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Abstract. In this paper, we study an iterative scheme for a generalized resolvent
of a monotone operator defined on a Banach space. We obtain an iterative
approximation of a zero point of a monotone operator generated by the shrinking
projection method with errors in a Banach space. Using our result, we discuss
some applications.

1. Introduction

Let H be a real Hilbert space and let A C H x H be a maximal monotone
operator. Then, the zero point problem is to find © € H such that

0 € Au. (1.1)

Such a u € H is called a zero point (or a zero) of A. The set of zero points of
A is denoted by A~'0. This problem is connected with many problems in Non-
linear Analysis and Optimization, for example, convex minimization problems,
variational inequality problems, equilibrium problems and so on. A well-known
method for solving (1.1) is the proximal point algorithm: z; € H and

Tps1 = Jp, Tny, N=1,2,..., (1.2)

where {r, } C]0,00[ and J,, = (I+7r,A)"!. This algorithm was first introduced by
Martinet [20]. In 1976, Rockafellar [26] proved that if inf, r,, > 0 and A710 # 0,
then the sequence {z,} defined by (1.2) converges weakly to a solution of the
zero point problem. Later, many researchers have studied this problem; see
[6, 7, 10, 14, 18, 19] and others.

On the other hand, Kimura [15] introduced the following iterative scheme
for finding a fixed point of nonexpansive mappings by the shrinking projection
method with errors in a Hilbert space:
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THEOREM 1.1. ([15]) Let C be a bounded closed convex subset of a Hilbert
space H and let T : C'— H be a nonexpansive mapping having a fixed point. Let
{en} be a nonnegative real sequence such that ey = limsup,, €, < co. For a given
point u € H, generate an iterative sequence {x,} as follows: x; € C such that
|1 —ul| <€, Cy =C,

Cop1={2€C:||z=Tx,| < ||z —z.||} N Cy,

Tnt1 € Cppr such that ||[u — zp|)® < d(u, Cogr)® + €24y

for alln € N. Then,

limsup ||z, — Tz,| < 2¢.
n—oo

Further, if o = 0, then {x,} converges strongly to Ppyu € F(T).

We remark that the original result of the theorem above deals with a family
of nonexpansive mappings, and the shrinking projection method was first intro-
duced by Takahashi, Takeuchi and Kubota [28]. This result was extended to
more general Banach spaces by Kimura [16] (see also Ibaraki and Kimura [9]).
Recently, Ibaraki [7] study an iterative scheme for two different types of a re-
solvent of a monotone operator in a Banach space by the shrinking projection
method with errors.

In this paper, we study an iterative scheme for a generalized resolvent of a
monotone operator which is different type of two resolvents in [7] by the shrinking
projection method with errors. We first obtain an iterative approximation of a
zero point of a monotone operator generated by the shrinking projection method
with errors in a Banach space. Using our result, we discuss some applications.

2. Preliminaries

Let E be a real Banach space with its dual £*. We denote strong convergence
and weak convergence of a sequence {x,} to x in F by z, — x and z,, — z,
respectively. We also denote the weak™ convergence of a sequence {z},} to z* in
E* by o = z*. The closed ball is defined by B, := {z € E : ||z|| < r}, where
r is a positive real number. A Banach space E is said to be strictly convex if
lx + y||/2 < 1 whenever z,y € E satisfies ||z = |ly]| = 1 and z # y. FE is
said to be uniformly convex if for each e €]0,2], there exists 6 > 0 such that
Joll = llyll = 1 and [}x — yl| = ¢ implies [}z +y]l/2 < 1 — 6.

A Banach space F is said to be smooth if

ety ]
t—0 t

(2.1)
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exists for each z,y € S(E) = {# € E : ||z]] = 1}. In this case, the norm of
E is said to be Gateaux differentiable. The norm of £ is said to be Fréchet
differentiable if for each x € S(FE), the limit (2.1) is attained uniformly for
y € S(E). The norm of E is said to be uniformly Fréchet differentiable (or
E is said to be uniformly smooth) if the limit (2.1) is attained uniformly for
z,y € S(E); see [27] for more details. A Banach space F is said to have the
Kadec-Klee property if a sequence {z,} of E converges strongly to xy whenever
it satisfies x,, — o and ||z, || = ||zo]|.
The normalized duality mapping J from F into E* is defined by

