YOKOHAMA MATHEMATICAL
JourNAL VoL. 55, 2010

LOGARITHMIC-TYPE FUNCTIONS OF THE
DIFFERENTIAL OPERATOR

By
NOBORU NAKANISHI

(Received March 24, 2009)

Abstract. The logarithmic function and its related functions of the differential
operator d/dx are defined by extending the framework of Mikusiriski’s opera-
tional calculus. The operation of ¢(d/dz) on a function F(z), which vanishes
for © < 0, is expressed as a convolution of a distribution £2(z) and F'(z). For
various examples of p(d/dx), the explicit expressions for 2(z) are found and
their properties are investigated. Extension to the several-variable case is also
considered.

1. Introduction

Recently, in order to find models of deformed canoninal commutation rela-
tions, Asada[4] has studied non-integer powers of differentiation (fractional cal-
culus) and the logarithmic differentiation. His analysis is mainly based on the
Borel transformation [3], but he has considered the logarithmic differentiation
also in some other ways.

Let = be a real variable; we write the differential operator d/dx as D. Let F(x)
be an arbitrary C'-class function whose support is included in R, = {z| z = 0}.
Then, according to Asada, we have

(log D)F(x) = —F(x) - / "y log(z — ) F'(y), (L1)

where v is Euler’s constant. If F/(z) has a finite jump at z = 0, (1.1) still remains
valid by understanding that F’(z) contains a §(z) (Dirac measure) term.

We can derive (1.1) from the well-known formula for a non-integer order
“derivative” (see next section)

1

D Fa) = s / Cdy (@ —y) F(y) (1.2)
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with o > 0. We differentiate (1.2) with respect to —a and take the limit of
a — 0. When differentiated, two terms arise according to the Leibniz rule, and
both are divergent as o — 0. The divergent parts of both terms cancel, and the
remainder yields the right-hand side of (1.1).

As shown by Asada [4], it is not difficult to derive the following formulae from
(1.1):

t

(log D)2'0(x) = ( —logz — v+ Z nln 1)

>xt9(x), (1.3)

(log D) (log 2)"0(z) = ( — (log)™*! — 1(log z)"

— i (=)™ ml C(m =k + 1) (logx)I“)H(:z:), (1.4)

k!
k=0

where ((s) denotes Riemann’s zeta function and 6(z) stands for the Heaviside
step function, that is, f(xz) = 1 for x 2 0, O(x) = 0 for x < 0. We have explicitly
written 0(x) for clarity.

Now, as is well known, Mikusiriski [6] made mathematical justification of
Heaviside’s operational calculus on the basis of the convolution of functions whose
support is included in R, . He succeeded in defining various functions of D, but
log D cannot be defined as an operator in the sense of his theory.

In the present paper, we extend the concept of the operator of Mikusinski’s
operational calculus so as to include Asada’s formula (1.1). In this extended
framework, various logarithmic-type functions of D can be defined. We investi-
gate their properies and calculate explicit formulae for simple cases.

The present paper is organized as follows. In Sec.2, we propose a definition
of logarithmic-type functions of D in terms of convolution. In Sec.3, we calculate
the defining function of (log D)™, m being a positive integer. In Sec.4, its gener-
ating function is discussed. In Sec.5, (log D)? for 3 complex and log(log D) are
considered. In Sec.6, we show that it is possible to discuss logarithmic-type func-
tions of D in the Mikusinski framework if we consider a commutator. Extension
to the several-variable case is discussed in the final section.

The author would like to thank Professor A. Asada for presenting his results
in the mathematical-physics seminar held in RIMS, Kyoto University prior to
publication; his talks motivated the present work.
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2. Extention of Mikusinski’s operator

Mikusiriski’s operational calculus [6] is based on the commutative algebra C;
it is the totality of continuous functions defined in R, and its product is defined
by the convolution on R,. According to Titchmarsh’s theorem, C has no zero
divisor. Hence C can be extended to a field, Q, of quotients. An operator is
defined as an element of Q. It can be shown that all usual operations in the
functional analysis are transcribed into the corresponding ones in Q.

