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Abstract. For a miniversal unfolding of a holomorphic function germ, we con-
sider the closures of Morin singular sets. We construct their desingularizations.
Our basic tool are Bell polynomials.

1. Introduction

Let N™ M™ be complex analytic manifolds, and let F' : N* — M™ be
a generic holomorphic map. For each positive integer k£ we have the Thom-
Boardman singular set X' F (n < m) or X* L E (n > m) in N, where
1¥ =1,...,1 with k ones. We call this set the Morin singular set and denote it
by X (cf. [6]). o

It is well known that these sets X are nonsingular, while their closures
are not. However it is possible to construct desingularizations of ¥;. The usual
way of constructing desingularizations of ¥ is to represent a desingularization
as the zeros of a generic section of a vector bundle (see [9], [4], [11], [5]). We call
such a vector bundle specifying %y

In the case n < m, Gaffney ([4]) constructed desingularizations of ), (k =
1,2,3,4). The vector bundles are defined locally, and it is not clear why they are
defined independently of coordinates. In [11] Turnbull introduced the natural
higher tangent bundles, and constructed desingularizations of not only X (k =
1,2,3,4) but also X5 (the last one is restricted to X' F U X2F).

On the other hand, in the case n > m, it is more complicated to construct
desingularizations of ;. In [5], for F given locally by a generic unfolding of a
function germ, Kazarian constructed desingularizations of ¥, (k = 1,2,3) and
defined a vector bundle specifying ¥,.
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The purpose of this paper is, in the local situation where F' is a miniversal
unfolding of a function germ, to construct desingularizations of not only ¥, (k =
1,2,3,4) but also ¥5,%. We do these in terms of Turnbull’s higher tangent
bundles.

Our basic tool are Bell polynomials. These polynomials appear in the equa-
tions defining ¥ (see §3), which we use to guide our definitions of vector bundles
specifying 3;. Choosing local coordinates, we can consider a Bell polynomial as
an element of a basis of local sections of a vector bundle (see §7.2). Moreover
operations of Bell polynomials correspond to operations of vector bundles. That
is, by using Bell polynomials we can organize the definitions of vector bundles
specifying %y

By the symmetry of the equations defining ¥, we need blowups only for %o;.
Unlike the cases Yy, ¥4, the case Y needs an extra blowup which is along the
locus corresponding to the closure F; (F; is Arnold’s notation [1, §15.1], and we
denote by Ey the set of E; points). Therefore the case Yg is of particular interest.

There is a famous application of desingularizations of ;. Gaffney, Turnbull,
and Kazarian used their desingularizations to calculate Thom polynomials. In
order to calculate Thom polynomials further in the case n > m, one may use our
desingularizations.

In §2 we recall Bell polynomials and take up their two properties. In §3
we determine the equations defining ;. In §4 we summarize Turnbull’s higher
tangent bundles. In §5 we define our vector bundles specifying ¥, and state
our theorems. In §6 we prove the well-definedness of the vector bundles and the
transversality of the sections. The section 7 is the core of this paper, in which
we establish the relationship between the equations defining ¥, and the vector
bundles specifying ¥j. In §8 Appendix, as a byproduct of our desingularizations

2. Bell polynomials

We recall Bell polynomials and take up their two properties. Bell polynomials
appear in Faa de Bruno’s formula.

2.1 Faa de Bruno’s formula

For C'* functions f,g: R — R, write

_ 2@ 4w ,— do()
N

(fg)z
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By differentiating f(g(z)) successively, we have

(foh =If(g(=))] = fi91,

(fg)2 =1f"(g(x))g' (x)] = f297 + f192,

(f9)s = [f"(g()(g'(@))* + f'(g(x)g"(x)]" = fag} + 3fa9192 + fr9s,
etc.

These are generalized to Fad de Bruno’s formula ([3])

(Fah= 3 e (I ()

RN
where the sum ranges over s = 1,2,...,k and ji,j2,...,jx € NU{0} such that
Jitjet -tk =sand j1+2p+ - +kjp =k

It is known that this formula also holds in the case that f, g are maps (see

[10]).
2.2 Bell polynomials

Write v for the set of k variables (vy,...,vx). The Bell polynomial Yy (v) (]2,
§7]) is defined by

k! v1\ 71 Vg \ Ik
Yi(v) :Zjll---jk! (F) (E) ’
where the sum ranges over s = 1,2,...,k and j1,j2,...,jx € NU{0} such that
Ji+ g2+ -+ gk =sand ji +2jo + - + kjx = k. Set Yo(v) = 1.
For example, Yi(v) = vy, Ya(v) = vy + v, Y3(v) = vz + 3v1ve + 05, etc. Each
v; corresponds to g; in the Faa de Bruno’s formula.
For fixed s, set

k' (1 Ji Vk Jk
Vo =3 55 () ()
where the sum ranges over ji, ja, ..., jx € NU{0} such that j1 +jo+--+jr = s

and ji +2jo+ - - - + kjr, = k. Then Yj,(v) = S2F_, Vi o(v), and the Faa de Bruno’s
formula can be written in the form

(21) (fg>k = Zstk,s(gla---7gk)'

For the sets of k variables v = (vy,...,v;) and w = (wy,...,wy), write
v4+w = (v +wi, ..., v +wg). The following two properties will be useful in §7.
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LEMMA 2.1. ([8, p.36,p.45])
-1

(i) Yi(v) = X0 (7 uiYi(w).
(i) Yi(v+w) = Y0, (5)Yi(0)Yisi(w).

Proof. Note that for f(y) = e¥, we have f; = 9@, Substituting f(y) = €¥ in
(2.1), we get that

k
(7= " Wealgrs-.90)
s=1

= eg(z)Yk(gl, RN ,gk)

Hence

) dked(@)
dzk -

(i) Using Leibniz’s formula for differentiation of a product, we have

Yk(gla s )gk) - 6—9(1

) dk—l
dxkfl

Yk(gla s 7gk) = 6_9(3C (gl . 69(I)>

k—1 ‘ |
k—1\, d*-D—i v
= ( i )(Wm-(e 1))
k-1
k—1
— ( ; )gki}/i(gl,__.,gk).
=0

Since g(x) is arbitrary, (i) is proved.

(ii) Let h(z) be a C* function, and write h; = dd—;h(x). Using Leibniz’s

formula for differentiation of a product, we have

dk
Yilgr + ha, ... e + i) = e%g(az)%(w))ﬂ(eg(x) . hl@))
X

7 k—1i
(’f) (9@ L o)y . (omn0) L o)y

i dx? dak—1

I
-
= 1 M»
o

k
(Z)}/z(gh s 7gk)Yk—i(h1) R hk)

1=0

Since g(z), h(x) are arbitrary, (ii) is proved. [
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For example, in the case k = 3 we consider Lemma 2.1. Assertion (i) says
that Y3(v) = v3Yo(v) + 2v9Y1(v) + v1Ya(v). This can be encoded by Table 1.

Table 1 The encoding of Y3(v)

1 (%]
U1 21)2
Vg + v% U1

On the other hand, assertion (ii) says that Y3(v+w) = Y5(v)Ys(w)+3Y1(v)Ya(w)
+ 3Y2(v)Y1(w) + Y3(v)Yy(w). More precisely, (vs + ws) + 3(vy + wy)(ve + we) +
(v1+w1)? = 1(wz +3wiws +w}) + 3vy (wa +wi) +3(va + vi)wy + (v3+ 3v1v2 + 7)1,

3. The equations defining Morin singular sets

In this section, for an unfolding of a function germ we give the equations
defining Morin singular sets.

Let fo : (C*,0) — (C,0) be a complex holomorphic function germ with an
isolated singular point at 0 € C*, and let F': (C" x CP,(0,0)) — (C x C?,(0,0))
be a holomorphic unfolding of f, given by

Fla,t) = (f(,1),t) with f(2,0) = fo(x),

where © = (21,...,2,) € C*, t = (t1,...,t,) € CP. Let r be a sufficiently large
integer, and let J"(C"™, C*?) be the jet space. In this section, we assume that
the jet extension j"F : (C" x CP,(0,0)) — J"(C™"? C*P) is transverse to all the
Morin singularities ©" and £™" (k > 1) in J"(C™2, CH2) (cf. [6]).

The Morin singular sets ©"F and %" F (k > 1) are given by the inverse
image of the Morin singularities under j"F. We write

S = X"F, Sppy = SV F (k> 1).

By the assumption of transversality, these sets are nonsingular.

For each point a € C" x CP near (0,0), we define the affine map germ a :
(C",0) — (C™ x C?,a) by  — a+ (x,0). By modifying Gaffney’s proposition
([4, Proposition 1.1]), we get the following result. This is based on the “probe”
due to Porteous ([7]).

PROPOSITION 3.1.

(i) A point a € C" x CP near (0,0) is in 31 if and only if d(f o a)(z)|,_, =0,
where d(f o a)(x) is the derivative of foa at v € C" .
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(ii) A point a € ¥y near (0,0) is in Lo if and only if (a) there exists an analytic
curve ¢ : (C,0) — (C",0) with 9(0) # 0 such that L[d(f o a)(c(u))”uzo =
0, and (b) all such curves have the unique tangent direction at u = 0.

(i) Let k > 2. A point a € X near (0,0) is in X1 if and only if there
exists an analytic curve ¢ : (C,0) — (C",0) with 9£(0) # 0 such that

dcf; [d(f oa)(c(u))] .= 0 for every i with 1 <i < k.

Proof. (i) By definition of a, we have d(f o a)(x) = <%’ . .,%)(a(x)). So
d(foa)(x)|z=o = (%,...,%)(a). Since X"F = {(z,t) € C" x CP | g—xfl(a:,t) =

s = 5%(:5, t) = 0}, assertion (i) is proved.

(iii) Before proving (ii), we show (iii).

Suppose that a € Y™ F(= ;). Then there exists [ (> 1) such that a €
>0 F  We can choose coordinates = = (z1,...,2,) of C" centered at 0 such
that foa(z) =2 + 22+ --- + 22. Then

(3.1) d(foa)(z) = ((I+2)at™ 22s,...,21,).

If we choose the curve ¢ such that

then d(f o a)(c(u)) = ((1 + 2)u'*t,0,...,0).

