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Abstract. In this work, we show that a generalized helicoid with lightlike
profile curve is isometric to a rotation surface with lightlike profile curve by
Bour’s theorem in Minkowski 3—space. In addition, we determine these surfaces
if they are minimal and have the same Gauss map with an additional condition.

Introduction.

It is well known that the right helicoid (resp. catenoid) is the only ruled (resp.
rotation) surface which is minimal in Euclidean space. And, these surfaces have
interesting properties. That is, they are both members of a one—parameter fam-
ily of isometric surfaces. Moreover, by this isometric transformation, minimality
is preserved.

On the other hand, if we focuse on the ruled and rotational characters, we
have the following generalization.

Bour’s Theorem. A generalized helicoid is isometric to a rotatiofi surface
so that helices on the helicoid correspond to parallel circles on the rotation surface

(1}

In this generalization, original property that they are minimal is not generally
kept.

So, in [3], T. Ikawa determined pairs of surfaces of Bour’s theorem with an
additional condition that they have the same Gauss map.

Ikawa classified the spacelike and timelike surfaces as (azis, profile curve)-
type in [4]. He proved an isometric relation between a spacelike (timelike) gener-
alized helicoid and a spacelike (timelike) rotation surface of spacelike (timelike)
axis (S, S),(S,T),(T,S) and (T,T) — type by Bour’s theorem.

Giiler and Vanli showed that a generalized helicoid and a rotation sur-

2000 Mathematics Subject Classification: Primary 53A35; Secondary 53C45
Key words and phrases: Bour’s theorem, helicoidal surface, profile curve, Gauss map,

minimal.
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face with lightlike axis have isometric relation by Bour’s theorem in Minkowski
3—space. They classified the spacelike (timelike) helicoidal (rotation) surfaces
with lightlike axis of (L, S) and (L,T) — type.

The main purpose of this study is finding an isometric relation between a
timelike generalized helicoid and a timelike rotation surface with lightlike profile
curve of (S,L),(T,L) and (L, L) — type by Bour’s theorem.

time like surface space L. Ai(i:rsles type Tight
space lkawa result lkawa result Giiler-Vanli result
2. PROFILE CURVE's type | time tkawa result lkawa resut Giiler-Vanli result
light | Giiler new result | Giiler new result | Giiler new result
space like surface space 1 A:'I:es type Tight
space lkawa result lkawa result Giiler-Vanli result
2. PROFILE CURVE's type | time lkawa result lkawa resut Giiler-Vanli result
light no exist no exist no exist

Table 1 Types of the surfaces.

In this paper, the author study the parts of “Giiler new result”. The parts of
“Ikawa result” are [4], the parts of “Giiler-Vanli result” are @ The component
of the first fundamental form Egx = 0 then Qg < 0. So, the type of the surfaces
are timelike. Hence we can write “no exist” to the type of spacelike surfaces.

We summarized this paper in Table 2 as follow

” type relations conditions ”
(S,L) ey = €R in Th. 3.2
(S,L) Hpyp=0,Hgr=0 Xu) =0, p(u) =0
(T, L) €eq = €eR in Th. 3.4
(T, L) Hy =0,Hgp=0 x(u) =0, 7(u) =0
(L,L) EH — €ER in Th. 3.6
(L, L) Hy =0,Hr=0 s(u) =0, k(u) =0

Table 2 Relations of the timelike surfaces.

In section 1, we recall some basic notions of the Lorentzian geometry and
give the definition of the helicoidal surfaces and the rotation surfaces. Rotation
surfaces with lightlike profile curve are given to find a pair of surfaces that
have the same Gauss map in section 2. In section 3, we study an isometric
relation between a timelike generalized helicoid and a timelike rotation surface
with lightlike profile curve by Bour’s theorem. Then, we give these surfaces have
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zero mean curvature, have the same Gauss map with an additional condition.

1. Preliminaries.

In this section, we will obtain some rotation and helicoidal surfaces with
lightlike profile curve in Minkowski 3—space.

In the rest of this paper we shall identify a vector (a, b, ¢) with its transpose
(a,b,c) *. First we say that a surface in R? is spacelike (timelike) if the discrim-
inant Q = EG — F? is positive (negative), where E, F, G are coefficients of its
first fundamental form.

The Minkowski 3—space R? is the Euclidean space E? provided with the inner
product

(@, ?)L = Z1Y1 + T2Yy2 — ZT3Y3

where T = (z1,22,73), ¥ = (v1,¥2,y3) € E3. We say that a Lorentzian vector
Z in R} is spacelike (resp. lightlike and timelike) if 2 = 0 or (2, @), > 0
(tesp. @ # 0; (2, @), = 0 and (P, ), < 0 ). The norm of the vector
P € R} is defined by || Z2|| = /[{Z, @) 1|- Lorentzian vector product & x 7
of @ and 7 is defined as follows:

