B — B*
be the homomorphism induced by p. Regard pp as a biextension of B x B by
G,,. By 1.5, we get a Gy,-torsor L,, on B.

8.12. The definition of a in Proposition 8.10 is as follows. For simplicity, write
L,, as L. The commutative diagram

Y —— B

| |»s

X —— B*

gives for any y of Y the isomorphism

E(p(y)) - t:(E(p(y))) = t5(L) - L,
which induces

£ (E(p(y))og) = EWY))ioh - t(Liog) - Ligy-

By composing it with

(1) 1) EGW) g > 5 (EH)oe).

we obtain an isomorphism

a(y): Liog - E(p(y))%og = tZ(Llog>-
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8.13. In the rest of this section, we prove Theorem 1.11 in the case of constant
degeneration. Let the notation be as in there (cf. Remark 5.2.1). Let A®) be
the inverse image of A®) by A — A.

First we explain the case of constant total degeneration (cf. Section 7), that
is, the case where A is with constant degeneration and the abelian part is trivial.
Let ((, )) : X XY — Gy 10g be the canonical pairing.

Then A®) is Proj(R)%" for the following graded ring R over Og with an fs
log structure as follows. Here (—)** is the saturation.

Let E be the subring of sheaves of Og[X x Mg, 6], where 6 is an indeterminate,
generated over Og[Mg] by local sections of the form s(y) := ¥(y)* ® ({(¢(y), y))0
(y €Y). Let R = E®o4mgOs. Then R is quasi-coherent as an Og-module. The
log structure is as follows. Let y € Y and let E(y)) be the part of Ey,) of degree
zero. We endow Spec(E(sgyg)) with a fine log structure defined as a subsheaf of
X x MEP generated by % (z € Y). This glues into a fine log structure on
Proj(FE). We endow Proj(R) with the pullback log structure.

By definition, the pullback to AW of the special invertible sheaf on A®),
defined in 1.10, is O(1). In this case, the relative ampleness over S of the special
invertible sheaf on A®) follows from this, for example, by Nakai’s criterion, which
completes the proof of Theorem 1.11 in the case of constant total degeneration.

8.14. Consider the case of constant degeneration in general.

In this case, over B, AW) s Proj(R)®* for the following graded ring R over
Op with an fs log structure as follows.

The morphism G — B is affine, and we can write G = Spec(€,.y L())
over B. Here L(z) is an invertible Og-module defined as the part on which T
acts via z (we have L(z) ® L(2') = L(xzz")). Let E be the subring of sheaves
of (B,cx L(7)) ®o, Op[Ms,0] on B, where 6 is an indeterminate, generated
over Og[Ms| by local sections of the form b ® af, where a € Mg such that the
class of a in Mg/} coincides with (¢(y), y) and b belongs to L(¢(y)?) (y € V).
Let R = E ®ozms) Op. Then R is quasi-coherent as an Op-module. The
log structure is as follows. Let y € Y. Let b ® af be a section of E, where
a € Mg such that the class of a in Mg/OJ coincides with (¢(y),y) and b is a
local generator of L£(1(y)?). Let Epgag) be the part of Eyga of degree zero. We
endow Spec(Epgq9)) With a fine log structure defined as a submonoid sheaf of

the structure ring generated by b;gz;f, where a’ € Mg such that the class of @/ in

Ms/OF coincides with (1(z), z) and ¥ is a local generator of L(¢(2)?) (z € V).
This glues into a fine log structure on Proj(E). We endow Proj(R) with the
pullback log structure.

The pullback to AW of the special invertible sheaf on A®) defined in 1.10
is O(1) ® Ly,. Then the relative ampleness over S of the pullback is by the
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relative ampleness over S of L, and the relative ampleness over B of O(1). The
relative ampleness over S of the special invertible sheaf on A®) follows from this
by Nakai’s criterion.

8.15. In the above, assume that there are S,( , ): X xY — &%, § —
Ms/O3%, and ¢ = 1 as in 1.7-1.9 (cf. 4.5). Then, E is the subring of sheaves
of (P,cx L£(7)) ®o, Op[S,0] on B generated over Op[S] by local sections of
the form b ® (¢(y),y)0, where b belongs to L(¢(y)?) (y € V). We have R =
E ®o,151Op- The log structure is described as follows. Let y € Y. Let E’ be the
subring of @,y L(z) ® Z[S#P] generated by L(p(zy™1)?) & (p(2), 2)((y), y)
(z € Y). The induced log structure on Spec(E’) is the one defined as a sub-
monoid sheaf of the structure ring generated by b ® (¢(2), 2){(é(y),y) " (z € Y),
where b is a local generator of £(¢(zy~1)?).

8.16. For the other special fans introduced in Section 4, the proof of the analogue
of Theorem 1.11 is parallel. Note that, for a general fan ¥ in C stable under
the action of Y, A in A® ig Spec(E' ®o,(s) Op), where E' is the subring of
D.cx L(x) ® Z[S®] generated by L(x) ® s (s € S#) such that N(s) +I(z) > 0
for all (N,l) € 0. The induced log structure on Spec(E’) is the one defined as
a submonoid sheaf of the structure ring generated by b ® s (s € S%P), where b
is a local generator of L£(x) for some x € X satisfying N(s) + I(z) > 0 for all
(N,1) € o.
The translation by y € Y sends L(x) to L(z){x,y) (z € X).