Now if a € ¥"'"F then k < I. Hence dduii [d(foa)(c(u))] . 0 for every i
with 1 <1 < k.

Conversely if a ¢ ™" F then a € ¥™'"OF for some [ with [ < k. By (3.1),
there are no curves that satisfy the condition.

(ii) The “only if” part is similar to the proof of (iii). The “if” part follows
from the uniqueness of the tangent direction. [

Before giving an example, we recall higher derivatives: Let S, T be finite
dimensional vector spaces over C, U an open subset of S, and ¢ : U — T a
holomorphic map. We denote by ¢ : U — L(S,T) the first derivative of ¢. The
second derivative of ¢ is @9 : U — L(S,L(S,T)) = L(S® S,T). It is well known
that o9 is symmetric. So g : U — L(S0S,T), where O denotes the symmetric
product. In general, the i th derivative is o; : U — L(0'S, T).
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EXAMPLE 3.1. The first three derivatives dcf; (d(f oa)(c(u))) are:

di;(d(f oa)(c(u))) = ((foa)oc)

= ((ficaoc)(aroc))

= fa(arcr)ay + fi(azer)

= f2(0101)a17
(S o a)(cl)) = (almer)an)s

= f3(a1€1)2a1 + faarco)ay,
d3

(d(f oa)(c(u)) = (f3(a161)2a1 + fa(aicz)ag )y
= f4(0101)301 + 3 fs(arcr)(arca)ar + fo(arcs)ay.

dud

Here the superscript of a vector refers to the number of copies of the vector
and, for example, f3(ajc;)?a; is shorthand for

(fsoaoc)[(a;oc)e, (ay 0c)ey, ap o cf(u).
Note that (f;)1 = fix1(aicy) since (fioaoc); = (fiz10oaoc)(a; oc)ey, and that

ay = az = --- = 0 since a is affine.

Write fi(z) = f(z,t), and consider f; as a function with respect to z € C".
In Example 3.1, each f;al, for instance fyaf appearing in the term fy(aici)?ay,
is exactly the 7 th derivative of f;. Hence we can write

fz‘ﬂil = (ft)i-

Replacing ¢; by vectors v; and the absence of ¢; by a vector V', we get the
equations defining 3.

The equations defining Y;. Near (0,0), the points of ¥y are characterized as
follows.

o A point of 31 1s in Yo if and only if at the point, 0 # Jv; € C", unique up
to scalar multiplication, such that

(3.2) (fe)2(01V) =0 (VV € C").

o A point of X9 is in X3 if and only if at the point, also vy € C™ such that
(3.3) (fi)2(v2V) + (fr)3(viV) = 0 (YV € C").

o A point of X3 is in Xy if and only if at the point, also Jvg € C" such that

(3.4) (fo)2(vsV) + (f1)s(BuivaV) + (fi)a(v}V) = 0 (VV € C").
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o A point of ¥y 1s in X5 if and only if at the point, also vy € C™ such that

(f)2(vaV) + (fi)3(4v103V) + (fe)3(3v3V)

(3.5)
+(ft)4(67’%“2v) + (ft)g,(va) =0 (VW eCn).

o A point of X5 is in Xg if and only if at the point, also Jvs € C" such that

(f)2(vsV) + (fr)3(5vr1v4V) + (fe)3(100203V) + (fy)4(10v7vsV)

3.6
-0 +(f1)a(150103V) + (f2)5 (100302 V) + (f1)s(v7V) = 0 (VV € C").

4. Turnbull’s higher tangent bundles

In this section we summarize Turnbull’s higher tangent bundles ([11, §1]).
Whereas Turnbull has worked over R, for our purposes we work over C.

First, we recall symmetric products; O*C™ is a subspace of ®°*C", and con-
sists of the elements which are invariant under permutations of the factors. If

vy, ...,0s € C™ then we write
1
V1 Ug = ; Z Uo(l) X ®Uo(s) (= OS(Cn’
0'668
where G, is the symmetric group of degree s. If vy,...,v, € C" is a basis of C"

then {v;, - v; |1 <ip <--- <iy < n}is a basis of O°C™.
4.1 The higher tangent bundles

Let r be a positive integer. The vector space S,.C" is defined by
ST(Cn — Cn @ Cno(cn @ O3cn @ .. @ OT(CTL.

Here O takes precedence over .
Let U € C" and W C C™ be open subsets, and let f : U — W be a
holomorphic map. The linear map S, f : S,C" — S,.C™ at x € U is defined by

Srf = (Z fiv Zci1i2fi1fi2> Zoilizi:sfhfiz.fi:sv R ff)

Here f; is the j th derivative of f at . The coefficient C;
distinct partitions of a set of order 41 +- - - +1, into subsets of order 74, ..., 7s. The
first sum is over {i | 1 <1 < r}, the second is over {iy, iz | i1+is < 7,1 < iy <is},
the third is over {1, 19,13 | 11+ia+i3 < 1,1 < iy < iy < i3} andsoon. A monomial
firfin -+ fi. acts on O FiC" to give an element of OC™.

is the number of

s
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For example, if r = 3 then Ssf = (fi + fo + f3, f£ +3fifo, f7). Note that
(3f1f2) (v1v2v3) = f1(v1) fa(vavs)+ fi(va) fa(vivs)+ fi(vs) f2(v1v2) (vivavs € OPC™).

Let k = i1+io+- - -+1s, and let j; be the number of times that a particular in-

teger [ occurs in iy, . . ., i5. Then the coefficient C;,..;, equals jll'k'-'!jk! (%)91 . (%)j’“’
which appears in the Faa de Bruno’s formula in §2.1. By the map version of the

formula, we can show that S, f satisfies the equality

(014 +¢)oSf=(pofh+-+(pof)

for any holomorphic function ¢ : W — C ([11, Proposition 3]). By using this
equality, Turnbull proved the chain rule

Sr(gof) = Srgogrf

for holomorphic maps f : U — W and g : W — C!, and obtained the following
result.

THEOREM 4.1. (Turnbull [11, §1.5]) Let N", M™, and L' be complex analytic
manifolds, and let f : N — M and g : M — L be holomorphic maps.

(i) There exists an vector bundle T, N over N, with fibre S,C" and with tran-
sition map S,(¢ o (¢'|lvrv:) ™) for any pair of charts (U, ), (U, ¢') of N.
(ii) There exists a bundle map T,.f : T,N — T,.M which is given locally by S, f.
(i) The chain rule T,(go f) = T,go T, f holds.
(iv) There exist natural inclusions TYN — ToN < --- such that T, f|r,_,n =
T.1f.

4.2 The map o:T,N — T,N OT.N

We will in what follows distinguish the two types of symmetric products; ©
inside S,C"(=C" @ C"oC" & - -- ¢ O"C") and O outside S,C" (for example, O
of S,C" (O S,C").

It is not possible to define a multiplication T,N () TuN — T,,sN inde-
pendently of coordinates. But Turnbull defined instead a map o : T, N —
T.N O T,N. For subbundles &,n of T,N, we will use 0='(¢ O n) like a mul-
tiplication of ¢ and 7.

The space S,C™ is spanned by elements of the form wvy---vs (vq,...,
vs € C", s <r). So we can define the linear map o : S,C* — S.C" O S,C" by

O'(’U""U):{O (S:1)7
S 0) O Wiy ) (52 2).

Here the sum is over all partitions of {1,..., s} into disjoint, nonempty subsets
{iv, i, fign, i} (LTS S).
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For example, o(viv3) = 2v; O v1v3 + 2vy O v?vy + v O v3 + 2v1v O v10s.
Let 6 be an analytic change of coordinates. By direct computation, we can
get that

(4.1) 0080 =(S.00 S,0)00,

where 5.0 (O S,0 denotes the map S,.C" () 5,C" — S5,C" (O S,C" given by
(S0 O S,:0)(aOb) =5,0(a) O S,0(b). So o does not depend on the particular
choice of coordinates, and we obtain the map o : T, N — T, N7, N given locally
by o : 5,C" — 5,.C" () S,C". By definition of o, we see that Kerc = T1 V.

For later use we state the general result of (4.1).

LEMMA 4.1. (Turnbull [11, §1.6, §2.7]) For a holomorphic map f : N — M,
we have oy o T f = (T.f OT.f)oon, where oy and oy act on T,N and T, M,
respectively.

4.3 The image of Bell polynomials under o

In almost the same way as the map o, we define the map ¢ : S5,C" —
S,C"® S,C™ by

5(U...U):{O (s =1),
L S ) ® (Ui o) (s> 2),

Here the sum is over all ordered partitions (A, As) of {1,...,s} into disjoint,
nonempty subsets Ay = {i1,...,4}, Ao = {ijp1,...,is} (1 <1 < s—1). Then
o= %7?05, where 7 denotes the canonical projection S, C"®S,C* — S,C*()S,C"
given by m(a®b) = 5(a®b+b® a).

The space S,C" ® S,.C" is spanned by elements of the form vy -- - v, @ vpyq - - -

Viem (U1, 0m € C™; I,m < r). We associate vy -+ vy & U4 - - Uy, With
the monomial vy - - - vjw;yq - - - wim. By extending this linearly, we can associate
the image &(v; - - - vs) with the polynomial (v + wy) -+ (vs + ws) — (V1 -+ vg) —
(wy -+ ws).

We now fix vectors vy,...,vx (K < r) of C", and set v = (vy,...,v). The
Bell polynomial Y% (v) can be considered as an element of S,C".

The following lemma will be useful to define the vector bundles specifying ¥,
(see Note 7.1).
LEMMA 4.2. For the map o, we have o(Y;(v)) = %Zf;ll (")Yi(v) O Yiei(v).

7

Proof. As above, we can associate the image (Y (v)) with the polynomial Y (v+
w) —Yy(v) = Yi(w). By Lemma 2.1 (ii), the polynomial Yy (v+w) — Yy (v) — Yy (w)



THE DESINGULARIZATIONS 33

equals > (’f)Yz v k_ (w), with Wthh S ()Y;(v) ® Yi_i(v) is associated.

Thus O’(Yk = ( )Yi(v) @Y—i(v). Slnce 0 = im0, the lemma is proved.

]

For example, if £ = 4 then o(Yy(v)) = %(4Y1 (v) O Yz(v) + 6Y3(v) O Ya(v) +
4Y3(v) O Yi(v)) = 4Y1(v) O Y3(v) + 3Ya(v) O Ya(v).

