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Abstract. We clarify that coined quantum walk is determined by only the
choice of local quantum coins. To do so, we characterize coined quantum walks on
graph by disjoint Euler circles with respect to symmetric arcs. In this paper, we
introduce a new class of coined quantum walk by a special choice of quantum coins
determined by corresponding quantum graph, called quantum graph walk. We
show that a stationary state of quantum graph walk describes the eigenfunction
of the quantum graph.

1. Introduction

The quantum walk has been intensively studied from various kinds of view
points, since it was treated as a part of quantum algorithm in quantum informa-
tion [1] and its strong efficiency to so called quantum speed up search was shown
(see [2] and its references). For example, the Anderson localization [3, 4, 5],
stochastic behaviors comparing with random walks [6], spectral analysis of the
unit circle [7] in relation to the CMV matrix [8], graph isomorphic problem [9],
experimental implementation [10], and so on. Stanly Gudder is one of the origina-
tors of discrete-time quantum walk on graph [11] (1988). At first, for simplicity,
let us consider the walk on one dimensional lattice following the Gudder’s book.
In this walk, each vertex has the left and right chiralities. The total state space
here is spanned by the canonical basis corresponding to these chiralities, that is,
{l4,R),|j, L) : 7 € Z}. Let w,(LL) (7) and ng)(j) as scaler valued left and right
amplitudes at time n position x € Z, respectively. The time evolution is given
by the recurrence relations as follows :

P G) = e (G — 1)+ i (G + 1), (1.1)
P (G) =i G - 1)+ apl (G + 1), (1.2)
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where a,b € R with a®4b? = 1. An equivalent expression for this time evolution,
which will be important to our paper, is that: putting ,,(j) = T[z/)éR) (7), »iP (D],
then

Y, (J) = QY (1 —1)+ Py, ,(j+1), (1.3)

0 ib a 0
P:[O a}’ Q:Lb 0}

We can interpret the quantum walk as a walk which has matrix valued weights P

where

and @ associated with moving to left and right, respectively. Anyway, equations
(1.1) and (1.2) imply that

DG+ ) = a eV G - D) +0PG+1)Y, (Je (LR (14)

which is a discrete-analogue of the mass less Klein-Gordon equation:

82¢t($) . aa2wt(l')
o2 7 a2

This is considered as one of the motivations for introducing this walk.

We show another reason for why the total space of QW is described by not
Z but Z x C?. An idea which is across our mind immediately to accomplish a
quantization of a random walk on one dimensional lattice may be as follows: the
probabilities p and 1 —p with p > 0 that moving to left and right in random walk
at each time step are replaced with some complexed valued weights o and 3 so
that its one step time operator is unitary. However we can easily see that the
postulate of its unitarity implies a3 = 0. Thus the walk becomes quite trivial
one, that is it always goes to the same direction. It is the no-go lemma [12]
of quantum walk. So we need left and right chiralities at each vertex in one
dimensional lattice. Reference [13] gives more detailed discussion for a general
graphs around here.

Now in the next, we consider the walk extending to a general graph. Let
G(V, E) be a graph with vertex set V(G) and edge set E(G). In this paper, we
denote the edge e € E(G) between vertices u and v, as e = {u,v} = {v,u}.
For w € V, we define N(u) = {v € V : {u,v} € E}, and d, is degree of
u, that is, d, = |N(u)|. We define the set of symmetric arcs D(G) as {(u,v) €
V(G)xV(G) : {u,v} € E(G)}. We denote arc a = (u,v) € D(G) as o(a) = u and
t(a) = v, where o(a) and t(a) are the origin and the terminus of a, respectively.
For a = (u,v) € D(G), we denote a™! as (v,u). The quantum walk on G(V, E)
introduced by Gudder (1988) is defined as an analogue of the one dimensional
lattice case.
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DEFINITION 1. (Definition of quantum walk)

(1) Total space: Let H be the total space of quantum walk.
H = *(D(G)) = span{|u,v) : (u,v) € D(G)}.

Let H = &) ey (g) Hu with H, = span{|u,v);v € N(u)}. We denote the

canonical basis of the subspace H, as {\eq()“)); v e N(u)}.

(2) Time evolution: To every (u,v) € D, we assign a non-trivial linear map
H., — H, with its matrix representation W, so that |D| x | D| matrix on
‘H, U, defined by

(5,t|U]u, v) = Liauseny (€ Wil el)

is a | D|-dimensional unitary matrix. The time evolution is the iteration of
the unitary operator U with an initial state ¥y € H with ||[¥g|| = 1 such
that ¥ 2, UM LA Uy A --+, where U, = Ui,.

(3) Measure* : Denote €2, as the set of all the n-truncated possible paths from
a vertex o € V(G). The measure i, : 2% — [0, 1] is defined as follows: for
A g 2%,

2

p(A) = Y Weien WiaenWoen®|| -
52(0762'”7571)6‘4

where ¢ is a vector in H,.

