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Abstract. Let p be a prime number. A number field F satisfies the Hilbert-
Speiser condition (Hp) when any tame cyclic extension N/F of degree p has a
normal integral basis. We show that F satisfies (Hp) only when FNQ({p) = Q
under some assumption on p.

1. Introduction

Let p be a prime number. A number field F satisfies the condition (H,) when
any tame cyclic extension N/F of degree p has a normal integral basis. As is
well known, the rationals Q satisfy (H,) for any p by Hilbert and Speiser. On
the other hand, Greither et al. proved that F' # Q does not satisfy (Hp) for
infinitely many p. Thus, it is of interest to determine which number field satisfies
(Hp) or not. They showed the above assertion after deriving, from a theorem of
McCulloh [12], a simple necessary condition for F to satisfy (Hp) (see
2 in Section 3). Using the necessary condition, we showed in [6, Proposition 2]
that if p > 5 and {, € F*, then F does not satisfy (Hp), where (, is a primitive
p-th root of unity. For this, see also Herreng [4, Proposition 3.3]. The following
more general assertion is easily shown using the necessary condition, and seems
to be known to specialists. (Its proof is given at the end of this note.)

PROPOSITION. Let p > 5 be a prime number. A number field F does not
satisfy (Hp) if F N Q((p) is an imaginary subfield of Q((p)-

The purpose of this note is to deal with the case where FNQ((p) is a nontrivial
real subfield. The following is a consequence of the main theorem.

THEOREM 1. Let p be a prime number with 23 < p < 210 and p # 29. A
number field F' does not satisfy (Hy) if F N Q({p) is a nontrivial real subfield of

Q(¢)-

2000 Mathematics Subject Classification: 11R33, 11R18.
Key words and phrases: Hilbert-Speiser number field, cyclotomic field



46 H. ICHIMURA

From these assertions, we obtain the following:

COROLLARY 1. Let p be as in Theorem 1. Then, a number field F satisfies
(Hp) only when FNQ({p) = Q.

Let h; be the relative class number of Q((p). In our argument, the existence
of an odd prime factor of h, is necessary. The condition p > 23 is equivalent to
h; > 1 (see Washington [13 Corollary 11.18]). The case p = 29 is exceptional
since h; is a power of 2 if and only if (p < 19 or) p = 29 by Horie [5].

REMARK 1. (1) Let p be as in [Theorem 1. It is known that any subfield
F # Q of Q({p) does not satisfy (H,) (see Section 4 of [11]). Corollary 1 is a
generalization of this.

(2) Imaginary quadratic fields satisfying (Hp) are determined for p=2, 3, 5, 7
and 11 ([1, 7, 11]). The numbers of such imaginary quadratic fields are 3, 4, 2,
1, 0, respectively. At present, we have no example of number fields satisfying
(Hp) for p > 11.

(3) When p = 3, there exists a number field F with (3 € F* satisfying (H3).
For example, F = Q((3) and F = Q((s, v=d) with d = 1, 2, 11 satisfy (H3).
For this, see [2, p. 110] and [6, Example 1].

(4) When p = 5, we can show that F' = Q(V/5) satisfies (Hs) using the above
mentioned theorem of McCulloh by a hard hand-calculation.

2. Main theorem

To state the main result, we first recall the definition and some properties of
Stickelbeger ideals of conductor p. Let p be an odd prime number, and C = F;,‘
the multiplicative group of the finite field F, of p elements. Let S¢c be the
classical Stickelberger ideal of the group ring Z[C] (for the definition, see [13,
Chap. 6]). Let H be an arbitrary subgroup of C. For an element a € Z[C], let

og = Z a,0 € Z[H] with a= Z a0
oceH oeC

be the H-part of . We define the Stickelberger ideal Sy of Z[H] by
Sy = {an | @ € Sc} C Z[H].
Letting p be a generator of the cyclic group H, set

N 1+p+p2+---+pHI/2-1 if |H| is even 1)
H= 1, if |H| is odd.
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It is known that Sy C (ny) = ng Z[H] ([10, Lemma 1]). Further, it is known
that the quotient (ny)/Sy is a finite abelian group whose order divides the
relative class number A, and that [(n¢) : S¢] = h; ([10, Theorem 2]). For a
prime number g, let

SHq=SH® Z, (C Z,[H]) and (ny)q=npZ,[H).

