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Abstract. Let C be a bounded closed and convex subset of an arbitrary Banach
space, whose diameter is M > 0, and let T': C — C be a Lipschitz continuous
and ¢-strong pseudocontraction with a unique fixed point p. In this paper, for
any 8 € (0,1) we determine a non-negative integer sequence {n(K)}, and with
respect to {n(K)} we show to construct Mann iterative sequence {x5} which has
the following rate estimate: For any K,

llzn —pl| < MBE for all n > n(K).

We also give estimates of n(K') from above.

1. Introduction

Let X be an arbitrary Banach space and let T' : X — X be a nonlinear
mapping such that the set F(T') of fixed points of T' is nonempty. Let J denote
the normalized duality mapping from X into 2X~ given by

J(x)={f € X*: (z, f) = ||lzII> = |£]I*},

where X* denotes the dual space of X, (-,-) denotes the duality pairing and ||-||
denotes the norm on X and X™* while there are no confusion.

A mapping T : D(T) — R(T) with domain D(T') and range R(T) in X is
called a strong pseudocontraction if there exists ¢ > 1 such that for all z,y €
D(T), there is j(x — y) € J(z — y) satisfying

, 1
(Tz —Ty,j(x —y)) < - e —y|*.

It is well-known that if T : X — X is a continuous and strong pseudocontraction,
then T has a unique fixed point p (see [8]). There are many results of strong
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convergence theorems to p; see, for instance, [1, 5, 6, 7, 9]. For the T, let
us consider the following Mann iterative sequence with a coefficient sequence
{tn} € [0,1]:

(1.1) {xOEX’

Tpg1 =ty Txn + (1 =)z, for all n € N U{0},

where N is the set of positive integers. In particular, when D(T) = C is a
nonempty closed convex and bounded subset of X and T : C — C is additionally
Lipschitz continuous with a Lipschitz constant L, Liu [6] gave a convergence rate
estimate of the {x,} as follows:

(1.2) [ns1 —pl < 0™ 0 —p|l for alln € N U{0},

where

k 1 k2
tpm e k=1-- d p=1—— "
2(3 + 3L + L?) c mer A(3 + 3L + L?)

Sastry and Babu [9] also showed, without condition of boundedness of C, that the
{z,} has the same convergence rate estimate as (1.2) for the following constant

p:
k2
4L+1)(L+2—-Fk)+2k

p=1-

In this paper, we give convergence rate estimate of {z,} involving the fol-
lowing mapping T. Let o : [0,00) — [0,00) be a function for which a(0) = 0
and the liminf, ,,, «(r) > 0 for every ro > 0. For a function «, a mapping
T : D(T) — R(T) is called an a-strong pseudocontraction with « if for all
z,y € D(T) there exists j(z — y) € J(z — y) such that

(Tz =Ty, j(z —y)) < e —yl* = alle - yl) llz - ]

Kirk and Morales [3, 4] showed that a continuous and a-strong pseudocontrac-
tion T on a closed convex subset C = D(T) = R(T) has a unique fixed point
p. The mapping T according to a strictly increasing function ¢ instead of «
is called a ¢-strong pseudocontraction. The case of ¢-strong pseudocontractions
has been studied extensively, and it is well-known that the class of strong pseu-
docontractions is a proper subset of the class of ¢-strong pseudocontractions
(see [1, 3, 5, 7, 11]). We give convergence rate estimates of Mann iterative
sequence involving a Lipschitz continuous and ¢-strong pseudocontraction 7' on
an arbitrary Banach space. Precisely, for this mapping 7" and any 8 € (0,1) we
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determine a non-negative integer sequence {n(K)}xenujoy and a coefficient se-
quence {t,} in a suitable way and we construct Mann iterative sequence with the
{tn} as (1.1) which satisfies the following rate estimate: For any non-negative
integer K,

(1.3) llzn — pl| < MBX for all n > n(K),

where M > 0 is a diameter of a bounded subset C. We also give estimate of
n(K) from above.

2. Lemmas

In this section, we shall prove two lemmas which are crucial in the proofs of
main results. Let No = N U {0} and let ® be the set of all strictly increasing
functions f : [0,00) — [0,00) with f(0) = 0. We can prove the first lemma by
using Kato’s lemma (see [2]).