€1 €2 —e€3
Ty T2 X3
1 Y2 Y3

TX Y =

If the axis [ is spacelike (resp. timelike, lightlike) in Minkowski 3—space R3,
then we may suppose that [ is the line spanned by the vectors (1,0,0) (resp.
(0,0,1), (0,1,1)). The semi—orthogonal matrices given as follow is the subgroup
of the Lorentzian group that fixes the above vectors as invariant

1 0 0 cos(v) —sin(v) 0
Ai(v) = ( 0 cosh(v) sinh(v) ) , A2(v) = ( sin(v) cos(v) O )
0 sinh(v) cosh(v) 0o 0 1

and

1 v
Asw)=| v 1-% 2 | veR
v +

Now we define a non-degenerate rotation surface and generalized helicoid in
R3 . For an open interval I C R, let v : I — II be a curve in a plane II in R3,
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and let £ be a straight line in IT which does not intersect the curve v. A rotation
surface in R} is defined as a non degenerate surface rotating a curve v around
a line £ (these are called the profile curve and the azis, respectively). Suppose
that when a profile curve - rotates around the axis ¢, it simultaneously displaces
parallel to £ so that the speed of displacement is proportional to the speed of
rotation. Then the resulting surface is called the generalized helicoid with axis
£ and pitch a.

The matrices A can be found by solving the following equations simultane-
ously; Al = £, A'cA = ¢ where € = diag(1,1,—1) and det A = 1.

Since the surface is non-degenerate, we may assume that the profile curve
7 lies in the z;z2x3—space without loss of generality and its parametrization is
given by v(u) = (f(u), g(u), h(u)) where f(u),g(u) and h(u) are differentiable
functions on I such that for all w € R\ {0}.

A helicoidal surface in Minkowski 3—space with the spacelike axis which is
spanned by (1,0,0), and which has pitch a € R\ {0} is as follows

H(u,v) = A1(v) - v(u) + 2 (v,0,0).

When a = 0, H(u,v) reduces to a rotation surface.

We classified a surface by types of axis and profile curve, and write as (axis’s
type, profile curve’s type)—type; for example, (S, L) —type mean that the surface
has a spacelike axis and a lightlike profile curve.

1 45 es 1

Figure 1. a-b Lightlike profile curve.

One example of the lightlike profile curves (see Fig.1) is y(u) = (u?,u, [
v4u? + 1du + c). Since y(u) lightlike curve then < a%'y(u), L y(u) >p= f24
g?—h?=0and h= [/f?+ g”du+ c (c = const.).
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2. Rotation surface.

We give rotation surfaces of lightlike profile curves that are used to have main
theorems in this paper. v profile curve is lightlike, then the rotation (helicoidal)
surfaces are timelike with spacelike (resp. timelike or lightlike) axis and they
are (S,L), (T,L) or (L,L) —type respectively. :

When the axis ¢ is spacelike, there is a Lorentz transformation by which
the axis £ is transformed to the zj-axis of R3. If the profile curve is y(u) =
(u?, u, h(u)), then the rotation surface R(u,v) can be written as

u2

(1) R(u,v) = | wucosh(v) + h(u)sinh(v)

usinh(v) + h(u) cosh(v)
PROPOSITION 2.1. If a (S,L)—type rotation surface is of null profile curve,
then the surface is (see Fig. 2)

u2

(2) R(u,v) = | wucosh(v) + ¥¥4%+15inh(v) + §i"—h}1—£2—"l sinh(v)
usinh(v) + @ cosh(v) + 5@2—@ cosh(v)

where u,v € R\ {0}.

From (1), we can calculate the mean curvature H and solving a differential
equation H = 0, we can find the function h(u) on the profile curve of the rotation
surface.

Figure 2. a-b Rotation surface with (S,L)-type.

When the axis ¢ is timelike, there is a Lorentz transformation by which
the axis £ is transformed to the z3-axis of R3. If the profile curve is y(u) =
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(u?,u, h(u)), then the rotation surface R(u,v) can be written as

u? cos(v) — usin(v)
(3) R(u,v) = | u?sin(v) + ucos(v)

h(w)

PROPOSITION 2.2. If a (T,L)—type rotation surface is of null profile curve,
then the surface is (see Fig. 3)

u? cos(v) — usin(v)
(4) R(u,v) = u? sin(v) + u cos(v)

Tuvau? + 1+ Lsinh™!(2u)

where u,v € R\ {0}.
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Figure 3. a-b Rotation surface with (T,L)-type.

When the axis ¢ is lightlike, there is a Lorentz transformation by which
the axis ¢ is transformed to the zoz3-axis of R$. If the profile curve is y(u) =
(u?,u, h(u)), then the rotation surface R(u,v) can be written as

u? — uv + hv
’U2 'U2
(5) R@wv) = | o+ (1-%5)ut 5h
u?v — ”2—2u+ (1+3’§3)h

PROPOSITION 2.3. If a (L,L)—type rotation surface is of null profile curve,
then the surface is (see Fig. 4)

u? —uv+ um/4u2+1 + vsinh‘l(zu)
(6) R(’U:,’U) = ulv + (1 - % uv \/ZETI' + v smh 1(2u)
—v;u+( ) (u 4us+1 +smh 41(2u))
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where u,v € R\ {0}.