Jo={a" € E": (z,2") = |l]|* = 2"}

for each x € E. An operator A C E x E* with domain D(A) = {z € E: Az # 0}
and range R(A) = U{Az : 2 € D(A)} is said to be monotone if (z—y, z*—y*) > 0
for all (x,z%),(y,y*) € A. An operator A is said to be strictly monotone if
(x —y,x* —y*) > 0 for all (x,2%), (y,y*) € A (r # y). A monotone operator A
is said to be maximal if its graph G(A) = {(z,2*) : 2" € Az} is not properly
contained in the graph of any other monotone operator. If A is a maximal
monotone operator, then the zero point set A7'0 is closed and convex. If E is
smooth, reflexive, and strictly convex, then a monotone operator A is maximal
if and only if R(J +rA) = E* for each r > 0; see [4, 27] for more details.
We also know the following properties; see [4, 27] for more details.

(1) Jx # O for each z € E;

(2) 1f E is reflexive, then J is surjective;

(3) If £ is smooth, then the duality mapping J is single valued,;
(4)

(5)

if £ is strictly convex, then J is one-to-one and strictly monotone;

if F is reflexive, smooth and strictly convex, then the duality mapping J,

on E* is the inverse of J, that is, J, = J~};

(6) E is reflexive, strictly convex, and has the Kadec-Klee property if and only
if £* has a Fréchet differentiable norm;

(7) if E uniformly smooth, then the duality mapping J is uniformly norm to

norm continuous on each bounded set of E.

Let E be a smooth Banach space and consider the following function V :
E x E — R defined by

V(z,y) = lz]* = 2(z, Jy) + |yl

for each z,y € E. We know the following properties (see [1, 11, 14] for more
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details):

(L) (=l = llwl)? < V(,y) < (=]l + [lyl])* for each 2,y € E;

(2) V(z,y) + V(y,z) = 2(x — y, Jx — Jy) for each x,y € F; (2.2)

(3) if E is additionally assumed to be strictly convex, thenV (z,y) = 0 if
and only if z = y.

Let D be a nonempty subset of a smooth Banach space E and let T be a
mapping from D into E. We denote by F(T') the set of fixed points of T'. A
mapping T : D — F is said to be generalized nonexpansive [11] if F(T) # () and

V(Tz,p) < V(z,p)

for each x € D and p € F(T). A mapping T': D — F is said to be of firmly
generalized nonexpansive type [12, 3] if

(x—Tx)—(y—Ty),JTx — JTy) >0

for each x,y € D. We know that T is a generalized nonexpansive if 7" is a firmly
generalized nonexpansive type with F(T) # () (see [12] for more details). Let
E be a smooth Banach space. Then, a point p in C' is said to be a generalized
asymptotic fixed point [13] of T"if C contains a sequence {x,,} such that Jz,, = Jp
and Jx, — JTx, — 0. The set of generalized asymptotic fixed points of 7T is
denoted by EF(T). We know the following results.

LEMMA 2.1. ([13]) Let E be a reflexive, smooth and strictly convex Banach
space, let C' be a nonempty subset of E such that JC is closed and convexr and
let T : C — C be a generalized nonexpansive mapping. Then JF(T) is closed
and conver

In [13], Lemma 2.1 was proved in case of C' = E. However, we know that
Lemma 2.1 holds under the above condition by s similar proof of [13].

THEOREM 2.2. ([3, 12]|) Let E be a reflexive and smooth Banach space whose
dual space has a uniformly Gateauz differentiable norm, let D be a nonempty

subset of E and letT : D — E be a firmly generalized nonexpansive type mapping.
If F(T) is nonempty, then F(T) = F(T).

A mapping R : E — D is said to be sunny if
R(Rxz +t(x — Rx)) = Rx

forall z € £ and t > 0. A mapping R : E — D is said to be a retraction if R?> =
R. If F is smooth and strictly convex, then a sunny generalized nonexpansive
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retraction of F onto D is uniquely determined if it exists; see [11]. Then, such a
sunny generalized nonexpansive retraction of F onto D is denoted by Rp.

A nonempty subset D of F is called a sunny generalized nonexpansive retract
of F if there exists a sunny generalized nonexpansive retraction of £ onto D.
Obviously, the set of fixed points of a sunny generalized nonexpansive retraction
of E onto D is D; see [11] for more details. We recall the following results for
sunny generalized nonexpansive retractions and sunny generalized nonexpansive
retracts.

