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Abstract. We study “the Wojcik model” which is a discrete-time quantum
walk (QW) with one defect in one dimension, introduced by Wojcik et al.. For
the Wojcik model, we give the weak convergence theorem describing the ballistic
behavior of the walker in the probability distribution in a rescaled position-space.
In our previous studies, we obtained the time-averaged limit and stationary mea-
sures concerning localization for the Wojcik model. As a result, we get the
mathematical expression of the whole picture of the behavior of the walker for
the Wojcik model. Here the coexistence of localization and the ballistic spreading
is one of the peculiar properties of one-dimensional QWs with one defect. Due to
the coexistence, it has been strongly expected to utilize QWs to quantum search
algorithms. In order to derive the weak convergence theorem, we take advantage
of the generating function method. We emphasize that the time-averaged limit
measure is symmetric for the origin, however, the weight function in the weak
limit measure is asymmetric in general, which implies that the weak convergence
theorem represents the asymmetry of the probability distribution. Furthermore,
the weak limit measure heavily depends on the phase of the defect and initial
state of the walker. Comparing with our previous studies, we also show some
numerical results of the probability distribution to confirm that our result is rel-
evant mathematically, and consider the effect of changing the phase and initial
coin state on the probability distribution, or the ballistic spreading, which is one
of the motivations of our study.

1. Introduction

This paper is the sequential to [3, 4]. Quantum walks (QWs) are quantum
counter parts of classical random walks, and have been intensively studied in var-
ious fields, such as computer science [1, 2] and quantum physics [7, 12]. Owing
to the rich applications, it is worth to study QWs both theoretically and exper-
imentally. Especially, it is very important to study the behavior of the walker
in the long-time limit. Here, the time evolution of QWs are defined by unitary
evolutions of probability amplitudes. On the other hand, classical random walks
are obtained by evolutions of probabilities by transition matrices. Recently, QWs
have been also implemented experimentally by various materials, such as trapped

2010 Mathematics Subject Classification: 60F05, 60G50, 81Q99
Key words and phrases: quantum walk, ballistic behavior, limit measure



88 T. ENDO AND N. KONNO

ions [14] and photons [11]. However, we have not been able to experimentally
grasp the behavior in the long-time limit, since it is too difficult for the QWs to
implement the state after many steps. Moreover, because of its quantum nature,
it is hard to intuitively understand the properties of QWs.

As recent studies of QWs suggested, the QWs in one dimension, show two
characteristic behaviors in the long-time limit, that is, “localization”and “the
ballistic spreading”. In detail, some of the quantum walkers may localize and
return to the starting point even in the long-time limit, which is in marked con-
trast to the classical random walks which do not show such localized behaviors.
Furthermore, the quantum walker spreads much faster than the classical one.
Indeed, for the QWs, the width of the probability distribution diverges with the
order of time ¢. On the other hand, the classical random walker diverges with the
order of v/t. Due to the coexistence of localized and the ballistic behavior, the
QWs are believed to be far more efficient for search algorithms than the classical
random walks, since the quantum walker spreads much faster than the classical
one and can localize at the target.

Up to this day, two kinds of limit theorems describing the behavior of discrete-
time QWs in one dimension have been constructed [8]. One is the limit theorem
concerning localization, and the other is the limit theorem concerning the ballistic
behavior of the quantum walker. For the mathematical aspects of the QWs,
Konno et al. [8] introduced three kinds of measures for one-dimensional QWs:
time-averaged limit measure, weak limit measure, and stationary measure. The
first two measures describe a coexistence of localized and the ballistic behavior in
the QW, respectively. In this paper, we focus on the weak limit measure. Now we
assume that X is a discrete-time QW at time t. Then, the weak limit measure
of X;/t is described in general as follows; There exist a rational polynomial w(z),
and C' € [0,1), a € (0,1) such that

p(dr) = Cop(dx) + w(z) fx(x; a)dx (1.1)
where
L ite
fr(z;a) = (1 - mz)mj(—a,a)(x) (1.2)
with

1 (x4
W)‘{o (v ¢ A)

We should note that fx(z;a)dz is the weak measure for the Hadamard walk [10].
By recent studies of QWs, it is strongly expected that most of the discrete-time
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QWs have the weak limit measure written by the convex combination of the term
of delta function dg(dz) and the absolutely continuous part w(x) fx (z;n)dx. We
therefore, expect the existence of the universality class for the QWs having the
weak limit measure expressed by Eq. (1) [8].

In this paper, we study “the Wojcik model”, introduced by Wojcik et al.
[13]. By the numerical results in main, they reported that changing a phase
at a single point gives astonishing localization effect. Then Endo et al. derived
the mathematical forms of localization, that is, the stationary and time-averaged
limit measures, and they showed the astonishing localization effect mathemati-
cally [3, 4]. Based on the previous results, we focus on the ballistic behavior of
the Wojcik model to clarify the whole picture of the asymptotic behavior. As a
result, we obtain the weak convergence theorem, the mathematical expression of
the ballistic spreading. We also give numerical results of the probability distri-
butions for some phase parameters of the defect and initial coin states, and then
consider what the weak convergence theorem suggests.