5. Construction of the desingularizations

In this section, we construct our desingularizations of ¥q,...,%s. Some of
the proofs will be given in the later sections.

By a desingularization of an analytic set A, we mean a holomorphic map
7 : A — Asuch that (i) 7 is proper and surjective, (ii) A is a nonsingular analytic
set, and (iii) there exists an open dense subset U of A satisfying the conditions
that 7~'(U) is open dense in A and 7|,-1(¢y : 7~ 3(U) — U is biholomorphic.

Let fy : (C",0) — (C,0) be a holomorphic function germ with an isolated
singular point at 0 € C"*, and let F': (C" x CP,(0,0)) — (C x C?,(0,0)) be the
R*-miniversal unfolding (cf. [1, §19.4]) of fo defined by

Fa,t) = (f(2,),1), f(z,t) = folr) + Ztigi(x)

such that

(i) g; € C{z} and g;(0) = 0 for every i,

(ii) 1,41,...,9p is a basis of C{x}/(g—ﬁ, Ce ngZ) as a C-vector space,
where z = (z1,...,2,) € C", t = (t1,...,t,) € CP, C{z} is the ring of convergent
power series, and (g—ﬁ, . %) is the ideal of C{x} generated by g;:o e %.

Then this F' satisfies the assumption that the jet extension j"F' is transverse
to all the Morin singularities X" and Z"’lk(k: > 1), and hence we can use the
equations (3.2)-(3.6) defining ¥y.

By considering the stable equivalence ([1, §11.1]) we can assume that n > 3,
and for our purpose we assume that (0,0) € Y.

Write fi(z) = f(z,t), and consider f; as a function with respect to x € C".
Let r be a sufficiently large integer. We have the map T,.(f;) : T,C" — T,C
over C". By considering its pullback over C" x CP under the standard projection
C" x C? — C™, we will in what follows consider all sets, bundles, and bundle
maps above a sufficiently small, open neighbourhood of (0,0) in C" x CP.
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5.1 The desingularization of 3,

By Proposition 3.1 (i),
S ={(x,8) e C"x C? | Ty(f,) = 0 at (z,¢)}.

By the transversality of j"F, the set ¥; is nonsingular. Since X; is closed, it
follows that ¥; = ¥;. So we write ¥; for ¥;, and call it a desingularization of
it

5.2 The desingularization of ¥,

By restricting bundles to ¥, we now work over 3. Let us denote T;C" by
& and T1C by ¢y. Then T1(f;)(&) = {0}.

We have the projective bundle of & which we denote by P(&;). Write mo for
the projection of P(&;) onto 3. Over P(¢;) we have the tautological line bundle
&1 whose fibre is corresponding to the point of P(&;).

Let 1y be the inverse image of £ (O&; under the map o : T,C" — T,C"OT,C"
(cf. the equation (3.2) defining ¥5). Since & O & is contained in the image of
o, it follows that 7, is a 2n dimensional subbundle of 7T5C". Then & C 7,. Since
&l c KerTy(f;), by Lemma 4.1, Ty(f;) maps 1, into ¢1. So let To(f;) : 2/&1 — 11
be the map induced by T(f;). Then we have a section, say ®o, of Hom(1n,/&1, t1)
over P(&;), induced by T (f;).

We are interested in the zeros of this section ®o. At such points T5(f;)(n2) =
{0}. Let 3, be the zeros of the section.

Hom(na/&1, 1)
L @2
i32 —  P(&)
l ™
O
Set S = U;»oX™ F. Tt is easy to see that S is an analytic subset of > and
satisfies ¥y = 3 \ S. Also set Sy = (mals,) 1 (S).

THEOREM 5.1. The restriction of m to Ss is a desingularization of 3.

Proof. We will prove in §6.1 that ®, is transverse to the zero section of
Hom(ns /&1, t1). Hence Y, is nonsingular.

By definition of 7y, 7 maps 3s \ Sy into ¥s. Above each point of ¥o(C il),
there exists a unique line &} such that ®, vanishes. Hence 7@\22\ g 22\5‘2 — Y
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is surjective and has the inverse map. It follows that 7T2|22\§2 Y \ Sy — Yo is
biholomorphic.

By choosing local coordinates of Xy, we see that S, is a nowhere dense analytic
subset of 22, and hence 3, \ Sy is open dense in 3.

Since my is proper and Y, is open dense in Y, it follows that 7 maps 3o
onto ¥9. The theorem is proved. O

5.3 The desingularization of ¥;

The next stage does not need a blowup such as m. By raising bundles to 3,
we now work over ¥y. Then T (f,)(n2) = {0}.

Let & be the inverse image of £} O &} under 0. Since & O &} is contained in
the image of o, it follows that & is an (n+1) dimensional subbundle of ToC™. Let
ns be the inverse image of & (O & under o (cf. §7.1 together with the equation
(3.3) defining 33). Similarly 73 is a (2n 4 1) dimensional subbundle of T5C".
Then & C & Cnp C . B

Since & C KerTi(f;), by Lemma 4.1, T3(f;) maps n3 into ¢;. So let T3(f;) :
n3/M2 — t1 be the map induced by T3(f;). Then we have a section, say @3, of
Hom(ns/n2, t1) over 3, induced by Ts(f;). Let Y5 be the zeros of the section ®.

Hom(nsz/n2, t1)
LT @3
i33 — iz
We have B3 = 33\ S, and set S5 = (|5, ) 7H(S5).

THEOREM 5.2. The restriction of m to X5 is a desingularization of X3.

Proof. The same argument as in §6.1 shows that &3 is transverse to the zero
section of Hom(ns/mg,¢1). On the other hand, in §7.1 we will prove the relation
772(533 \ 5’3) = Y3, the existence of the inverse map of 7T2’is\33 IR \ Sy — 3,
and the density of N \ Ss in 33. As in the proof of Theorem 5.1, these imply
the theorem. [

5.4 The desingularization of 3,

This stage is similar to that of 5. We now work over ¥3. Then Ts(f,)(ns) =
{0}. ) .

Let & = & /&), We have the projective bundle P(&;) and the tautological line
bundle &} over it. Write 7y for the projection of P(&;) onto 3. Let &2 be the
inverse image of &1 under the quotient map & — &. This is a 2 dimensional
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subbundle of &. Let ¢4 be the inverse image of &8 O n3 + &3 O & under o (cf.
§7.2 together with the equations (3.3), (3.4)). Then (4 is a (3n+ 1) dimensional
subbundle of T;C" (see §6.2), and satisfies 13 C (4.

Since &} C KerT'(f;) and & C KerTy(f;), by Lemma 4.1, Ty(f;) maps (, into
v1. So let Ty(f;) : ¢4/n3 — 11 be the map induced by Ty(f;). Then we have a
section, say ®4, of Hom((y/ns, 1) over P(&;), induced by T4(f;). Let ¥, be the
zeros of the section Py.

Hom(C4/773, Ll)
L@y
Xy — P(EZ)
b4
s
We have ¥4 = %, \ S, and set Sy = (m; 0 mls,) 1 (S).
THEOREM 5.3. The restriction of me o my to 24 s a desingularization of 3.

The theorem follows from the same argument as in the proof of Theorem 5.1.
See §7.2 for the relation 7y o m4(Xy \ Sy) = X4, the existence of the inverse map
of T O 7T4|i4\g4 . 24 \ S4 — 24, and the density of 24 \ 54 in 24.

5.5 The desingularization of 3

This stage is similar to that of Y3, and again does not need a blowup. We
now work over %4. Then Ty(f)(¢) = {0}.

Let & be the inverse image of &1 (O &2 under 0. Since & O €3 is contained in
the image of o, it follows that &5 is an (n + 2) dimensional subbundle of T5C™.
Then & C & C n3. Let ny be the inverse image of &8 O & + £ O &2 under o.
Then 7, is a (2n + 2) dimensional subbundle of T)C" (see §6.3), and satisfies
ns C 4 C (4. Finally, let (5 be the inverse image of & Oy + &2 O & under o
(cf. §7.3). Then (5 is a (3n + 2) dimensional subbundle of T5C" (see §6.3), and
satisfies (4 C (5.

Since & C KerTi(f;) and &2 C KerTy(f;), by Lemma 4.1, Ts(f;) maps (5 into
11. So let T5(f;) : ¢5/Cs — 11 be the map induced by Tx(f;). We have a section,
say @5, of Hom((s/Cy,t1) over Xy, induced by T5(f;). Let X5 be the zeros of the
section Ps.

Hom(C5 /4, t1)

L @5
Yy = i34
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We have 5 = 55 \ S, and set S5 = (m 0 mals,, ) 71(S).
THEOREM 5.4. The restriction of m o w4 to 35 is a desingularization of 5.

The proof is similar to that of Theorem 5.1. See §7.3 for the relation ms o
(25 '\ S5) = X5, the existence of the inverse map of o o7r4|§~35\55 35\ S5 — X,
and the density of 5 \ Sy in Y.

5.6 The desingularization of 3

We now work over 5. Let & = &5/62. We have the projective bundle P(&3),
and the tautological line bundle &} over it. Write 7 for the projection of P(&3)
onto 5. Let €3 be the inverse image of £} under the quotient map & — &3/£3.
This is a 3 dimensional subbundle of ;.

By looking carefully at how the bundles was defined in the previous sections,
we are tempted to define wg to be o7& O ¢+ & O na + & O &3). However it
is impossible, for this is (4n + 3) dimensional over some points of Ss; although it
is (4n + 2) dimensional over 35\ S5 (cf. Note 6.2 and Claim 7.2).

To overcome this difficulty, we divide the construction of the desingularization
of ¥ into three steps: first in §5.6.1 to blow up X5 in order to get the line
bundle £} determined by the equations (3.4), (3.5); second in §5.6.2 to perform
an extra blowup which avoids the difficulty; third in §5.6.3 to construct the
desingularization of Y.

5.6.1 A preliminary blowup

Working over 5, we have T5(f;)(¢s) = {0}. Let ws be the inverse image of
OU+EOMm+EOE under o (cf. §7.4). Then ws is a (4n+ 1) dimensional
subbundle of T5C" (see §6.4), and satisfies (5 C ws.

