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Abstract. Leibniz rules of fractional order and logarithm of differentiations
are presented. They provide infinite order differential operator expressions of
fractional order and logarithm of differentiations. Including higher order cases,
commutation relations involving fractional order and logarithm of differentiations
are also studied. Special values of Riemann’s zeta function appear in higher order
commutation relations involving logarithm of differentiation.

1. Introduction

Since I"f(z) = [ (f;):);lf(t)dt satisifies =1 f(x) = f(z), the integral

1 f(z) = ﬁ /Ox(x _ O @dt, a0,

can be regarded as the a-th order indefinite integral. Simplified form of Abel’s
integral equation fox j’%dt = F(x), F(z) is given, is the first example of such
integral transformation.

Since [%1° = [**? and lim,_.o [* = I(= I°), the identity map, {/®|a > 0} is a
1-parameter semigroup. Its generating operator A is given by

Af(a) = g+ 7o)+ [ 1og(1- 1) iy

where v is the Euler constant. We define logarithm of differentiation log(%) by
—A. It seems this operator did not take attentions of researchers.
The following are two definitions of fractional order differentiations;
dn—a dn dn—a dn
f(x) _ n[af<x>7 ﬂ_la( f<I>>

dxn—e dx dxn—e

dx™
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The first is called Riemann-Liouville’s fractional derivative, and the second is
called Caputo’s fractional derivative. They are different. But although not
widely noticed (cf.[1]), if we consider the domain and range of fractional order
differentiation are the space of Mikusinski’s operators ([10]), they coincide.
Fractional order differentiation and related calculus are called fractional cal-
culus. It is convenient to the study of functions having singularity of the form

®. Mainly by this reason, fractional calculus is used in applied mathematics

o
([8], [9], [12]). On the other hand, the domain and range of fractional calculus
remain unclear. This may be the reason why most of pure mathematicians are

not interested in fractional calculus.

In this paper, assuming ¢ is a Gevrey class function of index o < 1, that is f
is smooth and | f™(z)| < Mm(n!)a, the following Leibniz rules are derived.

da
dx“(

10g< )(fg) (log( >>g+z J”f;llg-

a—mn . .. . . .
Here, ddxa—,n means "~ If a is not a positive integer, these Leibniz rules are not

ala —1) a—n—i—l)d“ nfd'g
dzo—" dxn’

symmetric in f and g. As for logarithm of differentiation, Nakanishi dicovered a
symmetric Leibniz rule ([11]). But by using these asymmetries, if f is a Gevrey
class function of index a < 1, we obtain

d*f(x)  x7° = "ax™ d" f(x)
dz® —F(l—a( +Z n—an' dz™ )’

n=1

These are the first main results in this paper. If f is an entire function, and
|f™(2)| = O(r"),n — oo, r < 1, we also have

o 1) Flog) = (=X ) + 0 £ -t

ox =) (- )’“1C(k+1)ka, C(k+1) Zn (k+1)
k=1

d
Oy = (% log(T'(1 + t))> |t:dLX

These expressions may relate fractional calculus and noncommutative field theory
(NCFT), because the maximal order of differentiation in NCFT is infinite ([5],
ct.[7]).
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By Leibniz rules, we also have

d o1 d X
[%,SL} —GW, |:10g<%),$:| =1

Suggested by these realtions, we use

o0 o0
H, = {Z cpxttl Z len|? < oo}, 0<a<l,
n=1 n=1

Hye = {Z cn(logz)™

n=0

[e.9]
Z lcn|? < oo}
n=0

as the Hilbert spaces having %, 0 <a<l1 and R= log(%) +v+logz as

deformed annihilation operators. We take x® and logx as the corresponding
da
dx®
and z%, and by log(%) and log x respectively, are projective limits of nilpotent

deformed creation operators. The Lie algebras g, and giy, generated by

Lie algebras. These suggest there might exist some relations between fractional
calculus and nilpotent analysis (cf.[6]). We set

d® d
Ca |:d§L’a7x :|7 log {Og(dx)’ Ogﬂ?}

Then C, is a p-Schatten class diagonal form operator and B, = ((2)I + Nyg.