The rest of this paper is organized as follows. In Section 2, we define the
Wojcik model which is the main target in this paper, and present our main
result, the weak convergence theorem of the Wojcik model. Then in Section 3,
we show the numerical results of the probability distribution for some phase
parameters and initial coin states, and consider what our analytical result
implies. Appendix A is devoted to the proof of Theorem 1.

2. Model and main result

2.1 Definition of a discrete-time QW: the Wojcik model

Let us introduce the total space of discrete-time QW, H, which is a Hilbert
space consisting of two Hilbert spaces He and Hp, that is,

H="Hp R Hc,

where
Hp = Span{|z);x € Z}, He = Span{|J);J € {L, R}},

with

We should note that He and Hp represent the position and the direction of the
motion of the walker, respectively. In general, discrete-time QW has a state at
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each time t and position z, called “qubit” written by a two-dimensional vector

o= ]

and we can define the state of the system at each time ¢ by
Uy = [, Uy(=1), 04(0), Ty(1), -] € (C*)".

In this paper, we focus on a discrete-time QW with one defect on the line, whose
time evolution is defined by the unitary matrices on H¢ as follows;

] e
U, = (2.3)
e?mio [1 1

Rt _1] (z =0),

where ¢ € [0,1). Here U, is called “the quantum coin”. To consider the time

evolution, we divide the unitary matrices into P, and (), as

%B (ﬂ (2 £ 0), %ﬁ _OJ (2 £ 0),
"o ! “ e 10 0
oo e Fh A e

with U, = P, + Q). Here, P, and @), are equivalent to the left and right move-
ments, respectively. Using operators P, and ()., the time evolution is determined
by the recurrence formula;

Uiy (2) = P Uy(z + 1) + Qo Wy(z — 1) (2 € 7).

In this paper, we call the QW “the Wojcik model”. We studied localization
for our Wojcik model in [3, 4], that is, we derived the time-averaged limit and
stationary measures for the Wojcik model which describe localization mathemat-
ically. Therefore, we obtain the mathematical description of the whole picture of
the motion of the Wojcik model in the long-time limit by the weak convergence
theorem describing the ballistic behavior.

2.2 Main result: Weak convergence theorem

Let X; be the quantum walker at time ¢, and we introduce the characteristic
function of X, /t,

e Xy e Xt
B[] =3 P(x = j)e

JEL
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where P(X; = j) is the probability that X; = j holds. In this subsection, we
consider the expression of E[e*Xt/!] in the long-time limit ¢ — oco. According to
8], we see

[e.e]

1= (i g [¥])]_ —c+ / w(@) fie(z: 1/v/2)da,

—
t—o0 S

with
C =) T.(x)

Here, we should note that fi (z) is the time-averaged limit measure describing
localization.

From now on, we give the weak convergence theorem for the missing part
1 — C with 0 < C < 1, which describes in general the ballistic behavior of QW
[10].

THEOREM 1. Assume that the Wojcik model starts from the origin with the
initial coin state Vo(0) = T, 8], where a, 3 € C. Put a = ae®, 3 = be®? with
a,b >0, a2+ b =1 and ¢1,ps € R, where R is the set of real numbers. Let
b1o = &1 — ¢ . For the Wojcik model, X/t converges weakly to the random
variable Z which has the following probability density function;

p(x) = Coo(x) + w(x) fxc(w;1/V2), (2.4)
where
fic (s 1/\/5) = (- x2)1\/1_72x2](—1/\/§,1/\/§)($)
with

[l (xeD)
ID(”’"{O (¢ D)

Here, the weight function w(x) is given by

tga® ot 4 1t + toa®
N Soxt + 5122 + 50

w(z)

: (2.5)

where

59 = cos*(47m@), s, = 8sin’(7¢)(cos(4m¢) + 4sin’(7¢) sin®(27¢)),

so = 16sin*(7¢) cos* (27 ¢),

L cos(4mp) (x >0) o Ja cos(4m) + 8asz sin?(w¢) sin(27wd) (z > 0)
s {—1)2 cos(4mg)(z < 0)” % {b1 cos(4mp) + 8bs sin?(7¢) sin(27¢) (x < 0)
b 4aysin®(re) (x > 0) b —4sin®(7¢)(azsin(27p) — a1) (z > 0)
T {—4()2 sin?(7¢)(z < 0)” 0 { —4sin®(7¢)(bssin(21¢) — b1) (< 0) ’
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with
a1 = 1+ 2a2 — 2abcos dyy — 242 cos(2m¢) + 2abcos(pra + 27¢),
as = 1 — 2a? — 2abcos ¢1,
az = 2a(asin(2w¢) — bsin(pr2 + 270)),

and

by = 1+ 2b% + 2abcos g1y — 2ab cos(pry — 2mP) — 2b? cos(2m¢)),
bQ =1- 2b2 + 2ab cos gblg,
by = 2b(—asin(¢p1a — 2mp) + bsin(27¢)).