8.17 REMARK. We continue to assume that A is with constant degeneration.
We can give an alternative proof of this constant degeneration case of Theorem
1.11 by constructing the sections of L by theta series (or theta function) in the
same way as in [8] 5.4.

9. Projectivity of special models

In this section, we prove the following theorem on the existence of a projective
model of a polarized log abelian variety A. This implies the main result Theorem
1.11 of this paper under the assumption that a polarization on A corresponds to a
symmetric homomorphism from Y to X of A, which is guaranteed by Proposition
1.6. In the last section, we will prove this Proposition 1.6, which completes the
proof of Theorem 1.11 (cf. 12.14).

9.1 THEOREM. Let the notation and the assumption be as in 4.5. Assume that
the image of 1 in Biexteym(A/G, A/G; G jog/Gm) by the homomorphism in 2.7
lifts to a polarization on A. Let 3 be either the first standard fan, or the second
standard fan or the fan associated to a star in X (4.6). Then A®) is represented
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by an fs log scheme over S whose underlying scheme is projective over S.
To show this, we use the following proposition.

9.2 PROPOSITION. Let f: X — S be a proper algebraic space over a locally
noetherian scheme S. Let F be a coherent sheaf of Ox-modules. Then, for s € S
and for any q, (RIf.F)s is an Ogs-module of finite type and its completion is
naturally isomorphic to

l'%lH%f_l(S), F ®os (OS,S/me,s»a

where mg s s the mazimal ideal of Og .

The proof of this proposition is parallel to the case of schemes ([6] Proposition
(4.2.1); see [15] Theorem 57.20.5).

9.3. We prove Theorem 9.1. We may assume that the base is noetherian. By
[11] Theorem 8.1 and [11] Theorem 17.1, we already know that A®) is a proper
fs log algebraic space over S.

Let f: A®) — S be the structure morphism. Let L be the invertible sheaf
on A®) consisting of the sections of the special G,,-torsor on A®) in 5.3. It is
enough to show that L is relatively ample over S. This is equivalent to that, for
any coherent sheaf F on A®), there is an integer ng such that for any ¢ > 0 and
any n > ng, RIf.(F ® L®") =0 (cf. [6] Proposition (2.6.1)). Hence, it is reduced
by Proposition 9.2 to the case where Mg/O is locally constant. Thus we may
assume that we are in the case of constant degeneration. Under this assumption,
the relative ampleness of L is by 8.14 in the case of the first standard fan and
the other two cases are similar.

10. Wide fans

In this section, we introduce the wideness of fans. The model associated to
a wide fan can recover the original weak log abelian variety (cf. Section 11).

10.1. Let the situation be as in 1.7. Let X be a fan which is stable under the
action of Y. We say that X is wide if the following condition holds:

There is a 0 € ¥ such that : If (V,¢) € C, we have (N,el) € o for any ¢ € Q
such that || is sufficiently small.

At present, we cannot show that any weak log abelian variety has a wide fan,
and so at present, we cannot recover a weak log abelian variety from a proper
model in general.

On the other hand, as is shown below, a weak log abelian variety satisfying
the condition 1.4.1 has a complete wide fan.
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10.2 LEMMA. Assume that ¥ is wide. Let £ be a prime number.

(1) @ =U, >0 Hom(X,Gp105/G) " ™). Here the fan (™Y is the set of cones
{07 |7 e X} (cf [11] 2.2).

(2) If € is invertible on the base S, then A = |J"A®) as két sheaves.

(3) If £ is invertible on the base S, then A =|J"A®) as két sheaves.

Proof. First note that the sheaves A and A are két sheaves by [11] Theorem 5.1.
From this, we see that their Y-parts are also két sheaves.

(1) Let o be as in the definition of the wideness. Then C' = |J ("o, and we
have the desired equality.

(2) By (1), A = |JA“. Since the homomorphism ¢: A® — A of két
sheaves is surjective (cf. [11] 18.6, 18.10, Lemma 18.10.11), we have Al®) —
mA®,

(3) is by (2). O

10.3 PROPOSITION. Let A be a weak log abelian variety satisfying the condition
1.4.1. Assume that there are data including a homomorphism ¢: Y — X as in
1.7-1.9 (they always exist étale locally (cf. 4.5)). Then both the first and the

second standard fans are wide.

Proof. We consider the case of the first standard fan. The second is similar.

It is sufficient to prove that for (N,?) € C, if |¢| is sufficiently small, then
(N, 20) belongs to the Qsg-span of C(0) = {(N, €) | N((6(y), ) + £((y)) > 0
for all y € Y} (that is, N((¢(y),v)) +el(¢(y)) > 0 for all y € V). By replacing
Y by Y/Y,, where o is the face of Hom(S, N) such that NN is in the interior of o,
we may assume that N({¢(—), —)) is positive-definite. Thus the statement to see
is that if we have a positive-definite quadratic form ) on R™ and a linear form
h : R" — R, then if ¢ > 0 is sufficiently small, we have Q(y) > ¢h(y) for any
y € Z™. We can assume Q(t1,...,t,) =ti+---+t1. Let h(ty,...,t,) = >, 2a;t;.
Then Q(t) — eh(t) = Y., (t; — ca;)* — >, a2. If € is such that |ea;| < 1/2 for
any i, the minimum of Y, (t; — €a;)? is given in the case ¢; = 0 for any i, and in
the case t = 0, Q(t) — eh(t) becomes Q(0) — h(0) = 0. O

11. Presentation of a weak log abelian variety by proper models as a
sheaf for the étale topology

Let A be a weak log abelian variety over an fs log scheme S satisfying the
condition 1.4.1. Let X and Y be those associated to A.