Since & C KerT\(f;), & C KerTy(f;), and & C KerTs(f;), by Lemma 4.1,
Ts(f;) maps ws into ¢1. So let T5(f;) : ws/Cs — ¢1 be the map induced by Tx(f;).
Then we have a section, say ®%, of Hom(ws/Cs, 1) over P(&3), induced by T (f;).
Let Y% be the zeros of the section ®~.

Hom(ws /(5, t1)
i
ils —  P(&)
| s
Y

Set SL = (my 07y owg|§%)_1(5).
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THEOREM 5.5. The restriction of m 0wy ol to ¥ is also a desingularization
of 3s.

The proof is similar to that of Theorem 5.1. See §7.4 for the relation 7y 0740
m5(25 \ 95) = X5, the existence of the inverse map of myomyoms |5\ X5\ S5 —
5, and the density of 3% \ SZ in XL,

5.6.2 An extra blowup

The blowup below is an analogue of Turnbull’s extra blowup ([11, §2.7]), and
is given by using the following map o».
Considering T.N () T, N as a subbundle of T, N ® T, N, we define the map
oy: T,NOT.N— (I,NOT.N)ANT.N by
o =0®1id—1d® 0.
We summarize some properties of oo. From the definition, it follows that
(5.1) oo(aOb)=0c(a) Nb+o(b) ANa (a,b e T,N).

Indeed, o9(aOb) = 302(a®b+b®a) = 3(0(a)b—a®o(b)+0(b)Ra—bRa(a)) =
o(a) ANb+ o(b) Aa. Hence Imoy C (T,N O T,N) AT.N. On the other hand, by
an easy calculation, we get that

(5.2) (@Ob)ANc+bOc)Na+(cOa)ANb=0 (a,b,c € T,N).

Hence (aQa)Aa = 0and (aOb)Aa = —3(aQa) Ab. From these, for example, it
follows that o9(0(a?)) = 09(4aQa®+3a*Oa?) = 12(aOa*) Aa+6(aOa)Aa?® = 0.
More generally, Turnbull proved the following result.

PROPOSITION 5.1. (Turnbull [11, §2.7]) KerooN[T, N OT,N]|, = Imo, where
[T.N O T,N]|, denotes the subset of T,N OT,.N of elements of order at most r.

We now work over . Setting

;= 0U+&EO0On+& O& and
= 0G+E0m+& 0,

the quotient space ag/as is three dimensional, and setting
Bs = (E1Om) N+ (& O &) NG+ (& O &) A& and
Bo=(EOm) A&+ (& O&) NG+ (& O&)Ag,

the quotient space (/05 is three dimensional (cf. §6.5). From (5.1) and (5.2),
it follows that

02(045) C 55 and O'Q(Oéﬁ) C 56.
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For example, oa(ag) C (§ Om+& O&)AEG +(E O&) Am+(E O&+
EODNE+(E O NE+(E O NG =(E O Am+(E O AE+
(BO&)AE+(EO&) A =G

Since aa(as + &L O G) C s + (€1 Oma) AEL+ (€3 O &) A€, by setting

as = ag/(as + & O () and
Bs = Bs/ 105+ (&1 Oma) A&+ (& O &) NG,

we get the map 7, : ag — (3 induced by o,. Here ag and s are two and one
dimensional, respectively.

We have the projective bundle P(as), and the tautological line bundle & over
it. Write p for the projection of P(ag) onto ¥%. The map &, induces a section W
of Hom(a}, Bs) over P(ag). Let X2 be the zeros of the section W.

Hom(ag, 56)
Y
S¢o— Plas)
Lp
£

Set SY = (my 0wy om0 P|ig)71(s)~

THEOREM 5.6. The restriction of myomyomsop to ig 15 also a desingularization
of Ts.

For the proof, see §6.5.
5.6.3 The desingularization of 3

We now work over ¥2. Then T5(f;)(ws) = {0}.

We have the line bundle ag. Let a be the inverse image of &§ under the
quotient map ag — g, and let wg be the inverse image of « under o (cf. §7.5).
Then wg is a (4n + 2) dimensional subbundle of T5;C™ (see §6.6), and satisfies
ws C wg.

Since & C KerT\(f;), & C KerTy(f;), and & C KerTs(f;), by Lemma 4.1,
To(f;) maps we into ¢1. So let Tg(f:) : we/ws — ¢1 be the map induced by Ts(f;).
We have a section, say ®g, of Hom(wg/ws, t1) over %7, induced by Tg(f;). Let Xg
be the zeros of the section ®g.

Hom(wg/ws, t1)

L @6
26 — Sg
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We have Xg = 36 \ S, and set S5 = (75 0 14 07, © plsg) 1 (S).

THEOREM 5.7. The restriction of mg o my 0wl o p to S is a desingularization
of Z.

The proof is similar to that of Theorem 5.1. See §7.5 for the relation my om0
m5 0 p(X6 \ S6) = X, the existence of the inverse map of my o my 0 w5 0 plg 5,
Y6 \ Sg — X, and the density of 3¢ \ Se in .

6. Well-definedness of the vector bundles and transversality of the
sections

In this section we will prove the results stated in §5; the inverse images
C4, M4, G5, ws, we are certainly vector bundles, and the sections @, ..., @5, OL, U,
dg are transverse to the zero sections. We do these by choosing local coordinates.

6.1 Transversality of ®,, ..., &5, &L, O

We prove the transversality only for @5 as the others except ¥ are similar.
The transversality of ¥ will be proved in §6.5.

Over 31, we have the projective bundle P(&;) and the map To(f,) : 72/& — 1.
This map induces the section ®, : P(§;) — Hom(ny /&, ¢1). Take any point P
of ¥5 N m;1(0,0). Choose a small open neighbourhood U of P in P(&) such
that over U, there exists the local projection pr of Hom(ns/&;,¢1) onto its fibre
Hom i, (12/&1, 11) along the zero section. We want to show that pr o @,|y : U —
Hom ;4(n2/€1, 1) is submersive at P.

Replacing U by a smaller neighbourhood, we choose local coordinates
(w,t,&}) € U with & = (v1) (0 # vy € &). Then we can write 1, = & @
(v1)0&;. Identifying Hom f;(n2/&1, t1) with Hom(CoC™, C), we have pr o |y =
(ft)2(v1, —)|u, where (f;)2 is the second derivative of f; with respect to x. Set
P = (0,0, (v9)) and define U(v5) = U N {(x,t,&)[&] = (v])}. Tt is enough to
show that (f;)2(vf, —)|vewe) : U(v) — Hom(CoC", C) is submersive at P.

Assume that v{ = 8%1 and define an unfolding G : (C" x C? x C™,(0,0,0)) —
(Cx CP xC™(0,0,0)) of fo by

G(z,t,u) = (g(x,t,u),t,u), gz, t,u) = f(x,t) + Zulexz
i=1

Let (X1)¢ denote the singular set of G in C*xCP xC". Then (£;)cN{(x,t,u)|u =
0} =% and {(z,t,u)|lzr =t =0} C (X1)¢-
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By the versality of F', the unfolding G is equivalent to a constant unfold-
ing of F' (as unfoldings of fy). Namely, there exist a holomorphic unfold-
ing H : (C* x C? x C",(0,0,0)) — (C" x C? x C",(0,0,0)), H(z,t,u) =
(h(z,t,u), p(t,u),¥(t,u)) of iden and a holomorphic function germ a : (CP x
C", (0,0)) — (C,0) such that H is biholomorphic and

g(H(z,t,u)) + a(t,u) = f(z,t).

By definition of G, we can take H to satisfy H(z,t,0) = (x,t,0).
We have g, , o (h(2) + Gy = fi(2), where g (2) = g(z,6,1), hou(z) =
h(z,t,u), pro = &(t, w), sy = ¥(t,u) and ar,, = a(t,u). Hence over C* x CP x C™,

(6.1) T5(G,u ) © Talhew) = Ta(f2),

where T5 is Turnbull’s second derivative with respect to x.

We now work over (il)g. The same procedure as for ®5 and PN gives the
section (®q)g : P(&) — Hom(ny/&, 1) over (il)g and its zeros (ig)g. Then
(P2)cl{(a,t.uet)ju=oy = P2 and (2)a N {(z,t,u,&)|u = 0} = X5, Again replacing
U by a smaller neighbourhood, we have an open neighbourhood Ug of P in P(&;)
over (31)¢ such that (i) UsN{(z,t,u, &1)|u = 0} = U, and (ii) over Ug there exists
the local projection pr : Hom(ns/&1,t1) — Homyi(n2/&1,1). Define Ug(vf) =
Ua N{(z,t,u,&)|& = (v9)}. Then pro (®2)clugws) = (9ru)2(vf, —)lugws), and
by definition of ¢ this is submersive at P.

By (6.1) we get that

(912 © Be) (hea)1(0), (o)1 (=) vgws) = (F1)2(0F, =)lvgws)-

Since ¢ : (C? x C",(0,0)) — (C™,0) is submersive and h¢, : (C",0) — (C",0)
is biholomorphic, we see that (f;)2(v7, —)lvsws) @ Ua(vy) — Hom(CoC",C) is
submersive at P. Since this map is independent of u, its restriction to X,
(fo)2(v], =)o@y : U(v)) — Hom(CoCm, C) is submersive at P. Therefore pr o
Oy |y is submersive at P, from the start. O

6.2 Well-definedness of (4

In §5.4, we defined (4 as the inverse image of £&& O ns + &2 O & under 0. By
definition (4 is independent of coordinates. But to see that (4 is a vector bundle,
we must prove that the fibres of (4 are equidimensional.

The space & O nz +£2 (O & contains & O &, and we already know that n3(=
o1& O&)) is a vector bundle. So let & : T,C"/ns — (T,C"* O T,C") /(&1 O &)
be the linear map induced by o. Since Kero C 73, this is injective.
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By choosing local coordinates, we can write (z,, &1, £)) € P(&;) and

& = (v1), m2 =& @ (01)0&1, & = &1 @ (v]),
N3 =& @ (v1)0& @ (v}), & = (v1) ® (v2 + byo?),

where 0 7é V1 € 151,0 7é Vg + bﬂ)% € 52 (bl < (C)
Then £X(= £2/{v;)) can be written in the form & = (05 + b1v?), where s is

the equivalent class of vy in & /(v;). But by abuse of notation, only in §6 we will

(6.2)

write vy also for vs.