LEMMA 1. Let C be a subset of a Banach space X and let T : C — C be a
¢-strong pseudocontraction with ¢ € ®. Then for any x,y € C with x # vy, the
following inequality holds:

le =y +H{{I =T =vayl)z = (I =T = Yy Dy}l = [z = wll for all ¢ >0,

_ $(lz—y])

where Yzy =

and I is an identity mapping.

Proof. From the definition of a ¢-strong pseudocontraction 7', we have that for
any z,y € C with = # y,

(Tw =Ty, j(x —y)) < o=y = é(|lz — yll) |« - y]

_q oz =yl e
_ ollz -yl

=( ) (& —y,i(z—y)).

= —yll
So, we have

((I=T=rzyl)z — (I =T = y2y D)y, j(z —y)) = 0.
From Kato’s lemma [2] this inequality is equivalent to

le—y+t{ =T = voyl)z = (I =T = Yo D)y}l = |z —yl| forall ¢>0.
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Let C be a bounded closed and convex subset of a Banach space X and let
M be 6(C) > 0, the diameter of C. Consider ¢ € ® such that the function v
defined by

{M if ¢e(0,M],

YO=1 "0 i =0

is increasing, lim;_,o4 () = 0 and 0 < ¢(t) < 1 for all ¢ € [0, M]. Such a ¢ is
said to be a P-function with % on [0, M].
For example,

¢(t):(%>2 for all ¢ € [0, M],

and

t
~ 141logM —logt

o(t) for all ¢ e (0,M], and ¢(0) =0

are P-functions on [0, M]. By virtue of Lemma 1, we obtain the following im-
portant lemma.

LEMMA 2. Let C be a bounded closed and conver subset of a Banach space
X. Suppose M = §(C) > 0, and let ¢ be a P-function with 1 on [0, M]. Let
T : C — C be ¢p-strongly pseudocontractive and Lipschitz continuous with a
Lipschitz constant L. Then, for any coefficient sequence {t,} C (0,1), Mann
iterative sequence {x,} defined by (1.1) has the following estimate: For a unique
fixed point p,

[Znt1 —pll < (1 —yntn + iti) |z —pll  for any n € No,
where vn, = Y(||ni1 — pl]) and L = 3 + 3L + L2

Proof. 1t is enough to consider the case of x,,+1 # p. Let v be any real number.
From 2,11 = t,Tx, + (1 — t,)x,, as in [6] we get
Ty = Tpt1 — Tz, +tha,
=1 +ty)xnt1 +tnd =T —yDxpy1 — tn(2 — Y)Tpt1
+tn(Tepir — Tap) + thay
=1 4+ty)xnt1 +tn(I =T —yDxpi1 — (2 = ¥)EnTan + (1 — t)2n)
+tn(Topy1 — Txy) + tho,
=1+t g1 +tn(I =T —yDzpiy — t2(2 =) (T — z1)
—tn(1 = Y)xpn + tn(Txpy1 — Txy).



For p, we also have
p=p—t,ITp+tnp
=(14+t)p+toa(I-T—~vDp—1t,(1 —7)p.
Thus we have
(2.1)

Tn—p=1+tn)(@ns1 —p) +t{I =T = y)zns1 — (I =T —I)p}
—tn(L =) (@0 = p) + ta(Txps1 — Tn) = t5(2 = 7)(Txn — )

t
= (1 +tn){xn+1 —-p+ 1 +nt ((I -T- ’YI)In+1 - (I - T—’}/I)p)}
—to(1 =) (wn —p) + tn(TTny1 — Tzp) — t%(2 -7 (Txn — z5)
and hence
tn
o =3l 2 (1-4t0) s =94 L2 AT =T = 3000 = (1= T = 20}
n

—tn [l = )(@n = P)|| = tn [T2nt1 — Tzall — £ |2 = v)(@n — Tzy)| -
Here, since we have from Lemma 1 for ~,

tn
+ tn

st — P+ P {(I = T =y Dnss — (I — T—%I)p}H > ewss - ol

1
we obtain from (2. 1), using 7, instead of ~,

lzn —pll = (1 +t0) |01 — pll = ta(l = Y) |0 — pll = tn [ TTny1 — Tyl
- ti(2 - 'Yn) ”xn - Tan

and this inequality implies
(2.2)
{1+ ta( =)} lzn = pll + ta [T2nr1 — Tanll + 652 = 70) 2 — Tan|
2 (1 +tn) [znsr —pll-
Since T is Lipschitz continuous with a Lipschitz constant L, we have

ty | Tans1r — Tan| + ti@ =) [z — Ty
< toL|{tnTxn + (1 —tn)xn} — 4]