REMARK 1. We can see this is an extension to a general graph of the one
dimensional case in the following sense: for each arc (i, 7) with |i — j| = 1, under
the following one-to-one correspondence between the canonical basis, |7, 7 —1) <
|7, L), |j,7 +1) < |7, R), the weights of moving left and right at each vertex are
Wit = Q and W51y = P, (j € Z).

For u € V(G), the measure of A, = {£ € Q, : & = u} € 2% gives a
distribution since 3°, (g #n(Au) = 1, and pn(A,) € [0,1]. We define the
finding probability of quantum walk at time n, position u by p,(A,). In this
paper, we classify a special case of the discrete-time quantum walks in Def.1,
so called coined quantum walk which is defined by introducing local unitary
operator (called quantum coin) for each u € V(G) on H,. In [14], we can see the
original form of the Grover walk on general graphs which are most intensively

*In this paper, we slightly modify the original definition of measure in [11] to emphasize
a correspondence to the random walk on the same graph. In the original definition, indeed,

Qn =1{(q0,---,qn) € D(G)" : t(q;) = 0(qj+1)}-
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studied by many researchers. The Grover walk is in a special class of coined
quantum walks called “A-type quantum walks with flip flop shift” in this paper.
See Sect. 2 for its detailed definition. We clarify that the investigation of A-type
quantum walk is essential to study of coined quantum walk. More concretely, we
find that for fixed local quantum coins, we can express any coined quantum walks
by an A-type quantum walk with flip flop shift with a permutation (Theorem 2).
Thus a choice of local quantum coins determines the coined quantum walk.

By the way, a quantum graph is a system of a linear Schrodinger equations on
each Euclidean edge with boundary conditions at each joined part, i.e., vertex.
The quantum graph is determined by triple of sequences of parameters (L, A, A)
with respect to Euclidean edge lengths, boundary conditions, and vector poten-
tials on edge, respectively. See Sect. 4.1 for the detailed setting of the quantum
graph. Quantum graphs have been studied from varions fields of view. For the
review and books on quantum graphs, see [16, 17, 18], for examples.

In this paper, we apply the formulation of quantum graphs according to
Smilansky and his group [18, 19]. Anyway, what is the solution (eigenfunction)
for the system of Schrodinger equations which satisfy the boundary conditions
simultaneously ? To answer it, in this paper, we define a coined quantum walk,
ULAA) Ty a special choice of local quantum coins determined by corresponding
quantum graph. We call this walk quantum graph walk whose more detailed
definition is denoted in Sect. 4.2. The following result is our main theorem:

THEOREM 1. The quantum graph walk with parameters (L, A\, A) has non-
trivial eigenfunction satisfying all the boundary conditions at vertices simulta-
neously if and only if

UNLA g, (k) = a, (k).

Here a linear transformation of a.(k) is the eigenfunction of the quantum graph.
(See Eq. (4.52) for an explicit expression for the linear transformation.)

This paper is organized as follows. Section 2 is devoted to special quantum
walks called coin-shift type quantum walks. The time evolution of coin-shift type
quantum walk U has two stages; coin operator C, and the shift operator S. In
the coin-shift type quantum walk, the walk is characterized by the choice of coin
operator. The next of two sections (Sects. 3 and 4), we treat two special classes
of the discrete-time quantum walk. The first is the Szegedy walk introduced by
Szegedy[20] (2004), which is induced by a transition matrix of a random walk on
the same graph. One of the strong facts is that a main part of eigensystems of
the Szegedy walk is obtained once we know the eigensystem of the corresponding
random walk. The Szegedy walk induced by the symmetric random walk, that is,
a walker moves to a neighbor uniformly, becomes the famous Grover walk which
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is most intensively studied in the view point of quantum information. We have
already know the eigensystem of the Szegedy walk is described by the spectrum of
corresponding random walk. The second one is the quantum graph walk induced
by a quantum graph [18, 19]. As we have seen in Theorem 1, we find that the
Schrédinger equation has non trivial solution iff the quantum graph walk has
stationary amplitude. Moreover in the Neumann boundary condition, in the
limit of edge length zero, we can see the Grover walk again. We give its proof
and an expression for the eigenequation of UM4) which is reduced to vertex
size |V| from square of edge size 2|F|. The common part of the Szegedy walk
and the quantum graph walk is the Grover walk. As far as we know, Ref. [15]
is the first paper which suggests a relation between the quantum graph and
quantum walk. We more clarify and refine its relationship in this paper. One of
the most important suggestions for a usefulness of mapping to quantum walks
is Ref. [21]: Schanz and Smilansky [21] (2000) have already shown a localization
of the quantum graph on random environment of Z mapping to a quantum
scattering evolution which can be interpreted as nothing but now a day a spatial
disorded discrete-time quantum walk with some modifications. Localization is
a recent hot topic of quantum walks. For example, Refs. [3, 4, 5, 6, 7, 22,
23]. Schanz and Smilansky provided strictly the positive return probability for
annealed law by a combinatorial analysis before the quantum walks were so
intensively studied.