*1

A “function of the differential operator”, denoted by ¢(D), ' is given by

o(D)F(x) = / Cdy (e - y)F(y). (2.1)

where @(z) and F(x) are elements of Q. Mikusiriski calculated the explicit
expressions for @(x) corresponding to various functions (D), such as rational
functions of D, functions expandable into a power series of D~! non-integer
powers of rational functions of D, various kinds of exponential functions of D,
etc. However, it is not possible to construct @(z) corresponding to log D. In
order to include log D and its related functions, it is necessary to deform (2.1)
slightly.

In Mikusinski’s operational calculus, it is essential that @(x) and F(x) are
treated in a symmetric way. But since our purpose is to define (D) by @(z),
we need not adhere to the symmetric treatment. By giving up the symmetry
between @(z) and F(x), we can give a definition of the function of D in a more
flexible way.

We propose to define ¢(D) by the formula

ADIF) = [ dy =P (), (2.2
Here, F'() is a function of C'-class in R ; since its support is included in R, we
may write F'(x) = F(z)0(z). The symbol —0 means to take the limit 0 from the
x < 0 side; hence F'(—0) = 0 always. If F'(+0), i.e., the x — 0 limit of F'(x) from
the x > 0 side is nonvanishing and equal to a finite value, we understand that
F'(x) contains F'(40)0(x). As for 2(x), whose support is, of course, included in
R, we suppose, for a moment, that it is a function of C!-class for x > 0.
By integrating (2.2) by parts, we obtain

T

D) = (2 -nF)] + [ w2e-wFw. @)

-0

*1 Mikusinski used a symbol s instead of D.
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If the first term of the right-hand side vanishes, then (2.3) reduces to (2.1) by
setting (2 = &. Since F(—0) = 0, the first term vanishes if 2(40) = 0. If
2(40) # 0 is a definite finite value, we redefine 2(x) — 2(40) as 2(z) so that
the situation reduces to the case of £2(4+0) = 0. On the other hand, if £2(40) is
not a definite finite value, (2.2) no longer coincides with (2.1), but becomes its
finite part.

If we set F'(z) = 6(z) in (2.2), we have

(D)) = 2x). (2.4)

In particular, if ¢(x) = 1, then 2(x) = 0(x); we thus see that (2.2) is a repre-
sentation more natural than (2.1).

Now, as is known in the theory of distributions [7], a convolution of two
distributions is well defined if at least one of them has a compact support. Hence,
in (2.2), we can regard (2(x) as a distribution. On the other hand, according to
the structure theorem of the distribution, any distribution can be represented as
a finite order derivative of a continuous function. Hence @(z) in the Mikusiriski
theory can be identified with a distribution.

The most typical example in which £2(40) does not exist is the case of ¢(D) =
log D. Identifying D~! with Mikusifiski’s integration operator I, we consider

@ a-1
D °F(z) = /_ dy %F(y). (2.5)
Since lim,_oz*/I'(a+ 1) = 0 for Ra > 0, (2.3) implies
240
DF@) = [ CWYeale =) ), (2.6)
Here we have employed Schwartz’s pseudofunction [7] defined by
A1
Yi(z) = Pf.me(x) for A £0,—-1,-2,---
=6 (z)  forA=-n=0-1,-2---, (2.7)

where Pf. means a finite part. As a distribution, Y)(z) can be analytically
continued to the whole complex plane and give an entire function of A\. Hence
(2.6) is meaningful for any value of a.. Especially, for —a =n =0,1,2,..., the
right-hand side of (2.6) correctly reproduces the nth order derivative of F(z);
thus the identification of D~! with the integration operator [ is reasonable.