Here p > 1/(1 — a) and Ny, is a generalized nilpotent operator (cf.[14]). In
p q

A

general, ’[di—aa, [ ]2 Ta [+, [2% Cy],- -] is an m-Schatten class operator if

m>1/((p+1)(1 —a)+q) and

(X1, [, [Xom, Blog) -] = (m 4+ DIC(m + 2)I 4+ Niog,m.

Here X; is either of log(%) or —logxz and Ny, is a generalized nilpotent
operator. Therefore, fractional order and logarithm of differentation provide
deformations of canonical commutation relation (cf.[13]). These are the second
main results in this paper.

This paper is organized as follows: §2 reviews fractional calculus. Alternative
definition of fractional calculus by using extended Borel transfromation is also
sketched (cf.[2]). §3 derives Leibniz rules and expresses fractional order and
logarithm of differentiation as infinite order differential operators. Infinite order
differential operator expressions of fractional calculus allows to consider fractional
order and logarithm of differentations of functions defined on R and to investigate
variable change of fractional calculus. These are explained in §4. §5 and §6 deal
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with higher order commutation relations involving fractional calculus. Higher
order commutation relations involving logarithm of differentiation are derived in

§7 and §8.

Acknowledgement. In [2], we have extended Borel transfromation and
applied it to the study of fractional calculus. Fractional calculus was applied to
infinite dimensional analysis in [3]. g, and g, were defined in [4]. But higher
order commutation relations were not considered in [4].

I thank Prof. Fujii for his encouragement and criticism for this paper. I also
thank Prof. Nakanishi, who asked commutation relations of fractional calculus.

2. Review on fractional calculus

Let a be a positive number. We use

If(z) = % / o 0 (), (1)

as the definition of a-th order indefinite integal. Riemann-Liouville’'s and Ca-
puto’s fractional derivatives are defined by

qn—e ar u an—a B a(dnf(x>)

T (o) = I (@), () = 1

respectively ([1]). They are different and %( d‘icc) are not be equal to %, in
general.
z), x>0 |
These ambuigities are resolved if we use f,; fi(z) = {(J:( ) 6 instead
, oz <
of f, because we have
a 1 a—1 -
I°f(z) = 2% * fi(x), uxv(z)= u(z — t)v(t)dt.
['(a) —oo
In this case, we have ;ft—aadd—; = ;ﬁ;—m. Hence we can denote d‘fa =["%and [* = d‘i__aa.
On the other hand, the constant function 1 is replaced by the Heaviside function
Y and we can not consider fil;i. Since
df(z) _ df(x)
= 0)o,
dx dx +J(0)

d is the Dirac function, we need distribution in this case (cf.[10]).
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{I%|a > 0}, I° =1, the identity map, is a semigroup. Its generating operator
Af(x) =lim, g %f(z) is given by

a

Af(fp) = ’Yf(l') + /OI log(x _ t) df;t(t)

= (logz + ) f(x) +/Omlog<1 — é) df—@)dt.

dt

dt

DEFINITION 1. We define logarithm of differentiation log(%) by

log <%)f(m) . ((logx + ) f(z) + /0 log (1 _ 2) dfd—it)dt). (2)

The following examples are used later.

de Tlc+1) ., d° 1
C — c—a 1 — a‘ 3
dre’ " Tlc—a+ 1)’ 7 deo  T(1—a)" (3)

log (%) 2 = — (logx oy g m)x (4)

Here, none of ¢, —a and ¢ — a are negative integers. We also use

o ) o

= —(logx + v)(log z)" +

[y

n—

(=) * Il (n — k +1)
k!