2. Quantum walks on graph: reconsideration

In this paper, we treat a connected and simple graph, that is, without self
loops and multiedges. A path is a sequence of vertices of G, uy,us, ..., u, with
(ui,uiv1) € D(G). The line digraph of LG(V, A) with the vertex set V' and arc
set A is defined as follows:

v (Z6) =p©o). 4(Z6) = {((wo).0w) e v (T6) so=v}.

A cycle in a graph G is a path uy, ug, ..., Uy, uy with (uj, uje,1) € D(H), where
[®, m = mod((l+m),n). In particular, if all the ;s in the sequence are distinct,
then we call it essential cycle. Note that if a cycle (uy, us), (ug, u3), ..., (Uy, ur)
with u; € V(G) in the line digraph fg is essential, then the sequence uy,us, . . .,
Uun,u; of the original graph G is also cycle, however its essentiality is not en-
sured. On the other hand, if a sequence uq, us, e Uny U is essential in G, then
(w1, uz), (ug,us), ..., (u,,up) is also essential in L G.
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. . ﬁ
DEFINITION 2. Let 7 be a partition on L G such that
H
m: LG — {Cy,Cy,...,C.}, (2.5)

where C} is an essential cycle of TG and Ui—, VI(C)) = V(fg), V(C)NV(C;) =
() for i # j. We denote the set of all the such partitions as Ilg.

REMARK 2. The following partition called “flip flop partition” belongs to Ilg
for every undirected graph.

mrr s LG ={C1,..., Cip@} (2.6)

where V(C;) = {e;,e; '}, and A(C)) = {(ej,€;'), (e ', ¢;)} for e; € D(G).

J
The partition 7 gives a way to decompose the graph G into mutually disjoint

Euler circles with respect to arcs. Let II, be the set of all one-to-one correspon-
dence between

{lef”);v e N(u)} < {lef);v € N(u)}.

The former one corresponds to out-neighbor of u, and later one is in-neighbor of
u. There are many partitions in Ilg in fact |IIg| =[]

&) 1m, =1,

ueV(G)

|
wey du! since

Since the out- and in-degrees of all the vertices in C; are 1, we can define the
following map f, (see also Fig. 1.):

DEFINITION 3. For 7 € Ilg with fg % {C1,...,C,}, we define
f:V(T9) = v(©9) (2.7)

such that for any (4, j) € V(fg),

T

((6,9). G £2(3,3))) € | A(Cy). (2.8)

=1

From now on, we explain a special class of quantum walk called coined quan-
tum walks on graph G under these setting. We choose a partition 7 from Ilg, and
a sequence of unitary operators { H j}pjl, where H; is a d;-dimensional unitary
operator on the subspace H;. We call H; local quantum coin at vertex j. Then
we present two types of time evolutions of QWs, U@ and UM respectively.
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(1,2) (2,3)
G=
(37 4
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(1,4) (4,3)
T (1,2) (2.3) T (1,2) 2.3) T3 (1,2) @3)

(, 1)/ (32}—/) 4,1) I(& 4 (4,1) Ca)
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T4 (1,2) (2,3) 5 (1,2) (2,3) 6 (1,2) (2,3)

(4,1) G4 (4,1)

(1,4) (4,3)

(1,4) (4,3) (1,45 (4,3)

Figure 1 Decomposition into mutually disjoint Euler circles: The 2* = 16 parti-
tions of the circle with four vertices are classified into above 6 patterns
[7;] (j = 1,2,...,6) with respect to automorphism. The cardinalities of
each conjugacy classes |[m;]| (j = 1,2,...,6) are 1, 1, 4, 2, 4, 4, respec-
tively. Indeed, Ilg = . |[m;]| = 16. We see fr,(1,2) = 3, fx,(3,4) = 1,
fro(1,2) =1, fr,(3,4) =3, frs(1,2) =3, frs(3,4) = 3 and so on.

DEFINITION 4. ( Gudder type and Ambainis type QWs. )

U =cs,, (2.9)
U =gs.C. (2.10)

Here S; and C are called shift and coin flip operators defined by

Seli, j) =17, f=(i,5)), (2.11)
C= > oH, (2.12)
JEV(9)

that is
Cli.g) =Y (el Hile\")]i, k).

kEN (i)

The first type determined by U(“) is a generalization of Gudder (1988) of d-
dimensional lattice case. The second one U is motivated by the most popular
time evolution for the study of QWs by Ambainis et al (2001). We call such time
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&

Figure 2 Comparison between G-type and A-type QWs with flip flop 7¢: We assign
local quantum coins H; (j = 1,2,3,4) which determines the weight of the
“pivot turn” at each vertex. The figure depicts the dynamics of G- and A-
type QWs with m = 7y starting from the canonical base |2,1), that is, in