LEMMA 2.3. ([11]) Let D be a nonempty subset of a smooth and strictly convex
Banach space E. Let Rp be a retraction of E onto D. Then Rp is sunny and
generalized nonexpansive if and only if

(x — Rpz, JRpx — Jy) > 0.
foreachx € E andy € D.

THEOREM 2.4. ([18]) Let D be a nonempty subset of a smooth, reflexive, and
strictly convexr Banach space E. Then, the following conditions are equivalent:

(1) D is a sunny generalized nonexpansive retract of E;
(2) JD is closed and convex.

In this case, D 1is closed.

THEOREM 2.5. ([18]) Let D be a nonempty subset of a smooth, reflexive, and
strictly conver Banach space E with JD is closed and convex and let (x,z) €
E x D. Then, the following are equivalent:

(1) z= Rpx;
(2) V(z,2) =min{V(z,y) : y € D}.

We also know the following result. For the exact definition of Mosco limit
M-lim,, C,,; see [21].

THEOREM 2.6. ([8]) Let E be a reflexive and strictly convex Banach space
having a Fréchet differentiable norm and the Kadec-Klee property. Let {C,} be a
sequence of nonempty sunny generalized nonexpansive retracts of E. Let u € E
and let {u,} be a sequence of E converging strongly to w. If C} = M-lim,, JC,
exists and is nonempty, then {Rc, u,} converges strongly to Re,u, where Cy =

J-Lcs,

One of the simplest example of the sequence {C,} C FE satisfying the con-
dition in this theorem above is a decreasing sequence with respect to inclusion;
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Chi1 C G, for each n € N. In this case, M-lim JC,, = N, JC,, (see [16, 17, 21]
for more details).

The following results show that the existence of mappings 9.9 9. and gy,
which are related to the convex and smooth structures of a Banach sp_ace E.

THEOREM 2.7. ([30]) Let E be a Banach space and r € ]0,00[. Then,

(i) if E is uniformly convez, then there exists a continuous, strictly increasing
and convex function g [0,2r] — [0, 00[ with g (0) = 0 such that

laz + (1 = a)y|l* < aflz]* + (1 = a)ylI* — a(l = a)g (= - yl)

for all x,y € B, and o € [0,1];
(i) if E is uniformly smooth, then there exists a continuous, strictly increasing
and convex function g, : [0,2r] — [0, 00| with g,(0) = 0 such that

law + (1 = a)y|l® > alz]* + (1 = a)[|ly[|* — a(1 — a)g,([l= - yI)
for all z,y € B, and o € [0, 1].
From this theorem, we can show the following result; for the proof see [16]

THEOREM 2.8. ([16]) Let E be a uniformly smooth and uniformly convex Ba-
nach space and let r > 0. Then, the function g, and g, in Theorem 2.7 satisfies

g,(lz —yll) <V(x,y) <7 (- yl)

for all x,y € B,.
As a direct consequence of Theorem 2.7, we obtain the following result.

THEOREM 2.9. Let E be a reflexive, smooth and strictly convexr Banach space,
r € 10,00[. Then,

(i) if E is uniformly smooth, then there exists a continuous, strictly increasing
and convex function g* : [0,2r] — [0, co[ with g*(0) = 0 such that

laTz + (1 = a)JylI* < allz]® + (1 = a)[lyll* — a1 = a)g ([l ]2 — Jy]))

for all z,y € B, and o € [0,1];
(ii) if E is uniformly convez, then there exists a continuous, strictly increasing
and convex function gt : [0,2r] — [0, 00] with §:(0) = 0 such that

laTz + (1 = a)JylI* > allz]® + (1 = a)[lyll* — a1 = a)gr([[J2 — Jy]))

for all z,y € B, and o € [0, 1].
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From this theorem, we can show the following result; for the proof see [9]

THEOREM 2.10. ([9]) Let E be a uniformly smooth and uniformly conver Ba-
nach space and let v > 0. Then, the function g* and gy in Theorem 2.9 satisfies

g (IJx = Jyl) < V(z,y) <g(llJz = Jyl))

forall z,y € B,.

