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Abstract. As a continuation work, we consider a second order nonlinear dif-
ferential equation denoted in the title. We show the domains of its solutions
and have analytical expressions valid in the neighbourhoods of the ends of these
domains. In this way, we clarify asymptotic behaviour of all solutions. We then
find a regulary varying solution and represent this with the help of an asymp-
totic expansion of a solution of a nonlinear differential equation with an irregular
singular point.

1. Introduction

In the papers [8, 9, 11, 13, 14, 16, 17, 18], we treat a second order nonlinear
differential equation

CL’” — toz)\—2x1+a ( I d/dt) (E)

where ¢, x are positive variables and a;, A are real parameters. As stated in those
papers, it is valuable to solve this, for this can be applied to many other fields
and many authors treat this or its general types (see [2, 4, 5, 6, 7, 19, etc.]).
Also, (E) has a remarkable property that (E) can be transformed into a first
order rational differential equation. This property was first discovered in [8] and
using this property, we have investigated asymptotic behaviour of all solutions
of (E).
However, in the case a < 0 we treated only the following cases:

(i) o<a<0, A<-—1, A>0, (ii)) a=X, A< -1, A>0

where A\g = —(2X + 1)2/4\(X + 1). So we here consider the case o < 0, A = 0,
namely

" =t (a<0). (Eo)

In this case, the transformation and the rational differential equation which we
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use have singular forms, and so we cannot treat this case and another case si-
multaneously.

We state the asymptotic behaviour of all solutions of (Ej) as our theorems in
Section 2. The proofs of these are carried out in Section 3. In these proofs, (Ep)
is shown to admit a slowly varying solution. For expressing this solution, we use
an asymptotic expansion of a solution of a nonliner differential equation in the
complex domain with an irregular singlular point. Here we say that a function
x(t) is regularly varying of index k if

t—00 :p(t)

for all ¥ > 0 and in particular, slowly varying if & = 0 ([1]). In this paper, the
solution is said to be slowly varying as ¢ — +0 instead of ¢t — oc.

For completing those proofs, it is sufficient to follow the discussion of [14]
and so we state only the outlines, except the discussion on the slowly varying

solution.
Finally, we note that the asymptotic behaviour of the solutions of (E) of
the case A = —1 is known directly from our conclusions via the transforma-

tion (t,z) — (1/t,z/t) of Panayotounakos and Sotiropoulos ([7]) and that this
equation has a regularly varying solution of index 1.

2. Statement of our theorems

Let us consider (Ej). First, put

Then we have y > 0, for x is a positive variable. Also, we get

dz  (a—1)2*+ ayz + o?y?

— = R

dy ayz ()
which is rewritten as a two dimensional autonomous system
dy dz 2 2,3

—=ayz —=(a—1)z"4+ayz+a« S

T =ayz oo =(a—1) y Y (5)

where s is a parameter. (R), (S) are the same as (2.10), (2.11) of [14] respetively.
The critical point of (.S) is only the origin in the region y > 0. As shown below,
the phase portrait of (5) is as in Figure.
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Figure The phase portrait of (5)

In this figure, OL denote the unique orbits such that

2 3/2 - —n/2
z:ioq/a_'_zy (1—#;2”?; (2.1)

in the neighbourhood of y = co, where z,, are constants. The orbits lying above
O, or below O_ are represented as

Z:r—lyw—lva{u 2 zmny—<1/2>m+<<a+2>/2a>”} (22)

m—+n>0

in the neighbourhood of y = oo, where I'; z,,, are constants. If the orbit tends
to the origin in z > 0, then this orbit is represented as

N-1
2z = —ay? <1 + Z zny" + O(yN)> asy — 0 (2.3)

n=1

where N is any integer (> 2) and z,, are constants, and if the orbit tends to the
origin in z < 0, then as

1+ Z Wny™ {y~*(hlogy + C)}n

m+n>0

z=ay (2.4)




102 I. TSUKAMOTO

in the neighbourhood of y = 0, where w,,,, h, C' are constants and h = 0 if
—1/a ¢ N.