Note that ¢ is defined by Eq. (2.3).

We should remark that fx(2;1/+/2) is the density function of the Hadamard
walk in a rescaled position-space [10]. Moreover, the second term of Eq. (2.4),
w(x) fr(x;1/4/2), is an absolutely continuous part. The proof of Theorem 1 is
given in Appendix A.

We emphasize that the weak limit measure heavily depends on the phase
parameter of the defect and the initial coin state. We also note that the weight
function is generally asymmetric for the origin, however, it can be symmetric
with appropriate choice of the phase parameter and initial coin state. The asym-
metry of the weight function corresponds to that of the probability distribution.
As concrete examples, we will show the numerical results of the probablity dis-
tributions for some phases and initial coin states in the next section. As we
see in Section 3, it can be expected that the symmetric initial coin states and
appropriate choice of the phase parameter will contribute to the symmetry of
probability distributions.

3. Examples

We consider the Wojcik model for some phase parameters of the defect and
initial coin states as follows;

(1) Case of the Hadamard walk:
First of all, we see the Hadamard walk whose quantum coin is given by

U, = % E ! J | (3.6)

The Hadamard walk can be obtained by putting ¢ = 0 in Eq. (2.3).




WEAK CONVERGENCE OF THE WOJCIK MODEL 93

(a) Put the initial coin state ¥y (0) = 7[1,0]. Theorem 1 gives the weight
function w(zx) in Eq. (1.1) by

w(x)=1-—=z.

Hence, we have
%
/ w(@) (s 1/v/2)dz = 1. (3.7)
V2

(b) Let the initial coin state be Wo(0) = 7[i/v/2,1/v/2]. In a similar way,
we obtain the weight function w(z) by

w(z) = 1.
Therefore, we get
3
/ w(@) (s 1/v/2)dz = 1. (3.8)
V2

From the above, we obtain the same weight functions as the previ-
ous studies [9, 10] from our result. Here we should note that the
Hadamard walk does not localize in long time limit [9, 10], and we
see that C'=01in Eq. (1.1).

(2) QW with one defect: ¢ = 1/2 case.
We consider the QW whose quantum coin is given by

(

-
7 1 _11} (z=+1,£2,---),

U, = (3.9)
1 [-1 -1
E -1 1:| (.CC:O),

which is obtained by putting ¢ = 1/2 in Eq. (2.3).

(a) Let the initial coin state be Wy(0) = 7[1,0]. Theorem 1 gives the
weight function w(zx) in Eq. (2.4) by

P 5 2

b
w(z) = _x3 2

"t (z < 0).

24+ 4
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Hence, we see

/” o) fic(w31/V2)da = . (3.10)

Now, we should note that we obtained the time-averaged limit mea-
sure fi, () by Theorem 2 in [4], and as a result, we obtain the coef-
ficient of the delta function do(z) in Eq. (2.4) by

12 1\Y 4
C= Zuoo ——+2 252(5> ==, (3.11)

since

8
— 0 _ =

o) = 2 (g)'x'.

Therefore, we have

¢+ w() fre(2;1/V2)dz

ﬁ\

Here, we give the numerical results of the probability distribution at
time ¢ = 100, 1000, and 10000 in re-scaled spaces (z/t,tP(z)) (t =
100, 1000, 10000), where z represents the position of the walker and
P,(x) is the probability that the walker exists on position x at time t.
We should remark that z/t corresponds to the real axis, and tP;(x)
corresponds to the imaginary axis, respectively. Also, we put the
graph of w(x) fx (2;1/v/2), which is related to absolutely continuous
part of the weak limit measure u(dz), on the picture at each time.
We see that the graph of w(x)fx(x;1/y/2) is right on the middle
of the probability distribution for each position at each time, which
suggests that our result is mathematically proper. We also emphasize
that 7. () is symmetric for the origin [4], however, w(x) fx(7;1/1/2)
does not have an origin symmetry (Figs. 1,3,5) , which suggests that
the weak limit measure represents the asymmetry of the probability
distribution (Figs. 1,3,5).
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Figure 1

Case of Wy (0) = 11, 0]:

Blue line: Probability Distribution in a re-
scaled space (x/100, 100Pigp(z)) at time
100, Black line: w(z)fx (x;1/v/2)

Figure 3

Case of ¥y (0) = T[1,0]:

Green line: Probability Distribution in a
re-scaled space (x/1000, 1000P;pp0(z)) at
time 1000, Black line: w(x) fx (2;1/v/2)

Figure 2
Case of Wo(0) = T[i/v/2,1/V/2):

Blue line: Probability Distribution in a re-
scaled space (2/100, 100Pigo(z)) at time
100, Black line: w(z)fx (x;1/v/2)

®

)

Figure 4
Case of Wo(0) = 1[i/v/2,1/V/2]:

Green line: Probability Distribution in a
re-scaled space (x/1000, 1000P;pp0(z)) at
time 1000, Black line: w(x) fx (z;1/v/2)