(logz)*.  (5)

i
o

By (5), we obtain

PROPOSITION 1. Let 0, be

k

(~1)F ¢k + 1)

WE

0, =

b
I

1

Then we have

log<%) (log )" = (—(X +7) + 0x) X" xtog2- (6)

By (6), if f(z) = Y, caa™ satisfies |[f™(z)] = O(r"),n — oo, 7 < 1 on
(positive) real axis, then

o ( 41 ) Floga) = (=X +9) 4 2 ()
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There are several alternative definitions of fractional calculus. Among them,

we sketch the definition by Borel transformation, which provides a simple proof

of the formula e®108(i) = a

Let f(z) =Y 07, 2™, then its Borel transform B[f(¢)](z) is defined by

Bl =3 2o = L f et f Qe

|
“—~nl T 2mi ¢

Borel transformation is linear and satisfies
d -
B (Ol(z) = BT F(OIz), - Blfgl(=) = BIf1eBlg],
where ufv is - ["u(z — t)v(t)dt. Originally, Borel transforms of logz and z?,

a ¢ Z are not defined. But since inverse Borel transformation B! is given by
fo e * f(xt)dt, we define Borel transforms of log x and x* by

a

Bllog(|(z) = log =+, BI(*] = m
We have
iy B(C +7)(2) = gy Lim Blog(c + )] =log =+

only on {z|Rz > 0}. Hence extended Borel transformation is defined only for
functions defined on {z|Rz > 0}, or at least functions defined on C\ {z < 0}.
We note that since B~1[0](z) = 27!, ¢ is the Dirac function, we define B[(™!] = §
in the extended Borel transformation.

It is shown

e

fitlogz _ f_
‘ F(1+t ’ 2_:0 n!

—
where f# = ft---4f ([2], (5) follows from the proof of this formula). Hence we
can define

TBIAQ)E) = BT, log<d%>6[f<<>]<z> — ~Bllog C/(Q))(2).

By definitions, we have e® log(77) — d

du(t)

~Bllog¢£(Q))a) = ~(yuto) + [ logto —) %5 de). u =Bl
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on the other hand. Since extended Borel transformation is defined for functions
on positive real axis, this shows definition of logarithm of differentiation by using
Borel transformation coincides with our previous definition.

3. Leibniz rules and infinite order differential operator expressions

Since I'f = If = [ f(t)dt, if g is sufficiently regular, e.g., if g is a Gevrey
class function of index a < 1, that is, ¢ is smooth and |¢™ (z)] < M,(n!)®, we
have

INfg)="fg— (g +-- + (=1)" (I fg" D+
Because we have [I" f(z)[ < %, for some constant C, > 0.

Replacing f by f.(t) = (m;%_l f(t) in this equality, and using

I'Aue) = i | (= 0T 0 = S e o),

we obtain

I°(fg) = (I"f)g — a(I"™V f)g' + - +
walnta—=1) v
T s U @

if g is a Gevrey class function of index o« < 1. Then by the definition of Riemann-
Liouville’s fractional derivative, we have

PROPOSITION 2. If g is a Gevrey class function of index o < 1, then

& (gt = LDy 1 LD )
Lda=l)-(@a=nt1)d (@) dg()
n! dxoe—n dx™

toel (8

Here d‘;;ﬁfi”f) means 1"~ f(x).
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Since dt(d—f) log(%)(%), we have
d ([ d
7 (d—(fg))

d f tlf/ t"'(t_n+1)dt_nf (n)
d_(d_ g et n! dat=m e

d dt—lf , d dt—lf ,
10g(d—) (%) dz19 +td_(d:ct1)g ot

c(t-n+)dTf

n! dxt—n Y+
t— n e
* dt( n! qnd )t

by (8). Hence we obtain

PROPOSITION 3. If g is a Gevrey class function of index oo < 1, then
d
log (%) (f(x)g(x))
_ d D dr(@)
= (a1 ot + S @) R0

If g = ¢, a constant function, then we have

dCZa(f-c) = (%)c 1og<%)<f.c) _ (log<%)f)c

by (8) and (9). On the other hand, if a is not a positive integer, we have

as=n 1

1= e £
dxe—n Fn+1- a)x 70,

for all positive integers n, by (3). We also have 10g(%)1 = —(logz + ) # 0 by
(4). Hence using f(x) =1- f(x) and
ala—1)-(a—n+1) (—1)"ta
nl'n+1—a)  nl(n—a)l(l—-a)
we obtain by (8) and (9)