Write & for & /(vi). Then the quotient space (&8 O ns + &2 &) /(61 O &)

can be written in the form

(v1) O ((v1)0& @ (7)) + (v2 + b1v?) O (& @ (1))
Write B for this sum of bundles, By for the first bundle, and B, for the second

bundle. These have the properties that dim B; = dim By = n and B;N By = {0}.
Consider the subbundle

(vy + bw%)Ofl &) (31}%1}2 + blvf)

of T,C" /ns. Write A for this direct sum of bundles, A; for the first bundle, and
A, for the second bundle. Then dim A = n.

We want to show that A is independent of coordinates. Since so is B, we will
prove that A = 67!(B). For this, the following two claims are useful.

CLAIM 6.1. 6(A) C B.

Proof. An element (vy + biv)x (z € &) of A; is mapped by & to 2b1v; O
vz + (v2 + b1v}) O x, and an element 3v?vy + byv} of Ay is mapped by & to
201 O (3vyvg + 201v3) + 3(vg + b1v?) O v?. These imply that 5(A) C B. O

CLAIM 6.2. dim(Imo N B) < n.

Proof. By the calculations in the proof of Claim 6.1, we see that there are no
nonzero elements of By that have the inverse image under &, by itself without
elements of By. Hence ImaNB; = {0}. (Note that if by = 0 then ImaNB;y # {0}.)
From the properties of By and By, it follows that dim(Imag N B) < n. O

By Claim 6.1 we have A C 6 '(B), and by Claim 6.2 we have dims~!(B) <
n. Since dim A = n, we get that A =57 (B).

Consequently (4 can be written in the form
(6.3) Ca =3 ® (v2 + 01v7)O& & (3vfvz + byvy).

It follows from this that {4, has the equidimensional fibres and is a (3n + 1)
dimensional vector bundle.
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NOTE 6.1. The inverse image A of B will appear clearly in Y, of §7.2.

6.3 Well-definedness of 7,4, (5

We will show that 1, and (5 defined in §5.5 are certainly vector bundles, that
is, have the equidimensional fibres, respectively.

We first consider 7, which was defined as the inverse image of £;0&3+&2 (€2
under 0. The space & O & + & O & contains & O &, and we already know
that n3(= o 1(£] O &)) is a vector bundle. So we use the same map & as in the
previous section.

By choosing local coordinates, we can write (z,t, &1, €)) € >, and, in addition
to (6.2) and (6. 3),

(6.4) & =& @ (v7) @ (Bvvg + bod).
By (6.2), (6.4), the quotient space (&1 O &+ &2 O &)/ (&1 O &) can be written

in the form

(v1) O (Bviva + b1v}) + (vg + bivi) O (va + bro7).

Write B for this sum of bundles, B; for the first bundle, and B, for the second
bundle. These have the properties that dim B; = dim By, = 1 and B;N By = {0}.
Consider the subbundle

(303 + 6byv?vy + blvT)

of T,C™/n3, and write A for this. Then dim A = 1.

An element 3v3+6bvivy+b3v] of A is mapped by & to 4b1v; O (3v1v2+b103) +
3(ve+b1v3) O (va+b1v?). So 3(A) C B. From this calculation and the properties
of By and Bs, as in the proof of Claim 6.2, it follows that dim(Ima N B) < 1.
Hence as in the previous section, we get that A = 67!(B). Therefore 7, can be
written in the form

(6.5) ns = N3 ® (303 + 6b1vivy + biv})

and is a (2n 4 2) dimensional vector bundle.

We next consider 5, which was defined as the inverse image of £l Ony+£2(0&s
under 0. The space & O ny + &5 O & contains & O nz + &2 O &, and we
have already seen that (4(= o7& O m3 + &2 O &)) is a vector bundle. So let
:T,C" /¢ — (T,C* O T,.C") /(& O ns + & O &) be the linear map induced by
. This is injective.

By using (6.2), (6.4), (6.5), we can write the quotient space (£ Ons+ & O
&)/ (& O ns +& O &) in the form

(v1) O (302 + 6b1v7vy + b%vf) + (vg + b1v?) O (3vyvy + blvf).

Q Qi
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Write B for this.
Counsider the subbundle

(150103 + 10byvivy + bv?)

of T,C"/(4, and write A for this.

An element 15v1v3 + 10b1vivy + b3 of A is mapped by & to 5v; O (3v3 +
6b1vivg + b3vt) 4+ 10(vg + b1vf) O (3vivg + byov). From this, in the same way as
before, it follows that A = G~!(B). Therefore (5 can be written in the form

(6.6) (s = G4 @ (150103 + 10b10° vy + bT0)

and is a (3n 4 2) dimensional vector bundle.
6.4 Well-definedness of wx

In §5.6.1 we defined ws as the inverse image of £ O G+ & Oz + & O &
under . The space £ O i + & O 1 + € O & contains & O m + & O &,
and we have already seen that (5(= o7 (& O na + &5 O &3)) is a vector bundle.
So let ¢® : T,C" /¢ — (T,C" O T,C™) /(& O s + €2 O &) be the linear map
induced by o. This is injective. It is enough to show that the inverse image of
(EOUFEON+EOQE)/(EFON+E2O &) under 63 has the equidimensional
fibres.

We choose local coordinates (z,t, &1, €3, €3) € P(&) satisfying (6.2)-(6.6).
Then

&5 = (v1) ® (va + o),

where 0 # vy € &,0 # vy + bjv? € & (by € C). Since vy + byv? # 0, there are
the two cases with vy # 0 or by # 0. If by # 0 then by a linear change of the
coordinates v, we can assume that by = 1. Then

= §1/(v1,v2)) @ U% P (3vive + blvi’ Vg 7& 0),
f=gg= | S e )70
&1 & (3u1vg + 07) (by # 0),

where vy, vy are linearly independent in the case v # 0. So we can write

6.7) &= (v1) ® (V2 + b1v?) @ (v3 + b3vi + by (3vyvy + b1v3))  (v2 # 0),
) 3 (v1) @ (vg + v}) B (v3 + by(3v1v9 + v3)) (by #0),

where 0 # v3 + b3v? + ba(3v1vy + b1vf) € & or 0 # vy + by(3vivs + v3) € &
(b, by € C).
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For the expression of &5 in the case vy # 0, if by # 0 then by linear changes of
the coordinates vy, v3, we can assume that by = 1 and b3 = 0, that is, we get the
expression of £ in the case b; # 0. For this reason, in the rest of §6 we describe
the calculations only for the expression of £ in the case vy # 0, and the results
for both cases vy # 0 and by # 0.

Write & for & /(vi,vs). By using (6.2)-(6.5),(6.7), the quotient space
(£10C4 + &50ms + £50&2) /(£10m + £30E5) can be written in the form

(v1) O <<U2 - bluf>o§1 @ (3vivy + bwf))
+ (b)) O ((00)0G @ (o))

+ <U3 + b3’U% + b2(3’011}2 + bl’U?» O (gl D <U%>) .

Here we again write v3 for its equivalent class.
In almost the same way as in the previous sections, we are able to prove that
ws can be written in the form

Wy = C5 o, <1)3 —+ bgU% + bg(?ﬂ)wg + blvi’))oé
@ (150%v3 + 5bv] + 3by (503w + b1v?)).

Indeed, this is shown by the following two calculations; an element (v3+bgv? +
ba (30105 + bivd))x (z € &) of ws /5 is mapped by @) to 2bsv; O vix + 3byvy O
(vg + b1v?)x + 3ba(ve + biv?) O viz + (v3 + b3vi + ba(3vyvg + byv})) O =, where
the first term 2b3v; O vy is zero modulo & O ny + €2 O &3; an element 15033 +
5b3v? + 3ba (5vdvy 4 b1v?) of ws /(s is mapped by ) to 10v; O (3v1vs + 2b3v3) +
15[)2(31)%112 —|-b1'UiL) O’Ul + 15b2 ("Ug +61U%) OU?—F 15(’03 —|-b32}% +b2(3’l)1'02 —I—blvi’)) OU%,
where the first term 10v; O (3vyv3 + 2b3v3) is zero modulo & O ny + &2 O &s.

Together with the case by # 0, we get that

(v3 + bsv? + by (30105 + b1v3))0&
(6 8) Wy = C5 D @<15U%’U3 + 5[)31)11 + 3b2(5v%2)2 + bll)ir)»
<'U3 + b2(3U11)2 + vi”)>ofl (bl 7§ 0)

Therefore wy is a (4n + 1) dimensional vector bundle.

(,02 7é 0)7

6.5 Transversality of ¥

This is essentially Turnbull’s result (see [11, §3.2]). Instead of the proof, we will
write out the bundle &} and the section ¥ in local coordinates.

We choose local coordinates (r,t, &}, €3, €L at) € P(ag) satisfying (6.2)-(6. 8).
We again describe the calculations only for the expression (6.7) of £ in the case
vy # 0.
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The quotient space ag(= (§1 O G +& Om+& O&) /(61 OU+E& Ons+
E O &+ & (O¢)) can be written in the form

Qg = <’U2 + bﬂ)?) O <3'U§ + 661’0%’02 + b%’U%)
+ <U3 + bgU% + b2(3U1U2 + bﬂ)?)) O <3U1’02 + bwi’).

Let X = (vg + b1v3) O (303 + 6b1v?vy + b3v}) and Y = (v + bzvi + by(3vivg +
b197)) O (3vivg + byv3). Then we can write the tautological line bundle &g in the
form

ag = (3AX +2uY) (A, ) # (0,0)).