Figure 4. a-b Rotation surface with (L,L)-type.

3. Bour’s theorems for the lightlike profile curves.

In this section, we study an isometric relation between a generalized helicoid
and a rotation surface of lightlike profile curves.

Case 1. (S,L) — type.

First of all, we consider the (S, L) —type surfaces, namely, the axis is spacelike
(1,0,0) vector and the profile curve is lightlike.

THEOREM 3.1. A generalized helicoid

u? + av
) ucosh(v) + hg sinh(v)
usinh(v) + hg cosh(v)

is isometric to a rotation surface

—u? + hgr
8) | V—uZ+h2cosh(v~ [ Zgth=th du) + hpsinh(v — [ 3284hsuldu)
vV—u? + hZsinh(v — [ _2——2—?2;“_2’11?’ du) + hg cosh(v — [ ——;J'—,—,—?“_uhr;zhl du)

so that helices on the generalized helicoid correspond to parallel circles on the
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rotation surface where h = hyg = suv4u2 + 1+ 1 sinh™*(2u),

(2u% — h%)hE — 2urhgrhly + 4u%hy — (4uf + Dug
—u% + k%
2
3 (2au — 2uv4u? + 1+ log (2u + vV4u? + 1))
O\ (202 + 1) u— 1V4uT + 1 + log (2u + V4u? + 1)

and ug = vV—u? + h?, a,u,v € R\ {0}.

Proof. We assume that the profile curve is y(u) = (u?,u, h(u)). Since a gener-
alized helicoid is given by rotating the profile curve around the axis and simul-
taneously displacing parallel to the axis, so that the speed of displacement is
proportional to the speed of rotation, from (1), we have the following represen-
tation of a generalized helicoid (Fig. 5)

v} + avy
H(up,vg) = | upgcosh(vyg)+ h(ug)sinh(vy)
upy sinh(vy) + h(ug) cosh(vy)

where a is a constant. For a moment, we assume that h’y; # 0.
The coefficients of the first fundamental form and the line element of the
generalized helicoid as above are given by

2

E'H=4u%;+1—h';21, Fy =2auy + hy —ughly, Gy =a —U%{‘f‘hH,

9 ds% = (4u¥ + 1 - hE) du?
H H H)auy
+2(2auy + hy — ughly)dugdvy + (a® — v} + h%) dvy;.

Since 7y(u) is a lightlike curve and Qg < 0 then H(ug,vy) is a timelike
surface.Helices in H(uy,vy) are curves defined by uy = const., so curves in
H(upg,vy) that are orthogonal to helices supply the orthogonal condition as
follow

(2auyg + hy — uHh},) duy + (a2 — u?, + h%;) dvyg = 0.
Thus we obtain

dug + c

S /2auH+hH—uHh’H
H= a2—-u%,+h%1

where c is constant. Hence if we put

2auyg + hy — ugh'y
— d
I vH+/ a? — % 1 hYy (4
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then curves that are orthogonal to helices are given by 7y = const.. Substituting
the equation

2aug + hy — uHhH
3 5 duy
a? —u¥y + hy

dvyg = dvyg —

into the line element, we have

(2auyg + hH —ughyy)
a? —u? +h%

(10) ds?% = (EH ) du}; + (a® — u¥; + hY;) dvgy

By putting

i1 (2a’uH+hH —’u,}'{h,’I{)2 _
UH=/\/EH— a2—~u%1+h§{ duH, fH(uH)z\/a2_u%I+h%1,

(10) reduces to
(11) ds? = di¥ + f%(ag)doy.

On the other hand, an (S, L)—type rotation surface

2
Ugp

(12) UR cosh('vR) + h(uR) Sinh(’UR)
ug sinh(vg) + h(ug) cosh(vg)
has the line element

(13) ds% = (4u, +1 - h3) du® + (—u% + h%) dv%.

Hence, if we put

h’g
u \/““R“‘h” (S5 fatin) = vk + ey Tr=vi,
R

then reduces to

(14) ds% = da% + f3(aR)dov.

Comparing (10) with [(13), if

(1]

Uy = UR, Uy = VR, fu(@n)= fr(@r),
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Figure 5. a-b Timelike helicoidal surface with (S,L)-type.

then we have an isometry between H (ug,vy) and R(ug,vg). Therefore it follows
that

/ F% (hr — urhly)®
_ — 4 2 _ R12Y R
/ Ey —GHduH /\/( uh +1—hg) vy dugp

hg — h! 2 _ ’
:/\/4u§2+1—h'1%_(R2uR é{) ) UH+2hHhH2 dun
_uR+hR \/a2_uH+th

and we have

__ Fm 2 _ (2u% — h%)RE — 2uphphly + 4wl R} — (4ud + 1)ug
—u+ hghly —L 4 1 ‘

a

THEOREM 3.2. In Theorem 8.1, if two surfaces have the same Gauss map
then, we have