THEOREM 1. If f is a Gevrey class function of index o« < 1, then
d*f(z) _ )" aa™ df"(x)
dze F(l ( )+ Z a)n!  daxm )’ (10)

(42 ) 10) = ~(log+ 2)(2) + 3 (_n)" L LU

-nl dz™
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NOTE. (10) does not have meanings if a is a positive integer. But since

- (11%) = Si“(”i)r(“), we have
d" f(x)
dxm—e

. F _ € n m dm

_ sin(me)I'(m — €)x )+ Z f(z) X

T = n—m—l—e n! dzm
sin(me)T'(m — €)x (m — €) d™ f(z)
+ .
Te m! dxm

Hence in the sense of pointwise convergence, we obtain

—a

L (=D aa" d f(x),  d"f(x)
ah—>HrlrL I'l—a) (f(z) + ; (n—a)n! dz» ) = dz™

4. Fractional calculus of functions defined on domains other than R,

Originally, fractional calculus is defined for functions defined on R, = {z|z >
0}. But (10) and (11) allow to investigate fractional order and logarithm of
differentiations for functions defined on a domain other than R,.

If fis a Gevrey class function of index a < 1 defined on D C C; D is
simply connected and 0 ¢ D, we can define its fractional order and logarithm
of differentiations by (10) and (11). They also allow to consider fractional order
and logarithm of differentiations of functions defined on covering spaces of such
domains. In §5 and §7, we use the cases D = {z||z| = 1,z # —1} and its covering
space {e?| —m/a <0 < 7/a}, 0 <a<1.

To define fractional order differentiation and logarithm of differentiation of
functions defined on R, we define functions z¢ and log, x on R by

" x4 x>0, logx, x>0,
Ty = , log. z = ,
logx £+ mi, x <O0.

DEFINITION 2. Let f be a Gevrey class function of index a < 1 defined on R.
Then we set

o0

d° Ty )" lax™ d™ f(x)
dx“iﬂx)_f‘(l < +Z (n a)n!  dz" )’ (12)

o gy ) 1(0) =~ )60 + 3 ST

n-nl dxm
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On the other hand, the operators

d* 1 (=1 az" d®
a _ 1
T dae F(l—a)( +Z (n —a)n! dx")’

n—1

d 0 (_1)n—1xn dm
10g<%) +logx = —y + ;

n-nl  dxn

are defined for Gevrey class functions of index o < 1 on R. {xtdd—;t|t > 0} is not
a semigroup. But we have

d dt| =1 d +1
dt\ " gt )1=0 T 08 gy ) TR

We can investigate variable change x — x(t) of fractional order or logarithm
of differentiation by using (10) and (11), if the change x — x(t) preserves ori-
entation. If # — x(t) reverses orientation, we need to use (12) and (13). For
example, if z = ct, we have

d° d°

_ — Ca
dte + tdxoy

d d
; 10gj:(£> = IOgiC“‘lOgi(@)-

5. Deformed Hardy space H,

By (8), we have [L- 2] = ad—. +.Therefore Hilbert spaces such as L*(R,)
are not appropriate to treat commutation relations involving % Z=a» if @ is not an

integer. We propose

H, = {ch an—1| Z e |? < oo} (14)

n=1

as the Hilbert space to treat commutation relations involving L. In (14), a is
arbitrary. But we assume 0 < a < 1 in the rest.
H; = H is the Hardy space. Hence we may regard H, to be a deformed Hardy

space. We define a Hilbert space isometry p, : H, — H by

pa(l‘an—l) — xn—l'

We regard f(x) € H, to be a function on {e?| —7/a < 6 < 7/a}. Then the inner
product (f,g) of f,g € H, is given by

7T

f( ?)g(e)ae.