The section V¥ is induced by 9, and can be written in the form

G2(3AX + 2uY)
= 3Ab1(v; O v1) A (303 + 6b1v3vg + bivy)
+4b1(v1 O (Bvyvg + b1v3)) A (vg + bi1v?)]
+2u[bs(v; O v1) A (Bvvg + byvd)
+ 3y (v1 O (va + b1v?)) A (3v1vy + biv?)
+3(v1 O (va + b1v3)) A (v3 + bavi + ba(3v1v9 + b107))]
= 12001 [v1 O (Bvvg + b1v})] A (vg + byvi)
+ 12ubs[vy O (vg + b1v})] A (3v1vy + byv?)
= 12(=Aby + pby)[v1 O (v + b1v?)] A (Bvrvg + bo?),

modulo [(§] Ons) A&+ (61 O&)NE+ (5 O&E)INE |+ Ona) AL+ (&5 O &) AL
If 53(3A\X 4+ 21Y) = 0 then
)\bl = ,ub2

Hence the independence of by, by, implies the transversality of ¥, and the nonsin-
gularity of Y.
For later use we describe the expression of @} together with the case b; # 0:

. (3A(vg + b1v?) O (302 + 6b1vivy + b2v}) (0 £0),
(6 9) @é _ + 2/1[1}3 + bg?)% + b2(3?)11)2 + bﬂ}%)] Q (3?)11)2 + bﬂ}?»
(3A\(v2 +v?) O (303 + 6v2vy + vi) (b, #0)
+ 2u[vs + ba(3vivy + v3)] O (Bvivg + 7)) 7

where (i) (A, ) # (0,0), and (ii) over X7 we have \by; = pub,.
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6.6 Well-definedness of wg

In §5.6.3 we defined wg as the inverse image of a(C ag =& O G +E O+

£3 (&) under o. The space a contains as(= & O+ Onz+&8 (&), and we
have already seen that ws(= 0~ '(as)) is a vector bundle. So let ™% : T,C" /w5 —

(T.C" O T,C") /a5 be the linear map induced by o. This is injective.
We choose local coordinates (w,t, &5, &5, 68 ab) € ¥ satisfying (6.2)-(6.9).
We again describe the calculations only for the expression (6.7) of &3 in the case

(%) 7é 0.
The quotient space a/as can be written in the form
(v1) O (150103 + 10b1v3vy + bTvP)
+ (3A(vy + b19?) O (3v3 + 6byvivy + biv})
+ 2ufvs + b3vi + ba(3v1vg + b103)] O (3vivg + b1o)).

In the same way as in the previous sections, we are able to prove that wg can
be written in the form

we = ws @ (10u(3v1v9v3 + b1vivs) + 2ubs(5vivy + biv?)
+ M(1503 + 45byvivs + 15b3viv, + bivd)),
where (A, 1) # (0,0) and Aby = ubs.

Indeed, this is shown by the following calculation; an element 10u(3v;vus +
bivivs) + 2ubs(5vive + b1v]) + (1505 + 45b1vivs + 15b3vive + b308) of we/ws is
mapped by ™ to 10pv; O [3(vs + b1v?)vs + bz(3v?vy + byvi)] + 10u(ve + biv?) O
(3v1v3 + b3v}) + 6Ab1vy O (150103 + 10byvivy + b3v7) + 15X (ve + bivi) O (3v2 +
6b1v7vg + b)) + 10pu[vs + b3v + be(3vivy + b1v3)] O (3vive + byv}), where the first
two terms 10pv; O [3(ve+b10?)v3+bs(3v2ve+b107)], 10u(ve+b1v?) O (3vivz+b3v3)
are zero modulo & O ¢y + & O ns + & O &. (Note that A\by = ubs.)

Together with the case by # 0, we get that

ws @ (10u(3v1v9v3 + brvivs) + 2ubs(5vive + b))
+A (1503 + 45b1vivs + 15b3vivg + bvd))

ws B (10u(3v1v9v3 + vivs)
+A(1508 + 450302 + 15vivg + v9))

(U2 7£ 0)7
(b1 # 0),

where (A, p) # (0,0) and Aby = pby. Therefore wg is a (4n + 2) dimensional
vector bundle.

NOTE 6.2. Without the extra blowup, when b; = by = by = 0, each of (vy +
b1v}) O (3v3 + 6b1vvg + bIvt) and [vs 4 bsvi + ba(3v1va + b103)] O (3v1vs + byv?)
in @ has the inverse image under the composite of @®* and the quotient map
ag/as — g, separately.
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7. The relationship between the defining equations and the vector
bundles

In this section, we will establish the relationship between the equations defin-
ing ¥, and the vector bundles used to construct ). Then we give proofs of the
existence and density results stated in §5. We use the same local coordinates as
in §6. Since the cases ¥, and 3, are straightforward, we begin with the case 3.

7.1 The case 533

The points of X3 in Xp(= E™'F) are characterized by the equations (3.2),
(3.3), and the subset X3 of 3, is defined by the zeros of the section ®5 : ¥y —
Hom(ns/n2,t1). To clarify the relationship between X3 and 33, we will prove that
T5(25\ S5) = X3, where S5 = (m2l5,) "' (S) and S = U;»3™" F. For this, we shall
examine a necessary and sufficient condition for a point of ¥y \ Sy to lie above
Y3, where Sy = (m2]g,) (). Note that 7|5\ 3, : 35\ Sy — ¥ is biholomorphic
and its restriction over X3 is a one sheeted cover of 3.

Let W be a small open neighbourhood of (0,0) in C" x CP and choose the
local coordinates (z,t,&f) € (mals,) ' (W) with & = (v1). Take a point P of
(ma]s,) " (W) \ Sz and let U be an open neighbourhood of P in (mals,) " (W) \ Ss.
By definition of 3, the vector v; at P satisfies the equation (3.2). Hence the
point P lies above X3 if and only if there exists a vector vy € & at P satisfying
the equation (3.3). Consider the map

(7.1) (fo)2 + (f)s + (&1 @ (v)O& — 1
over U. The condition for the vector vy at P means that the restriction of (7.1)
to the subspace (vg + v7)0&; vanishes at P.

As a subspace of the tensor product (& @ (v)) ® &, the source space (§; @
(v3))0&; of (7.1) can be visualized by a diagram (Figure 1).

Figure 1 The diagram for >3

&1 <U%>
o] (v1)

&1

(vn)

The diagram represents the space (§; @ (vf))0& by the coordinates with re-
spect to the standard basis. Each row represents & & (v?), and each column
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represents &;. In the diagram, we assume that the subspace (vy) of & is rep-
resented by the first coordinate. The symbol e indicates the quotient space
(vf) = [(& ® (v7))o(v1)] /(£10(v1)) considered as the subspace of (& & (v))O&:.

Since U is contained in Y, the hatched areas &10(vy), (v1)0&; in Figure 1
are mapped by (7.1) to zero. Hence (7.1) (more precisely (f;)2) induces the
map A from £,0&; to 1y, where £, = & /(v;). By definition of U, this A is a
nondegenerate bilinear form over U. The space £,0&; can be considered as the
shaded box in Figure 1.

Consider the map €3 from e (= (v3)) to ¢; induced by (7.1). Since A is
nondegenerate at P, the condition for v, at P mentioned above is equivalent
to the condition that e3 vanishes at P. By the expression (6.2), we see that 3
is T3(f;) : n3/ma — 11, which induces the section ®3. Hence the point P lies
above 23 if and only if it is in 33. Since P is any point of 3, \ Sy, we get that
T (g \ S3) = B3, O

The map 7r2|22\§2 D \ S, — Yy has the inverse map, and the map 7T2|i3\§3 :
Y3\ S5 — X3 is the restriction of 772‘&\5*2 to 33\ S3. Hence there exists the
inverse map of 7r2|23\53 £ 3, \ Sy — Xs.

Referring the map A, we consider the map A : £,0&; — 11 over (72|§3)_1(W)
induced by (f;)2. Then S5 N (m2|s,) ™! (W) consists of the points of (m[s,) ™" (W)
at which A is degenerate. Since Y3 is nonsingular and A is not identically zero
(on each connected component of Y3), it follows that Ss N (mals,) (W) is a
nowhere dense analytic subset of (m|s,) ™" (W). Hence 33\ S is dense in Xs.

7.2 The case 534

We will prove that m o m4(£4 \ Sy) = L4, where Sy = (m2 0 mys,)71(S). For
this, we shall examine a sufficient condition for a point of P(&;) to lie above 3.
Note that 7T2|23\33 Y, \ Sy — Y is biholomorphic and the restriction of P(&,)
over (s, 3,) " (X4) is a fibre bundle.

Let W be a small open neighbourhood of (0,0) in C"x C? and choose the local
coordinates (z,t, &}, E)) € (moomy) "HW) (C P(&)) with €2 = (v1) @ (vy + biovd).
Take a point P of (my0my) (W \ S) and let U be an open neighbourhood of P
in (myomy) YW\ 9).

The vector vy at P satisfies the equation (3.2), and hence P lies above ¥ if
the vector vy at P satisfies the equation (3.3) and there exists a vector vz € &
at P satisfying the equation (3.4). Consider the maps

(f)2+ (fi)s (& & (v1))0& — 1,

(7.2)
(f)2+ (f)s+ (f)a = (& @ (01)0& @ (v]))0& — 1
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over U. The condition for the vectors vy, v3 at P means that the restrictions of
(7.2) to the subspaces (vs +v])0&1, (v3+ 3v1ve +v3)O&; vanish at P, respectively.

As in the previous section, the source spaces of (7.2) can be visualized by a
diagram (Figure 2).

Figure 2 The diagram for >4
<1{1> <U%>

o] (v)

&1

|

|

|

|

|

|
L
—~

&1

Since U lies above X5, the symbols e (= (v?)) in Figure 2 are mapped by (7. 2)
to zero. The other symbols except the dashed box are the same as in Figure 1.
The dashed box is the space

(& @ (1))o&] & [((v1)o& & (v7))O(u)]

over U.
Consider the subspace

Ky = [(v2 + v})0&1] @ [(3v102 + v7)O(v1)]

of the dashed box, and let d; be the map from K, to ¢; @ ¢ induced by (7.2).
Over U, the map A (on the lower left shaded box in Figure 2), which is the
pullback of A of §7.1, is nondegenerate. Hence the condition for vy, v3 at P
mentioned above is equivalent to the condition that d4 vanishes at P. Let €4 be
the map from Ky to ¢; induced by 2?22( ft)i- Then the condition for d, at P is
equivalent to the condition that e, vanishes at P.

By the condition for €4, at P, we perform the following operations. At each
point of U, choose two vectors in K4 and let (vy + v?)Va, (3v1vs + v3)v; be their
representatives, where V5 € &) is some vector. Insert these representatives to the
third and fourth rows in Table 2, where V3, V) € & are some vectors.
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Table 2 The table for Y,

L Vi

v || 3V3

V9 + vf 3V5

Vs + 3v1vg + 03 U1

Applying Lemma 2.1 (i) to Table 2, we get the vector
Yy = Vi +4ui Vs + 3(vz + 0})Va + (3vfs + o).

