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Abstract. In this paper, we introduce an iterative scheme by the viscosity
approximation method for finding a common element of the set of solutions of an
equilibrium problem and the set of fixed points of a nonexpansive mapping in real
Hilbert space. Then, we prove a strong convergence theorem which is connected
with Combettes and Hirstoaga’s result [2], Wittmann’s result [18] and Suzuki [12].
Using our theorem, we obtain two corollaries and consider the problem of finding
a minimizer of a convex function which is one of applicable example for the
equilibrium problem.

1. Introduction

Let H be a real Hilbert space and let C' be a nonempty closed convex subset
of H. Let T be a bifunction from C' x C to R, where R is the set of all real
numbers. The equilibrium problem for a bifunction T is to find € C such that

(1) T(x,y) >0foralyeC.

The set of solutions of (1) is denoted by EP(T). Given a proper lower semi-
continuous convex function g from C to R, let T'(z,y) = g(y) — g(z) for all
z,y € C. Then, z € EP(T) if and ouly if g(y) > g(z) for all y € C, ie., z is a
solution of the convex minimization problem which is connected to the convex
feasibility problem. Numerous problems in physics, optimization, and economics
reduce to find a solution of (1). Some methods have been proposed to solve the
equilibrium problem; see, for instance, [1], [3] and [8]. Recently, Combettes and
Hirstoaga [2] introduced an iterative scheme of finding the best approximation
to the initial data when EP(T) is nonempty and proved a strong convergence
theorem.
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A mapping S is called nonexpansive of C' into H if

Sz — Sy|| < ||z —y|| forall z,y € C.

We denote by F(S) the set of all fixed points of S. If C' C H is bounded, closed
and convex and S is a nonexpansive mapping of C into itself, then F(S) is
nonempty; for instance, see [15]. There are some methods for approximation of
fixed points of a nonexpansive mapping. Wittmann [18] introduced the following
iterative method for approximation of fixed points of a nonexpansive S of C into
itself: 1 =z € C and

(2) Tnt1 = @nZ + (1 — o) Sz, for alln =1,2,3,- -,

where «,, € [0,1]. Then by the additional assumption, the sequence {z,} con-
verges strongly to z; see originally Halpern [4]. In 2007, Suzuki [12] proved for
an averaged mapping U, that is, there exists a nonexpansive mapping S of C
into itself and A € (0,1) such that U = AI 4+ (1 — A)S that the sequence {x,,}
generated by (2) converges strongly to z € F(T).

In 2000, as one of another methods for approximation of fixed points,
Moudafi [7] proved the following strong convergence theorem.

THEOREM 1.1 (Moudafi [7]). Let C be a nonempty closed convexr subset of a
real Hilbert space H and let S be a nonerpansive mapping of C into itself such
that F'(S) is nonempty. Let f be a contraction of C into itself and let {x,} be a
sequence defined as follows: x1 =z € C and

flzn) + Sxy, for alln € N,

En
T = —
T e, 1+e,

where {e,} C (0,1) satisfies

1

En+i En

=0.

oo
lim ¢, =0, E en =00 and lim
n—oo n— oo

n=1

Then the sequence {z,} converges strongly to z € F(S), where z = Pp(s)f(2)
and Pp(g) is the metric projection of H onto F'(S).

Such a method for approximation of fixed points is called the wiscosity ap-
proximation method.

On the other hand, using Halpern’s method, Tada and Takahashi [13] in-
troduced the iterative method for finding a common element of the set of the
solutions of (1) and the set of fixed points of a nonexpansive mapping of C into
H and proved the strong convergence theorem. More recently, using the viscosity
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method, Takahashi and Takahashi [14] proved the strong convergence theorem.
In this paper, motivated Suzuki [12], Tada and Takahashi [13] and Takahashi and
Takahashi [14], we introduce an iterative scheme by the viscosity approximation
method for finding a common element of the set of solutions of (1) and the set
of fixed points of a nonexpansive mapping in a real Hilbert space H. Then,
we prove a strong convergence theorem which is connected with Combettes and
Hirstoaga’s result [2], Wittmann’s result [18] and Suzuki [12]. Using our main
theorem, we consider the problem of finding a minimizer of a convex function
from C to R which is one of applicable example for the equilibrium problem.