2(u - hhl) = th’ ,

(2uh — a) sinh(v) + (2u® — ah’) cosh(v)
— —2(—u+ hh) [m cosh(vg) + kg sinh(vR)]
and
—(2uh — a) cosh(v) — (2u? — ah’) sinh(v)
= —2(—u + hh') [\/msinh(vlg) + hg cosh(vR)]
where h = [ v4u? + 1du, hg in Th. 3.1., vg = v — fz—:%‘,—;ih’éidu and u,a €

R\ {0}. If these surfaces are minimal then, we have S(u) = 0 and p(u) = 0
where 3(u) and p(u) are functions in Hy, Hg respectively.
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Proof. First we consider a helicoid (7). Differentiating H, and H,, we obtain

Hyu = (2,h” sinh(v), A" cosh(v)),

H,, = (0,sinh(v) + A’ cosh(v), cosh(v) + h’sinh(v)),

H,, = (0, ucosh(v) + hsinh(v), usinh(v) + h cosh(v)).
By virtue of the first and second fundamental forms

Eg=4u>+1-h?, Fy =2au+h—uh', Gy =a® — u® + h2,

Ly = 2(u—hh’)+\1!h” My = e+ Ny = £+ Q ’
VIQu| V1Qx|’ VIQH]

the Gauss map and the mean curvature of the generalized helicoid is given by

1 ( u — hh’ )
(15) ey = (2uh — a) sinh(v) + (2u? — ah’) cosh(v) ,
Qx| —(2uh — a) cosh(v) — (2u? — ah’) sinh(v)
__ S
1o = 2(Qn)*?

where

() = — (4u® + 1= ') - (€ + Q) — (a2 — u? + h2) - (2(u — hh') + UH")
+2(2au+h — uh') - (© +T),

¥(u) = (2uh — a) - (sinh?(v) + cosh?(v)) + 2 (2u® — ah') - sinh(v) cosh(v),
O(u) = 2 [(2uh — a)l’ + (2u® — ah’)] - sinh(v) cosh(v),
I'(u) = [(2uh — a) + (2u® — ak’) h'] - (sinh®(v) + cosh®(v)),

&(u) = [2(2uh — a)u + (2u® — ah’) h] - sinh(v) cosh(v),
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and

Q(u) = [(2uh — a)h + (2u® — ak’) u] - (sinh®(v) + cosh®(v)) .

Next we calculate the Gauss map and the mean curvature of the rotation
surface. Since

2(—u + hh') 0
R.=| Acosh(vg)+Bsinh (vg) |, Rv=| v—uZ + hZsinh (vg)+hg cosh(vr) |,
Asinh (vg)+ B cosh (vr) v/—u2 + h2 cosh (vg)+hg sinh(vg)

the Gauss map of the rotation surface is given by

—u+ hh' + hghly
—2 (—u + hh') [V=uZ + h? cosh(vr) + hg sinh(vg)]
—2 (—u + hh') [V/=uZ + RZ sinh(vg) + hg cosh(vg)]

(17) er=

1
V|Qr|

where vg=v — [ %’ﬁ'&;—‘;l'g‘idu, Ep=4(—u+hh) + (A — B?%) , Fp = Ahg —
BV—&Z+ k2, Gr = u—hh' +h%, Qr = u—hh +hphly — 4 (—u + hi')? (—u® +
B2 4 hY), A = SRR 2ewtheslpp and B = b — (ewthouh) /o,
Moreover, we have

2(—1+ A2 + hh") 0
Ryu= (p(u) cosh (vg) + n(u) sinh (vg) ), R,,.= (Asinh (vr) + B cosh (vgr) ),
p(u) sinh (vg) + n(u) cosh (vg) Acosh (vg) + Bsinh (vg)
0
Ry, = | vV—uZ2+ hZ?cosh(vg) + hgsinh(vg) |,
v/=uZ? + hZsinh (vg) + hg cosh (vg)

where p(u) = Ay + —,—'t'—,-——,—zg“_u";‘;lh' B, n(u)3gpth-ul uh:_',‘zh’ A+ B,.
By the straight calculation, we have the coefficients of the second fundamental
form as follows

C M ~2(—u + hh') (BV—u? + h? — AhR)
R = ’

VIQrl’ V|Qrl

Hence the mean curvature is

Lp=

Ngr =0.

_ p(u)
(9) iR Qe

where p(u) = —(u — hh' + h%)C + 4 (hh' — u) (BVRE —u? — AhR)2 and C =
2(~1+ h'2 + hh")(—u+ hh' — hghly) — 2(—u + hb') - [V/—u? + h2p(u) — n(u)hg].
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If the generalized helicoid and the rotation surface have the same Gauss map,
comparing (15) and (17), then we obtain an interesting differential equations as
follow

2(u — hh') = hphly,

(2uh — a) sinh(v) + (2u? — ah’) cosh(v)

= —2(—u+ hh') [\/WCOsh(vR) + hr sinh(vR)]
and

—(2uh — a) cosh(v) — (2u? — ah') sinh(v)

= —2(—u+ hh') [\/msinh(vn) +hg cosh('uR)] .
From and [(18), if
— (4u?+1-R)-(E+9Q) — (a —u? + h?) - (2(u — hh') + TR")
+2(2au+h —uhb')- (©+T) =0,

and

2
—(u — hh' + hZ)C + 4 (hk' — u) (B\/h2 “u? - AhR) ~0
then, these equations means that the generalized helicoid and the rotation surface

are minimal. O

We continue to show the other case (T, L) — type. The techniques of proofs
of the next theorems are similar.