G-type QW, [2,1) > [1,2) S a1|1,2) +di|1,3) +g1|1,4), on the other hand,
in A-type QW, [2,1) S a2|2, 1) + 212, 4) > a2]1,2) + 2[4, 2).

evolution G-type QW and A-type QW, respectively. The matrix representations
of Ug and Uy are as follows: for any (7, 7), (I,m) € D(G),

(1 mlUDi, ) = Lpenindii (e |HjleP ;). (2.13)
(Lm|UN, 5) = Lgen(yom.s, o (el )IHi\ej ). (2.14)

The dynamics of quantum walk is explained as follows. See also Fig. 2. Let us
consider the canonical base |i, j) be acted by U = SC. In the coin flip stage C,
the coin flip operator changes the terminal vertex j to [ with the complex valued
weight (H;);;. Thus in this stage, we obtain a superposition around the vertex
7. In the next stage, that is, the shift S, the initial vertex ¢ is changed to its
terminal vertex [, and the terminal vertex [ is changed to m(j,[). This is the A
type quantum walk. In G-type quantum walk, the order of shift and coin is just
exchanged.

REMARK 3. The matrix valued weight W, ., associated with moving from u
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to a neighbor v in Definition 1 is as follows:

{H|e ><e£>r . G-type,
(u,w) —

(2.15)
|ef7r(u71))>< v |Hu : A_type

A-type and G-type QWs are in dual relation with respect to the “1/2” time
gap:

LEMMA 1. For any n > 0, we have
U@ = sty@Wtg (2.16)

Because of the unitarity of the time evolution of quantum walks, U’ s
also unitary. What is the U/ )71 2 The following theorem is related to a part of
its answer.

LEMMA 2. UV is also a time evolution of a quantum walk (J € {A,G})
on the same graph G(V,E) if and only if the shift operator of UY) is the flip
flop. More concretely, denote U}{;} [H; : j € V] as the time evolution of type J
(J € {A,G}) quantum walk with local quantum coins {Hj}‘j‘gl and the flip flop
shift. Then we have

UDH, :jeV] =UCDH?: jeV) (2.17)

Tff Tff J

where = J = A (J=G), =G (J = A).

In particular, if we choose local coins as self adjoint operators H; = H]T such
as the Grover coin H; = (2/d;)Ja, — 14; (j € V),

Tff Tff

(U(J)>7 = U,

where J,, is the m-dimensional matrix whose elements are all one, and [, is the
identity operator.

Proof. Remark that
(U =(CS) T =St (2.18)

Note that C~! = Zlv‘l GH; ~! is also a coin flip operator. In the following7 we
concentrate on a necessary and sufficient condltlon for m so that S ! is also a
shift operator. For a partition 7 € Ilg with 7 : TG — Cy&--- & (), we define
™ as

LG—Clle - ac! (2.19)

r
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. —
Here for an essential cycle C, C LG, (v1,v2) — (ve,v3) — -+ — (U, v1), We

define C~ as (v, v1) = (Um—1,0m) — -++ — (v1,v2). Define g : UJj_, v(C:)
— V/(G) such that

(7,2, (1, g2 (3, 1))) € | J ACT).

j=1
Then it is hold that for (i, 5) € Uj_, V/(C}),

Sl 3) = g (4,1), 9). (2.20)
Therefore S! is a shift operator if and only if g,-(j,7) = j, that is, 7 is the flip
flop. O

LEMMA 3. For any , 7' € Ilg, for each vertex j € V(G), there exists a permu-
tation 77,(,]7;, on the canonical basis of H,;, {]e,i”} ke N(j)}, such that

U H; - j e VI(G) =U9H; : jeV(g), (2.21)
where f[j = HjPT(rQr,.

Proof. Note that for any j € V(G), and 7, " € Ig,

N(G) = {fz(1,5);i € N(G)} = {fw(i5);i € N()}-
Then we can define a permutation on N(j) such that o ]) s [t 9) = far (i, 7).
Denote Pfrj 7)r, as the matrix representation of 07(3 ./ on Hj, such that
PY), = Z Iej fﬂu 12> i e (6 9)) s f2 () (2.22)
1EN(j 1EN(J)

The permutation operator PMT, locally changes a partition © € Ilg to another
partition 7’ € Ilg at vertex j.
Combining Eq. (2.22) with Sz = 3 » |, fx(4, j)) (¢, j| implies

S @PYlS, =Sy

JEV(G)
So we have
USH;  jeV(G) =CSw= Y @l Y @PLs (2.23)
JEV(G) 1€V (G)
= > ePY, |- s, (2.24)
JEV(G)
=U9H; : j e V(G)], (2.25)

where H ;=H ﬂ%&{i,. It completes the proof. O
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THEOREM 2. Every G-type QW can be expressed by an A-type QW with flip
flop shift ws¢ in the followmg meaning: for every m € llg, and a sequence of local

quantum coins {H; }] 1

UDNH, : j e V(G)] =UNH!: jeV(g)), (2.26)