The aim of this section is to prove the following proposition, which roughly
says that A can be covered by proper models and which will be used in the next
section.
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11.1 PROPOSITION. There are fs log schemes S" and P over S and morphisms
P — S and P — A over S having the following properties.

(i) 8" — S is strict, étale and surjective.

(ii) As a morphism of sheaves on (fs/S), P — A is surjective.

(iii) P is proper over S'.

(iv) P x4 P is represented by an fs log scheme over S, and the morphism
PxaP — S xg8" is proper.

Assume that we are given X xY — S§% and S — Mg/OJ as in 1.7.

11.2 LEMMA. Let ¢ be a prime number which is invertible on the base S. Then
the following holds étale locally on S. There are schemes S, over S forn > 0 with
So = S, strict étale surjective morphisms Sy,y1 — S, for n > 0, and subgroup
sheaves H, C G[{"] Xg S, and finite subsets Y,, C'Y for n > 0, satisfying the
following conditions.

(i) H, and the quotients ((A[("] X5 S,)/Hp)ket as két sheaves are represented
by finite flat group schemes (which are strict) over S,. Below, this quotient sheaf
on S, is denoted simply by A[("|/H, by abuse of notation.

(ii) Any fiber of H,, contains T[{"] X g S, in the fiber of G[{"| X Sy, where T
1s the torus part of the fiber of G.

(i) £H,41 C Hy X5, Snit.

(iv) There is an isomorphism of sheaves Y, = A[("]/H,, for which the com-
posite Y, & A[("]/H, — Y J{"Y is the canonical projection.

Proof. When Y is trivial, S, = S, H,, = G[{"] and Y,, = Y satisfy the desired
conditions. Hence we may and will assume that Y is not trivial. We proceed
inductively. Assume that there are S;, H;, and Y; for ¢ < n satisfying the condi-
tions. Let s € S,, and we work around s. Consider the két stalk (H,,)swet) of H,
at s. By [11] Proposition 18.1 (3), A[¢"*!] is két locally constant. Let H, ; be
the két locally constant subsheaf of A[(""!] x g S,, whose stalk coincides with the
pullback of (H,)swet) by the stalk of £: G[("*!] xg S, — G[{"] xg S,. By [11]
Proposition 18.11, the geometric log fundamental group at s acts trivially both on
the két stalk of H),,, and the két stalk of the két quotient (A[("*!] xsS,)/H]., .
Hence, there is a strict étale neighborhood S,.1 of s such that the pullback
H, 1 C A[0"] xg Syq1 of H) ., is constant and the két quotient is also con-
stant. This 5,41 and H,,; satisfy the conditions (i) for n+ 1, (ii) for n+ 1, and
(iii). Finally, we can take a subset Y, ;1 of Y satisfying the condition (iv) for
n + 1 because Y is infinite. O

11.3 LEMMA. Let H,, be as in Lemma 11.2. Let A,, :== (A/H,)xet be the quotient
as a két sheaf on S,,. Here and hereafter we denote the base change AxXgS,, simply
by A by abuse of notation. Then A, is a weak log abelian variety, and the map
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A, — A; x— ("x is a surjection of sheaves for the étale topology.
Proof. Let

G'=G/H,, X =0X, Y =Y.
Then we have a commutative diagram with exact rows

o - G —- A — HOm(Y,Gm,log/Gm)(?)/? — 0
b ;o
0 = G —= A, = (Hom(X, Gumiog/Gn)¥) @ Q)Y

on S,. Here ®(Q appeared from the két localization.
The multiplication by ¢* : A — A factors as A — A, — A uniquely. By this
and by

" (Hom(X', Grjog/Crn) ¥ @ Q) /Y = (Hom(X, G o /Grm) ¥ ® Q) /0T,
we have a commutative diagram with exact rows

0 = G — A, = (Hom(X,Gpig/Gn)¥) @ Q)Y

} \ s
0 - G —= A —  (Hom(X,Gpiog/Gm)Y) @ Q)/Y.

From this, we have an exact sequence
0= G = Ay = Hom(X,Gpiog/G) ¥ /7Y — 0.

By using this, we can see that A, is a weak log abelian variety over S,. (The
fact that A, is separated follows from the fact that A, — A is, relatively, étale
locally isomorphic to Y,,.) O

11.4. We prove Proposition 11.1 till 11.6.

We use H,,, S,,, and A, to construct P, S" in 11.6.

Let X be a wide complete fan (Proposition 10.3).

Let H,, S,, and A, be as in Lemma 11.2 and Lemma 11.3.

Let P, be the két sheaf associated to the quotient (A®*) x¢S,)/H,, as a sheaf
for the két topology. Then P, is the model of A, corresponding to a fan 3,
defined as follows.

We understand the A,-version of (X,Y) of A as (X,¢"Y), not as (("X,Y).
Let ¥, = {0, | 0 € X}, where 0, = {(N,¢"f) | (N,f) € 6}. Then %, is a
complete fan for A,. Hence P, is proper over .S,,.

We have a surjection of étale sheaves [[, ., P, — A on (fs/S), whose n-th
part is x — (Mx. -
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11.5. The sheaf P, x4 P, is understood as follows. Assume m > n (the case
m < n is similar).

Note that A/H,, x4 A/H, = A/H,, x A[{"|/H,, ; (a,b) — (a,{™ "a—1b) over
S Xg S,, where the quotients are the két quotients.

