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Abstract. We give the canonical form an element of the exceptional Jordan
algebras and explicit classification of orbits in those Jordan algebras under the
action of the spinor group Spin(9).

Introduction

It is well known that any element of the exceptional Jordan algebra J can be
uniquely transformed to a diagonal form by the natural action of some element
of the exceptional Lie group Fy ([1], [5]).

In the present paper, we shall first give the canonical form of an element
of 3 by the natural action of some element of the group Spin(9) which is a
maximal subgroup of the compact exceptional Lie group Fj with the maximal
rank (Theorem 2.1). In almost the same way as Proof of Theorem 2.1, we
shall next give the canonical form of an element of another exceptional Jordan
algebra J; by the natural action of some element of the group Spin(9) which is
a maximal compact subgroup of the noncompact exceptional Lie group Fy_a0)
(Theorem 3.1).

Finally, the authors would like here to express gratitude to Professor Osami
Yasukura for his useful advice and friendly encouragement.

1. The Jordan algebra J and the group F, ([1], [4], [5])

Let ¢ be the Cayley algebra with the canonical R-basis eg = 1,¢e1,--- ,e7 and
¢ = {3.1_, axer € €| 2y € R} be the R-vector subspace of ¢ consisting of pure
Cayley numbers. In ¢, the conjugate T and the length |z| of x = ZZ:O xpep(xy €

R) are defined as zo + 3.1_, Txer = 20— Y 1_, Txer and |x| = V2T, respectively.
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Now, let J be the exceptional Jordan algebra:

3=33,¢)={X e M@3,¢)| X" =X}

1
with the Jordan multiplication X oY = E(X Y +YX). In 3, the Freudenthal

multiplication X x Y, an inner product (X,Y’), a trilinear form (X,Y,7) and
the determinant det X are defined by

X%V = %(zx oY — tr(X)Y — tr(Y)X + (tr(X)tx(Y) — tr(X 0 Y))E),
(X,Y)=tr(XoY), (X,Y,Z)=(XxY,Z), detX = %(X, X, X),

respectively, where tr(X) denotes the trace of X and E is the unit matrix. The
group Fj is defined as the automorphism group of the Jordan algebra J:

Fy={a€lsop(d)|a(XoY)=aXoaY}
={a € lsog(3)|a(X xY) =aX x aY},

which is a connected compact exceptional Lie group of type Fy. The group Fj
leaves the inner product (X, Y), the trilinear form (X, Y, Z) and the determinant
det X invariant, that is, for a € F}, we have

(aX,aY) = (X,Y), (aX,aY,aZ)=(X,Y,Z), detaX =detX.
The group F} has the following series of subgroups:
Fy D Spin(9) D Spin(8) D Gs.

These subgroups are constructed as follows.
The group Spin(9) is defined as

Spin(9) = {a € Fy|aE, = E,},

100

where B = [0 0 0]. For A€ O(2) = {A € M(2,R)|'AA = E}, let a(A)
0 0 0

be the R-linear transformation of J defined by

S ~ /1 0
_ -1 ~ _
a(A) X =AXA, Xe3, A= (0 A).

Then a(A) € Fy, furthermore a(A) € Spin(9).
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The group Spin(8) is defined as
Spin(8) = {a € Spin(9) | aFy = Ey, k = 2,3},

0 0 0 0 0 0
where Fo = |0 1 O|,E3={0 0 0. Foracecc¢,|al=1,let fi(a) be the
0 0 O 0 0 1
R-linear transformation of J defined by
§1 r3 T §1  ar3a a7
Bi(a)X =pi(a) T3 & x| = |aTza & axm
Ty Ty &3 Toa  Tia &3

Then we see that (1(a) € Spin(8) by using the Moufang formula (ax)(ya) =
a(zy)a,x, y € €. Similarly, for a € ¢, |a| = 1, R-linear transformations [35(a) and
Ps(a) of 3 defined by

§1 x3a Taa & axrs  aTsa
/BQ(CL)X = Efg 52 Exla s Bg(CL)X = fga 62 ri1a
axro afla 53 al’ga Efl 53

are elements of Spin(8).
The group Gy is defined as the automorphism group of the Cayley algebra ¢:
Gy = {a € Isor(@) | a(zy) = (ax)(ay), z,y € ¢}.
Let S® = {z € ¢y ||z| = 1}. Then it is known that the group G5 acts transitively
on S® Next, for a € Gy, let & be the R-linear transformation of J defined by