L
where ]:vlj = ijfrif)f,w-

Proof. Combining Lemma 2 with 3, we arrive at

UDH, : jeV(G)] =UDH:jeV(G)]=UNH :jeV(@) (227

T f Ty
O

COROLLARY 3. For every m € llg, Ambainis type QW with m and a sequence
local quantum coins { H; }] 1, can be also expressed by an Ambainis type QW with
the flip flop shift mss as follows:

UNH; - j e V(G)] = S:UY) [H} 1§ €V(G))SI, (2.28)
where H H; Pﬂff o

Proof. Lemmas 1 and 3 and Theorem 2 imply that

UMH; : j € V(G)] = S:UNH; : j € V(G)]SE (2.29)

=S, UW” [H;:jeV(G)st (2.30)

= SUW [H} . j €V(G)]SI, (2.31)

which completes the proof. O

For matrices M, M’, if there exists a permutation matrix P such that M’ =
PTMP, we call M is isomorphic to M’.

COROLLARY 4. (Severini [13]) Ewvery time evolution of coined QW is a
ﬁ
weighted adjacency matriz of L G or isomorphic to its transposed one.
Proof. The adjacency matrix of fg is
q . .
(l,m|M(LG)|i,j) =0, (2.32)

Comparing the Eq. (2.32) with Eq. (2.13), obviously, G-type QW is a weighted
—
adjacency matrix of L G. Putting J,, be m-dimensional all one matrix, we have

for every m € Ilg,
= (Z @de> S
JjeV
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Therefore, for every m € Ilg, by the statement of proof for Theorem 2,

T
M(LG) = {(Z DIy, ) } {(Z@ (Jo,PY)..) ) SW} (2.33)
T
{ (Z SJy, ) W} (2.34)

= Sy, (Z @Jd]) , (2.35)

jev
which implies that A-_t>ype QW with flip flop partition is a transposed weighted
adjacency matrix of L G. Moreover from Corollary 3, obviously, we see that A-
type QW with partition 7 € Ilg is isomorphic to a transposed weighted adjacency
matrix of the line digraph of G with respect to the permutation matrix SI. So
we obtain the desired conclusion. O

For a fixed coin operator C, then once we get an information on the A-type
QW with flip flop shift, we can immediately interpret it to any other correspond-
ing coined quantum walk because of Eq. (2.26) in Theorem 2 and Eq. (2.28) in
Corollary 3. Thus from now on, we treat only A-type QWs with flip flop shift.
Note that all A-type QWs with flip flop shift on graph G are determined by only
the choice of local quantum coins H;’s (j € V(G)). In the following, we will
show two special choices of the local quantum coins called “Szegedy walk” and
“quantum graph walk”.

3. Szegedy walk

In this section we briefly review on the Szegedy walk. The original walk
introduced by Szegedy himself is the double steps of the Szegedy walk treated
here. The Szegedy walk comes from a probability transition matrix (P),vev(g)
on graph G. Put (P),, = pu, which is the probability that a particle on vertex
u jumps to the neighbor v at each time step with ZveN(u) Pup = 1,0 < py, < 1.

DEFINITION 5. (Szegedy walk) We call Szegedy walk to the A-type QW with
flip flop shift Ugf) [H;;j € V], where the d;-dimensional unitary local quantum
coin at vertex j is for any I, m € N(j),

(e |Hjler”) = 2/Djibim — dum- (3.36)

Put A : (*(V) — (*(D) such that for a canonical base |j) (j € V), Alj) =
ZleN(j) Dii1l7l). In particular, we choose P so that p;; = 1/d; for all i € V,
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the Szegedy walk becomes the Grover walk which is intensively investigated in
the view point of quantum information. Let the symmetric matrix J € My |(C?)
be (J)ij = \/Pipji- In the Grover walk case, J = P. Then we can obtain the
eigensystem of UP) by using the eigensystem of J as follows. In this paper, we
refine the original theorem by Szegedy [20]. (We can see for a detailed proof in
[24] for example.)

THEOREM 5. Let v = cosf, with sgn(sinf,) = sgn(v). Then we have

spec(UP))
{ei%; v € spec(J)} U {e ;v € spec(J) \ {£1}} PE[=V]-1,
{ei%; v € spec(J)} U {e ;v € spec(J)} JEl =1V,

[EI=V] [E|-|V]
. . ~~ /=
{e%; v € spec(J)} U{e ™ v € spec(J)}U{ 1, =1 }; otheruwise.

(3.37)
Let p,, the eigenvector of eigenvalue v for J. The eigenvectors for
m(1) m(-1)
' with v € spec(J) and e ™ with v € spec(J)\ {1 , =1}
are expressed by
(I —eS)Ap, and (I —e " S)Ap,, (3.38)

respectively, where m(%1) are the multiplicities of eigenvalues £1 of J.