Then we have P, x 4 P, = Hern Prny Xs Sy, where P, ,,,, is a proper model
of A,, corresponding to the fan ¥(m, n,y) defined as follows. We regard (X, (™Y)
as the A,,-version of (X,Y") of A.

The fan X(m,n,y) is the one consisting of all faces of all cones

(@ Tmny = { (N, f) € om | (N, ) € T}

(0,7 € X), where f, is defined by f,(z) = f(z) + N((z,y)).

Hence P,, x4 P, is proper over S, Xg .S,.

P,, x 4 P, is also described, by using quotients of sheaves for két topology, as
[l,ey, {a € A®/H,, | (" "a+ye AP /H,}.

11.6. Let S" = [[,Sn, P = [1, P- So, P x4 P = Hmn P, x4 P,. Then
Proposition 11.1 holds for these S” and P, which is seen by the above arguments.
This completes the proof of Proposition 11.1.

11.7 EXAMPLE. Let A be the log Tate elliptic curve Gfg?log /¢* and let ¥ be
the wide fan corresponding to the intervals [¢" /2, ¢™*/2] (m € Z). Then, for
any n > 1, P, is the model associated to the fan corresponding to the intervals

[q"(m=1/2) " (mF1/D] (1, € Z) of log Tate elliptic curve G2, /¢t"Z.

m,log
11.8 REMARK. The above proof shows, in particular, that for a wide complete
fan ¥, the morphism A®) — A is represented by proper log étale morphisms
which are surjective (as a morphism of schemes, not as a morphism of sheaves).
This justifies the sentence that “a log abelian variety is a proper object.”

11.9 REMARK. The group structure of A is also recovered as follows from the
model associated with a wide complete fan 3. Hence the group object is recovered
from data given by fs log schemes.

Let X’ =X x X and Y/ =Y x Y. Take the admissible pairing X’ x Y’ — S
induced by X x Y — S as the pairing for A x A. Let ¢ C Hom(S,Z) x
Hom(X',Z) = Hom(S,Z) x Hom(X, Z) x Hom(X, Z) be the A x A-version of the
cone C in 1.7 of A. Let ¥’ be the fan in C” defined to be the set of all faces of
the cones (0,7, p) := {(N, l1,03) € C" | (N, 41) € 0,(N, ) € 7,(N,ly + {3) € p}
given for each o,7,p € ¥. Then Y’ is complete.

Let P! be the quotient (4 x A)*)/(H, x H,) as a két sheaf. It is the model
of A, x A, corresponding to the fan ¥’. We have a surjection of étale sheaves
[L, P, — A x A whose n-th part is « — ¢"z. We have P, — P, induced by the
group law A,, x A, — A,. The map [[, P, — [[,, P induces the group law of
A. The morphism between relation parts [ [, P, Xaxall, P, = 11, P xall,, Pn
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is given by using P/ ) 7 Pt (a,b) — a+ b, where P/, ) |
the (A x A)—Verswn of Py in 115 for (yi,y2). It commutes with the two
projections. This is shown by the easily seen fact that the map €' — C sends

((0177'1701)7 (0-277-27p2))m,n,(y1,y2) into (P17P2)y1+y2 (Ui7Tiapi €X for i = 172>

12. G,,-torsors, G,, og-torsors, and G, jos/G,-torsors on weak log
abelian varieties

In this section, we study G,,-torsors, G, og-torsors, and G, 1o/ Gp,-torsors
on a weak log abelian variety. In particular, we prove the cubic isomorphism,
and the results concerning such torsors stated in Section 2. Every torsor here is
regarded with respect to the usual étale topology.

12.1 PROPOSITION. Let A be a weak log abelian variety over an fs log scheme
S satisfying the condition 1.4.1. Let F = G, Gy, Gprogs 07 Giitog/ G- Then,
we have H°(A, F) = H°(S, F).

Proof. By the zero section, we have a surjection H°(A, F) — H°(S, F'). We prove
that this surjection is injective. The case F' = G, 1o is reduced to the cases F' =
G, and F' = Gy 105 /G- But, since H(S, G 1og/Gi) = [Lics HO(5, Gintog/Gim)
is injective, the latter case F' = Gy, 105/Gyy is reduced to the case of constant
degeneration (Proposition 6.2 (2)). Thus it suffices to treat the cases where
F =G, and G,,,. The case F' = G,, is reduced to the case F' = G,.

Let f: A — G, be a section. Assuming f = 0 on the zero section, we prove
f =0 on the whole A.

Since the problem is étale local on the base, using the condition 1.4.1, we may
and will assume that there are data including a homomorphism ¢: ¥ — X asin
1.7-1.9. Then, we can take a complete wide fan ¥ (Proposition 10.3). Let P be
the associated proper model. Then P contains GG as a sheaf. Since P is proper,
HO(P,G,) is coherent as an Og-module. Hence f|¢ is contained in a subring R of
H°(G,G,) over Og such that Spec(R) — S is finite. Since G — S is smooth and
geometrically connected, such an R coincides with Og. Hence f|g is 0. Further,
let p+ G be any G-orbit in A, where p: T'— A (T € (fs/S)) is a section of A
and + means the addition of A. Then p+ P D p+ G. Since p+ G is isomorphic
to G and p + P is isomorphic to P, sumlarly as above, f|,+¢ is constant. Thus
f induces a morphism A/G — G,. Let f A/G — A/G — G, be the composite
morphism. Take a finitely generated subcone o of C' such that no (n > 1) cover
C. (Such a cone exists. Indeed, the cone ¢ = C(1) in [8] 3.4.9 satisfies the
condition, as is seen in ibid. 3.4.10.) Then, V(no) (n > 1) cover A/G. By [11]
Lemma 9.10, the restriction of fto V(no) for each n > 1 is constant and hence
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is 0. Thus we conclude fv: 0 and f=0. [

This proposition together with Proposition 6.2 completes the proof of Propo-
sition 2.1.