+ ti(2 =) lzn — Ty
= tiL [Tzn — | + ti(2 = Yn) [ Tzn — 24|
=oAL+ (2= 1)} [ T2n —p+p — zal
<AL+ (2= )L+ 1) [lzn —pll.-
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Thus we obtain from (2. 2)

{1+ @ = yn)ta} lzn —pl + AL+ (2 = y) HL + 1) lzn — pl
z (L+tn) lzne — pll-

This implies that

(2.3)  llenta —pll

_ i+ (=)t}
- (1+t,)

2{L+(2—7)}L+1)
(1+t,)

[2n = pll + [n — pl|-

Moreover, since we have

14 (1 =)t

PRI (14 (1 )1 =t 4 £2)
=14 (1 = y)tn + (—tn +12) + (1 — y)tn(—tn +12)
=1 — yutn + 12 — (1 = 40)(1 — t,)t2

S 1_'Yntn+t$m

we obtain from (2. 3)
L+ (1= )tn AL+ (2= )L+ 1)
1+t, 1+t,
< (L= ntn +t3) 20 = pll + t2{L + (2 = ) }(L + 1) ||z, — p||
= (1 = ntn) lzn — pll
+ {1+ LIL+1) + (2 = ) (L + 1)} [[zn — pl|
< {1 —yptn +t2(3+ 3L+ L)} ||lzn — pl|-

[ 241 —pll < l2n — pll + [z = pll

N

Setting L = 3 4+ 3L + L?, we obtain that

|Zni1 —pll < (1= yntn + Lt2) |z, — p|| for all n e Ny.

3. Main Results

Let C be a bounded closed and convex subset of a Banach space X, and
suppose M = §(C) > 0. Let ¢ be a P-function with ¢ on [0, M], and let
T : C — C be ¢-strongly pseudocontractive and Lipschitz continuous with a
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Lipschitz constant L. Set L = (3 + 3L 4 L?) and define a function Cr : (0,1] —
(0,1) as follows:

1 2
Cr(a)=1- E(w(Ma)) for all «a € (0,1].

Then Cr(ay) < Cr(az) for a1 > as since 9(t) is increasing. Fix 3 € (0,1). For
a sufficiently large K € Ny, we have

B < Cr(B5) =1 - —((MBF))? < 1.

4L
For any K € Ny, define mg depending on § as follows:
(3.1) mg =min{m € N: (Cr(p5)™ <3}.

Then my < mx 1 and (Cp(B%))™ < B for n > my. Moreover, define ng(0) =0
and

ng(K):nﬂ(K—l)—FmK, K eN.

Then we have
K K
(3.2) ng(K):ng(O)-i-ij:ij, K e N.
Jj=1 Jj=1
Denoting ng(K) by n(K) for simplification, we have that 0 = n(0) < n(1) <
- < n(K) < --- For each n € Ny we can find some K € N such that
n(K —1) <n < n(K). So, using such a K, define ¢,, by

_ 1 K
(3.3) tn = 2E¢(Mﬁ )-

With respect to this coefficient sequence {t,}, let us construct Mann iterative
sequence {z,} C C as (1.1):

T € C,
Tnt1 =t Txy + (1 —t,)x,, n € Np.

Then, we obtain the following theorem concerning convergence rate.