Then the point P lies above ¥4 if Y, at P is mapped by Z?Zl(ft)i to zero for all
Vo, V3, Vi € &1

At a point of U with b; # 0, we can consider Y} as a representative of a basis
element of (4/n3 in (4, and also Zj‘zl(ft)i on Yy as Ty(f;) on Y. Indeed, by the
expression (6. 3), the space (4/n3 has a basis of the form 3(vy+b;v?) —2(1‘) +(3vivg+
bivd) (Vi € &,1 < i <n), and an element 3(v + b1v?) Vs + (30205 + bivd) of the
basis has a representative Vj +4v; Va + 3(vy +b1v3) Vo + (3v2vy + byvf) (Va, Vs, Vi €
&) in (4. At a point of U with b; # 0, by a linear change of the coordinates vy,
we can assume that by = 1 in the representative. Then the representative is Yy,
and Ty(f;) on Y} is essentially Zle(ft)i on Yj.

Then the following claim is useful.

CLAIM 7.1. At every point of $4 N U, we have by #0.

Proof. At a point of 3, N U, the map T4(f;) : C/n3 — ¢1 vanishes, and then, by
the expression (6. 3), so is the map from (7 +b,v?)0&; to 1, induced by 327, (f);.

At the point, if b; = 0 then the restriction of the map A to (#3)0&; vanishes.
This contradicts the fact that A is nondegenerate over U. The claim is proved. [J

Because 24 is the zeros of @4 induced by T4( ft), the above argument shows
that if the point P is in %, then it lies above ¥,. Since P is any point of
(mp 0 m4)"H(W \ S), we see that my 0 m4(34 \ S4) C 4.

The converse also holds. Indeed, for each point @ of ¥4 N W there exist
vectors vy, ve € & at @ satisfying (3.2),(3.3). These determine a point P of
(meomy) "YW\ S) (C P(&)); for such Q, vy, vy, the point P is given by (Q, &1, £3)
with &2 = (v1) @ (vy + v2). By definition of ¥y, this P is in .

Thus we get that m o 7r4(§~]4 \ 5’4) =¥, 0O

For any point @ of ¥, N W, a point P of ¥, \ Sy is given as above. By
the nondegeneracy of A, such a point P is unique; indeed, there exists a unique
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vector v; € & at Q satisfying (3.2) and there exists a unique vector 7, € &, at
() such that €4 vanishes at P. This implies the existence of the inverse map of
My O 7r4|24\§4 124\ Sy — Xy

Consider the map A over (m o my|s, )™ (W), which is the pullback of A of
§7.1. Then Sy N (w3 0 myl5, )~ (W) consists of the points of (w3 0 my|5, )~ (W) at
which A is degenerate. As in §7.1, we see that ¥, \ Sy is dense in ¥,.

NOTE 7.1. Applying Lemma 4.2 to Yy, we get that

3 3
o(Ya) = 401 O (Vs + guiVa + Svrws + v}) 4 3(va + v7) O (Va + v7),
which is a representative of an element of (£ On3+& O&)/ (&1 O&). Following
this recipe, we defined (4 as in §5.4.

7.3 The case 35

We will prove that my o m4(X5 \ S5) = X5, where S5 = (75 0 Tuls, )~ (S). For
this, we shall examine a necessary and sufficient condition for a point of >y \ Sy
to lie above X5. Note that m o 7T4|i4\§4 :Yy \ Sy — %, is biholomorphic and its
restriction over X5 is a one sheeted cover of X5.

Let W be a small open neighbourhood of (0,0) in C" x CP, and choose the
local coordinates (x,t,£1,83) € (m 0wyl ) (W) with & = (vi) @ (v + byof).
Take a point P of (my 0myls, )~ (W) \ Sy and let U be an open neighbourhood of
P in (myomyls, )~ (W) \ Si. Applying Claim 7.1 to this U, by a linear change of
the coordinates vy, we can assume that by =1 on U.

The vectors vy, vy at P satisfy the equations (3.2), (3.3), and hence P lies
above Y5 if and only if there exist vectors vs, v4 € & at P satisfying the equations
(3.4), (3.5). Consider the maps

(7.3) Sio(f)i (& @ (Buws +03)0& — 0,
>

P o(fi)i 1 (& @ (01)O& @ (3vF + 6vTvy + v))OE — 1y

over U. The condition for the vectors vs,vs at P means that the restrictions of
(7.3) to the subspaces (v3 + 3vivy + v3)0&1, (vg + 4v1vs + 303 + 6vivy + v])O&;
vanish at P, respectively.

As in the previous sections, the source spaces of (7.3) can be visualized by a
diagram (Figure 3).
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Figure 3 The diagram for X5

{01) (3v10 + )

BI- (v1)

&1

|

|

|

|

|

|
L
——

&1
& C{v)o&r
<v1> (v%) <3U§ + 6v3vs + vf)

Since U is contained in ¥4, the symbol > (= (3v?vy + v?)) in Figure 3 is
mapped by (7.3) to zero. The other symbols except the dashed box are the same
as in Figure 2. The dashed box is the space

(&1 ® (Buivy + 07))0& ] @ [((v1)0& @ (305 + 6vTvy + v1))O(vr)]

over U.
Consider the subspace

Ks = [(03 + 3v1vs 4 v})0& | @ [(4v103 + 305 + 6viva + v])O(vy)]

of the dashed box, and let d5 be the map from K5 to ¢; @ ¢ induced by (7.3).
Over U, the map A (on the lower left shaded box in Figure 3) is nondegenerate.
Hence the condition for vs, v, at P mentioned above is equivalent to the condition
that 5 vanishes at P. Let e5 be the map from K5 to ¢; induced by Zfzg(ft)i-
Then the condition for d5 at P is equivalent to the condition that €5 vanishes at
P.

We can consider the space &0(, +v?) as a subspace of the dashed box, and
since U is contained in Y, this space is mapped to zero under the map induced
by Z?:Q(ft)i. On the other hand, over U the map A (on the shaded box in the
dashed box) is nondegenerate. Bearing these two facts in mind, by the condition
for €5 at P, we perform the following operations (cf. the argument in §7.1). At
each point of U, choose two vectors in K5 and let (V3 + 3vyvy + v3)vg, (4v, Vs +
3v3 + 6v?v; + v})v; be their representatives, where Vs € £; is some vector. Insert
these representatives to the fourth and fifth rows in Table 3, where Vy, V5 € &
are some vectors.
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Table 3 The table for Y;

L Vs
U1 4‘/;1
Vo + v% 6V3

‘/3 + 3U1U2 + U:f 4U2
Vi + 401 Vs + 302 + 6vivy + vf o

Applying Lemma 2.1 (i) to Table 3, we get the vector
Ys = Vs + 501 Vy + 10(vg + v1) Vs + (150103 + 10050, + 02).

Then the point P lies above X5 if and only if Y5 at P is mapped by Zle( f)i to
zero for all V3, Vi, V5 € &.

By Claim 7.1 we have b; # 0 at every point of U, and hence we can consider
Ys as a representative of a basis element of (5/(y in (5 (for the expression (6.6),
substitute b; = 1), and also Ele(ft)i on Y; as Tx(f;) on Ys. Hence the point P
lies above Y5 if and only if it is in Y. Since P is any point of N \ Sy, we get
that 7 0 m4(X5 \ S5) = ¥5. O

Since my 0 7T4|i4\:§4 W \ Sy — 2, has the inverse map, as in §7.1, there exists
the inverse map of m o 7r4]25\§5 c Y \ S5 — 5. The density of 35 \ Ss in s
follows from the same argument as in §7.2.

7.4 The case X

In this section, we will prove that my o 74 o 74 (34 \ SL) = X5, where S =
(mgomy0 7rg|i,5)*1(5’ ). For this, we shall examine a sufficient condition for a point
of P(&3) to lie above ¥5. Note that 7y o 7T4|25\g5 DI \ Sy — Y5 is biholomorphic
and the restriction of P(€3) over X5 \ S5 is a fibre bundle.

Let W be a small open neighbourhood of (0,0) in C" x CP, and choose the
local coordinates (z,t, &}, &3, 6) € (myomyonl) (W) (C P(&)) with &€ = (v,) @
(V2 +b103) B (v3+b3v} +be(3v1v2+b1v?)). Take a point P of (myomgomt) ™ (W\S)
and let U be an open neighbourhood of P in (my o w4 o i)~ (W \ S). Applying
Claim 7.1 to this U, by linear changes of the coordinates vy, v3, we can assume
that by =1,b3 =0on U.

The vectors vy, vy at P satisfy the equations (3.2), (3.3), and hence P lies
above Yy if the vector vz at P satisfies the equation (3.4) and there exists a
vector vy € & at P satisfying the equation (3.5).
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We again consider the maps and the spaces in the previous section, but over
U of this section. The condition for the vectors w3, v, at P is equivalent to
the condition that e; vanishes at P. Note that the space [£0(4(7; 4 v7))] @
(4(3v1vy + v3)Dy + 3v1v3 + 6vivy + v]) can be considered as a subspace of the
dashed box in Figure 3, and since U lies above X5, this space is mapped to zero
under the map induced by 327, (f:):.

By the condition for €5 at P, we perform the following operations. At each
point of U, choose two vectors in K5 and let (v3 + 3vivy + v3) Vs, (4vyvs + 303 +
6vivy + vi‘)vl be their representatives, where V5 € & is some vector. Insert these
representatives to the fourth and fifth rows in Table 4, where V3, V4, V5 € & are
some vectors.

Table 4 The table for Y/

L Vs
U1 4‘/21
Vg + ’U% 6‘/3

v3 + 3vyvy + U3 || 414
Vi + 4vyvs + 37)% + 61}%1}2 + vil U1

Applying Lemma 2.1 (i), we get the vector

Yy = Vi + 50,V + 6(vg 4+ v3) Vs + 4(vs + 3v10p + v Vs
+ (4vivs + 3v1v3 + 6vivy + v)).