Differentiating both sides of (2.6) with respect to —«a and setting a = 0, we
can define log D. Then, without encountering divergent terms, we obtain

(0g D)F(a) = [ dy[-log(a — 4) — 1)), (2.9)

-0
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which is nothing but (1.1). In particular,

(log D)0(z) = (—logz — 7)0(x). (2.9)

Furthermore, for @ > 0, we have

o8] —t

(log(D + a))0(z) = (loga + / dt T)é’(x), (2.10)

ax

because [(log(D + «) — log D]f(x) is given by

(-1

1—e™

0" D"0(z) = /0 "y ). (2.11)

(log(1 +aD™"))f(x) =)

n=1

Asada caluclated (2.8) for F(z) = e**0(z)™ ; comparing his formula with (2.10),
we find that the following interesting relation is seen to hold:

(log(D + «))0(z) = e **(log D)e**0(x). (2.12)

3. Positive-integer power of log D

In this section, we consider the case of p(D) = (log D)™, where m is a positive
integer. Of course, it is defined by differentiating (2.6) m times with respect
to —a and then setting o = 0. But, because analytic continuation preserves
any analytic relation, we can calculate it successively by the recurrence formula
(log D)"™*16(x) = (log D)[(log D)™0(x)].

First, we set L(z) = logx + v, and rewrite (1.4) in terms of L(z) in order to
simplify our calculation. It is easy to show

(log D)L ()6 ()
(e - Y (=)™ m! lf,(m —kT 1)Lk(x))9(a:) (3.1)
k=0 )

by means of mathematical induction. Then, by using (3.1), we calculate

*2 Private communication.
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(log D)™0(x) successively:

(log D)'0(z) = —L(z)0(x), 3.2
(log D)*(x) = (L*(x) = ¢(2))0(x), (3.3)
(log DY*0(x) = ( = L*(2) + 3(2)L(x) - 2((3) ) 0(x), (3.4)

(log D)*0(x) = (L*(x) = 6¢(2)L3(x) + 8C(3) L(x) — 6(4) +3(¢(2))?) (),
(3.5)
(log D)°0(x) = ( — LP(x) +10¢(2) L () — 20¢(3) L () + 30¢(4) L(x) — 24¢(5)
— 15(C(2)° L) + 20¢(2)((3) ) B(a). (3.6)

For general m, we find
(log D)"0(x)
i <[§§% JEL )

(3.7)

where |k| = 22:1 k;j. The upper limit of the sums over k;’s is |k| < m, but since
this is automatically guaranteed by the existence of (m—|k|)! in the denominator,
we have omitted to write so explicitly.

Proof of (3.7). We employ mathematical induction with respect of m. Its validity
for m = 1 is self-evident. Hence assuming the validity of (3.7), we calculate
(log D)[(log D)™6(z)]. It is sufficient to consider each part characterized by the
number [ of zeta function factors. Because the right-hand side of (3.1) is linear
with respect to zeta functions, the [ part of (log D)[(log D)™6(x)] consists of two
parts: the part arising from the [ part of (log D)™60(x) and the first term of (3.1)
and the part arising from the [ — 1 part of (log D)™6(z) and the remainder of
(3.1). The former is simply —L(z) times (3.7). The latter is given by

-1
! Z (_1)mflkl/fl+1 m! Hj:l C(k’j)

m—|k|'+1

> (1) e B L (), (3.5)

p=2

where |k|' = Zé_:ll kj = |k| — k;. We set p = k; and symmetrize the expression of
(3.8) with respect to ki,---, k1 and k; after cancellation of (m — |k|")!. That
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is, we make the following rewriting:

/ﬁ, Jk k|S(ky, -+,
DI lz” h), (3.9)

ki1 ki JlJ ]11

where S(kq,--- , k) is a totally symmetric quantity. By reducing to a common
denominator, we see that the sum of both parts coincides with the [ term of (3.7)
for (log D)™*0(x). O

It is instructive to confirm that (3.7) is consistent with the following funda-
mental property of the logarithmic function:

(log D+ a)"F(z) = (loge®D)" F(z), (3.10)

where a is a constant.