3. Approximation theorem for the generalized resolvents

We consider an iterative scheme of resolvents of a monotone operator in a
Banach space. Let C' be a nonempty subset of a reflexive, smooth and strictly
convex Banach space E such that JC is closed and convex, let A > 0 and let
B C E* x E be a monotone operator satisfying

D(BJ) C C C R(I + \BJ). (3.1)

It is known that if B is a maximal monotone operator, then R(I + ABJ) = E
(see [11, Proposition 4.1]). Hence, if B is maximal monotone, then (3.1) holds
for C' = J~'D(B), where K is the closure of K. We also know that D(B) is
convex; see [25]. If B satisfies (3.1) for A > 0, then we can define the generalized
resolvent Jy : C'— D(BJ) of B by

ae={z€E:x€z+ABJz} (3.2)
for all z € C. In other words, Jyz = (I + ABJ) 'z for all x € C. We know the

following; see, for instance, [3, 11, 12]:

(1) Jy is of firmly generalized nonexpansive type from C' into D(BJ);
(2) (z — Jyz)/\ € BJJyx for all x € C
(3) F(Jy) = (BJ)7t0.

Before showing our result, we need the following lemmas.

LEMMA 3.1. Let E be a reflexive, smooth and strictly convexr Banach space and
let B C E* x E be an operator. Then the following holds.

(1) D(BJ) =J'D(B);
(2) if the norms of E and E* are Fréchet differentiable, then D(BJ)=J 'D(B).

Proof. (1) It is easy to see that D(BJ) = J~'D(B). In fact,

v € D(BJ) & Blx# 0« Jr € D(B) &z € J 'D(B).
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(2) We first show that D(B.J) € J~'D(B). For each z € D(B.J), there exists a
sequence {z,} C D(BJ) such that z, — 2. By (1), we obtain {Jz,} C D(B).
Since F has a Fréchet differential norm, the duality mapping J on E is norm to
norm continuous and hence we obtain Jz, — Jz. So, we have Jz € D(B) and
hence we get z € J"'D(B). This implies that D(B.J) C J~'D(B).

Next we show that D(B.J) D J 'D(B). Put z € J-'D(B), then Jz € D(B).
There exists a sequence {z:} C D(B) such that z} — Jz. Since E* has a Fréchet
differential norm, the duality mapping J~! on E* is norm to norm continuous
and hence we obtain J~'z* — J~'Jz = z. By (1), we obtain {J '2*} C D(BJ)
and hence we get z € D(BJ). This implies that J'D(B) C D(BJ), which
completes the proof. O

LEMMA 3.2. Let E be a reflexive, smooth and strictly convex Banach space, and
let B C E*x E be a monotone operator. Let A\ > 0 and let C' be a nonempty subset
of E satisfying JC' is closed and convex, and (3.1) for A\. Then the following
holds.

V(z, \e) + V(e z) < 2\y, Jo — JJ\x)
forallx € D(BJ) andy € BJzx.

Proof. Let v € D(BJ) and y € BJx. Since (x — Jyz)/A € BJJ\x, we have
— J
<y a A ,Jr — JJ,\x>

,Jx—JJAx> < (y,Jx—JJ,\J;>
& (x — ha, Je — Jhx) < Ny, Jer— JJ\x).

0

IN

r—

From (2.2), we have
V(z, \x) + V(e,z) = 2(x — Jyz, Jor — Jx) < 2\(y, Jx — JJ\x)
for all z € D(BJ) and y € BJx. O
We obtain an approximation theorem for a zero point of a monotone oper-

ator in a uniformly smooth and uniformly convex Banach space by using the
generalized resolvent.

THEOREM 3.3. Let E be a uniformly smooth and uniformly convexr Banach
space, let B C E* x E be a monotone operator with B™'0 # () and let {\,} be a
positive real numbers such that inf, \, > 0. Let C' be a nonempty bounded subset
of E satisfying JC is closed and convez, and

D(BJ) C C C R(I + A\,BJ)
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for alln € N and let r € ]0,00[ such that C C B,. Let {6,} be a nonnegative
real sequence and let o = limsup,, 6, < co. For a given point u € E, generate a
sequence {x,} by x; =z € C, C; =C, and

Yn = Jr,Tn,
Cov1={2€C:{(xy—yn, Jy, — Jz) >0} NC,,
Tpr1 €E{2€C:V(u,z) <inf{V(u,v) :v € Cpy1} + 0ni1} NCrix

for alln € N. Then,

lim sup ||z, — yall < g (@5(g" " (%0))).

n—oo

Moreover, if 0g = 0, then {x,} converges strongly to Rgs-1ou.