2. Preliminaries

Throughout this paper, we denote the set of all natural numbers by IN and
the set of all real numbers by R. Let H be a real Hilbert space with inner
product (-, ) and norm |||, and let C be a nonempty closed convex subset of H.
When {z,} is a sequence in H, we denote strong convergence of {z,} to z € H
by x,, — x and weak convergence by x,, — z. In a real Hilbert space H, we have

Az + (1= Nyll* = Mal® + (L =2 Jyll* = A1 =) = - y|)”

for all z,y € H and X € [0,1].

For any x € H, there exists a unique element in C, denoted by Pc(z), such
that ||z — Po(z)]| < ||z —y|| for all y € C. Such a mapping Pc is called the
metric projection of H onto C. Px(x) is characterized as follows:

y=Po(z) = (x—y,y—z)>0forall ze€C.

It is well-known that Pc is nonexpansive; see [15] for more details.
For solving the equilibrium problem, let us assume that a bifunction 7' sat-
isfies the following conditions:

(Al) T'(z,z) =0 for all x € C,
(A2) T is monotone, i.e., T(z,y) + T(y,x) <0 for all z,y € C;
(A3) for each z,y,z € C,

limsupT(tz 4+ (1 — t)z,y) < T(z,y);
t—0

(A4) T(z,-) is convex and lower semicontinuous for each z € C.

The properties of T': C' x C' — R which satisfies (A1)—(A4) are proved in [1]
and [2].

LEMMA 2.1 (Blum-Oettli [1]). Let C be a nonempty closed convezr subset of
H, let T be a bifunction from C x C to R satisfying (A1)—(A4) and let r > 0
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and x € H. Then there exists z € C such that
1
T(Z»y)‘F;(y—Z,Z—x) >0 forally e C.

LEMMA 2.2 (Combettes-Hirstoaga [2]). Forr > 0, x € H, define a mapping
T, of H into C as follows:

1
TT(:c):{zEC:T(z,y)—I—;(y—z,z—m)20, VyGC’}.

Then the following hold:

(1) T, is single-valued;
(2) T, is firmly nonexpansive, i.e. for any x,y € H,

HTTCL' - TryH2 < <Trx - Try7$ - y> 5

(3) F(T,) = EP(T);
(4) EP(T) is closed and conver.

The following lemma is proved in [11].

LEMMA 2.3 (Suzuki [11]). Let {z,} and {y,} be bounded sequences in H and
let {B,} C [0,1] be a sequence with 0 < liminf, . B, < limsup,_, . Gn < 1.
Suppose that Tn 1 = Bnyn + (1 — Bn)zy, for alln € N and

limsup ([gn41 — Yl — 2041 — zall) < 0.
n—oo
Then lim,_, ||yn — z|| = 0.
The following lemma is well known.

LEMMA 2.4 (Xu [19]). Let {c,} be a sequence of nonnegative real numbers, let
{an} be a sequence of [0,1] and let {B,} be a sequence of R. Suppose that

Cnt1 < (1 —an)en + anBy for alln € N,

Zan = oo and limsup G, < 0.

n— 00
n=1

Then lim,,_, . ¢, = 0.

3. main theorem

In this section, we show the strong convergence theorem by the viscosity
approximation method for finding a common element of the set of solutions of
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the equilibrium problem and the set of fixed points of a nonexpansive in a real
Hilbert space H.

THEOREM 3.1. Let C' be a nonempty closed conver subset of H. Let T be a
bifunction from C x C to R satisfying (A1)—(A4) and let S be a nonexpansive
mapping of C into H such that F(S)NEP(T) # 0. Let f be a contraction of H
into itself and let {x,} and {u,} be sequences generated by x1 = x € H and

1

Up € C such that T (un,y) + — (Y — Upn, Up — x,) >0 for ally € C,
T

Tnt1 = anf(Tn) + (1 — an) (BnSun + (1 — Bn)xy,) for alln € N,

where {a,}, {8} C [0,1] and {r,} C (a,0) for some a > 0 satisfy

oo
lim oy, =0, Y ay =00, 0<liminf B, < limsup B, <1
n—00 ot n—00 n—oo

and n11_}11;o |Prt1 — ra| = 0.
Then {z,} converges strongly to z € F(S)NEP(T'), where z = Pp(s)nepr)f(2).