Case 2. (T, L) — type.
We assume that the axis ! is timelike (0,0, 1) vector and the profile curve is
lightlike.

THEOREM 3.3. A generalized helicoid
u? cos(v) — usin(v)
(19) u? sin(v) + u cos(v)
hy + av
18 1sometric to a rotation surface
(20)
(ut+u2—a?) cos(v+ [ ;T‘Ez"ﬁ%'ydu) —Vut+u?—aZsin(v+ [ %dﬂ)
(ut+u?—a?) sin(v+ [ ;‘*“z_,—:"z‘%;du)+\/u4+u7 —a?cos(v+ [ ;;‘q;"zj;‘—j_h;;du)
hr
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so that helices on the generalized helicoid correspond to parallel circles on the
rotation surface where hy = juv4u? + 1+ 1sinh™!(2u),

h’R = —2a,sinh_1(2u) + \/§ata,nh_1 <_Z\;{—§—u_ﬁ) _ ? tan"l(\/iu)

+ 2 tan™! 2u
V=3+4a2v/2 — 2v/—-3 + 4a2 V2 —-2v=3+ 4a?

- 2 tan~! 2u
V=3 + 4022 + 2v/—-3 + 4a? V2 +2v/—=3 + 4a2

+u® + g-u3 + (—507,2 + g) u + cg,

and c2 € R, a,u,v € R\ {0}.

Proof. We assume that the profile curve is y(u) = (u?,u, h(u)). From (3), we
have the following representation of a generalized helicoid (see Fig. 6)

u?; cos(vy) — ug sin(vy)
H(ug,vyg) = | u%sin(vy) + ug cos(vy)
h(ug) + avy

where a # 0 is a constant.
The coefficients of the first fundamental form of the generalized helicoid are
given by

Ey =4u%4 +1 -~ A3, Fy = —u} + ahly, Gy = ufy +u¥ — a2,

Since v(u) lightlike curve and Qg < 0 then H(ug,vy) is a timelike surface.
Thus we obtain

2 7 \2
("‘UH + ahH) -
. g du}y + (v} + ud — a?) dvg;.

(21) ds%4 = (4u%, +1-h3 -

On the other hand, an (T, L)—type rotation surface

u% cos(vg) — ur sin(vg)
(22) ( u% sin(vg) + ug cos(vg) )

h(ur)

has the line element
2
(23) ds% = (4u%2 +1-h% - ﬁ%z—) du} + (uh + uk) dok.
H
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Figure 6. a-b Timelike helicoidal surface with (T,L)-type.

Comparing (21) with [23), if 4y = @gr, 9y = Ur, fu(@x) = fr(Gr), then
we have an isometry between H(up,vy) and R(ug,vr). Therefore it follows
that

2 B )2 4
/\/4u§,+1—h',3—( up +ahy) duH:/\/4u§2+1—h}§— “R_dup
1+up

u; +u? —a?
2u3
z/,/4u§2+1—hg Ll Bkl

and we obtain

R
_ / (il +1 - hE) (uh+ud—a?) = (~ud+ahyy)’ (uhtud—a?) .
u? (2u? +1) (1+u}, +u3 —a?)
1 1
+4uy (gu‘},+§u§,—a2 + 1) .

where a,u,v € R\ {0}. O

THEOREM 3.4. In Theorem 3.3, if two surfaces have the same Gauss map
then, we have

2 / 2 /
. —u“ +ah —u® +ah
a = JUUuR (sm(/ mdu) —URr COS(/ M—z_asz)) + uzh’,

2 / 2 ’
, —u* + ah . —u* 4+ ah
—h'u = HUR (COS(/ md'd) + ugR sm(/ md’d) — 2au
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and

(1—2u?) u = (XA — ugrd) ug.
where u,a € R\ {0}. If these surfaces are minimal then, we have x(u) = 0 and
m(u) = 0 where x(u) and w(u) are functions in Hy, Hp respectively.
Proof. We consider a helicoid [19). By virtue of the first and second fundamental

forms

Eg =4u’+1-h"?, Fy=—-u?+ah', Gy =u*+u? - a?,

4u (2a — h') sin(v) cos(v) + 2(a — u2h’)

Ly = :
i V- (u? + 1) (4u2 + h'2) + 2ah’ — 4a2]u? — a?