Now, given an initial condition
z(ty) = A, 2'(tg)) =B (0<tp<oo, 0<A<oo, —c0o<B<), (I

we denote the solution of the initial value problem (Ey), (I) as © = z(t). From
x(t) we have a solution z = z(y) of (R) with the initial condition

z(yo) = 2o (2.5)
where
Yo = A%, 20 = atyA*'B,

for we get

— /
y=1x% z=otz* 'z

from (7) and (y, 2) = (yo, 20) if t = to. Also, from x(t) we have an orbit (y, z)
of (S) passing (yo, 20). Conversely, via (1) we get the solution z(t) of (Ey), (I)
from the solution z(y) of (R) with (2.5) or from the orbit (y,z) of (S) passing
(%0, 20)-

So, taking (to, A, B) of (I) and depending on where (yo, 29) lies, we state the
asymptotic behaviour of x(t). First, suppose —2 < a < 0.

THEOREM 1. If (yo,20) € O4, then xz(t) is defined for 0 < t < w, (here and
hereafter, w, denotes some positive constant). Also, x(t) is represented as the
following asymptotic expansion:

z(t) = (alogt + C) Vo |1+ Z Tmn(alogt +C)™™

0<m+n<N

x {(alogt+ C) 'log(alogt + C)}" + O((alog t)™N)] (2.6)

as t — +0, where C, x,, are constants, N is any integer (> 2), and xno = 0,
and as

o w2 1/a >
o(t) = {%} (wy —t)72/ {1 +) a(wy — t)"} (2.7)

)
in the neighbourhood of t = w,, where x, are constants.

Note that (2.6) is the slowly varying solution of (Fj).
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THEOREM 2. If (yo,20) lies in the region above O, then x(t) is defined for
0 <t <wy. Moreover x(t) is represented as (2.6) ast — +0, and as

z(t) = K(wy —t){l—i— Z T

m—+n>0

X (wy — )" @M, — t)((a+2)/2)n} (2.8)
in the neighbourhood of t = w,, where K, x,,, are constants.

THEOREM 3. If (o, 20) lies in the region between O and O_, then xz(t) is
defined for 0 <t < o0o. Also, x(t) is expressed as (2.6) as t — +0, and as

x(t) = Kt (1 + ) xmntam-") if —1/a¢N (2.9)

m+n>0
x(t) = Kt (1 + > t**pr(log t)) if —1ja €N (2.10)
k=1
in the neighbourhood of t = oo, where K, x,,, are constants and py are polyno-

mials with degpr < [—ak].

THEOREM 4. If (yo,20) € O_, then x(t) is defined for w_ <t < oo (here and
hereafter, w_ denotes some positive constant). Moreover x(t) is represented as

2 3 1/ 00
() = {M} (t—w )~ {1+Za¢n(t—w_)”} (2.11)

2
(e
n=1

in the neighbourhood of t = w_ where x,, are constants, and as (2.9), (2.10) in
the neighbourhood of t = c.

THEOREM 5. If (yo,20) lies in the region below O_, then x(t) is defined for
w_ <t <oo. Also, in the neighbourhood of t = w_, x(t) is represented as

X (t — w_)~@2m g —y_)at2)/2)n (2.12)

where K, &, are constants, and in the neighbourhood of t = oo, as (2.9), (2.10).
Next, suppose a < —2. Then we have the following:

THEOREM 6. The conclusion of Theorem 3 follows for all (yo, 20)-
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3. Proofs of our theorems

For the proofs, let us follow the discussion of [14]. First, put

w = y’Zz
in (R). Then we have

dw o +ow — (a+ 1)yw?
dy ay?w '

(3.1)

If v denotes an accumulation point of a solution of (3.1) as y — 0, then we get
v =—a,F00

from Lemma 3.1 of [14]. We here postpone the discussion on the case v = —a.
If v = 00, then we have (2.4) in the neighbourhood of y = 0 from Lemma 2.5
of [12] and the proof of Lemma 3.3 of [14] (and eventually we have v = —o0). If
we follow the discussion of Section 3 of [9], then from (2.4) we get (2.9), (2.10)
in the neighbourhood of ¢ = co.