Proof. Tt follows from Lemma 2.1 and Theorem 2.4 that F(J,) is a sunny gen-
eralized nonexpansive retract of E for each A > 0. Since F(J\) = (BJ)~'0 for
each A > 0, (BJ)7'0 is a sunny generalized nonexpansive retract of F.

We first show that JC,, is a closed convex subset of E and (BJ)™'0 C C,, for
all n € N by induction. From the assumption for C, it is obvious that JC is
a closed convex subset of E and (BJ)™'0 C C;. From the surjectivity of J, we
have

JCri1 =J({z € C: (xy — yp, Jyn — Jz) > 0} N C,),
=J{z€C:{(xy—Yn, Jyn — J2) >0} N JC,,
={z" € JC: (xry — Yn, Jy, — 2%y > 0} N JC,

for all n € N. Suppose that JC}, is a closed convex subset of E and (BJ)™'0 C Cy
for some k£ € N. Let

D ={z"€ JC : {xy — yp, Jyp — 2*) > 0}.

It is obvious that Dj is closed and convex. Therefore JCyy1 = D; N JCj is
also closed and convex. Let p € (BJ)™'0. Since J,, is a firmly generalized
nonexpansive type mapping and F(Jy,) = (BJ)™0, we have

0<{((zx—yx) — (p— InDp), JYr — JIr0) = (T — Yr, Jye — Jp)

and thus p € Cy41. Hence JC, is a closed convex subset of E and (BJ)~'0 C C,,
for all n € N. Since (BJ)™0 is nonempty, C,, is also nonempty for all n € N.
Let p, = Re,u for all n € N. Then, since {C,} is decreasing with respect
to inclusion, by Theorem 2.6, {p,} converges strongly to py = Rc,u, where
Co=J (N2, JC,). Since x,, € C,, it follows from Theorem 2.5 that

V(u7 xn) S V(“aPn) + 5n
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for every n € N\ {1}. Since JC, is closed and convex, then for each a €]0, 1],
we have

aJp, + (1 —a)Jzx, € JC,
and hence
J Y aJp, + (1 —a)Jx,) € C,
for every n € N\ {1}. From Theorem 2.9 (i), we have

V(u,pp) <V (u, J Y adp, + (1 — a)an))
= |Jull* = 2(u, adp, + (1 — @) Jz,) + ||ap, + (1 — a)Jz, |
< lul* = 2a{u, Jp,) — 2(1 — a){u, Jx,)
+alpall® + (1 = a)llza|* = a1 — a)g (| Jn — Tpal))
=aV(u,pp) + (1 =)V (u,2,) — a(l — a)g (| Jzn — Jpnl|)

and thus
Ozg:(Han - Jan) < V(“axn) - V<U,pn) <,

for every n € N\ {1}. Tending a — 1, we obtain g*(||Jz» — Jpul|) < , and thus
|Jzn — Jpn]| < gi’l(én). Using the definition of p,,, we have that p,,1 € C, 41
and thus

<an — Yn, Jyn - Jpn+1> Z 0

for every n € N\ {1}. From the property of the function V', we have

0 S 2<xn — Yn, Jyn - Jpn+1>
= V(xnypn+1) - V(In, yn) - V(ymanrl)
S V(xmpn—‘rl) - V(xm yn)

for every n € N'\ {1}. By Theorem 2.10, we obtain

V(@n; Yn) < V(T0, Ppy1)
= V(@n,pn) + V(Pn, Put1) + 2(Tn — Pus Jpn — IPns1)
(T2 = Ipull) + V(Pns Pri1) + 2{¥n = Py JPn — IPns1)
(9 162)) + V(Drs Prs1) + 2{&n — Doy Ipn — IPnsr).

e

g
g

IA A

for every n € N\{1}. Since F is uniformly convex, J is norm to norm continuous.
Therefore, from limsup,, 9, = dp and p,, — py, we have

lim sup V (2, y) < 72(g" " (00)).

n—o0
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Therefore, by Theorem 2.8, we have
limsup |2, = yo|| < limsup g~ (V(2n, 4n)) < g G5(g7" (80)))-
n—oo n—oo
For the latter part of the theorem, suppose that o5 = 0. Then we have
limsup ||z, — yu| < g, (G5 (g7 (0))) =0
n—oo
and
limsupg (||J2, — Jpyl|) < limsupd, = 0.
n—oo n—0o0