Proof. We first show that Pr(s)ngp(r)f is a contraction of H into itself. Since f
is a contraction of H into itself, there exists r € [0,1) such that || f(z) — f(y)] <
r ||z —y| for all z,y € H. So, we have that

| Prs)nepe) (@) = Presynera f )] < 1f (@) = f@)l < rllz -yl

for all x,y € H and hence Pp(s)ngp(r)f is a contraction of H into itself. From
Banach’s contraction principle, there exists a unique element z € H such that
2z = Pp(s)nep(r)f(2). Such a z € H is an element of C.

By Lemma 2.1, it follows that {u,} and {z,} are well defined. Let v €
F(S)NEP(T) and u,, = T, ©,, where T,. is as in Lemma 2.2. Then we have
that

(3) lun — vl = T, 20 — T, 0[] < |20 — ]
and that
(4) [Sup —v[| < flun — v < [z — v

for all n € N. Put M = max{[|z; — v, == || f(v) — v||} and

an f(zn) + (1 — an)BnSu,
an + (1 —apn)Bn

(5) Yn =
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for each n € IN. Then we note that

Tp41 = (an + (1 - an)ﬁn) Yn + (1 - an)(l - Bn)xn

for all n € N and that

(6) 0< lirginf(l —an)(1 = 6,) <limsup(l —ay)(1—6n) <1
n o0 n— 00
because of lim, o, o, = 0 and the assumption of {3,}. It is obvious that

|lz1 — v]| < M. Suppose that ||z, — v|| < M for some n € N. From (3) and (4),
we have

[#nt1 = vl = llonf (zn) + (1 = an)(BnSun + (1 = Bn)zn) — ||
< an [ f(zn) = vll + (1 = an)Bn [|Sun — ||
+ (1 —an)(1 = Bn) lzn — vl
< an((lf(@n) = F)+ 17 (0) = vll) + (1 = an)Bn |20 — vl
+ (1= an)(1 = Bn) lzn — vl
< an(r[lzn —oll + 1F(v) = vll) + (1 = an)Bn |20 — v]|
+ (1 —an)(1 = Bn) [lzn — 2

= (1= an(1 = 1) [n — o + an(1 — 1) —

1—r
<(AQ-—a,(1-7)M+a,(l—7r)M =M.

[[f(v) =]

So, we have that ||z, — v|| < M for any n € N and hence {z,,} is bounded. We
also have that {u,}, {Su,} and {f(z,)} are bounded. Further, we have that

an f(zn) + (1 = an)BnSu,

yn — vl = P -
< an(f(xn) - U) + (1 — an)ﬁn(sun - U) ‘
- an + (1 —apn)Bn
< On Hf(xn> — UH + (1 — ) Bn HSun - v”
- an + (1 —an)Bn
< On [f(zn) = FO)| + an [[f(v) = 0] + (1 = an)Bn [[Sun — ||

an + (1 —ap)bn

< nt ||Zn = vl + an [|f(v) = vl + (1 = an)Bn [[2n — o
- an + (1 —ap)bn

< antM + an(1—r)M + (1 — ap) B M

- an + (1 —ap)Bn




< anM + (1 — a,) B, M

T ant (11— )b =M

for all n € N. Therefore {y,} is also bounded.
Since u, = 17, Ty and upy1 = Tr,,, Tny1, We have

1
(7) T(un,y)—kr—(y—un,un—xn) >0 forallyeC

n

(8) T(un+1,y) + (y — Upt1, Unt1 — Tpt1) 20 forally e C.

Tn+1

Putting y = up41 in (7) and y = u, in (8), we have

1
(9) T(un,un+1) + o (Unt1 = UnyUp — Tn) >0
and
1
(10) T(un-l—laun) + <un — Up+1,Un+1 — $n+1> >0

'rn+1

for all n € N. Therefore, from (9) and (10), we obtain

Up — Ty, Un4+1 — Tp41
T(un7 un+1) + T(un+17 un) + <un+l — Unp, - >0
Tn Tn+1

for all n € N. So, from (A2), we have

Up — Tp, un+1 - xn+l
Un4+1 — Unp, - >0
Tn 71n+1

and hence

'n

<un+1 — Up, Up — Up41 + Un+1 — Tp — (un-l-l - xn+1)> > 0.