Direct check of (3.10). According to the definition (2.2), we write

(log D)™ F(z) = /w dy 2 (x —y)F'(y), (3.11)

-0

where (2,,(z) is given by (3.7). The left-hand side of (3.10) is
(oD + )" Fla) = [ dy Z Do plo—Fy)  (3.12)

On the other hand, the right-hand side of (3.10) is

(log D"Y"F(e*z") = / dy' O (2 — y")e F'(e™y), (3.13)

-0

where we have set x = e®2’, so that e*D = D’. By the transformation ¢y = e %y,
(3.13) is rewritten as

(log e D)™ F(x) = / dy D" (x — 1)) F (3). (3.14)

Hence, to verify (3.10), it is sufficient to prove

Qe ) = z:% p!(mLip)!ame_p(x)’ (3.15)

The left-hand side of (3.15) is equal to the right-hand side of (3.11) with the
replacement of L(z) by L(z) — a in (3.7). After expanding (L(z) — a)™ ¥, we
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arrange the resultant expression in powers of a?. Then, by making the simple
rewriting

m! (m—I|k))! m! (m —p)!
(m— kD! pl(m — [kl =p)!  plm —p)! (m—p—I[k)"
we find that it coincides with the right-hand side of (3.15). O

(3.16)

4. Generating function

By definition, Y, 1(z) (see (2.6) and (2.7)) should be the generating function
of (3.7). In this section, we confirm that the power series constructed by (3.7)
indeed reproduces Y_,11(2):

m

Ez%logDmQ (z) = ® 8 P0(z) = DO(x) = Yoo (2). (4.1)

Proof of (4.1). Substituting (3.7) into J(x;a), we have

J(z; )
o [m/2l ] '
Xy X 0t ri: 1<€( )w) LR

(4.2)

Setting m — |k| = n, we change the order of summations; then

© (_, 0 L C(k
J(zr; o) = Z L Z Z %a'“@(w). (4.3)

n= I= : k122, k22

Since |k| = 22:1 kj, (4.3) becomes

a )«9(33) (4.4)
Hence noting L(x) = logx + - and using the formula

logI'(—a+1) =ya+ Z %ak, (4.5)

k=2

we find that J(z;«) is equal to [['(—a + 1)]'z=*0(z). O
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Digression Looking at (3.3)-(3.6), we become aware of the fact that the
total sum of the coefficients in each formula for m = 2 is always zero. One cannot
believe that this fact is merely accidental. That is, it is natural to conjecture
that the expression that is obtained by formally setting (k) and L(x) equal to
1in (3.7) for m = 2 is always equal to 0. That is, we should have an identity

[m/ 2]

Z Z (—1)m*\kH Hl - Wz;n o =0 for m = 2. (4.6)

' k:1>2 kl>2 Jj=1"

This is indeed true. Direct proof is supposed to be very difficult, but we can
prove (4.6) very simply if we employ its generating function.

Proof of (4.6). As is seen from (4.4), the generating function of the left-hand
side of (4.6) is written as

k
exp(—a—Z%) eloel=a) — ] _ ¢, (4.7)

k>2

Thus it contains no terms nonlinear with respect to a. Therefore, (4.6) holds. O

5. Complex power of log D

First, we consider (log D)~™6(x), m being a positive integer. It is obtained by
integrating Y, (x) with respect to & m times and then setting a = 0. Therefore,
the following “v function” [5] becomes important:

I/(QZ)E/O dtm (5.1)

Now, rewriting (1.3) as

(log D)x'0(z) = [ —2'(logx + ) + 2 Z < ! ) }H(x)

— n-+1 n+t+1

; I't+1)
:(—xlogx—i-x (t—i—l)) (x), (5.2)
we find
(log D)ﬁ@(x) - —%ﬁe(@. (5.3)