Therefore, we obtain

lim ||z, — y,|| =0 and lim ||Jz, — Jp,| = 0. (3.3)
n—o0 n—o0
Hence, we also obtain
lim z, = lim y, =py and lim Jz, = lim Jy, = Jpo. (3.4)
n—+00 n—+00 n—00 n—00

From Lemma 3.2 and we have

V(yn; Jklyn) S V(y'IH J)\lyn) + V(J)qynﬂ yn> S 2)\1<Z7 Jyn - JJ)\lyn>

for all z € BJy,. From y,, Jy\,y, € D(BJ) C C C B, and (z,, — y»)/ n € BJYn,
we have

Tn — Yn
V(yrw J)\lyn) S 2/\1 < Y 7Jyn - JJ)\lyn>
Tn — Yn
< 2/\1 Y ”Jyn - JJ)qynH
<2\ (gl + 170, wall) < 4Aar

Since inf, A, > 0 and (3.3), we obtain

lim sup V' (yn, S, yn) < 0.

n—oo

This implies that lim, V (y,, Jx,yn) = 0. From Theorem 2.10, we have
limsup || Jyn — JJx, ynl| < limsup g~ (V(yn, Ja,ym)) = g= = (0) = 0.

n—0o0 n—oo

This implies that lim, ||Jy, — JJ\ys|| = 0. Then, by Theorem 2.2 and (3.4)
we have py € F(Jy,) = F(Jy,) = (BJ)™'0. Since (BJ)~'0 C Cy, we have
po = Rcy,u = R(pyy-19u, which completes the proof. O

4. Applications

In this section, we give some applications of Theorem 3.3. We first study the
approximation of fixed points for mappings of firmly nonexpansive type.
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4.1 Fixed Point Problem

Let C be a nonempty subset of a Banach space E and let T be a mapping
from E to C. Then the fixed point problem is to find xg € C' such that

To = T[L‘g.

Before we show our applications, we need the following results.

PROPOSITION 4.1. ([3]) Let E be a reflezive, smooth and strictly convex Ba-
nach space, let C be a nonempty subset of £, let T : C' — E be a mapping, and let
Br C E* x E be an operator defined by By = (T~ —1)J~'. Then, T is of firmly
nonezpansive type if and only if By is monotone. In this case T = (I + BpJ)™*

As a direct consequence of Theorem 3.3 and Proposition 4.1, we obtain the
following result.

COROLLARY 4.2. Let E be a uniformly smooth and uniformly convex Banach
space, let C' be a nonempty bounded closed subset of E satisfying JC' is closed
and convex and let r € 10,00 such that C C B,. Let T : C' — C be a firmly
generalized nonexpansive type with F(T) # 0, let {6,} be a nonnegative real
sequence and let 0y = limsup, 0, < co. For a given point u € E, generate a
sequence {x,} by x; =z € C, C; =C, and
Coi1=4{2€C:{(xry,—Tz,, JTx, — Jz) >0} NC,,
Tpi1 €{2€ C:V(u,2) <inf{V(u,v):v € Cpy1)} + 0ps1} N Cria

for alln € N. Then,

limsup ||, — Tx,|| < 9, <9r(9* 1(50)))

n—oo

Moreover, if 0 = 0, then {x,} converges strongly to Rpyu

Proof. Put By = (™' — I)J ! and A\, = 1 for all n € N. It follows from
Proposition 4.1 that 7' is the generalized resolvent of Br for 1 and

D(BrJ) = R(T) € C = D(T) = R(I + Br.J).

Therefore, we obtain the desired result by Theorem 3.3. O
4.2 Convex Minimization Problem

Let E be a reflexive, smooth and strictly convex Banach space with its dual
E*and let f: E* —] — 00, 00| be a proper lower semicontinuous convex function.
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Then, the convex minimization problem is to find
xy € E* such that f*(zj) = zgéi}rﬂl* (7).
The subdifferential 0 f* of f* is defined as follows:
Off(z") ={z e E: f*(a") + (z,y" —2") < f*(y"), Vy" € £}

for all z* € E*. By Rockafellar’s theorem [22, 23], the subdifferential 0f* C
E* x E is maximal monotone. It is easy to see that (9f*)~'0 = argmin{ f*(z*) :
z* € E*}. Tt is also known that

D(9f*) € D(f*) € D(0f*); (4.1)

see, for instance, [4, 25]. Before showing our application, we need the following
lemma.

LEMMA 4.3. Let E be a reflexive, smooth and strictly convexr Banach space and
let f: E* =] — 00, 00] be a proper function. Then the following holds.