(b) Put the initial coin state ¥o(0) = 7[i/v/2,1/+/2]. We obtain from
Theorem 1 the weight fuction w(z) by

w(z)

322

= . 3.12
T2 (3.12)

From Theorem 2 in [4], we have the coefficient of the delta function

do(x) in Eq. (1.1) by

_ 8

24 o= (1\Y 4
2% == ) =2 1
x 55 2 (5) 5 (3.13)

y=1
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-1.0 -0.5 0.5

Figure 5

Case of Wy (0) = 11, 0]:

Orange line: Probability Distribution in a
re-scaled space (2/10000, 10000 P;g000(z))
at time 10000,

Black line: w(z)fx (x;1/v/2)

where

fioo(0) =

20

L

-1.0 -0.5 0.5

Figure 6
Case of ¥y (0) = T[i/v/2,1/V/2):

Orange line: Probability Distribution in a
re-scaled space (2/10000, 10000P;0000(2))
at time 10000,

Black line: w(z) fx (z;1/v/2)

8
25’

=2 (4"

Accordingly, we have

S

S

which suggests

() e 1/ VB = .

[

(3.14)

C+ /\/127 w(z) fre(z;1/V2)dx = 1.
V2

Now, we show the numerical results of the probability distribution at
time ¢ = 100, 1000, and 10000 in re-scaled spaces (z/t,tP(z)) (t =
100, 1000, 10000). We also give the graph of w(z) fx (2;1/+/2) on the
picture at each time. We see again that the graph of w(x) fx (7;1/v/2)
is just on the middle of the probability distribution for each position
at each time, which suggests that our result is appropriate mathe-
matically. We also emphasize that w(z)fx(x;1/v/2) has an origin
symmetry (Figs. 2,4,6) , which indicates that the weak limit measure
represents the symmetry of the probability distribution (Figs. 2,4,6),
and the symmetric initial coin state gives the symmetry.
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(3) QW with one defect: ¢ = 1/4 case.

Let us treat the QW whose time evolution is defined by the unitary matrices

/ - -

1
U, = (3.15)
1 (1 1

The QW is obtained by putting ¢ = 1/4 in Eq. (2.3).

(a) Put the initial coin state Uo(0) = [1,0]. We get the weight function
w(z) in Eq. (2.4) from Theorem 1 by

3 4+ 5x? — 20 + 2

(z = 0),
_ 2 +4
w(z) = 2 —2? =20 +2 (z < 0)
o x .
Hence, we have
L
/ ) fr(z;1/V2)d 5 (3.16)

Now, we should note that we obtained the time-averaged limit mea-
sure Ti () by Theorem 2 in [4], and as a result, we obtain the coef-
ficient of the delta function do(x) in Eq. (1.1) by

C=>n (x)—i—i—ZxBi .2 (3.17)
T LM T s 2%e\5) 5 '
since
4
e 4

o) = 22 (é)m.

C’—I—/f () frc(z;1/V/2)dx

Therefore, we see

Here, we give the numerical results of the probability distribution at
time ¢ = 100, 1000, and 10000 in re-scaled spaces (z/t,tP(z)) (t =
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100, 1000, 10000), where z expresses the position of the walker and
P,(z) is the probability that the walker exists on position x at time
t. We should note that x/t corresponds to the real axis, and ¢P;(x)
corresponds to the imaginary axis, respectively. Also, we put the
graph of w(z) fx(x;1/+/2) on the picture at each time. We see that
the graph of w(z) fx (z; 1/v/2) is right on the middle of the probability
distribution for each position at each time, which suggests that our re-
sult is mathematically proper. We also note that i (x) is symmetric
for the origin [4], however, w(z)fx(z;1/v/2) does not have an origin
symmetry (Figs. 7,9,11) , which suggests that the weak limit mea-
sure represents the asymmetry of the probability distribution (Figs.
7,9,11). Moreover, comparing with the results of ¢ = 1/2, we no-
tice that the asymmetry of the probability distributions in the case of
¢ = 1/2 are more prominent than those of ¢ = 1/4.

6

-1.0 -0.5 0.5
0.5

Figure 7

Case of Wy (0) = 1, 0]:

Blue line: Probability Distribution in a re-
scaled space (z/100, 100Pigo(z)) at time
100, Black line: w(z) fx (x;1/v/2)

Figure 8
Case of Wo(0) = T[i/v/2,1/V/2):
Blue line: Probability Distribution in a re-
scaled space (2/100, 100Pigo(z)) at time
100, Black line: w(z) fx (x;1/v/2)

(b) Let the initial coin state be Wo(0) = 7[i/+/2,1/+/2]. Then the weight
fuction w(x) is given from Theorem 1 by

From Theorem 2 in [4], we have the coefficient of the delta function

do(x) in Eq. (1.1) by

w(z)

3x?