12.2. We prove Proposition 2.3. This is a consequence of Lemma 3.1, Lemma
3.4 and Proposition 12.1 just proved.

12.3 LEMMA. Let S be an fs log scheme, and A a weak log abelian variety over
S satisfying the condition 1.4.1. Let F' = Gy, Glog, 07 Gilog/ G-
(1) The canonical homomorphism Ext(A, F') — H'(A, F) is injective.
(2) For 0 € H' (A, F), the following are equivalent:
(i) 0 € Ext(A, F);
(ii) p*(0) = pri(0) + pry(0) in H'(A xg A, F), where p: A xg A — A
denotes the sum of A.
We remark that the condition (ii) in (2) implies that e*(#) = 0 in H'(S, F),
where e: S — A denotes the zero section of A.

Proof. This follows from Lemma 3.9 and Proposition 12.1. O

We have more results for G, jog/G,-torsors.

12.4 PROPOSITION. Let S be an fs log scheme whose underlying scheme is
strictly local. Let s be the closed point of S endowed with the inverse image
log structure from S. Let A be a weak log abelian variety over S satisfying the
condition 1.4.1. Then,

HY (A, Gtog/Gm) — H'Y(A X5 5,Gp10g/Gin)
18 1njective.
Proof. Let L be a Gy, 105/ Gm-torsor on A. Assume that the pullback of L (de-
noted by the same notation) to A, := A X5 s has a section. Take a covering by

proper models P — A by Proposition 11.1. (Here we use the assumption 1.4.1.)
Consider the commutative diagram

H°(A,L) — HYP,L) = HYPx,PL)

\J \J \J
HY(A,,L) — H(P, L) = H%P, x4, P, L)

with exact rows, where P, := P Xg s. Since the right and the middle vertical
arrows are isomorphisms by the proper base change theorem and by the fact
that the pullback of L as a Gy, 10g/Gp-torsor with respect to a strict morphism
coincides with the pullback of L as a sheaf of sets. Hence L has a section on
A. m
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12.5. We prove the cubic isomorphism stated in Theorem 2.2. By Lemma 3.5
and Proposition 2.1 (proved after Proposition 12.1), it is enough to show the first
statement of Theorem 2.2 (1) (cf. 6.16).

The case of constant degeneration (a) is shown in 8.9.

We prove the case (b). It is valid at each geometric point by (a). Then, by
Proposition 12.4, it holds if the base is strictly local (cf. Lemma 3.5 (i) < (ii)).
Then it holds étale locally. Since the isomorphisms are canonical, they glue. This
completes the case (b).

We prove the case (c). First consider the case of G,,. By the case (a), we
already have the cubic isomorphism on every log locus (including the nonreduced
ones). We may assume that S is affine. Let R = I'(S, Og). For an fs log scheme
T charted by an fs monoid P and a face F' of P, we temporarily call the subset
{t € T'| the set of the elements of P which are invertible at ¢ is F'} of T' the F-
locus. For a point s € S, let ry be the number of the faces F' of P := (Mg/O% )5
such that the F-locus of the strict localization of S at s is not empty. We proceed

by induction on r := suprs. We may assume that there are an fs chart P for
ses

S and a point s € S such that the induced homomorphism P — (Mg/O%)s
is bijective and such that the closure of each nonempty F-locus, where F' is a
face of P, contains s. If the log of S is not locally constant, then there is a
nontrivial face F' of P such that the F-locus S’ is not empty. Take a nontrivial
element f of F. Then r for Spec(R[%]) is strictly less than that for R because
this open subscheme does not intersect with the {0}-locus, where 0 is the unit
element of P. Further, for each n > 1, r for Spec(R/f"R) is also strictly less
than that for R because this subscheme does not intersect with the locus 5.
Hence, by the induction hypothesis, the cubic isomorphisms exist on both. Let

R = l&n(R/ f"R). We see that the cubic isomorphism exists on Spec(R) by

GAGFnas follows. Take a covering by proper models P — A by Proposition
11.1. Then the cubic isomorphisms on Spec(R/f"R) (n > 1) induce a formal
isomorphism on P ®p R, which gives the algebraic isomorphism by the classical
GAGF. The last isomorphism descends to A ®p R.

Further, since R is noetherian, the natural sequence

0—R— R[}]&R— R[}] =0

of R-modules is exact (cf. [9] Proposition 9.9 with R’ = R and F = G,). Since

f?[%] is flat over R, via this exact sequence, the cubic isomorphisms on Spec(R[%])

and on Spec(R) yield the cubic isomorphism on Spec(R), which completes the

~

proof of the case of G,,.
Next consider the case of Gy, 105 Let N be the left-hand-side of the cubic
isomorphism. We want to prove N =2 G, 1os. By the case (b), we see that N
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comes from a G,,-torsor Ny over A. This Ny has a canonical section on each log
locus by the case (a). By the same argument in the case of G,,, these canonical
sections glue into a global one. Thus Ny has a canonical section and N also.