(1) D(f*J) = JD(f");
(2) if E and E* has a Fréchet differential norm, then D(f*J) = J'D(fx).

Proof. In the same way as Lemma 3.1, we have the desired result. O
As a direct consequence of Theorems 3.3, we can show the following corollary.

COROLLARY 4.4. Let E be a uniformly smooth and uniformly convex Banach
space and let f : E* —]—00, 00| be a proper lower semicontinuous convex function
with D(f*) being bounded, and let r € ]0,00[ such that D(f*) C By = {z* €
E* ||z*|| < r}. Let {\.} be a positive real numbers such that inf, A, > 0, let
{0,} be a nonnegative real sequence and let 6y = limsup,, 6, < co. For a given
point u € E, generate a sequence {x,} by 1 =x € D(f*J), Cy = D(f*J), and

1
= argmin )+ 5 = o)

Croy1={2€ D(f*J) : (xn — Yn, Jyn — J2) > 0} N C,,

Tpy1 €E{z € D(f*J): V(u,z) <inf{V(u,v):v € Cri1)} +0ni1} NCriq

for alln € N. If (Of*)710 # 0, then,

lim sup ||z, — yn|| < g;l(gi(ﬂi_l(%))).

n—o0

Moreover, if dg = 0, then {x,} converges strongly to Ry« )-10u.
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Proof. Put C' = D(f*J). Since the subdifferential 0f* C E* x E is maximal
monotone, then £ = R(I + A0f*J) for all A > 0. By (4.1) and Lemmas 3.1 and
4.3, we have

DOf*J)=J'DOf*) c J'DOf*) = J 'D(f*)=C C E=R(I+M\of*J])

for all A > 0. Fix A > 0 and z € C. Let J, be the generalized resolvent of 0f*,
then we also know that; see [10, 13]

: * * 1 * 1 *
3z = axguin { £ + g5l P - 56} |
Therefore, we obtain the desired result by Theorem 3.3. O

4.3 Variational Inequality Problem

Let E be a Banach space with its dual £*, let C' be a nonempty closed subset
of E such that JC' is closed and convex. Let 7™ be a single valued operator of
JC to E. Then the variational inequality problem is to find

x € C such that (I"Jz, Jy — Jz) >0 (4.2)

for each y € JC. The set of solutions is denoted by VI(C,T*). A single-valued
operator T™ is said to be hemicontinuous if 7™ is continuous from each line
segment of JC' into E with weak topology.

As a direct consequence of Theorems 3.3, we can show the following corollary.

COROLLARY 4.5. Let E be a uniformly smooth and uniformly convex Banach
space, let C' be a nonempty bounded closed subset of E satisfying JC is closed
and convez and let r € |0,00] such that C C B,. Let T* : JC' — E be a single
valued, monotone and hemicontinuous operator and let {\,} be a positive real
numbers such that inf,, A\, > 0. Let {5,} be a nonnegative real sequence and let
do = limsup,, §, < co. For a given point u € E, generate a sequence {x,} by

ryn=xeC,Cy=C, and

1
y, = VI (O, T + /\—(J‘l — xn)>

Coi1={2€C:{xy —yn,Jy, — J2) > 0} N C,,
Tpi1 €{2€C:V(u,2z) <inf{V(u,v) :v € Cry1)} + 0ps1t N Cryy

for alln e N. If VI(C,T*) # 0, then,

lim sup ||z, — yn|| < 2;1(5:(2:71(50»).

n—oo

Moreover, if dg = 0, then {x,} converges strongly to Ry r)u.
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Proof. Let Njc(z*) be the normal cone to JC at z* € JC, i.e.
Njc(z*) ={z€ E: (22" —y") >0, YVy" € JC}

and let

B ot e Tz + NJC(Z*), ¢ e JC,
T, 2 ¢ JC.

Then, from Rockafellar [24], B is a maximal monotone operator and B;'0 =
JVI(C,T*) and hence we have

D(Byp-J) = J 'D(Bp-) =J'D(T*) =C C E = R(I + ABp-J)

for all A > 0. Fix A > 0 and z € C and let J, be the generalized resolvent of
Br«. Then we have

z € JJxz+ ABpsJJy\z

and hence,

1
—T*JJAZ + X (Z — JAZ) S NJC(JJ/\Z).