Here, Z, is the ring of g-adic integers.
Let F' be a number field, and K = F((,). We regard the Galois group

Gal(K/F) = Gal(Q(¢)/F N Q($))

with a subgroup H = HF of C through the Galois action on {,. Clearly, the
subfield F N Q(¢p) of Q(¢p) is real if and only if |H| is even.
Now, the main theorem is stated as follows.

THEOREM 2. Let p be a prime number with p > 23 and p # 29. Let F be a
number field such that F N Q((p) is a nontrivial real subfield of Q(¢p), and let
H = Hp be as above. Assume that there erists an odd prime factor q of hy
satisfying SH,q = (nu)q. Then, F does not satisfy the condition (Hp).

Combining this with we obtain:

COROLLARY 2. Letp be a prime number satisfying the assumption of Theorem
2. Then, F satisfies (Hp) only when F N Q(¢p) = Q.

For the assumption of the following assertions are known.

LEMMA 1. Let H be a subgroup of C = F) with |H| even and H # C.

(I) When |H| = 2, 4, 6, we have Sy = (ng).

(IT) When 23 < p < 499 and p # 29, we have Sy, = (ny), for some odd
prime factor q of h, .

(II) For a prime factor q of hy with q || h; , we have Sy o = (ng)q for any
H.

For the assertions (I) and (II), see Theorem 2(III) and Proposition 3 of [10],
and for (III), see of [9]. For prime numbers p with 23 < p < 210, it

is known that ¢ || h, for some odd prime number g except for the case where
p =29, 31 or 41 (see the table of Yamamura [14]). Therefore, is an
immediate consequence of [Theorem 2 and [Lemma 1.
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3. Consequences of McCulloh’s theorem

To study Hilbert-Speiser number fields, the theorem of McCulloh men-
tioned in Section 1 plays a fundamental role. In this section, we recall some
consequences of the theorem. For a number field F' and an integer a € O, let
Clr,, be the ray class group of F' defined modulo the integral ideal aOF, where
Or is the ring of integers of F. In particular, Clp = Clg, is the absolute class
group of F. Let OF be the group of units of F, and let [Oz], = Of mod p
be the subgroup of the multiplicative group (Op/p)> consisting of the classes
containing a unit of F. The quotient (Or/p)*/[OF]p is a subgroup of the ray
class group Clpp. The following is the necessary condition for (H,) mentioned
in Section 1.

LEMMA 2. ([3, Corollary 7]). If F satisfies the condition (Hp), then the p-part
of (Or/p)* /|OF]p i trivial.

LEMMA 3. ([8, Theorem 5]). Let F be a number field, and let K = F((,) and
H = Gal(K/F) C C. If F satisfies (Hp), then

Cig. = {0} and CIff,nCIZE ={0}.

Here, 1 = (, — 1, and le{{p is the Galois invariant part. In particular, Sg kills
Clk if F satisfies (Hp).

REMARK 2. It is known that the converse of holds when p = 3
([7, Theorem 3)).

4. Proof of Theorem 2
The following lemma is quite easy to show.

LEMMA 4. For an integer n > 2, let C, be a cyclic group of order n. Let q
be an odd prime number, and let T = C®° with s > 1. Letting Cz act on T via
(—1)-multiplication, let G be the semi-direct product of I' and Cz with I’ normal
in G. Let J be an element of G of order 2. Then, all elements of G of order 2
are given by

Jy=7"YJy withy €T,
and Jo # Jy for v #7'.

Let p be a prime number with p > 23 and p # 29. Let k = Q((,), and k*
its maximal real subfield. Let Cl; be the minus class group of k. Let g be an
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odd prime number dividing h,, and let M, /k be the class field corresponding
to the class group Cl; /(Cl,’)?. Then, M, is Galois over any subfield of k. We
easily see that there exists an extension E*/k* such that E* Nk = k* and
E*k = My . Of course, such an extension E*/k* is not uniquely determined.
Let ¢° = [M; : k.