T 42

24 K (1Y 4
= yox 2N (2) =2 3.19
* ><25Z(5) 5 (3.19)

(3.18)
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Figure 9

Case of Wy (0) = 11, 0]:

Green line: Probability Distribution in a
re-scaled space (x/1000, 1000Piop0(z)) at
time 1000, Black line: w(x)fx (x;1/v/2)

20

Figure 11

Case of ¥y (0) = T[1,0]:

Orange line: Probability Distribution in a
re-scaled space (2/10000, 10000 P;0000(z))
at time 10000,

Black line: w(z) fx (2;1/v/2)

where

Figure 10
Case of Wo(0) = T[i/\/2,1/v/2]:

Green line: Probability Distribution in a
re-scaled space (z/1000, 1000P;gp0(z)) at
time 1000, Black line: w(x)fx (x;1/v/2)

Figure 12
Case of Wo(0) = T[i/Vv/2,1/V/2]:
Orange line: Probability Distribution in a
re-scaled space (z/10000, 10000P;0000(2))
at time 10000,
Black line: w(z) fx (2;1/v/2)

o) = o (%)'m'.

Thereby, we have

S

S

(0) e 1/ VB = =,

[

(3.20)
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which suggests
X
C+ / w(z) fre(z;1/vV2)dx = 1.
V2

Now, we show the numerical results of the probability distribution at
time ¢ = 100, 1000, and 10000 in re-scaled spaces (z/t,tP(z)) (t =
100, 1000, 10000). We also give the graph of w(z) fx (2;1/+/2) on the
picture at each time. We see again that the graph of w(z) fx (7;1/v/2)
is just on the middle of the probability distribution for each position
at each time, which suggests that our result is appropriate mathe-
matically. We also emphasize that w(z) fx (z;1/v/2) is symmetric for
the origin (Figs. 8,10,12) , which indicates that the weak limit mea-
sure represents the symmetry of the probability distribution (Figs.
8,10,12), and the symmetric initial coin state contributes to the sym-
metry.

4. Summary

In this paper, we obtained the weak convergence theorem for the Wojcik
model, and give numerical results of the probability distribution for some conclete
phase parameters of the defect and initial coin states. The purpose of this work
is to clarify mathematically the whole picture of the asymptotic behavior of the
Wojcik model. Especially, one of the motivations is to investigate the effect of
the phase and initial coin state of the walker on the probability distribution. Our
analytical result, that is the weight function in the weak convergence theorem
suggests in general the asymmetry of the probability distribution. Throughout
our study including the numerical results, it can be expected that both the phase
and initial coin state heavily influence on the asymptotic behavior of the walker.
Indeed, as we saw in Section 3, the symmetry of the initial coin states give the
symmetric distributions, and the asymmetric initial coin states contribute to the
asymmetric distributions. Moreover, if the phase gradually approximates to 0,
then the probability distribution seems also close to that of the Hadamard walk
[6].
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Appendix A

In Appendix A, we give the proof of Theorem 1. Throughout the proof, we

focus on the characteristic function of the Wojcik model in the long-time limit,
that is,

E [e’fT} = gx,i(x)e*dr  (t — o) (4.21)
TEL
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where gx, /¢() is the density function of X,/t. Hereafter, we derive E [¢***/!] in
the long-time limit. We should remark that to get the second term of Eq. (2.4),
w(z) fx (7;1/+/2), corresponds to obtain gy, (z) (t — oo).

Now, we introduce the weight of all the paths of the walker, which moves left [
times and moves right m times till time ¢ [8];

E Pl1 mi Pl2 mo Plt me

Ill Iml Il2 Tmg Ty Tmy?
lj,m;
where [ +m = t, —l+m =z, 3L =1 > ;m; = m with ; + m; =
L liym; € {01}, and >0, oy = . Here we consider z € C on a unit

circle. According to [8], Ele i€/ ] (t — o0) is expressed by square norm of the
residue of Z,(z) =Y, E(x)z" as

Bl / S e O | Res(Z(k - 2) - z—ew(k)HQ (t = o),

0eB

(4.22)

1]o

where B is the set of the singular points of Z(k : 2) = >, =.(2)e*. Note
0' (k) = df(k)/dk. We will explain how to derive Eq. (4.22) in Appendix A. Using
Eq. (4.22) mainly, we prove Theorem 1. Now, we set worthwhile expressions of
=, (z) which play important roles in the proof. Lemma 1 corresponds to Lemma 5
in [4], which we also took advantage of to derive the time-averaged limit measure
of the Wojcik model. Let the quantum walker start from the origin with the
initial coin state ¥y (0) = Ta, 3] with a, 8 € C and |a|? + |3]* = 1.