Mo — (2a — h') [2u? (cos2(v) — sin’(v)) — 2usin(v) cos(v)] + (a — u2h’)
"= V=2 +1) (42 + h?) + 20k — 4a%]u? - a2

b)

New o (2a — 1') u? [(cos?(v) — sin?(v)) + 2usin(v) cos(v)] + (a — u2h’)u?
"= V1= (u? + 1) (4u? + h'2) + 2ah’ — 4a2]u? — a2

’

the Gauss map and the mean curvature of the generalized helicoid is given by

1 (2a — B') usin(v) + (a — u2h’) cos(v)
24 = 2a — h') — u?h’)si ,
(24) eH 1ol ( (2a )ucos_fz;')u;i-_'(_au u*h’) sin(v) )
x(u)
@ T
where

x(u)={(4u?+1 — ") - [-2u? (2a—A’) sin(v) cos(v) + (a—uZh')u?
— u? (2a—h') (cos?(v) —sin®(v))]+2 (u*+u®—a?)-[2u (2a— k') sin(v) cos(v)
+ (a—v?h')]—2 (—u? +ah’) - [2u® (2a—h') (cos?(v) —sin® (v))
— 2u (2a—h’) sin(v) cos(v) +(a—uZh’)]}.
Next we have the coefficients of the first fundamental form of the rotation surface
as follow

ER=A2+52—;L2, Fr =ug (urA - 4), GR=U‘}13+’U%.
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The Gauss map of the rotation surface is
(26)
. (sin('v +f 5;‘_—2"5‘_‘_—’;’7du) —ugcos(v+ [ 51—1"59_—%';du)) URL
eR = m (cos(v + [ 51—2‘5‘1—"‘;7du) + ugsin(v + [ u—ii—i—'g“i—’:;ydu)) URM
(A —ugrd)ur

where ug = Vut+u2 —a?, Qg = [(u?z +1)p?—(-2+ uRd)z] ud, Au) =

~W? 4 ah! + 2 G(u) = 2 (20° +u) - 25 and p(u) = SR +

5ub+8u2 +4
u R+l *

The coefficients of the second fundamental form as follow

Lgp = \/|22_R-|-{[2 (urB + w) sin(vg) cos(vr) + B (cos(vr) — sin(vgr))

—ugw (cos?(vg) — sin®(vgr))]p — [A — urd] pu}ur,

Mg = [(urA + &) (cos?(vg) — sin®(vR)) + 2 (—X + urd) sin(vr) cos(vr)] pur

VIQr] ’

N [(u% — 1) (cos®(vg) — sin?(vg)) — 4ugsin(vr) cos(vr)] ur
R = :

VIQr|
where B(u) = A+ TR0, w(u) = — TR du, v = v+ [ TR du.

Hence the mean curvature is

(w)
(27) Hg = 5{2_:}375

where

m(u)={(A\2+68%—p?)-[(u%—1) (cos®(vgr)—sin?(vr)) —4ur sin(vr) cos(vr)] ur
+ (uh+uk) - ({[2 (urB+w) sin(vg) cos(vr)+ B (cos(vr) —sin(vr))
— upw (cos?(vg) —sin®(vR)) u—[A—urd) pu}ur) — 2 [ur (urRA—6))
- [(urA+0) (cos?(vr)—sin®(vg)) +2 (—A+urd) sin(vgr) cos(vr)] pur}-
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If the generalized helicoid and the rotation surface have the same Gauss map,
comparing and (26), we have

X —u? + ah’ —u? + ah’
a = pugR (sm(/ md’u) — uR cos(/ mdu)) + w2,

—u? 4 ah’ u? + ah’
—h'u = HUR (COS(/ 4_}_—2(1’111) + ugr Sll’l(/ mdu)) — 2au

and
(1-2u?)u = (\—urd)ug.
If x(u) = 0 and m(u) = O then, the generalized helicoid and the rotation
surface are minimal from and [27). O

Case 8. (L,L) — type.
We assume that the axis [ is lightlike (0, 1,1) vector and the profile curve is
lightlike.

THEOREM 3.5. A generalized helicoid
u? —uv 4+ hv ,

(28) u2v+(1—-"§2- u+%h+av

u?v — -‘-’;?u+ 1+ 22—,2—)h+a’v
is isometric to a rotation surface

u% — uRvR + hgrvgr

(29) uRvR + (1 - ) uRr + —RhR

uRvR - —.}uR + (1 + —;1) hgr
so that helices on the generalized helicoid correspond to parallel circles on the

2
2 !
rotation surface where up = —u+ h, vg = v+ [ (2u+ (v +_°)(1 h )) du,

u+h
hy = tuvdu? + 1+ 1sinh™'(2u),

o (—ug+hy)® (1=h%) [ (~un+hy) (1- h)
(30) h}%+ —-uH+hH+hRR ( —uyg+hyg+hg )
B [( ug+hy)2ug+(1—-A) )’U,H] 1 L
{((4u”+1 hir) = (Cunt i)’ Crahgyf 1T

u,v,a € R\ {0}.
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Proof. - We assume that the profile curve is v(u) = (u?,u, h(u)). From (5), we
have the following representation of a generalized helicoid (see Fig. 7)

u"}I —-qu’UH +hH21)H
H(UH,UH)Z u%vy—{» (I—UTH) uH+3§LhH+avH

2 v2 v2
ufyvH — Hug + (1 + —2‘1) hg + avy

where a # 0 is a constant.