By using (5.3) repeatedly, we obtain a beautiful result

(log D)"Y 1 (x) = (—ﬁ)mmmx). (5.4)



158 N. NAKANISHI

Reversing (5.4), we should have

(-%) Yir(a) = (log D) "Yisn (x). (5.5)

Here, (—0/0t)~! means the integration over ¢ from ¢ to 400 because I'(t) ~ t'e™
as t — +oo. Setting ¢t = 0 in (5.5), therefore, we have

(IOgD / dtl/ dtg / dt th'rn"l‘l( )
tm—1

=——— [ dtt™'y,
=y [ i)
1 m—1

As confirmed in (3.10), we know log D — o = log(e=*D) = log(d/d(e“x)).
Hence, (5.6) implies

1
(m —1)!

We can extend the above result for (log D)™™ to (log D), 8 being a complex
number. By noting the second line of (5.6), it is natural to define it by

(logD — o) ™0(x) = (xD)" v (e“z)0(z). (5.7)

(log D)?0(x) = /OOO dt Y_s(t)Yi1(z). (5.8)

Indeed, for § = m, we easily see from (2.7) and (5.4) that the right-hand side of
(5.8) reduces to (log D)™0(z), that is, the left-hand side of (5.8) for § = m.
From (5.8) together with™

D*Yi1(2) = Yoasen (@), (5.9)
we obtain

D%(log D)?0(x) = /0 T Y 5()Y i (). (5.10)

Finally, differentiating (5.8) with respect to 3 and then taking the limit of
# — 0, we obtain the formula for loglog D:

(loglog D)#(x) = —~0(x) + /000 dt logtg Yiii(x). (5.11)

This calculation is similar to the derivation of (1.1) from (1.2).

*3 (5.9) is the generating-function version of (5.4).
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6. Commutator representation

As emphasized in Section 2, in order to define the logarithmic-type functions
of D, it is necessary to extend the framework of Mikusinski’s operational calculus.
However, if we consider only the commutator between a function of D and a
function of z,"* we can work in the Mikusifiski framework.

Let f(x) be a C'-class function. From (2.1), we obtain

[o(D), f(x)]F(x) = — /x dy P(x —y)(f(z) = F(y)) F(y). (6.1)

-0
If we integrate (6.1) by parts as in (2.3), the first term vanishes owing to the
presence of the factor f(x) — f(y), as long as the singularity of 2(z — y) at
x = y is weaker than that of (z — y)~!. This means that in (6.1) our finite-part
definition coincides with that in the Mikusinski framework.
For f(x) =, (6.1) becomes

(D), alF (@) =~ [ dyale =)o~ )F) 0.2
We set
¥(z) = Dp(D), 2l0(x) = D¢/ (D)0(x). (6.3)
Then, (6.2) with F(x) = 6(z) implies
U(x) = —xP(x). (6.4)
From (6.1) and (6.4), we obtain

[ arwte -y 21100

[o(D), f(z)]F(x) =
In particular, for (D) = log D, we have ¥(z) = 6(x); hence

co @) — fly
o 0. J@)F () = [ty T g (6.6)
—0
It is interesting to compare (6.5) with the following formula concerning a

commutator of “operators” [1].

Let A and B be two elements of a non-commutative algebra, such that A
does not commute with [A, BJ; for example, they are two generators of a free
tensor algebra. For an analytic function f(z), we can formally write

f(AL) — f(Ar)
[f(A), B] = [A, B, (6.7)
Ay — Ar

*4 The idea is similar to the renormalization in quantum field theory.
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where Ap, and Ag denote the A lying in the left of [A, B] and the A lying in the
right of [A, B], respectively, without regard to their positions written actually

[2].