Next, let us consider the case when y does not tend to 0. Following Section
4 of [14], we then conclude that y — oo, 2 — %00 as s tends to the end of the
domain of the orbit (y,z). Also, if we put y = 1/, z = 1/¢ and § = n=%/2(,
€ =n'/2, then we have

do 2
5(1_5 = —O‘Z 0 + 2£60° + 2a6°. (3.2)

Let 0 be an accumulation point of a solution of (3.2) as £ — 0 (namely, y — 00).
If -2 < a <0, then we get

1 2
0=0,%p (PZ— ot )
Qo 2

and if o < —2, then there exists no 9, namely y always tends to 0 as s tends to
the end of the domain of (y, z) (see the proof of Lemma 7.1 of [16]).

Suppose —2 < o < 0. If 6 = 0, then from Section 5 of [9] we have (2.2) and
from this, (2.7), (2.11) if z > 0, z < 0 respectively. In fact, y is increasing in ¢
as z > 0 and decreasing in t as z < 0 from z =ty of (T). Also if § = +p, then
from Lemma 2.5 of [12] and the proof of Lemma 4.4 of [14] we get (2.1) and from
this, (2.8), (2.12) if z > 0, z < 0, respectively. Here we draw the phase portrait
of (5) as in Figure from considering v, ¢ of (3.1), (3.2) and the direction of the
orbit of (5) (see Section 4 of [14]).
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Finally, let us discuss the case v = —a in (3.1). In this case, put = w + .
Then we have

de 0

2

— = (a+1Dy— = +--. .
ydy (a+1)y o (3.3)

and 8 - 0 asy — 0.
We really have such 6 from the orbits tending to the origin in z > 0. So, we
consider the nonlinear differential equation

dy

93"“% = flz,y) (3.4)

with an irregular singular point, more generally. Here z, y are complex variables,
o € N, and f(z,y) is a holomorphic function in the neighbourhood of (z,y) =
(0,0) such that

fley) =az+dy+ > apa’y
Jrk>2
(a, A, aji : constants, A # 0).
LEMMA. If (3.4) has a solution y(x) tending to 0 as x — 0 along a line £ in a

sector

—— < — )\<—
oargxr ar
9 g g 27

then we have
N-1
y(x) = ijl’j +0(@z™)  (p; : constants)
j=1
as x — 0 along €. Here N is any integer (> 2).

Proof. We first follow the discussion of [3] (Sections 4, 6 of Chapter IIT) and use
a formal transformation

Y= Z pjkl'jnk (pjx : constants with py; = 1)
J+k>0

which reduces (3.4) to

o
x0+17]/ =7 § Oljxj
J=0

where ag = A, a; are constants and ' = d/dz. From this, we have

o—1
n = Cgto M@ (C ta constant, A(z) =) ixﬂ'—a) ,

=) 7
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Next, we put

y=2z+ Py(z,n), Pn(z,n) Z pjkxj
JHk<N

and have
a7t = gN(x7 n, Z) (35)

where

gn(z,m,2) = (2, 2+ Py(z,n)— > jppa’ 0 = > kppa’n® Zoux

JHk<N JHk<N
Also, if we put
gn(z,1m,2 E bimain" 2!
j+k+1>0

then we have
boot = A, bjro =0 (j+k<N),
for (3.5) has a formal solution
Z ijxj n*
Jtk>N
Now, let us start our discussion. For sufficiently small |z| we have

3
_7"'7

g <argA(z) < 5

that is,
ReA(z) <0
since /£ lies in —7/2 < cargx — arg A < 7/2. Hence as z — 0 along ¢ we have
n — 0, x_ln — 0.