&1 w3 Ty &1 arz ol
alzs & | =|azs & an
Ty T1 &3 azry az; &3

Then a € Spin(8), and « will be identified with . Thus the group Gj is regarded
as a subgroup of Spin(8):

Gy = {& € Spm(S) | ONS GQ}

2. Canonical form of X of J under the action of of maximal compact
subgroup Spin(9) of Fy_a

§1 a3 To
For an element X = | Z3 & a7 | of J, we define the discriminant 6(X) of

T2 Ty &3

X by
§(X)=(E—-E,X)* —4(F, X, X)
= (& + &) — 4(&& — |1 D) = (& — &) + 4|z
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Note that 6(X) is left invariant under the action of Spin(9), that is, we have
(aX)=0(X), «aecSpin(9).

THEOREM 2.1. An element X of 3 can be uniquely transformed to the follow-
ing form by some element o of the group Spin(9) (the (1,1)-entry & of X is
invariant).

§1 S3 S
ro,T3, 59,53 € R,
(1) Case 6(X) #£0. aX=[s3 r o), 2277
So 0 rs T9 > T3, 8220,8320.
&0 s
ro, S9 € R,
(2) Case 6(X)=0. aX=[0 r 0], 2>2
S9 0 T2 82_0.

All these orbits are distinct, and the union of all these orbits is the whole space

~

3.
Proof.  Let X be a given element of J. First we shall show that the x;-entry
of X can be transformed to 0 by the action of Spin(9). Suppose x; # 0, and
x
let a = ﬁ By the action (;(a), x; can be transformed to a real number ¢;,
I
& ows' T &t
that is, 01(@)X = [ T3’ &'t | = X'. Since the matrix X; = ( 2 1,)
/ / tr &3
T ot &3
is real symmetric, this can be transformed to a diagonal form by some matrix

A€ 0(2): AX ;A = (7;)2 f) , 79 > r3. Act a(A) € Spin(9) on X'. Then
3
é_l I‘3H f2//
a(A)X" is of the form |Z3" 7, 0 | = X”. We shall show that ry > rs.
.732// 0 T3

Indeed, (ro —r3)? = 5(X”) = 0(X) #0, so ry # r3, that is, ro > r3.
We may assume that the zo-entry of X” is a non-negative real number s,

T "o,
’—2”‘) € Spin(8) to X" if necessary. We shall show that x3 is
T2

transformed to a real number by the action of Spin(8). Let z3" = u + vt, u,v €

applying [ (

R,t € S°. Since the group G acts transitively on S, t is transformed to e; by

some element of Gy. Hence 3" is transformed to the form u + ve; (the other

entries are left invariant). Next, act (3(ez) on this. Then this is transformed
&1 p3 —s2

to the foom | p; re 0 |, where p3 = wey — ves, that is, ps is a pure
-5 0 T3

P3

Cayley number. If p3 # 0, then let b = ps]
p3

and act (3(b) on this. Then this
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1 83 —$2
is transformed to | s3  ro 0 |, where s3 = |p3|. Therefore, since the sign
—s9 0 13
of the xo-entry is exchanged by the action of 5;(—1), we have shown that the
§1 83 S
element X of J can be transformed to | s3 o 0 | ,79 > 173, sS9 > 0,53 > 0.
So 0 rg
Finally, We shall show the uniqueness of ry, 73,5 and s3. Since ro and 73
satisfy

ro+ 13 = (E - E1,aX) = (a(E — Ey),aX) = (E - B, X),
rors = (Ey,aX,aX) = (B, aX,aX) = (B, X, X),

ro and r3 are uniquely determined as solutions of the equation
t* —(E—-E,X)t+ (B, X,X)=0
under the condition ry > r3. Similarly, since so and s3 satisfy