—r/a

(,9) = 5-



FRACTIONAL CALCULUS 139

The function z* does not belong to H,. But the multiplication operator z¢ :
f(z) — z°f(z) is defined. Since (x?x~1 z@m~1) = (gon—t palm=U=1) m > 2,

and

a,an—1 _a—1 a /e anif
(2™ 2% e’ df = 0,

27 —7/a
we have

—a. .—a_an—1 __

=% %

Hence as an operator on H,, we have

d* -1 I'(an) (n—1)—1 d* .
M= " > 2 @ =0. 15
dza” ['(a(n — 1)>x R (15)
df:n also maps H, into H,. Owing to the second equality of (15), we do not

de o dan

have (735)" = 7=

in general.

NOTE. Precisely saying, % is not defined on H,. We can introduce Sobolev

norm and Sobolev space W2 by using these derivations. But we do not use this
aspect in the rest.

We define diagonal form operators A, + by

4 TDlan+1) .,
Aa an—1 — an—1
% ['(an) ’
r
A, gl (CLTL) xan717 n>2, Aaiixafl —0.

’ I(a(n —1))
By definitions, we have

d° d°

Tra =& A = Aura dxa)T = A, 1" =14, .. (16)

LEMMA 1. Let C, be [-£- 2. Then we have
Ca == Aa,+ — A(Z’,. (17)

Proof. By (16), we have C, = A, ;x™ % — 2%2 %A, - = A, + — A, —. Hence we
obtain Lemma.

LEMMA 2. C, is a p-Schatten class operator if p > 1/(1 — a) and
lim, 1 paCap; ! =1 by the strong topology of operators.
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Proof. C, is a diagonal form operator where the diagonal element ¢, is

_Ta(n+1)  D(an) i
Can = I'(an) I'(a(n —1))’ 22

by (17). Since I'(an) = v2re " (an)*/2(1 4+ O(%)) by Stirling’s formula, we

have
a0 ) (vo(3)

Hence we get

Can = (a(n+1))" (1 + O(%)) — (an)a<1 + O(%)) = an®? (1 + O(%))

Therefore lim,_.; ¢,,, = 1 on the one hand, and >~ | |c, /P < oo if p > 1/(1—a)
on the other hand. Hence we have Lemma.

6. Higher order commutation relations involving fractional order dif-
ferentiation

dﬂ.
dx®
As opertors on H,, neither dd? nor r* commute with C,. Hence there are

non-trivial higher order commutation relations. As for %, we have

In this section, we consider and z* to be operators on H,.

[xa’ Ca]xan—l _ (Ca,n . Ca7n+1)xa(n+l)—1‘

Since ¢, = an® (1 + O(1/n)), we have

1
Can — Cams1 = —a*n""? (1 + 0 <—))
n

Repeating this, we obtain

— (_1)mam+1na7(m+1) (1 +0 (l) ) xa(n+m)fl. (18)

a
As for Cg‘i—a, we have

d® r
|:d_’ Ca:| xanfl — (Can —C, n+l)ﬂxa(n71)*l, n>2.
xa ) )



FRACTIONAL CALCULUS 141

Hence we have

|:dd_7 Ca:| xan—l _ a26—an2(a—1) (1 + O(l)>ma(n—l)—17 n>2.
x® n

Repeating this, we obtain

d° ~ d°
— “ .. —_— . .. an_l
ot [ o] -]
1
_ am—i—le—man(m-l—l)(a—l)(l + O(_))xa(n—m)—I’ n>m. (19)
n

By (18) and (19), we have

p q

7\— —
|:d ’|:...,|:Ia7 |:...7|:xa7Ca:|...:|xan_1
Ia
1
= (_1)qap+qefpan(p+1)(a*1)fq (1 +0 (ﬁ) ) xa(nffnﬂ)*l’ (20)

where we assume n > p. Hence we obtain

PROPOSITION 4. Let J,, be the m-Schatten ideal. Then

- p q R )

[d [ [ma [ [ﬂ C ] ] {E Jmy M > G —a) e (21)
a? ) ) Y ) a ~ 1

e ¢ Tm, M < Grnt—are

DEFINITION 3. We denote the Lie algebra generated by 4= and z® by g,.

dx®

NOTE 1. We do not consider topology of g,. Hence Y € g, takes the following
form.

m
Yy = ch[)(ﬁ, [ Xty X))
j=1
Here X, is either dcfa or z%.