On the other hand, we get z = z(z) — 0 as x — 0 along ¢ from the assumption
y(x) — 0. Therefore we have

gy (@,1,2) = A(@)z + hn (@)
where A(z) is a holomorphic function of 2 # 0, hy(x) is that of 2, and
hy(x)

N

Az) = A, — byoo  as & — 0 along /.
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Hence from (3.5) we have
T N o
o= efzo Aa)e=o de </ hN(x)m—a—le* fmo Az)z ldxd:L‘ + O)
zo
where g is a nonzero constant on ¢, C'is a constant, and the paths of integration

are a segment connecting 0 and xy. Therefore if we put = re, xy = roe™,

A = pe™ then 6 is constant and

Re/ S\(x)x_(’_ldm:/ X(r, 0)r=~tdr

xo To
where
A(r,0) = Re A(z) cos 06 + Im A(z) sin 0.

Hence we have

|Z| <€Ref Maz)z—~ 1dx<

_efTO)\TG o= 1dr<

/ |hN | —o—1 fRef Mz)z—~ ldmd’r’ +|C|>

/ e () |0 Le™ Jro MO T gy \cy) .

Since A(z) = A, we get
X(r,0) — pcos(w — o) asr — 0

and
A, 0) > B cos(w — o) >

for sufficiently small r. Here, suppose r < ry. Then for sufficiently small ry we

have
/ A(r, 0)r—tdr < {B cos(w — 08)} <—T_ + TO_) v o0 asr — 0.
ro 2 o p
Hence from 1’'Hospital’s theorem we get
r —o—1,— T T, r—o—1lqdr
fro |hy(z)|r— e I3y Ar.0) dr . L -
TNE_ f:o S\(T’,Q)T*afldr p COS((,L) N 0_0) )

which implies
z=0(z") asz — 0 along /.

Therefore it completes the proof to put p; = pjo, for 7' — 0 as  — 0 along .
0
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If we put A = —1/a(>0),0 =1, z =y(>0), y =6 in (3.4), then we have
(3.3) and may take o argx — arg A = 0. Hence from this lemma, we get

N-1

8226ny”+0(y1\’) asy — 0

n=1
where 6, are constants and 6; = a(a + 1). Since § = w + «a, w = y~ 2z, we have

N-1
w=—a-+ ZGny"—l—O(yN)

n=1

and (2.3). Also, from (T') we get

N-1
i N 0,
ty' = —ay? (1 + Z 0.y" + O(yN)> (Qn = _E) :

n=1

Solving this, we have

=

1
—y ' (a4 1)logy + ényn_l + O(yN_l)

[\

= —alogt—C (én, C' : constants)

and from this,

y {1 + > amnym(ylogy)”} (1+0(y")) = (alogt +C)™

0<m+n<N
where a,,, are constants. As y — +0, we get t — 40 and

Y

— — L.
(alogt)—t

Hence we have
O(y™) = O((arlogt)™™)
and

y{1+ > amnym(ylogy)”}

0<m+n<N

= (alogt + C) {1+ O((alogt)™™)}. (3.6)
Taking the logarithms of both sides, we get

logy + Y mny™ (ylogy)" = —log(alogt + C)

m+n>0
+O((alogt)™)  (@my : constants) (3.7)
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and multiplying (3.6) with (3.7),

ylogy+ Y amay™ (ylogy)"

m4n>1
= —(alogt+ C) log(alogt + C) + O((alogt) N 'log(alogt))
(Gpp : constants). (3.8)

Note that the left hand sides of (3.6), (3.8) are functions of y, ylogy. Then
applying the inverse function theorem to (3.6), (3.8), we determine ¥y, ylog y and
in particular we have

y = (alogt+C) 1|1+ Z byn(alogt +C)™™

0<m+n<N
x{(alogt+ C) tlog(alogt + C)}" 4+ O((alogt)™)

(b, : constants).

This implies (2.6) from (7"). Now the proofs are complete.
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