(X, X) = (aX,aX) = &%+ ro? 4+ r3? + 2857 + 25357,

det X = det(aX) = &rars — 19597 — 1r383%,

that is, s»2 and s3? are solutions of the following simultaneous equation,

1
822 + 832 = 5((X7 X) - 512 - 7“22 - 7“32):
9892 + 1r383% = &1rory — det X
From ry # r3, 52 and s3% are uniquely determined (and depend on only the given

X). Thus sy and s3 are also uniquely determined, since sy > 0, s3 > 0.
Case (2)  As in Case (1), X can be transformed to the form aX =

SERZER2

ts o 0] = X', ro € Rjty > 0,t3 > 0 by some element a € Spin(9).
tQ 0 T2
1 (t2 —t3)
Suppose t3 # 0. Let T = ——— € O(2) and act a(T) on X'
V2 +t2 \Is 12
Then o(T) X’ is of the form
& 0 sy
0 70 0], s3=+t2+12>0,
S9 0 9

which is the required form.
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We shall show the uniqueness of 75 and ss. As similar to Cace (1), 7o and s,
satisfy

2ry = (B — E1,X), 28y° = (X, X)— &2 — 2192,

Hence 1y, 552 (50 89 also) are uniquely determined as solutions of equations above.
We have thus completed the proof of the theorem. [

3. Canonical form of element X of J; under the action of maximal
compact subgroup Spin(9) of Fy_s ([2], [3], [4], [5])

Another exceptional Jordan algebra J; is consisting of all

§1 w3 QT
X = ZE?) 62 T ) fkﬁ € Ra TK € ¢, i2 = _1a
1wy T1 &3

1
in which the Jordan multiplication is defined as X oY = §(X Y +YX). In 3,

the Freudenthal multiplication X x Y| the inner product (X,Y), the trilinear
form (X,Y, Z), the determinant det X and the discriminant §(X) are defined as
similar to those of J. Further the group Fj_s) defined by

F4(_20) = {a € ISOR(ﬁl) | O./(X o Y) =aXo O[Y}
={a €Isor(d1) | a(X xY)=aX x aY}

is a connected noncompact exceptional Lie group of type Fy_sp). The following
subgroup Spin(9) of Fiy_s):

Spm(9) = {OZ € F4(,20) |OéE1 = El}

is a maximal compact subgroup of Fj_s5. Then, in almost the same way as

Proof of Theorem 2.1 (when using the map [y for ixy, we have to use ﬁk(ﬁ—ﬂ)
T
not ﬁk(|m_k|) ¢ Spin(8),k = 1,2,3), we obtain the following theorem.
1Tk
THEOREM 3.1. An element X of 31 can be uniquely transformed to the follow-
ing form by some element o of the group Spin(9) (the (1,1)-entry & of X is
invariant).
§&1 1S3 1Sy
(1) Case 6(X) # 0. aX=|iss rmn 0],
iSQ 0 T3

2,73, 82,83 € R7
T9 > T3, S92 20,8320.



(2) Case §(X) = 0. aX=[0 rn 0],
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0 s
51 2 Ta, SQER,

. S > 0.
1S9 0 1rg 2=

All these orbits are distinct, and the union of all these orbits is the whole space

~

J1-

References

H. Freudenthal, = Oktaven, Ausnahmegruppen und Oktavengeometry, Math. Inst. Ri-
jkuniv. te Utrecht, 1951.

A. Nishio, The Freudenthal product and orbits in the Jordan algebra over the excep-
tional Lie group of type Fy(_s0), in preparation.

I. Yokota, Realization of involutive automorphisms o of exceptional Lie groups G, Part
I, G = Gq, Fy and Eg, Tsukuba J. Math. 14 (1990), 185-223.

I. Yokota, On a non compact simple Lie group Fy; of type Fy, J. Fac. Sci, Shinshu
univ. 10-2 (1975), 71-80.

I. Yokota, FExceptional Lie groups, arXiv:0902.0431.

Takashi Miyasaka

7448-313 Mihara, Ina,

396-0113, Japan

E-mail: coolkai774@gmail.com

Osamu Shukuzawa

12-8 Takeda 2-chome, Kofu,
400-0016, Japan

E-mail: oshuku@jade.plala.or. jp

Ichiro Yokota
339-5, Okada-Matsuoka,
Matsumoto, 390-0312, Japan