12.6. We prove Proposition 2.4. This is by Lemma 3.8, Proposition 2.1, and
Theorem 2.2.

Till 12.12, we prove Proposition 1.6. First, we note the following fact, which
will be used in the proof of Proposition 12.8.

12.7 PROPOSITION. Let A be a weak log abelian variety over an fs log scheme
S. Then A is locally of finite presentation.

Proof. This is because G and Q/Y are locally of finite presentation and the
canonical homomorphism lim #1(S),G) — H'(lim Sy, G) is injective, where
(Sx)a is a cofiltered projective system of affine fs log schemes over S whose
transition morphisms are strict. O

12.8 PROPOSITION. Let A be a weak log abelian variety over an fs log scheme S
satisfying the condition 1.4.1. Let (S))x be a cofiltered projective system of affine
fs log schemes over S whose transition morphisms are strict. Let Sy, = I'&H/\ Shi.
Let Ay (for any A\) and A, be the base-changed object of A over S\ and Su
respectively. Let F' = Gy, Gitog, 07 (Gintog/Gim)xet, where the last one is the két
sheafification of G, 1og/Gr. Then the following holds.

(1) h&’l)\ Ethét(A)\, F) = Ethét(Aoo, F)

(2) hﬂA Biextkét(A,\, A)\; F) = Biethét(Aoo, Aoo; F)

(3) hﬂk Biethym,két(A/\, AA; F) = BieXtSymkét (Aoo, Aoo; F)

(4) Assume that Sy is noetherian if F' = G, or Gy, 105. Then

hﬂHllét(AA’F) - Hllét(AomF)'
A

12.8.1 REMARK. We remark the following.

(1) The proof below also shows the following: In (4) and in the cases of G,,
and Gy, 1og, the canonical homomorphism from the left-hand-side to the right-
hand-side is injective under the assumption that each S\ is noetherian instead
of that S, is noetherian.

(2) Under the same assumption as in Proposition 12.8, we have ligq/\HO(AA, F)
= H%(Aw, F) for F = G, Gtogy Gintog/Gm, and (Gpyog/Gin)ksr. This is re-
duced to the case of A = S by Proposition 12.1.

Proof. To see (1) (resp. (2), resp. (3), resp. (4)), it is enough to show that we can
describe a (két) extension (resp. a biextension, resp. a symmetric biextension,
resp. a torsor) by some finite data (more precisely, a finite number of fs log
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schemes of finite presentation over the base and a finite number of morphisms
between them, which can be spread out) as follows.

To this end, we may assume that there are a homomorphism from an fs
monoid § — Mg/Og, an admissible pairing X x Y — S® and exact sequences
0+G—>A—>Q/Y 50and 0 — G — A — Q — 0 as in 1.7. Further, we may
assume that there is a prime number ¢ which is invertible on the base.

Take a finitely generated subcone o in C' such that |J, "0 = C, where
("o is defined in [11] 2.2 (cf. the proof of Proposition 12.1). Then, we have
U, V(o) = Q. Let I := A c A be the part corresponding to o, that is,
the pullback of V(o). Let J = A®'9) c I. We have a surjection of két sheaves
J — I ; o+ 2* (cf. [11] Theorem 5.1). Note that here it is essential for us to
work with két topology.

To show (1), it is enough to see limy Ext(A,, F) = Ext(Aw, F) in this setting.

In fact, giving an extension F on A is equivalent to giving an extension Eon A
endowed with a homomorphism Y — E which lifts the homomorphism Y — A.
So, by taking care of Y by Proposition 12.7, we see that if we can treat an
extension on g, then we can do with an extension on A also.

As for extensions on g, there is a categorical equivalence between the cat-
egory of the extensions on A and that of the torsors L on I endowed with
an isomorphism i: p*(L) = pri(L)prs(L) on J x J satistying a certain set
of conditions, where pu, pr;, and pr, are the map J x J — [ induced by
the summation, the first projection, and the second projection, respectively.
We explain the above-mentioned set of conditions. Let (L,i) be the pair as
above. Then, using the existence of the isomorphism ¢, we can show that
L% restricted to J descends to J/G[f], and canonically isomorphic to L via
¢: J/G[f] = I. Hence, we can glue the push by ¢"-multiplication of L®" on
I/G[("] to A" and get a torsor on A. The above-mentioned set of condi-
tions are the ones for this torsor on A to make an extension. For example, for
the associativity, we impose the condition that the composite of isomorphisms
pri(L)pr3(L)pri(L) = (u, prg) p*(L) = (pry, p)*p* (L) = pri(L)prs(L)pr;(L) on
K x K x K, where K = Al?0) , is the identity. We have to impose more compat-
ibilities, though we do not erte down here. Thus we can describe an extension
on A by finite data in the above sense so that the desired statement (1) follows.