4. Quantum graph walk

4.1 Quantum graphs

This formulation of the quantum graph is according to Smilansky and his
group [18]. In the quantum graph, a metric graph of G(V, E), whose each edge
e € E(G) is assigned a length L. € [0,00), is given. Let us denote the vertex set
V(G) which has an order such that V' = {1,2,...,|V|}. To describe position on
edge e = {i, 7} of the metric graph G(V, E), we define x € [0, L] by the distance
from min{s, j}.

At each edge {i,j} € FE(G), the quantum graph gives the wave function
Uy, i1 () in the location of = € [0, Ly; j] determined by the following Schrédinger
equation:

. d 2
(_1% N AW}) Wiz (x) = K04 (). (4.39)
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Moreover the wave function is imposed the following two boundary conditions:
(1) Continuity
For every i € V(G), there exists a ¢; € C, such that
Uy 11(0) = ¢; for any j € N (i) with j > 4, (4.40)
\Ij{i,k}(L{i,k}) = ¢Z for any ke N(Z) with k& < 3. (4.41)
where N(i) ={j € V(G) : {i,j} € E(9)}.

(2) Current conservation For \; > 0,

d
> (—% - 1A{m}> Ui gy ()

7:5<s

d
+> (—@ + IA{z',j}) Uiy ()
3 Jig>

x=L =0

When \; = 0, then the condition 2 is called Neumann boundary condition, while
A; = 00, Dirichlet boundary condition. Define the following wave function on

D(G):

Uy () s < 7,

Ui g)() :{ e} R (4.43)
\Il{i,j}(L{i,j} — J}) 11>

Let A;j) = sgn(j — i)Ag 3. Then we obtain the following lemma which is

equivalent to the original Schrédinger equation (4.39) with the two boundary

conditions (1) and (2), however it is useful for our discussion:

LEMMA 4. The Schrodinger equations (4.39) with the boundary conditions (1)
and (2) are hold for all {i,5} € E simultaneously, if and only if the following
Schrédinger equations (4.44) with the boundary conditions (I) - (II1) are hold for
all (i,5) € D(G).

. d 2
(—1@ + A(m‘)) U5 (x) = K5 (). (4.44)

(D) ¥ (@) = Vi (L — ),
(II) V; ;1(0) = ¢; for all j € N(i).

4.2 Quantum graph walk

We should note that the quantum graph is determined by sequence of edge
length L = {Lg;y;{i,j} € E}, and boundary conditions at each vertex
A = {)\;;7 € V} and the vector potential with respect to magnetic flux A =

{Apu: i, j} e B}
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DEFINITION 6. (Quantum graph walk) We call quantum graph walk with pa-
rameters of quantum graph (L, X, A) to the A-type QW with flip flop shift

UEAA) (k) = UNH;(k); § € V(G)],

Tff
where
. 2 :
() H. - 5 IL{jvm}(k_AO‘vm)). 4.45
(R 01el) = (17— 0 ) (4.45)

REMARK 4. An equivalent expression for H;(k) is

Hy(k) = D; (k) (mjdj - Idj) |

where D;(k) is a diagonal matrix such that }_ v e etltimy (k=AGm) e
and Jy, is the all 1 matrix, Iy, is the identity matrix on H;.

W) en|

REMARK 5. In the limit of L | 0 with the Neumann boundary condition, the
Grover walk appears again. Comparing both expressions for the local quantum
coins for the Szegedy walk (Eq. (3.36)) and quantum graph walk (Eq. (4.45)),
the common class of both walks is only the Grover walk.

A general solution for Eq. (4.44) can be directly solved by using two param-
eters a ), b ) € C,

V(i) (@) = (agge™"" + baje ™) e, (4.46)
LEMMA 5. It is hold that
bigy = agaye Loant=dan), (4.47)
Proof. Substituting Eq. (4.46) into the condition (I), it is hold that for any
(i,4) € D(G) and x € [0, Ly 3],
agge " + b e
— {a ]z IL{,L]} (k— A(1J> }elk’x + {b( lL{iyj}(k-i-A(i’j))} 6—ik‘x' (448)

Thus comparing the coefficients of e~#** and ei** of LHS with ones of RHS in the
identity (4.48) with respect to = € [0, L;;], we obtain

agi gy = byje A, (4.49)
big) = agaye Lont=dan), (4.50)

Remarking that Ag;;) = —A( ), then Eq. (4.49) is equivalent to Eq. (4.48), we
complete the proof. O
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By substituting Eq. (4.47) into Eq. (4.46), we obtain for each (i, j) € D,
U0(7) = ag e " FFA)T 4 g ;e i FAGH) Ty =), (4.51)

Therefore | D|-parameter {ay; f € D} gives the solution for the Schrédinger equa-
tions. We put a,(k) as the array ag j)’s, that is, a.(k) = > jcp ai i, j). On
the other hand, for ® = (z(;;); (4,7) € D with 0 < x;; < Ly 1), and k € R, let
the array of eigenfunctions W j(z(5)'s be Wu(k,x) = 37, icp Vi (Tij)li, 7).
Then Eq. (4.51) implies that

. (k) = {Dy(k,z) + Dyk, z)S} a.(k), (4.52)
where D;(k,z) (j € {1,2}) are diagonal matrix defined by for f, f' € D(G),

(Dr)g g = 8p e EHA
(Da) s = 05 f,e_i(k_Af)(Lf_xf).