NOTE 2. I does not belong to g,. We denote CI & g, by g,.

% is unbounded. But other elements of g, are bounded by Proposition 4.

Therefore i,, = g, N J, is an ideal of g,. By Proposition 4, we also have

(Viep = {0}. (22)

p>0



142 A. ASADA

Since i, C 144, P < ¢, there is a homomorphism

gy 9a/lag = 8a/tap, P < Q.

By definition, we have jfoj! = j?, if p < ¢ < r. Hence if {p,} is a series such that
p1>p2 > -+, lim, oo p, = 0, then we have a projective system {g,/iap,; j52*'}.

NOTE. g,/i, looks like a truncation. But (21) shows that it is not a truncation.

By definition, each g,/isp, is a nilpotent Lie algebra and by (22), we have
lim{ga/iap.; Jpn ™} = Ga- (23)
Hence we obtain

THEOREM 2. g, is a projective limit of nilpotent Lie algebras.

7. The spaces Hj,, and Fj,,

By (9), we have [log(%),x] = I', the indefinite integral operator. Hence
spaces such as L?(R, ) are not appropriate to the study of commutation relations
involving logarithm of differentiation. We propose

b = {3 o8 Y e < o0} 24)

as the Hilbert space to treat commutation relations involving logarithm of dif-
ferentiation.

Let f(w) =Y " cow”, w = log z, be an element of Hy,,. Then considering
f(w) to be a function on S*'\ {1} = {z € C||z| = 1,z # —1}, f(w) becomes
a power series f(if) = Y > ¢, (i0)", —m < 6 < m. Therefore we may regard
Hioe to be a function space on (—m, 7). As a Hilbert space, we can identify Hjo,
and W'/2(—x, ), the Sobolev 1/2-space over (—m,7). {(logz)"|n = 0,1,...} is
a complete basis of Hje. It is not an orthogonal system. We may use Legendre
polynomials of logx as a complete orthogonal basis of Hj,s. But in the rest, we
do not use these arguments.

Let log z be the multiplication operator log x : f(logx) — log z f(log ). Then
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by (5), we have

[log(%), log z|(log z)"

n

(=) n+DI¢(n+2—k)

—(log )" (logz +7) + > k, (log )" +
k=0 ’
n—1 n—
Hllog)**Hoga +7) - 3 L) gy
k=0 '
n | |
= (—1)”"“((71;;1)' G ﬁ'l)')C(n+2—k)(logx)k+
=t . .
—i—(—l)"(n + 1)I¢(n+2)
:Z n+1—/<:)::§(n+2—k:)(logm)k
_ (@)(ogo)" - 20¢(3)(log )"+ -
Hence we obtain
LEMMA 3. We have
[log(dix> ,log x} = ((2)I 4+ Nigg. (25)

Here Nyog satisfies Nyg,(logz)™ =0, n > m.

We can regard log x as a deformed creation operator. But we can not regard
log(%) as a deformed annihilation operator, because it does not annihilate 1.
We use

d
R =log(——) +logz + 1,

as a deformed annihilation operator instead of log(%). Then, we have

[R,logx] = [log(%) ,log x} = ((2)I 4 Nigg.

In the rest, we denote [R,log z] by Biog1. We also use By, instead of Biog ;.

R and Noe are unbounded operators on Hje. As a convenient representation
space of R (and log(-%)), we use

Flog = { log:c ‘f Zan )

d" f(x)

dx™

=0("),n — o0o,r < 1}.
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We also set F = {f(z) =" a,z n||Lie) dxn 2 =0(r"),n — oo,r < 1}. Flog is a

dense subspace of Hjo,. But we do not consider topologies of I and Fj,, although

we consider convergence of a series {f,(z)} or {f.(logx)}, where f,(z) € F.
We define a vector space isomorphism x : Fioq = F by s(f(logz)) = f(z).