LEMMA 1.
(1) If x =0, we have

e27rid> 5 627ri¢) N
i 1 1- WfO(Z) —WfO(Z)
=o(#) = 1—V2wfo(z) + w{fo(2)}> | enio _ Q2mis

(2) If |2] > 1, we have
[ Gl [ Mo(2)/:(2) |55 -5 a6 w2,

[1]:

m<z> = <
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where S\I(Z) - = . Here fw(z) satisfies the following quadratic equation.

fz(’Z) - \/§
(fo(2)? = V201 + 22) fo(2) + 22 = 0. (4.23)

Hereafter, we write f,(z) by f(z), since fa(;i)(z) do not depend on the position.
Note that f,(z) is originated from féi)(z) which satisfy [§]

FB)(2) = V22281 — 1~ .
=) { 2—\/§f£i)1(Z>}

First, we derive the singular points of Z(k : z) and then, calculate the residues
of Z(k : z) at the singular points. By means of Lemma 1, we can write down

Z(k : z) by

. 17:7;22%17225 {Xua(z)f(z)} {éjZ;,__éij}

[1]v
[1]

0(2)

o) [%"(;f (zJ {% %}

The first term corresponds to the positive part of éx(z), and the second term

[1]:
[1]2

o(z) +Zo(2).  (4.24)

corresponds to the negative part of éx(z), respectively. We should also note that
the singular points derived from the third term, EO(Z), contributes to localization.
Note that if [2| < 1, then |[\®)(2)| < 1 should hold. Hence, the infinite series
S AD () tekr and 3 (M) (2))l#l-Te=* converge. Here, we have

AH)(e?) = T{sgn(cos 0)v/2cos2 0 — 1 +iy/2sinh},
f(e) = sgn(cos 0)e?{\/2| cos O] — /2 cos?0 — 1},

which will be explained how to derive in Appendix B. Now, the principal singular

(4.25)

points in this paper come from the denominators of the first and second terms
of Eq. (4.24), that is,

1—e* AWM (2) =0, (4.26)
and
1—e XD (z)=0. (4.27)

Equations (4.26) and (4.27) give the two conditions for the solutions. For Eq.
(4.26), we see

cos k = —sgn(cos 0P (k)) \/2 cos? 0 (k) — 1, (4.28)
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sin k = v/2sin 6 (k), (4.29)

and for Eq. (4.27), we have
cos k = sgn(cos \/2 cos? 0(— (4.30)
sink = v/2sin ) (k). (4.31)

Here, we put —d0®)(k)/dk = r+ to calculate the RHS of Eq. (4.22) and derive
the density function gx,,(x) (t — oo). Then, we derivate Eqs. (4.28) and
(4.30) for k, and we obtain sink, cosk, sin@®)(k), and cos ) (k) as follows;
Eqgs. (4.28) and (4.29) give

( Ty 1
cos k = sgn(cos k)l—, cos 0 (k) = —sgn(cos k)

z2 V2(1 = 2%)

(4.32)
1— 222 1 — 222
sin k = sgn(sin k) = xx{’ sin 0F) (k) = sgn(sin k) ﬁ
\
Egs. (4.30) and (4.31) yield
( T_ 1
cos k = —sgn(cos k) ——, cos 07 (k) = sgn(cos k)—,
V1—a% V2(1—22)

—_
|

[\~

8

N

(4.33)
2 [ 1—22%
ink = ink — 0 (k) = k)
\ sin sgn(sin k) =2 sin 07 (k) = sgn(sin 51=12)

~
;—\
—
;_4

Thus, we obtain the set of the singular points of

B— {ew<+) (k) 761(9(—) k)})

G0k _ _sgn(cosk) + i sgn(sin k) 1- 2:BJr
2(1 —a?) 2(1 —2%)’
SO0 _ _sgn(cosk) + i sgn(sin k) 1— 2x
2(1—122) 2(1—22)

Next, we derive the residue of E(k:; z) at €’ i95) (k ). Substituting the singular points
to f(z), we have

where

and

/1_ 2 - e /1_ 2
f( 19(+>(k)> —sgn(cosk)e 19(+)(k)—$:|;7 f(ela( )(k)):sgn(cos k)ele( LN i3

14|z | Lt|zg|
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Owing to Lemma 1, we see
ik FIAD(2)] [e2mie e2mid )
1 — b \H)(2) z V2 V2

et ] etk F(2)AH)(2) a— B —vV2waf(z
—v@&@Lme@l e ety

By definition, the square norm of residue of the first term of Eq. (4.24) is written
by
2
o(2) i 2 = ew”)(m)‘

V( 010 (k) NAE (e i9<+>(k))] |2

[I]z

[I]z

27T2¢:|

R63<1_e:;+)(2) [f(z)ﬁi (z)] [ i;qs .

10(+>(k)

1 1 i0(H) 1
— - IR _ - 0 (k) _
2 63(1—eikx<+><z> o Ro(e# )P

x = 8 — Vawaf(e® " ®)2,

In a similar way, we get the second term of Eq. (4.24) by

res (= o) [V ) Be0se =) |

i0(7) (k)
f(eif)(“(k))j\(f) (ew(*)(k))

2

1 1 1
Res ( = Tz = ew( (k ) —_—
2 1 — ek A(5)(2) |Ag(ei0 ) (k))|2

x Ja + 8 — VawB (e ®)2,

Consequently, we obtain
|Res(E(k : z) : z = €002
= E Res ;N Ly = 0K ;
2 1— eik>\(+)(z) |Ao(ei9(+)(k))|2