Tn+1

This implies that

2 Tn
||un+1 - un” S <un+1 - un’un-ﬂ—l —Tp — (un+1 - xn+1)>
Tn+1
Tn
=(Unt1 — Un, Tpt1 — Tp + |1 — (Un+1 - xn-&-l)
Tn+1

Tn

< Junt1 — unl| {||55n+1 — x| + ‘1 T luns1 — $n+1||}
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T —T
Sy — {||=’En+1 g Tl xn+1|}

and hence

|Tn+1 -

T
ltmss — tn ] < s — 2al + 2 s — T

)

(1) < anar — ol + =Tl

where N = sup{||u, — z,|| : » € N}. Next we show that lim,_, || Tn+1 — Zn|| =
0. Putting K = max{sup || f(z)||,sup ||Sunr| }, from (5) and (11) we have that

1lmsup(|\yn+1 Ynl = l2n+1 — @all)
_ hmsup (H n+1f Tn+1 +(1_an+1)ﬂn+lsun+1 _ anf($n>+(1_an>5nsun
n—oo ap1+(1=ans1)Bns1 an+(1—ay,)Bn
S CREE)
< limsup < — [ f(Znt1) = f(2n))ll
n—oo Qp41 + (1 - an+1)6n+1
Qp41 (677
+ - T
Qp41 + (]- - an+1)6n+1 Qp + (1 - an)ﬂn ”f( n)”
(1 - O‘n-ﬁ—l)ﬁn-{-l
+ Supt1 — Sun,
an—l—l + (]- - an+1)/6n+1 H 1 H
1—a, n 1—ay,)Bn
+ ( +1)B +1 _ ( )ﬂ ||SunH
Qp41 + (]- - an+1)6n+1 Qp + (1 - an)ﬂn
~lonss = ol
. Qpt1
< limsu T [ Tpn4+1 — Tpn
n—>oop { Ap+41 + (]- - an+1)ﬂn+1 H i ||
On41 Qn
+ - K
Qpt1+ (1 - O‘n—&-l)ﬂn—&-l apn + (]— - an)ﬂn
(1 —ani1)Bni1 < [Tni1 — Tn )
+ Tpal — Tpl|| + ———— N
(07705 + (1 - an-ﬁ—l)ﬁn-{-l || 1 || a
(1 - O‘n—&-l)ﬂn-&-l (1 - an)ﬁn
+ - K
Qp41 + (]- - an+1)6n+1 Qp + (1 - an)ﬂn
~ s 2}
. Qp41 (1 - an+1)ﬁn+1
< lim sup { ( + Tpnil — Tn
n—oo U1+ (1 = ang1)Bur1 g1 + (1= ang1) Bt In+s |
(1 —ani1)Bni1 Ty — Tn|N

(07705 + (1 - an-ﬁ—l)ﬁn-{-l a



+ < Qn41 _ (7%}
Qp41 + (]- - an+1)ﬂn+1 an + (1 - O‘n)ﬂn
(1—an)pBn (1 —ani1)Bni1

+

Qp, + (1 - an)ﬁn Qp41 + (1 - an-}-l)ﬂn-{-l

e - xn|}

)&

< limsup{ (1 — ant1)Bn+1 ITnt1 — rn|N
n—oo | Qnt1+ (1= ni1)Bntr a
Ap+1 Qnp
* < i1+ (1 = any1)Bntr - an + (1= an)fn
(1 — O‘n)ﬁn (1 — an+1)ﬂn+1

+

)}

From lim,, o, o, = 0, the assumption of {3,} and lim, ,c |[Fpnt1 — o] = 0, we
obtain