By eliminating the term 3v;v3 (see Note 7.2), we rewrite Y7 in the simpler
form

Yy = Vs + 501V + 5(vg + 1) Vy + 5(v3 + 3vive + v7)Vy + (vg + v7)v3
— (v3 + 3v1vg + v} )y + (4vivs + 3viv3 + 6V vy + V)
= Vs + 5v1Va + 5(va + 07) V3 + 5(vs + 3v1vs + 07) Vs
+ (5v%v3 + 5vdvy + 0?),

where 4V, = 5V — vy, 6V = 5V4 + v3. Then the point P lies above X5 if Y. at
P is mapped by S0_ (f,)i to zero for all Vy, Vi, V,, Vs € &,.

By an argument similar to the proof of Claim 7.1, we can prove the following
claim.

CLAIM 7.2. At every point of f)g NU, we have byby # 0.
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By Claim 7.2, at every point of 4N U we can consider Y7 as a representative
of a basis element of ws/(; in ws (for the expression (6.8) in the case vy # 0,
substitute by = by = 1,bs = 0), and also S0, (f;); on Y as Ts(f,) on Y. Tt
follows that if the point P is in ig then it lies above Y5. Since P is any point of
(mp 0 myoml) MW\ S), we see that my 0 my o w4 (XL \ SL) C 5.

By the same argument as in §7.2, the converse also holds. Thus we get that

Tg O T4 O Fg(ig \ gé) = 25. ]

By the nondegeneracy of A, as in §7.2, there exists the inverse map of w5 o
T4 075|508 1 85\ S5 — Us. The density of X5\ S5 in 35 follows from the same
argument as in §7.2.

NOTE 7.2. Based on Y/, we can make another expression of ws/(5 similar to
(6.8), but the calculations to get (6.8) fail. For this, we eliminated the term
3vivs in Y7 as a representative of an element of ws/(5 in ws.

NOTE 7.3. When we consider Y, as a representative of a basis element of ws /(5
in ws, we used not the case b; # 0, but the case vy # 0 of the expression (6. 8).
The reason for this is that Y, is an element of not a quotient space of w; but ws,
and the case vy # 0 of the expression (6.8) is closer to ws.

7.5 The case Y

We will prove that 7, o 74 0 7 0 p(36 \ Ss) = X, where S = (73 0 my 0 7} 0
pls,) " (S). The map momy Omgls\gs 32\ SL — %5 is biholomorphic. By Claim
7.2, the center of the extra blowup p is contained in S;. (This is seen by using the
local coordinates of P(a) given in §6.5.) Hence my o7r4o7rgop|ig\§g DY AN 3
is biholomorphic, where S? = (my 0 my 0 7l o p|ig)*1(5), and its restriction over
Y6 is a one sheeted cover of ¥g. So we shall examine a necessary and sufficient
condition for a point of 37 \ S to lie above .

Let W be a small open neighbourhood of (0,0) in C" x CP, and choose
the local coordinates (w,t,&}, 65,68 at) € (mpomomlo p|ig)*1(W) with & =
(v1) @ (V2 + b1v?) @ (v3 + b3v? + by (3v1v2 + b103)), & = (3AX +2uY), where X =
(v2+0102) O (Bv3+6b1vive+b2v}), Y = (v34b307+-ba (3v1v2+b1v3)) O (3v1v9+b103),
and X,Y € ag are the equivalent classes of X,Y € ag, respectively. Take a point
P of (mgomyomfo p|ig)*1(W) \ 57 and let U be an open neighbourhood of P in
(ma 04 015 0 plsy) THIW) \ S”. Applying Claim 7.2 to this U, by linear changes
of the coordinates vq, v3, we can assume that by = by =1,b53 =0 on U.

The vectors vy, vy, v3 at P satisfy the equations (3.2), (3.3), (3.4), and hence
P lies above Y if and only if there exist vectors vy, v5 € & at P satisfying the
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equations (3.5), (3.6). Consider the maps
Yo ()i (&1 & (dvrvs + 303 + 6vdvy + v}))0& — 1,
(74) (i
(&1 @ (v1)0& @ (10v9v3 + 10vivs + 150103 4+ 10v3vy + v]))0& — 1y

over U. The condition for the vectors vy, v5 at P means that the restrictions of
(7.4) to the subspaces (vg + 4v1v3 + 303 + 6v7vy + v1)O&1, (vs + Hvyvg + 10v9v3 +
10v2v3 + 150103 + 10030, + v3)O&; vanish at P, respectively.

As in the previous sections, the source spaces of (7.4) can be visualized by a
diagram (Figure 4).

Figure 4 The diagram for Y
{01)

: 5 (v1)

(4v1v3 + 303 + 6viva + vi)

&1

o[ - - (v1)

&1

& C{v)o&r
(v1) (v?) (10vav3 + 100303 + 150103 + 10v5vg + v3)

Since U lies above X, the symbol o (= (4v?vs + 3v,03 + 6030, +07)) in Figure
4 is mapped by (7.4) to zero (cf. the vector Y, in §7.4). The other symbols
except the dashed box are the same as in Figure 3. The dashed box is the space

[(&1 @ (4v1vs + 303 + 6vivs + v1))OE ]
@ [((v1)0& @ (10vav3 + 10033 + 150105 + 10v§vs + v7))O(vy)]

over U.
Consider the subspace

Kg = (U4 + 4v1vs + 305 + 6070y + v7)0& ]
@ [(5v104 + 100203 + 10vivs + 150105 + 100703 + 17)O(uvy )]

of the dashed box, and let d be the map from Kg to ¢y @ ¢1 induced by (7.4).
Over U, the map A (on the lower left shaded box in Figure 4) is nondegenerate.
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Hence the condition for vy, v5 at P mentioned above is equivalent to the condition
that ds vanishes at P. Let €5 be the map from K to ¢; induced by S0 ,(f):.
Then the condition for dg at P is equivalent to the condition that eg vanishes at
P.

For the same reason as in §7.3, we perform the following operations. At
each point of U, choose two vectors in Kg and let (Vj + 4vyvs + 303 + 6vvy +
v1)va, (501 Vi 4 10v9v3 + 10003 + 150103 + 1005 + v7)v; be their representatives,
where V, € & is some vector. Insert these representatives to the fifth and sixth
rows in Table 5, where V3, V5, Vi € & are some vectors.

Table 5 The table for Yy
1 Ve
V1 5V
Vo + U% 10V,
v3 + v + 03 || 1013
Vi + 4dvvg + 302 + 6030, + v} 503
Vs + 501 V) + 100903 + 100203 + 150102 + 10050y + 09 vy

Applying Lemma 2.1 (i) to Table 5, we get the vector

Ys = Vi + 601 Vs + 15(vy + v]) Vi + 10(v3 + 3vyvp + v3) V3
+ (30010903 + 10vSv3 4 1505 + 450703 + 150 v, + v8).

Then the point P lies above ¥4 if and only if Y5 at P is mapped by 320 (f,); to
zero for all V3, Vi, V5, Vs € &.

By Claim 7.2, we have b1by # 0 at every point of U. On the other hand, since
U is contained in 3%, over U we have (X, i) # (0,0) and A\b; = pub,. Hence we can
consider Yg as a representative of a basis element of wg/ws in wg (for the expression
(6.10) in the case vy # 0, substitute by = by = 1,b3 = 0,A = p = 1), and also
Z?:1(ft)i on Yg as Ti(f;) on Y. Hence the point P lies above Y if and only if it
is in ¥g. Since P is any point of ig\S’g, we get that my o7r4o7rgop(§~]6\§6) = Y.
O

Since mp 0 4 0 Tk © P|ig\§g . ¥\ S — Y5 has the inverse map, as in §7.1,
there exists the inverse map of m o my 0 75 0 pls\ g, © X6 \ S6 — Xg. The density
of 3¢ \ Sg in g follows from the same argument as in §7.2.

NOTE 7.4. The center {b; = by = 0} C %% of the extra blowup p is the locus
corresponding to Er; the locus {b; = 0} C 3% is projected onto Eg and the locus
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{by = 0} C X is projected onto Dg. (For more details, see the next section.) It
is worth comparing our locus b; = by = 0 with Gaffney’s locus By = By = 0 in
[4, Proposition 1.6].

8. Appendix

ing the desingularizations >4, ¥s, ig, Y6 to some loci. In this appendix we will
explain these facts.

In the local coordinates of P(&;) given in §6.2, the locus {b; = 0} C ¥4 gives
a desingularization of Ds. Indeed, by Claim 7.1, for every point P € %, with
by = 0 its image m o m4(P) is in S (= U;»2 5™ F). Moreover, the following claim
holds.

CLAIM 8.1. For every point P € 24 with by = 0 its image w5 o wu(P) is in Ds.

Proof. At a point P € ¥, with by = 0, the map T4(f;) vanishes on

G =& @ (11)0& @ (v)) & (12)0&; & (3v7vy)

(see the expression (6.3)). Replace the local coordinates (z,t) of C" x CP by
the local coordinates centered at my o myq(P) with vy = aixl,vg = aim. Then at

7o 0 m4(P), the function f; does not have the terms involving monomials
v (i=1,...,n), ;ma; (i=1,...,n), 23, zox; (i =2,...,n), r21,,

that is, it is written in the form

fi(a) = agz12y + azzy + by + Z 2by;ata; + Z bijrir; + -+,
i=3 ij=3
where a;,b;; € C{t} (cf. [5, Proof of Lemma 2.3.2]). It follows from this that
T © 7T4(P) is in 55. ]

Then the almost same argument as for Theorem 5.3 shows that

(i) in the local coordinates of P(&;) given in §6.2, the restriction of 7y o 74 to
the locus {b; = 0} N ¥, is a desingularization of Ds.

Similarly, we can show the following facts:

(ii) In the local coordinates of ¥4 given in §6.3, the restriction of my o 74 to the
locus {b; = 0} N Y5 is a desingularization of Eg.

(iii) In the local coordinates of P(&3) given in §6.4, the restriction of g 07y 0 7}
to the locus {by = 0} N %} is a desingularization of Dg, and its restriction
to the locus {b; = by = 0} N X% is a desingularization of ;.
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(iv) In the local coordinates of XY given in §6.6, the restriction of my om0, 0p

to the locus {b; = A/ = 0} N g is a desingularization of Eg, and to the
locus {by = /A = 0} N g is a desingularization of X.

These loci are defined in terms of local coordinates. However all can be

defined independently of coordinates.
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