£ 0 (k) (+) i0(H) (k) 2 .
F(e? P03 e 1 0= B — VA f(e N

19("’)( )

1 1 00 (k
+ — |Res — sy =¢" ())
2 (1 — e\ (2)

2

o+ 3 — V2wBf(e? T ®)2 (4.34)

2 1
’A[)(eia(*)(k)) ’2

0 (k)

BICEDECD

Hereafter, we will rewrite the items below in terms of z, or x_, and then sub-

stitute the items in Eq. (4.34).
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Res (% Lz = ei9(+)(k))
1 — e AH)(2)

Res ( 1~ tz = ei9(>(k)>
1 — e A)(2)
1

Ro(e D)
1 1

_ d _ ,
2la— B — Vawaf (@@ W) " 2o+ B — VEB (W)

2
and

(1)

2

Y

(2)
(3)

2

(4) and

ei9(+)(k)

F(Jr) (900 (0 (k))]

i0() (k)
A (070 £ ()

2

1. Calculation of and

Res (% c 2= ewm(k))
1 — e AH)(2)

1 2
‘Res < = c = eia()(k))
1 —e A (2)

Put ¢ (2) = 1 — e** X&) (2). Expanding ¢™®)(z) around z = ' ® we get

Res .1,, oy = eia(i)(k’) — ;
1 — eFkNF)(2) dg'™®)(2)

dz  lz=eit® k)
Eq. (4.25) gives

dg®(2) B sgn(cos k:) W ) | i sen(cos k sin k) V1 —22% |
dz z:ew(i)(k) A/1— xi Ty

which suggests

2

_ 2
=i,

<1 k)\(+ T ew(+)(k)>
— 61

X (4.35)
2
( tz = eie(_)(k))
| 1—e Zk}\ (2)

=z°.
2. Calculation of

e
From Lemma 1, we have

[Ao(e”)]? =1+ 2 f () + [{F(e”)}*] - Qﬁ%@f(ew))
+ 2R f(e)}) — 2V2R( f () f(e)?), (4.36)
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for any real number # € R. Therefore, substituting the singular points into Eq.
(4.36), we obtain

2

1
Ao(ei6(+)(k))
_ (1 +2)?
4{1 — cos(27¢) 4 2 cos(4m)/2 — sgn(sin k cos k) sin(27 ), /1 — 227 sin(27¢)(1 — cos(27r<]§))}7
(4.37)
1 2
Ao(eie(*)(k))
i (1—z )
4{1 — cos(2mp) + 22 cos(4dmp)/2 + sgn(sin k cos k) sin(27¢h) /1 — 222 sin(27¢)(1 — cos(27¢))}

3. Calculation of |a — 8 — vV2wa f(e? 7 ®))[2/2 and |a+ 8 — vV2wBf (e ®)|2 /2.
Put the initial coin state Wo(0) = T[a, 8], where o = ae’', 3 = be'¥? with a,b > 0
and a? + b* = 1. Noting

1 ~ .
Flod = Vawa (@ ®)p?
_ %{1 n 2|Oz|2|f(6i0(+)(k))|2 - 2%(@3) _ 2\/§|oz|2§R(e2”¢f(ew(“(k)))

+ 2V2R(aBe™ f ()}

and
1 ~
Sl = V2B f(e" W)
1 ~ o
= AL 20BP1F () + 2R(5@) — 2v2|P R F(e” )
— 2V2R(@B f(e* W)},
we obtain
(o B V(O
1 1-— ~
=3 + a21 +zi — ab cos 1o
2
S cos(2m@) + sgn(sink cos k)+/1 — 222 sin(27¢
1+ Ty +
+7 jbx {cos(¢12 + 27m¢) + sgn(sin k cos k)/1 — 222 sin(¢yg + 276) },
+ 4.38)
1 o (
Slo+ 8- Vawpf(e” ®)p
1 1 _ ~
=3 —i-bZli_i + ab cos @12
) _
7 {cos(2mp) — sgn(sin k cos k)+/1 — 222 sin(27¢) }
—x_
__ab cos(po1 + 27¢) — sgn(sin k cos k) /1 — 222 sin(goa1 + 27¢)}.
\ 1—a_ +
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- . 2 2
. ) (ei9<+>(k))f(ew<+> (k)) 10 (k)
4. Calculation of [ S0 and 5\(_)(@1’9(7)(’“))j:(ew(*)(k)) :
By definition, we have
( _5\(+)(ei9<+>(k))f(€¢9(+>(k))— ? ) (0 (V121 F 0 (k)N 12
Jnerd =AU (OO FA BN 1= = (ay > 0)
+
(4.39)
00 (k) L1 o 2
e _ (=) (086 (k) (2] F( 026 (k) (2 —
5\(_)(eieh)(k))f(eig(f)(k)) 1+ A (e )I*[f (e )| 11—z (z- <0)
Noting
dO™) (k) (4.40)
J— fr— x .
dk +
we see
| cos k| _ | cos k| (4.41)

Ty =—, T_ 3
* V1+cos?k V1+cos?k

Thus, we can treat z, and x_ as a variable z;

Combining Eqgs. (4.32) and (4.33) with Eq. (4.41), and noting Eq. (4.40), we
have

Z—i = Fsgn(sinkcos k)(1 — 2?)V1 — 222

Hence, we see

. { —sgn(sink cos k) f (x; 1/\/§)de (z>0), (4.42)

sgn(sin k cos k) fx (z;1/v/2)mdx (x <0).