Figure 7. a-b Timelike helicoidal surface with (L,L)-type.

The coefficients of the first fundamental form are given by

Ey _=4u§,+1—h’,3, Fy=(—ug+hyg)2ug+u¥+a)(1-hy), Gg=(—ug+hy)?

Since «y(u) is a lightlike curve and Qg < 0 then H(ug,vg) is a timelike surface
and

((—-uy+hH)2uH+(u§,+a)(1—h'H))2) du%{

31) dsh = |4ul+1-hG—
(31) dsy (uH+ hit (—un+hn)?

+ (—uH+hH)2d1‘)}’,.

On the other hand, an (L, L)~type rotation surface has the line element

[(—uR+hR)2uR+(1—h’R)u§{]2) e

2 2 2
(32)  ds% = (4'u,R +1—h2- ——— 2

+ (—-UR+hR)2d’l_)%.
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Comparing (31) with (32), if 4y = @R, Uy = Ur, fu(inx) = fr(Gr),then we
have an isometry between H(upg,vy) and R(ug,vgr). Therefore we obtain
(~u+ [ VEZ F1du)’ (1 - hy) [ (—u+ [ VEZ + 1du) (1 - k) v

~u+ [V4u? + 1du + hpg —u+ [V4uZ + 1du + hg

(—u+ [ V4u? + 1du) 2u + (1 - V4au? + 1du) u? 2
(1- V4u? + 1du) (—u+ [ mdu)

RE +

-1=0.

O

THEOREM 3.6. In Theorem 3.5, if two surfaces have the same Gauss map
then, we have

—u? +uv—hv —a) b + vh + (U2 — uv + a) = a;(u)h + az(u)hg + az(u)
R

(o(u) —u+h)h + 22-2-h + ¥(u) = B1(u)hy + B2(u)hgr + Bs(u)

and
2 ’U2 .
(o(u) —v?) B + (; - 1) h+9(u) = 01 (u)h'g + 02(u)hg + 05(u).
where oy (u) = uRvR—'thR—"u% az(u) = —ugvivh+vpup+vivihr+ukvrvk,
as(u) = —ugpvruy +uhuy, o(u) = —v?v+ S h—av, ¥(u) = —2u® — 2au+ulv -

‘—‘;’—2 + av, B1(uv) = 27 ugvy — ugp — 27 ,he + hr — vhur, Be(u) = 27 0huk,
Ba(u) = 2 tupviuly — 2uduy + uhvruf, 01(u) = 27 lugvd — 27104 hg — wdup,
2(u) = —upvrvh + 27 vhul + vrURhR + uf, O3(u) = 27 ugviul — ugul —
2 Y
2udup + udvgug, ur = —u+ h, vp = v+ [ (2u+ g"—tag%—’:l) du, h =
%ux/4u§ +1+1 sinh~!(2u), u,v,a € R\ {0}. If these surfaces are minimal then,
we have ¢(u) = 0 and k(u) = 0 where ¢(u) and x(u) are functions in Hy, Hg
respectively.

Proof. We consider a helicoid [(28). The Gauss map and the mean curvature of
the generalized helicoid is given by

(—u?+wv — hv — a) b/ + vh + (v? — uv + a)

1 2
(33) em= (o(u) —u+h)h' + Fh+9(u)
V1QH| (o(u) —v?) A + (1’;- - 1) h + 9(u)
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= s(u)
Z{QH}3/2

where o(u) = —u?v + Pzih — av, Y(u) = —2u® — 2au + u?v — “T”z + av,¢(u) =
(42 +1-h"%)(—u+h)[(—u+h+v?2)h' +h)+(—u+h)? (u? —uv+hv+a)(1-h')+
20+ L 1) [(—uth+v2)H +h])—[(0 (1) —v?) B+ (% —1)h+9(uw) A" —2[2u (—u + h)
+w?+a)(1-h)]-{(-1-h")?(u? —uv+hv+a)+ (2u—v+vh')[(—u+h+v2)R' +h]}.

Next we have the coefficients of the first fundamental form of the rotation
surface as follow

(34)

Egr = —h% + (vivRhr — 2uhvR) Rk + (VB + 3v}vE) b + (4urupur
—202ug + 2vpviEu} — viviRul + 2upvkul — 204vRuR
+4vivRurul)hr + vEu} - 2udvihul + uE + wwhuf,

Fr = vRhE — ukh + (uhvrvy — vhvRuR + vRURAR
/ RYY 2 ! \n,2
—2'UR'U,R + 2'U,RUR)hR + (—uR + vR)uR,