THEOREM 1. Let C be a bounded closed convez subset of a Banach space X.
Let ¢ be a P-function with ¢ on [0,M], and let T : C — C be ¢-strongly
pseudcontractive and Lipschitz continuous with a Lipschitz constant L. For B €
(0,1), define {n(K)}ken, by (3.2) and suppose the coefficient sequence {t,} is
determined by the {n(K)}ken, as (3.3). Then Mann iterative sequence {x,}
constructed by {t,} as (1.1) has the following convergence rate estimate: For
any K € Ny,

l|zn — p|| < MBE for all n > n(K).
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Proof. Suppose 8 € (0,1) is fixed. For this 8 € (0, 1), consider {n(K)}xen,
and the Mann iterative sequence {z,} with the coefficient sequence {t,} de-
fined by (3.3). We first prove that ||xn(K) —p|| < Mp¥ for all K € Ny by
induction. Because M = 4(C), we have ”l’n(o) —pH < M = MB3°. Assume
that Hxn(K_l) —pH < MpBE-! for some K € N. Then we shall show that
||xn(K) —pH < MpB%. Note first that n(K) = n(K — 1) + mg. From Lemma 2
we have

[Zn(x) =P < (1= Ynr)-1tn(x)—1 + Ltarey—1) | Tn)-1 = 1

1
= {1 —¥(||znx) —p||)i¢(MﬁK)

1
+ E(w(MﬁK))2} |Znx)—1 — p|| -

If H:cn(K) —p|| > MBX, then we have w(Hxn(K) —pH) > (MBX) from the
increasing property of ¢. So we have

1
|l Zncry — p|| < {1 = ¥(||znx) —PH)EZZJ(M/BK)
1

+ E(Zb(MﬂK))Q} |l Zncy)—1 — p||
1 1
<{1- w(MﬂK)E#)(MﬂK) + Ew(MﬂK))z} |Zn(x)—1 — D

1
={l- E(i/’(MﬂK))z} |Zn(x)-1 — P

= OT(/@K) Héﬂn(K)—l —PH .
Thus we obtain
[@n(r) = pl| < max{MBX, Cr(B") ||zam)-1 —p|}-

Similarly, since H:cn(K),l —pH < max{Mp¥, Cr(B%) Hxn(K),g -p

}, we have
|Zn(ry — p|| < max{MB"X, Cr(B%)MB™,(Cr(B%))? ||znu)—2 — p[|}-

Since 0 < Cr(B%) < 1, we have

(3.4) |Zn(r) — p| < max{MBX, (Cr(8"))*||#nix)-2 — p||}-

From mg-times repeating such a way and by the inductive assumption, we have

|Zn(x) — p|| < max{MB"X, (Cr(8%)™ ||znx-1) — p||}
< max{MB", B ||xnrx—1) — p||}
< max{MpBX, pMpE-1}
= MpE.



Hence we obtain by induction
Ha:n(K) —pH < MBE forall K e Np.
Next, we shall prove that for all K € Ny and m € N with 0 <m < mgy1,
[@n()+m — pl| < MBE.
Similarly as the above, if ||xn(K)+m — pH > MB¥, then we get that
| Zn(x)+m — || < {1 = V() +m—1tn(E)+m—1
+ Lt} gy 1) [En()4m—1 — 1|

= {1 = 6([rnaem — D=0 (MBEH)
+ = OLF )2 i) s — 7]
_ Ky L K41
< {1 - $(MB) -y (MG

+ i(iﬁ(MﬁKH))Q} | Zn () +m—1 — 1|

4I
< {1 - G(MBE) -y (MK
1
+ E(¢(M5K+1))2} ||90n(K)+m—1 - PH
1
= {1 - E(w(M/BK-’_l))z} Hmn(K)—i-m—l —PH
= CT(ﬂK-Hl) ”xn(K)-i-m—l _pH .

Thus we obtain

Hxn(K)+m - pH < maX{MﬂKa CT(ﬂK+1) Hxn(K)+m—l _pH}
Repeating similarly, we have
|z +m = pl| < max{MB", (Cr (B ))™ ||2a) — pl[}
< max{MpBX, Cr(BETHmMBEY
< Mp~.
So, we obtain that for all K € Ny and m € N with 0 < m < mg41,

As a consequence, noting ||mn(K+1) —pH < MBK+1 < MpBX, we have that for
any K € Ny,

|z, —p|| < MBE for all n > n(K).
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Next, for a given § and for a P-function ¢, we shall give estimates of {n(K)}x
defined by (3.2). For the sake of simplification, we assume that M = 1.