The basis of considering (6.7) is the following fact. From the definition of the
commutator, we directly see that

n—1
AP — A%
A", AT AYA B A, B). 6.8
[A", B] = ; [ ] = AL—AR[ ] (6.8)

Hence, if f(z) is a polynomial, (6.7) is valid. Therefore, it is natural to expect
that the above statement is justifiable in a certain sense by expanding f(A) into
a formal power series. We point out that our present consideration provides a
mathematical justification of (6.7) in the Mikusinski framework.

Setting A = x and B = ¢(D) in (6.7) and using (6.2) with (6.4), we can
make the following formal calculation:

f(zn) = flar)

(D), f@))F(z) = === —o(D), 2]F(z)
- f(HU;) - i(wR) /m dy ¥ (x —y)F(y)
= /:: dy m%i(y)W(x —y)F(y). (6.9)

Thus, (6.5) can be regarded as an integral representation of (6.7).

7. Several-variable case

In this section, we consider the case of a function of n variables xq,--- , z,.
Our discussion is restricted only to a function ¢(|D]) of |[D| = > 7| D;, where
D; = 0/0xz;">. The operand function is denoted by F(z) = F(z1, - ,x,).
Since its support belongs to R}, we can write

z) H9(9€j) = F(x)6(E), (7.1)

where

£ =min{wzy, -+, x,} (7.2)

*> Extension to a function of 377 A\;D; with A; > 0 is straightforward.
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It is convenient to make the following transformation of the variables:

Z?:l L

F==
n
Uj:l'j—$j+1 (jzl,,n—l), (73)
conversely,
n—1 1 n—1
j=k j=1
From (7.3), we obtain
10 0 0 0 0
D, = -2 _ = =0 7.5
T noT Oup g + Ouy, (8u0 ou, ) (7.5)
so that
|D| :zn:Dkzﬁ. (7.6)
— oT

Thus, in this coordinate system, the problem essentially reduces to that in the
one-variable case.
From (2.2), therefore, we obtain

P(D)F@) = [ dy fz@—y%m _Fia), (7.7)

where F(y — T+ «) means F(y — T+ x1, -+ ,y — T + x,). In writing (7.7), we
have made use of (7.4), that is,

n—1 n—1

1 . _
y+zuj—ﬁzjuj=y—$+xk- (7.8)

j=k J=1
As in the one-variable case, if we can adjust to have £2(4+0) = 0, we can write
PID)F(@) = [ dy o - p)F(y -7+ ) (7.9)
-0
where (2" = .
Now, we consider the case ¢(|D|) = |D|~®. From (7.7) and (2.6), we obtain

D F) - [ dy Vs (7 — y>§yF<y _Fia). (7.10)
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If F(z) is a function of T only apart from [[; 6(x;) = 6(§), (7.10) becomes

pler@oe - [ 0y Yo (7 — y)a%[F(y)e@ “Fre)l (D)
In particular,
D[(E) = Yoy (€). (7.12)

Differentiating (7.11) with respect to —a and setting o = 0, we have

(o8 [D)F@0) = [ dy [=log(z — 1)~ IF)b(y ~T+ €]  (1.13)

-0
In particular,
(log [D)0(§) = (—log & — 7)0(&). (7.14)

As for the commutator representation, from (7.7) and the definition of a
commutator, we obtain

~— [ ayot@— (@) - sty -+ @) Fly -7+ o), (7.15
where we have assumed
lim Q2(e)[f(z) - f(x — )] = 0. (7.16)

Writing ¥(v) = —v®(v), we obtain the formula

D), f@)Fa) = [ ayp - IS )
- /m+O dow(0) L ®) = 5(5” — P — ). (7.17)

Here, ¥(v) is expressed as follows. Setting f(x) = z; in (7.17), we find

(1D F(x) = [o(|D]), 2)]F(2) = / W) F@—v).  (7.18)
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Furthermore, for F'(x) = (), it reduces to

13
F1Do) = [ o). (7.19)

0

Since this is a function of £ only as in the one-variable case, we find

U(v) = (d/dv)¢'(d/dv)b(v). (7.20)
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