1

By definition, we have k ologz o k=" = x, where logz and x are regarded as

multiplication operators on Fj,, and on F. By (6), we also have

d
K o log (@> ok =—(r+7)+ 0, (26)

DEFINITION 4. We denote the Lie algebra generated by log(-L) and logz by

glog-

Here, log(%) and log x are considered to be operators on Fj,,. The Lie algebra
generated by R and log x is denoted by gr. Similarly to g,, we do not consider
topologies of g, and gr.

giog and gr are different. But as for gios = CI @ giog, we have

glog =Clo Blog = Cle IR (27)

By (26), we have

LEMMA 4. kgiogk ' is generated by —(x + ) + 0, and x. Similarly, kgrr™" is

generated by 0, and x.
We denote k0 Bjog 0 k71 = By, = By, 1. Then we have

k

dzr’

(—DFk+1)¢(k+2)—

NE

By, = [0, 2] = C(2)I +

>
Il

1
Hence we obtain

d*f(X)

Nlog logx Z Pk + 1)¢(k + 2)W|X:logx-

k=1

8. Higher order commutation relations involving logarithm of differ-
entiation

In this Section, we consider log(%) and log z acting on Fi,e, and 0, and x

acting on F.
. k—1
Since [z, %] = k45—, we have

k

[z, By, 1] = —2¢(3)I + Z DRk 4+ 1)(k + 2)¢(k + 3)
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DEFINITION 5. We define By, ,, inductively by
Bo,m = [, Boym-1], m>2. (28)
10 By, m 0 k is denoted by Biog -
Directly, Biog  is defined by
[log z, Biogm—1] = Biogm, m > 2.
By definition, we have
Bo,m = (—1)m(m + DI¢(m + 2)I +
+Z ’“*mk+—m§(k+m+ 1)dd—;, (29)
= (—1) (m+ 1)!IC(m + 2)I+ Nom, (30)
where Ny, , is a generalized nilpotent operator. That is, we have
Ny (@) =0, k>1

Each By, m, m > 1, is a constant coefficient linear differential operator of degree
infinite. Since the coefficient of k-th degree term of By, ,, is evaluated by &™, we
have

[BazJ”BDz»q] = O? p Z 17 q Z 17 (31)

as operators on F.
By (31) and (26), we have

d
[log(~), Biogm| = —[l0g 2, Biog,m]- (32)
Hence we obtain

THEOREM 3. Let p+ q be equal to m. Then we have

q

P Tl P o]

+ DI¢(m + 2)I 4+ (—1)” Nigg m- (33)

Here, Niggm = ko Ny,.m 0 K 5 a generalized nilpotent operator.



146 A. ASADA

By (29), explicit form of Ny, is given by

() P H(X)
Nlog,m( lOg.Z' Z k-‘r TC(k+m—{— 1)W‘X:10gag-
k=1

By (32), we have [log(-L), gioe] = [log z, giog] and so on. We set

tlog1 = [108 T, Glog),  tlog,m = [108 T, llogm—1], M > 2. (34)

tlog,m 1S an Abelian ideal of giog and ijogn, m < m. As a vector space, ijogm iS
spanned by {Biogr : £ > m}. @iog/llog,1 is an Abelian Lie algebra and giog/iiog,2
is isomorphic to Heisenberg Lie algebra. Hence we may consider gi,s to be an
Abelian extension of Heisenberg Lie algebra. We denote

kg : glog/ilog,q - glog/ilog,zn q>Dp-

Then, since Ny,>1i10g,m = {0}, we have
Giog = 1im{Giog /tiog.m; Ky 11 }-
Since each gjog/ilog,m is @ nilpotent Lie algebra, we obtain
THEOREM 4. gy, @5 a projective limit of nilpotent Lie algebras.
By (26), we have [R, Biogm| = 0 and

[log x, g'R] = ilog,l-

Hence ijog,m, m > 1, is contained in gg, and gg is also a projective limit of
nilpotent Lie algebras. Similarly to gi,s, gr can be regarded as an Abelian
extension of Heisenberg Lie algebra.
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