Qn + (1 - Oén)ﬁn Qn41 + (1 - an+1>ﬂn+1

lim sup(([yn1 = ynll = |Zn41 — zal)) < 0.
n—oo

By Lemma 2.3, we get lim,, o ||yn — zn| = 0. Therefore, from (6) we have
(12)  lim [Jzp4 —2a) = lim (1= (1= an)(1 = Bn)) [yn — 2a] = 0.
From (11), (12) and lim, 00 [Fnt1 — rn| = 0, we have

nh_{%o [un+1 — unl|l = 0.
We also have

[Znt1 = Sun|| = lanf(zn) + (1 — ) (B Sun + (1 = Bn)zn) — Sua||
< an[[f(zn) = Sunll + (1 = a)(1 = Bn) [z — Sun|
< ap || f(@n) = Sunll + (1 — an)(1 = Bn) l2n — Zna |l

+ (1= an)(1 = Bn) [Zn41 — Sual|-

Therefore we have

(1= (1= an)(1=Bp) [[znt1 — Sunl < an [|f(2n) — Sua|
+ (1= )1 = Bn) [[zn — Tnall-

From lim,, o a;, = 0, the assumption of {3, } and (12), we have

nh—>nc}o |Znt+1 — Sun|| = 0.



10 S. IEMOTO AND W. TAKAHASHI

Since ||zy, — Sun|| < |0 — Tnt1|l + |@nt1 — Sun||, we obtain
(13) lim ||z, — Su,| =0.
n—oo
From Lemma 2.2, we have
[un — 1)Hz = |15, zn — Trnvllz
S <Trnmn - Trnvaxn - ’U>

= (Up — V, Xy, — V)

1

2 2 2
= 5 {lhun = 0l® + lzn = 0l” ~ 12 = ua*}

and hence
= 0l|* < |2 = ol|* = [[2n — ua*-
Using this inequality, we have

|Znr1 = v)®
< an [|f(@a) = o + (1 = @) |Sun — ol* + (1 = @) (L = ) 20 — v]”
< an [|f(@a) = v + (1= @) llun — v|* + (1 = @) (1 = B,) l|zn — o]
< an [|f (@a) = 0" + (1= an)Balen — 0] = |20 = un|)

+ (1= an)(1 = Ba) |z — ]
= an [|f(@n) = vll* + (1 = @) [lzn = vl|* = (1 = @)Ba @n — un®
< an [lf(@a) =0 + e = ol* = (1 = n) B 12w — unl®

and hence

2 2 2 2
(1 = an)Bn llzn — unll” < an || f(@n) = vl|” + |20 —v[” = |T0g1 — 2|
2
= an [|[f(zn) — |
+ (lzn = ol + lZn+1 — v (|2 — || = |Zns1 — 2l)

2
< an || f(zn) ="+ zn —2nll (2o —vll+ ([0 —vl])-
From lim,, o, o, = 0, liminf, , B, > 0 and (12), we have

(14) lim ||z, — u,| = 0.

n—oo
Since ||Sun — un|| < |Stn — Znl| + |0 — un ||, from (13) and (14) we also have

(15) nh_)néo [1Sw, —uy|| = 0.
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Next we show that

(16) limsup <f(2) — 2, Tn — Z> < 07

n—oo

where z = Pp(synpp(r)f(2). It is sufficient to show that

limsup (f(z) — z,up, — 2z) <0

n—r oo

because x, —u,, — 0 asn — oo. To show this inequality, we choose a subsequence
{un,} of {un} such that

lim (f(2) — z,upn, — z) = limsup (f(z) — z,up — 2) .

1—>00 n—00
Since {u,,} is bounded, there exists a subsequence {un]} of {uy,} which con-
verges weakly to w € C. Without loss of generality, we can assume that
Uy, —w € C.

i

First we show w € EP(T). By u, = T} x,, we have

1
T(u'ruy) + — <y_un7un _xn> 2 0

Tn
for all y € C. From (A2), we obtain

1
- <y = Un, Up — $n> > T(y,un)
Tn

and hence

1
o <y = Un; s Un; — $n1> > T(y7unL)
Tn,

i

for all y € C. Since the sequence {r,} € (a,o0) for some a > 0, we have

T(y, un,) < <y — Uy, “"r;x">

n;

IN

1

Uz

IN

1
E Hy — Un; Hum — Tn;

So, from u,, — w and (14) we have T(y,w) <0 for all y € C. For t € (0, 1] and
yeC,let yy =ty + (1 —¢t)w. Since y € C and w € C, we obtain y; € C and
hence T'(y:, w) < 0. So, we have

0= T(ytayt)
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<tT(ye,y) + (1 — )T (yr, w)
< tT(ys,y)

for all y € C. Dividing by ¢, we get T(y:,y) > 0 for all y € C. Letting t — 0,
from (A3), we obtain

T(w,y) >0forally € C.