Now we will investigate a necessary and sufficient condition of a. (k) for getting
non-trivial solution of quantum graph W, (k,x) (# 0). One of its answers is our
main result in Theorem 1. The following theorem is a collection of equivalent
statements including Theorem 1.

THEOREM 6. The following three statements are equivalent:

(1) In the quantum graph with parameters (L, X, A), the Schrédinger equation
(4.44) with the boundary conditions (I) - (III) has a non-trivial solution
¥y (@) }open@)-

(2) a.(k) is an eigenvector of the quantum graph walk U2 (k) with eigen-
value 1.

(3) It is hold that

|E|
det(]‘w — T|w + D|V|) H(l — 621kLe.7') =0, (4.53)

=1
where for 1,7 € V(G),

e iy (kA6 (1 4 e~ R)) /| Jdyd; o
(T\Vl)i,j - 1 — kL Ligpen@y (i),  (4.54)
(D\Vl)z‘,j = Z 1{i:j}(lvj)' (4.55)

1 _ 62lkL{l,l}
IEN (i)

Here e¥i®) = {1 +1i)\;/(kd;)}/{1 — i)\;/(kd;)}.
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Proof. At first we give the following lemma.

LEMMA 6. The boundary conditions (1)-(II1) are hold for all (i,j) € D(G),
2 Ly (k—Ag )
& apy = ) < — 5zj> e TR g 4 (4.56)
IEN (i) d; 1)‘1/1{;

Proof. We assume that the boundary conditions (II) and (III) are hold. From
condition (II), substituting = = 0 into Eq. (4.46),

Vii)(0) = agy) +bag = @i J € N(2). (4.57)
Taking a summation of Eq. (4.57) over all the neighbors of i,
Z (a(iaj) + b(m‘)) = d;p;. (4.58)
JEN()
From Eq. (4.46),

d
%‘I’(iu’)(fﬂ)

—i(k + Aug)agg + ik = Aay)be),

=0
Inserting it into condition (III), we obtain
—ik Y (agg) — bag) = Nigy. (4.59)
JEN(3)
Combining Eq. (4.58) with Eq. (4.59),
ik 1
¢ =—v 2 (aay —buy) =+ > (@ +bep),
' JEN() ¢ JeN()
which implies that

Z agz) = e Z biij)- (4.60)

JEN(3) JEN(3)

By using Eqgs. (4.57) (4.58) and (4.60),

1
Agig) = Pi — biij) = g > (ags +ban) — by,
(A N )

= 2 (d ik %’) bei- (4.61)

leN(i

Conversely, under the assumption that Eq. (4.61) is hold, we can easily check
that the conditions (II) and (III) are satisfied. Then inserting Lemma 5 into
Eq. (4.61), we complete the proof. O
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Next, we will give a proof that (1) iff (2). By using a matrix representation
of the quantum coin at vertex i in Eq. (4.45), RHS of Eq. (4.56) is rewritten by
Z <€§Z)|H3(’f)|elz)>a(z,i),

IEN (i)
which implies that a.(k) = C1(k)S;,,a.(k) with C(k) = > jevig) ©H;(k). Note
that from Lemma 2 the time reverse of the quantum graph walk is the following
G-type quantum walk

(UEA) T = U H (k) j € V). (4.62)

LET
Thus a.(k) is the eigenvector of eigenvalue 1 for both Uéff) [H ]T (k);k € V] and
ULAAa) = Uﬁff [H;(k);j € V]. Finally, we show that (2) iff (3). To do so, we
give the following lemma: When we take ay = 1/1/d; (I € N(j)) and ¢t = 1 in
the following lemma, then we obtain the statement of (3)

LEMMA 7. Let U A(K) be a generalized quantum graph walk whose quantum
coin is denoted by

Hj(k) = D;(k) {(1 + eI — Iy, } . (5 € V(G)),
where I1; is a projection onto a unit vector o) = 3 e ) ozjl\el(j)) € H; with

D IeNG) |oji|* = 1. Then we have

det ([2|E| — tfj(A)(]g)) = det (IIV\ — tTiv(t) + t2D|V|(t)) H (1 — t2e~2LGn)

{i,j}€E
(4.63)
where
eiL{iyj}(k"v‘A(i,j))(l 4 e_ipj(k))&jia_ij o
(Tw(1)),, = ) Ly penay (i, 5), (4.64)
(D|V|<t))z‘,j = Z g 2 L=y (i,.7) (4.65)
lEN(7)

REMARK 6. If We choose the unit vector |a;) on each H; as |a;) =
1/3/d; Y NG |el , then the walk becomes a quantum graph walk. On the
other hand, 1f we put the parameters A = 0, L = 0, and «;; € [0, 1] for all
(i,7) € D, then the walk becomes a Szegedy walk.