We proceed to (2). As for the biextension, more complicated but simi-
lar argument works. There is a categorical equivalence between the category
of the biextensions on A and that of the torsors L on I endowed with an
isomorphism i: puj,(L) = pris(L)pris(L) on J x J x I and an isomorphism
g pss(L) = prig(L)pris(L) on I x J x J satisfying a certain set of condi-
tions, where pq and pr, are the maps induced by the summation of a-th
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component and b-th component and by the projections to a-th and b-th com-
ponents, respectively. From these isomorphisms, we can see that L®’ restricted
to J x J descends to J/G[] x J/G[f]. Hence L®" also descends. The de-
scended L& is isomorphic to the original one via ¢-multiplication. Hence, we
can glue the push by ¢"-multiplication of L®*" on I/G[("] to A"® and get
a torsor on A. The above-mentioned set of conditions are the ones for this
torsor on A to make a biextension. In particular, besides the conditions on
the associativity etc. with respect to ¢ or j, which are similar to the case of
the extension, we need the compatibility of ¢ and 7, that is, that the com-
posite of isomorphisms pris(L)pri,(L)prs;(L)prs, (L) = (u, pry, pry) uss(L) =
(pry, pry, 1) pia(L) = prig(L)prig(L)prys(L)pris(L) on J x J x J x J is the iden-
tity. We omit here the other conditions. Thus we can describe a biextension by
finite data.

(3) is reduced to (2) by taking symmetric parts.

Finally we show (4). We may assume that each S is noetherian. First we
claim that the natural homomorphism lim Hi(Sx, F) = Hi,(Sx0, F) is bijec-
tive for any i. (Below, only the cases ¢ = 1,2 are necessary.) Since (G, o5/ Gm ket
is compatible with the pullback with respect to a strict morphism, the case where
F = (Gp1og/Gm)ket is reduced to the standard property of két cohomology. In
the other cases where F' = G, or G, 14, since ligl(Soo — S\)*F = F, the map
concerned is bijective again by the standard property of két cohomology, which
completes the proof of the claim.

To prove (4), we describe a torsor by finite data. To this end, the cubic
isomorphism is crucial. By the cubic isomorphism, we already proved Proposition
2.4 (12.6), which implies the két version of it, that is, we have an exact sequence

0— gl’tkét(A, F) — Hll(ét<A, F) ﬂ) Bz’ea:tsym,két(A, A; F)

The pullback to the diagonal d satisfies pod = 2. Let L be any torsor. Since
on the part of the biextension the pullback n: A — A acts by the multiplication
by n?, the pullback 2*L satisfies p(2*L) = 4p(L). Hence p(2*L — d(2p(L))) =
4dp(L) —4p(L) = 0 and 2*L — d(2p(L)) comes from an extension. Therefore, if
any extension and biextension can be written by some finite data, then, 2*L can
be also. Then, by applying the kummer log flat descent to 2: A — A, we can
also write the original L by finite data. Thus (1)—(3) together with the above
claim imply (4). O

Next we prove a non-két variant of (4) of the above proposition.

12.9 LEMMA. Let the notation and the assumption be as in Proposition 12.8.
Let F' = Gy, Gpitogs 07 Gintog/Gim. In the cases of Gy, and Gy, 1o, assume
further that S is noetherian. In the case of Gy log/Gm, assume further that
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there are two distinct primes which are invertible on S,.. Then the natural map

liny 2, (Ax, F') = HY (A, F')
A

18 injective.

Proof. By Proposition 12.8 (4), it is enough to show the injectivity of H}, (A, F”)
— Hi (A, e.(F")xet), where (F')yg is the két sheafification of F”. Since G,, and
Gm 10 are két sheaves, these cases are proved.

As for the case of Gy 10/ G, since we have not yet proved that HE, (A, G, 1og
/G) = HL (A e.((Grtog/Gm )xet)) 1s injective, we argue as follows. By assump-
tion, we may assume that there are two distinct primes ¢; and ¢5 which are
invertible on all Sy. For an integer n invertible on all Sy, we consider the n-két
topology, which is an intermediate one between két topology and the usual étale
topology. Roughly, it admits only the két covering consisting of n-két morphisms;
a két morphism is n-két if and only if the cokernel of each stalk of the homo-
morphism between M /O* is killed by a power of n. See the remark below for a
more precise definition of n-két topology. Then, the n-két variant of Proposition
12.8 (4) holds by the same proof. Consider the exact sequence

By tensoring it with G, 105/Gy on A, we have an exact sequence

0— Gm,log/Gm — GmJog/Gm X Z[l/gl] D Gm,log/Gm (029 Z[l/ﬁg]
— Gm,log/Gm ® Z[l/élgg] —0

on A. Since HY (A, —) of the last exact sequence coincides with that on S
(cf. 6.4.2), by using €4,+((Gmiog/Gm)eket) = Gmiog/Gm @ Z[1/4;], where &,
is the projection from the ¢;-két site to the usual étale site, we obtain an in-
jective homomorphism Hj (A, Gpiog/Gm) — HE (A, e0,((Gtog/Gm)exet)) @
HZ (A, 20,((Gintog/Gim)sket)) and hence an injective homomorphism H} (A,

G og/Gm) — Hell-két(A’ (Grmog/Gm) ey xet) © Helg-két (A, (Ginog/Gim)ryxer)- Thus,
the desired injectivity reduces to ¢;-két variant of Proposition 12.8 (4). O

12.10 REMARK. We give a more precise definition of n-két topology used in
the above proof. Let n be a positive integer. A morphism f: T — S of fs log
schemes is n-két if it is kummer, log étale, and for any ¢ € T, the cokernel of
the homomorphism (MS/OS)%) — (M7 /Orp)% is killed by a power of n. A két
covering (T; — 5); is called an n-két covering if every T; — S is n-két. Then
the n-két coverings give a topology of the big site of S, which we call the n-két
topology.
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As an application of Lemma 12.9, we have

12.11 PROPOSITION. Let A be a weak log abelian variety over an fs log scheme
S. Assume that A satisfies the condition 1.4.1. Then the natural homomorphism

H(S, R f.(Gniog/Gm)) = [ [ HG, B (f X5 5)e(Crntos/Gom))

seS
is injective, where f is the structure morphism of A over S.
Proof. This is reduced to Proposition 12.4 by Lemma 12.9. O]

12.12. We prove Proposition 1.6. Proposition 1.6 (2) is already seen in 5.2. We
prove Proposition 1.6 (1). We explain how we can prove it if we have a proof of
the usual étale variant of Proposition 12.8 (3). After that, since we have not yet
proved it in actual, we explain how to modify the proof.