Therefore we obtain w € EP(T).
We shall show w € F(S). Assume that w ¢ F(S). Then from u,, — w and
Opial’s condition [9] (see also [15-17]), we have

liminf ||u,, — w| < liminf ||u,, — Sw||
i—00 1—00
<liminf{flup, — Sup, || +[|Sun, — Sw]}
1—> 00
< liminf ||u,, — w]|.
1—> 00
This is a contradiction. So, we get w € F(S). Therefore we obtain w € F(S) N
EP(T). Since z = Pp(s)npp(r)f(2), we have
limsup (f(z) — z,un — 2) = lim (f(2) — 2z, up, — 2)
n—o0 t—00
={(f(z) — z,w—2) <0.
So, the inequality (16) holds. It follows from (4) that
[1BnSun + (1 = Bn)xs — 2| < Bn [|Sun — 2|l + (1 = Ba) llzn — 2|l
< Bnllon — 2l + (1 = Bn) l2n — 2|
= [lzn — 2|
Since 41 — 2 = an(f(xn) — 2) + (1 — an)(BnSun + (1 — Bn)x, — 2), we have

(1- O‘n)2 |zn — 2”2 > (1- an)z BnSun + (1 = Br)Tn — 2”2
= [(@ns1 — 2) — an(f(zn) — 2)|I?

> |lzns1 — 2]% = 200 (f(@n) — 2, Tns1 — 2)
and hence

[@n41 — ZH2 < (1—an)? |, - Z||2 + 20 (f(zn) — 2, Tpt1 — 2)
— (1= an)? llen — 2l + 200 (F(n) — £(2), Zner — 2)
+ 20, (f(2) — 2, Zp41 — 2)
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< (1= an)?[lzn — 2|° + 2007 |2 — 2| |01 — 2|
+2an (f(2) = 2, 2041 — 2)
< (1= an)? & = 217 + anr([on — 20° + lzags — 2[1%)
+ 20, (f(2) — 2, Tpg1 — 2) -
This implies that

1—a,)?+ a,r 2a
fomss — ol < S L 2Oz 2 ) s - 2)
1 —2a, + a,r a?
=" lon — 2" + —=— [lzn — 2|
1—a,r 1—oapr
2au,
+ 1— anT <f(Z> — 2, Tp41 — Z)

< (1- 3222 ho - a2

1—apr

T I Err )

1—apr 1—7) 1—r
where L = sup{||z, —z|* : n € N}. Put 3, = % Then we have that
lim;,, 0 Br = 0. From «,, € [0,1] and r € [0,1), we have
1< 1—r
T 1—apr
and hence
2a, < M.
1—ay,r

From Y7, o, = oo, we have Y >~ 3, = co. As in the proof of Takahashi
and Takahashi [14], we can conclude that the sequence {z,} converges strongly
to z. O

As direct consequences of Theorem 3.1, we obtain the following corollaries.

COROLLARY 3.1. Let C be a nonempty closed convez subset of H and let S be
a nonexpansive mapping of C into H such that F(S) # 0. Let f be a contraction
of H into itself and let {x,} be a sequence generated by x1 =z € H and

Tnt1 = anf(xn) + (1 — o) (BrSPexy + (1 — Br)xy) for alln € N,
where {ay, }, {Bn} C [0,1] satisfy

o0
lim o, =0, Zan = 00, 0 < liminf B, < limsup B, < 1.
n—oo 1 n—oo n—oo

o

Then {x,} converges strongly to z € F(S), where z = Pp(g)f(z2).