In the following, we prove Lemma 7. For a sequence (c( j))a,j)en(g) and a
sequence (¢;)icv(g), we denote Dpl(ci))i)en)] and Dy(ci)iev(g)] as the fol-
lowing diagonal matrices on ¢2(D) and ¢*(V'), respectively;

Dol(cig)ipen@l = Y. caplis N gl Dylcdievig) = D eli)il.

(4,5)eD(9) i€V(9)



QUANTUM GRAPH WALKS I 51
We will use the relation

SDpl(cq, ) ijepw@)] = Pol(cy,i)ijen@) (4.66)

Let A as a matrix representation of a map ¢*(V') — ¢%(D) such that i — |a;) for
every i € V, that is, A =3, [a;)(j[. Put

B=S-Dp-A-Dy, (4.67)

where Dp = Dp [exp[iLy; j3(k — Aqp)) : (4,5) € D], and Dy = Dyl + e )
j € V]. The coin operator on ¢*(D) is described by

C = Dp (ADy AT~ Ivy) (4.68)
By using this,
det(lyp — tU (k)
= det (Iw — tSDp(ADy AT — ]|V|))
= det(Iyp + tSDp) - det <12|E| — t(Ioym + tSﬁD)—lBA*>

= det(IgE + tSﬁD) - det [V — tAT(IQ Bl + tSﬁD)_lB . (469)
|E| Vi |E]|

We should note that

~ tetliigy (k=AG.a)
Iyp +tSDp =} & LeiL{i,j}(kAu,j)) 1 ] (*70)
{i,j}eE

Put Ay ;1 (t) =1 — t?** .3y, Then we have
det(Iyp +tSDp) = [ [ Augy (®). (4.71)

{i.g}

5.\~ pw @)
(Iw + tSDD) =l (1 4D 5) , (4.72)
where
Dy = Dp[AL,(1); (1,5) € D], DY =Dpletunt=469); (i, j) € D).

We applied Eq. (4.66) to the expression of Eq. (4.72). By using these notations
we rewrite AT([2|E| +tSDp) !B in Eq. (4.69) by

Af(ILyp +tSDp)~'B = ATDY B — tATDVDD 5B,
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We can express the first and the second terms as
ADY B = AIDWSD,AD,
= A'Dp, [(eiLm(’“—Aw)A{—;j}(t)) } SADy
’ (¢,5)eD

= D ag e EDAL (1) g (L+ e PO

(3,7)€D
= Tjv((t)- (4.73)
ADYDR B = ATDUVDY S . SD,ADy,
— AIDWDPD,AD,

= ATﬁD [ezikL{i’j}/A{Lj} : (Z,]) € D] Alﬁv
=301 Y (4 @O ey JA gy | 1))

JjeV \4ieN(j)

Then we complete the proof of Theorem 6. O

4.3 Necessary and sufficient conditions for quantum graph

Finally, we mention the relation between quantum walk and quantum evo-
lution map defined by [18, 19]. In this paper, we have defined the A-type QW,
ULAA) () = Ui’;‘} [H;(k);j € V] with local quantum coins determined by the
parameters of corresponding quantum graph (L, X, A) (see Eq. (4.45)), as quan-
tum graph walk. Recall that the statement of (2) in Theorem 6 is

UL>Na, (k) = a,(k) (4.75)

which is an equivalent expression for satisfying the corresponding quantum
graph. Since

USNIH;(k); j € V] = e, US)H;(k); j € V]S, and SZ, =1,
Eq. (4.75) is reexpressed by
U H;(k); § € VIba(k) = bu(k), (4.76)

where b,(k) = Sr,,a.(k). Combining Lemma 2 with Eq. (4.76), we can give

equivalent statements to (1) in Theorem 6 as follows:
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PROPOSITION 1. The following statements are necessary and sufficient condi-
tions for satisfying quantum graph

UN(H, (k);j € V]a.(k) = a.(k) & US[H;(k)': j € V]a.(k) = a.(k)
& UNH, (k) j € VIba(k) = b.(k) < U H, (k); j € V]b.(k) = b.(k).

The G-type QW, Uf(r?f) [H;(k);j € V], is nothing but the “quantum evolution
map” in [18, 19]. More concretely, the quantum evolution map is denoted by
Up(k) = US)H; (k) j € V] = T(k)S(k), where T (k) and S(k) are called bond
propagation matrix, and graph scattering matrix in their paper, respectively.
The correspondence between the Simlansky’s quantum evolution map and the
G-type QW as follows:

T (k) = Cloj;5 € V]S, S(k)=Dp (4.77)

where for [,m € N(j),
(e]o;lef”) =

and Dy is defined in Eq. (4.67).
We will be able to see more detailed discussions around here and new insight
into quantum walks through the quantum graphs in our next papers [25, 26].
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