By Proposition 2.3, it is enough to show that the canonical homomorphism

Hom( (Y, X) = Biettsym(A, A; Guiog/Gm)

given by 2.7 is an isomorphism. Assume that, for the present, the usual étale
variant of Proposition 12.8 (3) holds. Let F; = Hom( ,(Y,X) and F, =
Biextsym (A, A; Gplog/Gr). We prove that Fy(T) — Fy(T) is an isomorphism
for any fs log scheme T over S. Since F} and F, are locally of finite presenta-
tion (here we use the usual étale variant of Proposition 12.8 (3) for F3), we may
assume that the underlying scheme of T is the spectrum of a strictly local ring
(R,m). Since we have F|(R/m) = F5(R/m) by the case of constant degeneration
(6.18), it is enough to show the following two statements.

(*) Fi(R) — Fi(R/m) is bijective.
(%) Fy(R) — Fy(R/m) is injective.

We prove (). Let s be the closed point of Spec R. First Fy(R) — Fi(R/m)
is injective because the map ¥ — X is determined by Yz — X5 (for Y: — 7;
is surjective for any generization t of s). Next, using the nondegeneracy of the
pairing X x Y — Mg/O%, we prove the surjectivity of Fy(R) — Fy(R/m) as
follows. Let ¢: Y5 — X5 be a homomorphism which is compatible with { | ).
It suffices to prove that, for any generization ¢ of s, the map Y5 — Xz — X3
factors through Y5 — Y7 Let y be in the kernel of Y5 — Y7 Then we have
(¥(2),y) = 0 at t for any 2z € Y. Hence (¥(y),z) = 0 at t for any z. By the
nondegeneracy, 1 (y) = 0 at t follows.

We prove (xx). First we prove that the natural homomorphism f: Fy —
HY (A x A, Gyjog/Gr) is injective. By Proposition 2.3 (proved in 12.2) and
Proposition 2.4 (proved in 12.6), we have Fy C Hom(A, Ext* (A, Giiog/Gim)) C
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Hom (A, H' (A, Guiog/Gm)) C HO(A, HY(A, Giniog/Gr)). Since this inclusion
factors through f, the homomorphism f is injective. Hence, (*x) is reduced
to the injectivity of H'(A X A, Giog/Gm)(R) = HY (A X A, Gptog/Gum)(R/m).
This is by Proposition 12.4 because A x A satisfies the condition 1.4.1.

We explain how to modify the above argument. Since the statement is local,
we may assume that there are two distinct primes ¢; and ¢; which are invertible
on S. Let n be either £y, ¢y, or {105. If we replace Fy by Fi[1/n] := F1®Z[1/n] and
F; by its n-két version F}' (cf. the proof for Lemma 12.9), then, since the n-két
variant of Proposition 12.8 (3) holds and since the n-két variant of Proposition
12.4 also holds, we can obtain the proof of Fi[1/n] = Fj' by modifying the above
proof. (Here we remark that, instead of strict localization, we have to work with
strict n-két localization. Then we lost noetherianness and everything should be
thought as limits. Further, in 6.4.2, X should be replaced by X ® Z[1/n]; then
the same proof in Section 6 shows the n-két version of the isomorphism for the
residue field.)

Now consider the diagram

0 > F} % Fl[]_/gl]@Fl[l/fg] —_— Fl[]_/glgg]
Fy, —— Fi' @ Fp —  Fi

The upper row is exact. The lower row is a complex and the first arrow is injec-
tive. Then the left vertical arrow is bijective. (Hence, Fy' = Fi[1/n] = Fy[1/n].)
Here the injectivity of the first arrow in the lower row is reduced to that of
H (A, Goog/Gim) = Hy 1o (A (Grntog/ Gm) trrer) © Hiy 5 (A, (Gintog/Grm ) tp-ket)
in the proof of Proposition 12.9. This completes the proof of the fact that
Hom, >(7, X) - Biextsym (A, A; G jog/Grm) is an isomorphism.

Next, we prove that Biextsym(A/G, A/G; G iog/Gr) — Biextgym (A, A; G tog/
G,,) is injective, which completes the proof of Proposition 1.6 (1). By Proposi-
tion 2.3 and Lemma 2.6 (4) (proved in 5.1), we reduce the desired injectivity to
that of Hom(A/G, Ext(A/G, Gpog/Gm)) — Hom(A, Ext(A, G tog/Grm)). This
is reduced to the vanishing of Hom(G, Gy, 10e/Gr) ([9] Lemma 6.1.1).

12.13. The statement at the beginning of 4.14 is reduced to that the sheaf
F =Hom (Y, X) has the property F(R) = F(R/m) for any strictly local ring
(R, m), which we already showed in 12.12 (x).

12.14. We prove Theorem 1.11. As we explained in the beginning of Section 9,
this is implied by Theorem 9.1 and Proposition 1.6.
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