14 S. IEMOTO AND W. TAKAHASHI

Proof. Put T'(z,y) =0for all z,y € C and r,, = 1 for all n € N in Theorem 3.1.
Then, we have u,, = Pcx,. So, from Theorem 3.1, the sequence {z,} generated
in Corollary 3.1 converges strongly to z € F(S), where z = Pr(g) f(2). O

COROLLARY 3.2. Let C be a nonempty closed convex subset of H. Let T be a
bifunction from C x C to R satisfying (A1)-(A4) such that EP(T) # 0 and let
f be a contraction of H into itself. Let {x,} and {u,} be sequences generated
byxi =x € H and
1
Uy € C such that T(un,y) + — (Y — Un,up — x,) >0 for ally € C,
Tn
Tpt1 = anf(2n) + (1 — an) (Brun + (1 — Br)xy,) for alln € N,
where {an}, {Bn} C[0,1] and {r,} C (a,00) for some a > 0 satisfy

oo
lim o, =0, Zan =00, 0 <liminf 3, <limsupg, <1
n—oo n—oo

n— oo
n=1

and lim |rp41 — 7] =0.
n— o0

Then {x,} converges strongly to z € EP(T), where z = Pgp(r)f(2).

Proof. Let S be a identity mapping of C into itself in Theorem 3.1. Then, from
Theorem 3.1 the sequence {x,} generated in Corollary 3.2 converges strongly to
z € EP(T), where z = Pgp(r)f(z). O

4. Applications

Let H be a real Hilbert space, let C' be a nonempty closed convex subset of
H and let g be a proper lower semicontinuous convex function from C to R. We
define a bifunction T" from C' x C to R by

(17) T(z,y) = g(y) — 9(=)
for all z,y € C. Then z € EP(T), that is, T(z,y) > 0 for all y € C if and only if
(18) g(y) > g(z) for all y € C.

This means that z € EP(T) is the minimizer of g. So, the convex minimization
problem is one of applicable examples for the equilibrium problem.

In this section, using our main theorem, we consider to find a solution z of
(18). For each g, we can define the subdifferential of g as follows:

(19) 9g(x) ={z € H:g(y) = g(z) + (2,y — ) for all y € C}
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forallz € C. If g(z) = oo, then we define dg(z) = 0; see [15-17] for more details.
First, we show the following lemma.

LEMMA 4.1. Let C' be a nonempty closed convex subset of H. Let g be a

proper lower semicontinuous convex function from C to R with (9g)~10 # 0. If
we define a bifunction T from C x C to R by (17), then EP(T) = (9g)~*

Proof. Since (0g)70 # 0 , let z € (8g)~'0. Then we have

z€(09) 10 £ 0= dg(z) =0

@g() g(2) + (y — 2,0) forally € C
< g(y)—g(z) >0foralyeC

& T(z,y) >0forally € C
&z € EP(T).

So, we get the conclusion. [
Using Theorem 3.1 and Lemma 4.1, we can prove the following theorem.

THEOREM 4.1. Let C' be a nonempty closed convexr subset of H. Let g be a
proper lower semicontinuous convez function from C to R with (9g)~10 # 0, let
f be a contraction of H into itself and let {z,} and {u,} be sequences generated
byxry =x€ H and

1
un € C such that g(y) — g(uy,) + . (Y — Unyup — ) >0 for ally € C,

n

Tnt1 = Qnf(zn) + (1 — ap) (Bpun + (1 — Bn)xyn) for allnm € N,

where {an }, {Bn} C [0,1] and {r,} C (a,0) for some a > 0 satisfy

lim a, =0, Zan =00, 0< hmlnfﬂn <limsupf, <1

n—o0 n—00
n=1

and lim |rp4q — 7| =0.
n—oo

Then {x,} converges strongly to z € (0g)~'0, where z = Pgg)-10f(2).

Proof. Let S be a identity mapping of C into itself in Theorem 3.1 and let T be
a bifunction from C x C to R defined by (17). It is easy to show that T satisfies
(A1)-(A4) because T is upper semicontinuous in its first co-ordinate. Then,
from Theorem 3.1 and Lemma 4.1, the sequence {z, } generated in Theorem 4.1
converges strongly to z € (0g) !0, where z = Pgg)-10f(2). O
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