THEOREM 2. Under the assumption of the previous theorem, the following
holds:

K
n(K) < (1+log 3)K — 8L(log 3) Z K € N.
]:1

Moreover, in the case of B = %, the following hold:
(1) If p(t) =12, i.e., Y(t) = t, then

2L
n(K) <(1-1log2)K + 3?4Klog2, K € N;

(2) if 9(0) =0 and ¢(t) = #Ogt, t€(0,1], i.e., ¥(0) =0 and

vl =g 101,
then for any K € N,
n(K) < {1+ (8L —1)(log2)} K + 8L(log 2)’K (K +1)
% (log 2)° K (K + 1)(2K + 1),

Proof. Let {m;}jen be the sequence defined by (3.1). For any = € (0,00),
define

[] = max{n € Ny:n <z}

Then, we have, for any j € N,

1
log 3
< e

The Taylor expansion of log(1 + s) gives the following equation:

S )
log O (87)  log(1 — 7= (v(87))?)
1

O MR w(B)H)r
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Since (1) > (3)" for all r € N, we have that

(-1 1
log Cr(87) = Yo (& (4(59))?)

Thus, we obtain

j=1 j=1
& 8L
1 :
K
= K(1+1logp)
]:1
(1) From 3 = § and t(t) =t, we have
K
n(K) < K(1—1log2) +8L(log2) > 4/
j=1

32 -
= K(1—1log2) + EL(log 2)4K.

(2) From 3 =1, 4(0) = 0 and ¢(t) = @, t €(0,1], i.e., ¥(0) = 0 and
1

Tﬁ(t) = IOg(z)a te (07 1])

we have

K
n(K) < K(1—1log2) +8L(log2) Y ( 1og—)2
j=1

K
< K(1 —1log2) + 8L(log?2) Z 1+ jlog2)?
j=1

< K(1-log2)
2

(log2)
6

+8L(log 2){K + (log2) K (K + 1) + K(K +1)(2K +1)}.
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These results seem to show that the convergence rate of the iterative sequence

{zn} with ¢(t) = 7=z is better than that with ¢(t) = .

Acknowledgement. The authors thank the referee for very useful com-
ments.

References

[1] C.E. Chidume, Iterative approximation of fixed points of Lipschitzian strictly pseudo-
contractive mappings, Proc. Amer. Math. Soc., 99 (1987), 283-288.

[2] T. Kato, Nonlinear semigroup and evolution equations, J. Math. Soc. Japan, 19 (1967),
508-511.

[3] W.A. Kirk and C.H. Morales, Fixed point theorems for local strong pseudo-contractions,
Nonlinear Anal., 4 (1980), 363-368.

[4] W.A. Kirk and C.H. Morales, Nonezpansive mappings: boundary/inwardness conditions
and local theory. Handbook of Metric Fixed Point Theory, Kluwer Academic Publishers,
2001, pp. 299-321.

[5] L. Liu, Fixed points of local strictly pseudocontractive mappings using Mann and
Ishikawa iteration with errors, Indian J. Pure Appl. Math., 26 (1995), 649-659.

[6] L. Liu, Approximation of fixed points of a strictly pseudocontractive mapping, Proc.
Amer. Math. Soc., 125 (1997), 1363-1366.

[7] M.O. Osilike, Iterative solution of nonlinear equations of the ¢-strongly accretive type,
J. Math. Anal. Appl., 200 (1996), 259-271.

[8] S.Reich, Iterative methods for accretive sets, in Nonlinear Equations in Abstract Spaces,
Academic Press, New York, 1978, pp. 317-326.

[9] K.P.R. Sastry and G.V.R. Babu, Approximation of fixed points of strictly pseudocon-
tractive mappings on arbitrary closed, convex sets in a Banach space, Proc. Amer. Math.
Soc., 128 (2000), 2907-2909.

[10] W. Takahashi, Nonlinear Functional Analysis, Yokohama Publishers, Yokohama, 2000.

[11] H. Manaka Tamura, A note on Stevié’s iteration method, J. Math. Anal. Appl., 314
(2006), 382-389.

H. Manaka

Department of Mathematical and Computing Sciences,
Tokyo Institute of Technology,

Oh-okayama, Meguro-ku, Tokyo, 152-8552,

Japan

E-mail address: hirokom@lime.ocn.ne.jp

W. Takahashi

Department of Mathematical and Computing Sciences,
Tokyo Institute of Technology,

Oh-okayama, Meguro-ku, Tokyo, 152-8552,

Japan

E-mail address: wataru@is.titech.ac.jp