Gr = (—uR + hR)2

and we have Qr = —vERE + 2uivhhE + (—4ururvihr — v} — 2udvE +
4upvEhpr — 2vpvEudhg + 2ubviuly — 2vRvERY + 2vBuRvEhR + 2uRrhR — uh —
h%)RE + (4uduphr — 2ubul, — 203 vRurh) +vivhubhr +vivRhy — 20k vl hE —
2udvEvRhR + 2ubvrvRhR + 2ubvRvRhE)RE + (VB + 2030 R + (203 vRur +
4vpvEur+4ururvi +2vRvRuR +2ubvRvE —8ugvEvE —viuRvh HurviuRvk —
4upvy — 2ujvivE — wrupvRuR)hE + (203ud + 2upviudul + v — 2uRulRvl —
4vpupvpuy + 2v3ud v + 3v3udvE — whviukuly — uhvivE — dudvpviul -
uRhvhvE — 2udvrvE + 2upvdvhuR)hy + (—udkviulvl — 2upuf — 4uduR +
2uRvrvRuy + 2uRviviul + 2uhvrviuR)hr + 3ubul + vhuZ, where up =

2
2.a)(1-n'
...u+ h, u'R = %UR’ VR =V + f (zu + %T—)) d'u,, vh = 3%-‘03.

The Gauss map of the rotation surface is

alh% + ath + a3

(85) er = —=—= | Bihgr + B2hr+ B3

VIQRI\ 9,1 + 60z + 6
where o;(u) = ugvr — vrhr — u%, az(u) = —ugvivh + vrug + vivRhr +
uhvrvg, as(u) = —urvpuly +vhuf, Bi(u) = 27 ugvy —ugp — 27 whhg + hr —
udvgr, B2(u) = 27 14ul, Ba(u) = 27 lupvdul — 2udul; + udvgulk, and 6;(u) =
27 ugvy — 27hhg — uhuR, O2(u) = —upvrvk + 2 vhuR + vRvRhR + Uk,

03(u) = 27 lupviuy — upuy — 2upuly + vhvgul.
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Hence the mean curvature is

r(u)
2{Qr}*"*

where k(u) = [ h2 + ('v%v}th 2udoR) by + ( 2 + 3v%v) A% + (dupulpur —
20} uR+2vRvRuR vRvRuR+2vRvRuR—2vRv uR+4vRvRuRuR)hR+’u}%u§z
2ubvhuy + uf + i) - [(—u} + 2urhr — h}) Wy + hE — 2urhr + v +
(—ur +hr)? - [(WRorul + 2 'vhuRhr — Z‘IuRv%u’R — 27 lugvdvihhg +
uhvivhhg — uﬁvnh’ +2 13 vhh% + 27 Mufvih — 271 'thRh +2‘2uRv}‘ihR—
2 2vhukhr)hg + (—uRvRvR + vrvghr — 27 1vdvRhr + 2 10hhe + uRvR +
2 lugvdvh — 2uRvR — uhvdvh — 27lugvd)hE + (—udvrvy — vrURRE

2 lugvdul + 2u"}3u’R - u%vR + u%vRvjth — ughg + uguly — 2~ lvR'th2
uhvdivE—2uiuE—2"wiuZhp—2" uRvRuRvR+vRthR—3uRv hr+u%vRvh—
2- 13 vhh% + Burvivihr + udo — 2udul + 202RE + 2 lugvrvEhR +
u%vRthR — 2upvpvhhr + 4urulvihr — 2udvgulrvl — uRvRthR +
2 lugvdvihr— vRuR'thR+uRvRuR—-2 lupviuh+2- 1vRuthg)h' —vgvE h?z‘*‘
(-2~ lvRuRvg—uRvR—2 viupvl —4uRvRuRvR—2 vRvRuR+uRv vE +
urvE VRV +2urvRVE +uRVEVE )h +(2uRvRuRv +URVRURVE +2uRvRuR'uR

2~ luR'v%vg u%v%uRvR 2~ vRuRuR - 4uRu’§v}2 + 2upupvE + viuBvl +

2720} uRuR +uRvRu +uRvRuR +2” uRvRv -2 1u?z'v3 vh—2" 2uRvRuR
2udupvE —2ugviuR vR+2uRvRuRvR—-uRvRvRuR+2uRvRvRuR+uR'vRvRvR
2~ lu?%v%uRvR — 2uvpulpvy — uRv%uRuR + 2 lupvdvpuf)he — uRuR'v}% +
2u3u + 2 lugvdulul + 2uduBvl + uhugvg — uhvpupul — uhvruivh +
2uduipup] — 2 - [VphE — vkl + (uhvrvy — vivRur + vRURhR — 2vRuR +
2upulp)hd +(— ufg+v}{)u3°}] [—-u%zh’z+(2uRu}ihR—2‘1u§ithR +2 " lugvihp +
2~ luR’thR — 'U,R’URhR — 3ugrhgr + ’U.R + 2h + U%vthhR)hh — 'UR’URh%
(2urufurvy — 27 Ruy — Ul + 2uRvRvR + u;w%)h% + (—upviu — 2ugu +
uhvduf -2 ugvdur +27 whuE -2 ubvi +ubvrui vl — 2udufh +2ugul ) hr—
whuly + uhuf]

If the generalized helicoid and the rotation surface have the same Gauss map,
comparing (33) and [35),we obtain same Gauss map conditions in this theorem.
If ¢(u) = 0 and (u) = 0 from and then, the generalized helicoid and

the rotation surface are minimal. O

(36) Hp =
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