Substituting the items given in 1. to 4. into Eq. (4.34) and combining with Eq.
(4.22), the proof of Theorem 1 is completed.

Appendix B

We give the detailed explanation of Eq. (4.22), which is a key to prove
Theorem 1. Put wy(k) = Res(Wy(k : 2) : z = ¢ ®)) with ¥,(z) = Z,(z)¢o and
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[ = 4, —. Then, we have by definition
E {eiéﬂ
-3 PO, e
J
=D IEG)pol et
J
27 k=% —_ ez zk(a:—y)dk
= o mzy:%:t (y)E¢(x)ppe*~te o
2
iex dk
= % Jik(z—y)
*/0 ;<‘I’t(y),%(x)>e eth(@—y o
/% By (k) 0y (k4 &) ) &
- 0 t s X1 f o
2 . ) 5 , - . dk
:/ Zwl(k)e—z(t+1)9 (k)7zwm (k+t> e~ it (k+3) P (4.43)
0 ; - -
27
:/ Z|wl(k)‘Qe_iﬁ#%eq(tH)o(ﬁ)+O 1 %
0 ! t 2
2m ; 10U (k . 1)0(™) (k et41 do(m) (k) e O( 1 1 dk
+/ Zmel(tﬁ- ) ( )wm(k)e—l(ﬁ‘ ) ( )e_lgTTefl( +1) (,2)+O< )
0 l m

t)(2n
(4.44)

We took advantage of the residue theorem
ELEPS 2 )
/ U, (k; 2)dz = 27TiZReS(\I/t(k:; 2), z=09(k))
0 i

and the inverse Fourier transform

to obtain Eq.(4.43). Using Maclaurin’s expansion for wy, (k+¢ /t)e~i+D0 (+/0)
that is,
W (k+ €/t) o it (k+€/1)

Edw(k) € dPw(k
:(w(kH?—flk:)JrQ_t? 55;({)

2t d“k

9

(m) 2 g2¢(m)
) e_i(t+1){9<m)(k)+% do dk(k)+%d 0 2 (k)+,,,}

we got Eq. (4.44). According to the Riemann-Lebesgue Theorem, the second
term of Eq. (4.44) vanishes when ¢t — oo, and we obtain the desired relation.
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Appendix C

Hereafter, we explain in detail, how f(z) and A& (z) are determined when
we focus on the ballistic behavior of the Wojcik model. Owing to [8], we see

A (w) =
flw) =

f{<w+w—1> - Ve reE oy,
\/_{(w W~ +\/(w+w_) — 2}

Puttingw = i(1—e€)e (e € R, |¢] < 1), we consider how lim,_o y/(w +w=1)2 — 2
can be written in terms of # with the range of cosf or sinf. Note |e| < 1, and

we can approximate A*)(w) as [5]
)

L{a—e)ze (1= e — /(1 = e)ie — (1—6)712'671‘9}2—2}

V2

$£ {281n9+2i6c089+5\/4sin29—2}, (4.45)

where we put 6 € R with 62 = 1. Noting ]X(i)(w)\ < 1, Eq. (4.45) suggests that
we need to take into account the next two cases.

(1) Case of |sinf| > 1/v/2:

Eq. (4.45) gives
2
L 2sin 6 + 264 /sin? 6 L <1
— S S — = )
5 in in 5
2sin Q—I—QSIHQ(SHSIH 0—§<1.

Consequently, we get 6 = —sgn(sin6).
(2) Case of |sinf| < 1/v/2:
Eq. (4.45) also gives

2
1
3 4sin’ 6 + {26008«94—25\/5 — sin «9} < 1.
Therefore, we see
462 cos 9+86C059(5\/§ —sin?0 < 0.

Consequently, we obtain § = — sgn(cos @).

H(w
— 1

Hence, we have
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Accordingly, the square root is expressed as

—ZSgn(sinG)\/sinQH—1 (|sing| >1/v2),
lin%\/(w+w_1)2—2: : 2
‘ —2isgn(0089)\/§ —sin?0  (|sinf] < 1/v/2).

(4.46)

Next, we determine in detail A& (z) and f(z). When we consider the weak
convergence theorem for our Wojcik model, we choose the square root so that
1/(1—e®AH)(2)) and 1/(1—e~*A()(2)) have the singular points, that is, | f(2)| #
1. Therefore, we see from Eqs. (4.45) and (4.46),

AH)(2) = F{sgn(cos 0)v/2 cos? f — 1 + iy/2sin 0},
f(2) = sgn(cos 0)e?{\/2| cos 0] — /2 cos? 6 — 1},

with z = €%,

(]sinf] < 1/v/2)
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