Thus, we have
<T*JJA2 + % (Jaz—2),y" — JJAz> >0
for each y* € JC and hence we obtain
<(T* + % (J7' = z)) (Jz), Jy — JJAz> >0
for each y € C, that is,
Jz=VI (C, T + %(Jl — z)) :
Therefore, we obtain the desired result by Theorem 3.3. O
4.4 Equilibrium Problem

Let E be a smooth Banach space with its dual E* and let C' be a nonempty
closed subset of E such that JC' is closed and convex. Let f* be a bifunction
from JC x JC to R. Then, the equilibrium problem for f*: JC x JC' — R is to
find

xo € C such that f*(Jxg, Jy) >0, Vy € C.
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The set of such solutions is denoted by EP(f*); see [29] for more details.

Let C' be a nonempty closed subset of a reflexive, smooth and strictly convex
Banach space E such that JC' is closed and convex. For solving the equilibrium
problem, let us assume that a bifunction f*: JC'x JC — R satisfies the following
conditions:

(A1) f*(a*,2*) =0 for all z* € JC;
(A2) f* is monotone, ie., f*(z*, y*) + f(y*,2*) <0 for all z*,y* € JC;
(A3) for all z*,y*, 2* € JC,

limsup f*(tz" + (1 = t)a*, y*) < (2", y");
£40

(A4) for all z* € JC, f(z*,-) is convex and lower semicontinuous.

We know the following results for such a bifunction f*.

LEMMA 4.6. ([5]) Let C' be a nonempty closed subset of a reflexive, smooth
and strictly convexr Banach space E such that JC' is closed and convez, let f* be
a bifunction from JC x JC to R satisfying (Al) — (A4), let A > 0 and let x € E.
Then, there exists z € C such that

1
 (Jz, Jy) + X<Z —x,Jy—Jz) >0
forally e C.

LEMMA 4.7. ([29]) Let C be a nonempty closed subset of a uniformly smooth
and strictly convex Banach space E such that JC is closed and convex and let
f* be a bifunction from JC x JC to R satisfying (A1) — (A4). For A > 0 and
x € E, define a mapping F\ : E — C as follows:

F\(z) = {z eC: f"(Jz, Jy) + %(z —x,Jy—Jz)y >0 forall y € C} (4.3)

or all x € E. Then, the following hold:
f g

(1) Fy is single-valued;

(2) F(F\) = EP(f");

(3) JEP(f*) is closed and conver.

The following theorem is essentially due to Aoyama, Kimura and Takahashi
[2, Theorem 3.5].

THEOREM 4.8. Let C' be a nonempty closed subset of a reflexive, smooth and
strictly convex Banach space E such that JC' is closed and convezx, let f* be a
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bifunction from JC x JC to R satisfying (Al) — (A4). Let By be a multi-valued
mapping of E* into E defined by

Bog — {r e E: f*(z*y*) > (x,y* — %), Vy* € JC} z* € JC,
U I/ z* ¢ JC,

Then, the following hold:

(1) EP(f*) = (By+J)~'0;
(2) By« C E* x E is mazimal monotone;
(3) F.= (I 4+ AByJ)™ ! for each X > 0.

THEOREM 4.9. Let C' be a nonempty bounded closed subset of a uniformly
smooth and uniformly convex Banach space E such that JC is closed and convex
and let r € |0, 00[ such that C' C B,. Let f* be a bifunction from JC x JC to R
satisfying (A1) — (A4), let {\,} be a positive real numbers such that inf, X\, > 0
and let {0,} be a nonnegative real sequence and let o = limsup,, 6, < co. For a
given point u € E, generate a sequence {x,} by x; =z € C, C; =C, and

Yn = I\, Tn,

Cor1=4{2€C:{xy —yn,Jy, — J2) > 0} N C,,
Tp1 €{2€C:V(u,2) <inf{V(u,v):v € Cpy1)} + 0pns1} N Criy

for alln € N. If EP(f*) # 0, then

lim sup ||, — yn|| < g;l(ﬁi(g:_l(éo))).

n—o0

Moreover, if 0g = 0, then {x,} converges strongly to Rpp(s+u.

Proof. Let By- be defined as in Theorem 4.8. From Theorem 4.8, By« is max-
imal monotone, F), is the generalized resolvent of By« for A\, and EP(f*) =
(Bg+J)~'0. We also have

D(ByJ) = J'D(By) = C C E = R(I + By.J).

Therefore, we obtain the desired result by Theorem 3.3. O
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