LEMMA 5. The unique prime ideal p of k™ over p is decomposed in Et as

2
P = 1 (Pz e P(qe+1)/2) )
where gp;’s are prime ideals of E* of absolute degree one.

Proof. Let G = Gal(M, /k*) and T = Gal(M; /k). Then, G is the semi-direct
product of I and C; = Gal(k/k™*) with C; acting on I via (—1)-multiplication.
Let ¢ be the unique prime ideal of k over p. As  is principal, it completely
decomposes in M;". Let 93 be a prime ideal of M~ over {. Then, all the primes
of M over p are given by 7 with v € I'. Let T, be the inertia group of P~ over
k*, and let T = T, where e is the identity of I. Clearly, |T,| = 2. By Lemma 4,
the groups T, = vy~ !Ty with 4 € T are all the subgroups of G of order 2, and
T, # Ty for v # . Hence, we have T = Gal(M_ /E") for a suitable choice of
P. It follows that the prime 9B N Og+ is unramified over k*, and that for v # e,
P N Op+ is ramified over k* with ramification index 2 as T,y # T. From this,
we obtain the assertion since P is of absolute degree one. [J

LEMMA 6. Let ko be a subfield of k*. Let Eo/ko be an eztension such that
EoNk = ko and Egk = M, . Then, there exist ezactly one real prime and
(¢° — 1)/2 complez primes of Eo over each real prime of ko.

Proof. Let G = Gal(Mj /ko), I' = Gal(M; /k) and H = Gal(M; /Ep). An
element g € G is uniquely written as g = yh for vy € I and h € H. Let oog be
a real prime of ko, and let ¢ : M < C be an embedding corresponding to an
extension o6 of ocog to M, . Then, the set of infinite primes of M~ over oo is

{¢g, jeg | 9 € G}/ ~={p7h, joyh |y€T,he H}/ ~.

Here, j is the complex conjugation, and ~ is the obvious equivalence. It follows
that the set of infinite primes of Ey over oog is '

{(eM)1Bor G280 | Y €T} ~= {(¢M)1Bo | Y €T}/ ~

as H fixes the elements of Ey. Let T, be the inertia group over kg of the
infinite prime [¢7] corresponding to the embedding ¢vy. As kg C &+, we have
T, C Gal(M; /kt). Hence, T, equals the inertia group of [p7] over k*. By an
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argument in the proof of [Lemma 5, T. = Gal(M, /Eok*) C H for a suitable
choice of o0 or ¢, and T,y # T, for v # e. As H is a cyclic group, the last condition
implies T, Z H. Hence, it follows that the infinite prime of Eqy corresponding
to the embedding g, is real, and the other ones are complex. The assertion
follows from this. [J

Proof of Theorem 2. Let F be a number field, and let K = F((,) and ko = FNk.
Put

H = Gal(K/F) = Gal(k/ko) CC = F.

Assume that kg is nontrivial and real. Then, |H| = 2d is even, and let J be the
element of order 2 of H. Clearly, the restriction J); is the complex conjugation
of k. Let g be an odd prime number dividing h,. Assume that Sy, = (ny),.
Then, by (1), we have :

1-J=(1-p)nyg € Suq. 2)

Assume further that F satisfies (Hp). By [Lemma 3, Sy annihilates the class
group Clg. Hence, it follows from (2) that Clk(g)!~/ = {0}, where Cik(q) is
the g-part of Clk. This implies that the class field M of k is contained in K.
Let Ep be the subfield of M~ fixed by the automorphisms in H. Then, we see
that Eo Nk = ko and Eok = M. Let n = [F : Ey].

Let A; and A2 be the p-ranks of the abelian groups [O], and (Or/p)*,
respectively. In view of Lemma 2, it suffices to show that

A1 < Aq.

Let ¢° = [M; : k] = [Eo : ko]. By Lemma 6, the number of complex primes of
F is at least
p—-1 ¢-1

A3 = 5g X T Xn

Therefore, as {, € F*, it follows that

,\ls[F:Q]—,\a—1=(”‘l)g“)nq

from the Dirichlet unit theorem. Let o be the unique prime ideal of kg over p,
and let

Po = P17 - P
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be the prime decomposition in Ey. Here, gp; is a prime ideal of Ey of absolute
degree one, and

Z ei =¢°. (3)
i=1

By [Lemma 5, at least one of e; is even. Hence, we may as well assume that 2|e,.
Let

- =y

=1
be the prime decomposition in F'. Here, Nr/g,Bi,; = go{ »3 and
gi
> eijfij=n. (4)
. g=1
Let
A = @ (1+9P5%) for1<i<r-—1
and
9r
A =@ (1+93"),
and let

B; = @ (1+"pe,,,e,(p—-1)/2d) (g Ai)

for 1 < i < r. The quotient C; = A;/B; is an abelian group of exponent p, and
the product Cy @ - - - ® C. is naturally contained in (Or/p)*. Hence, it follows
from (3) and (4) that

Az 2 ZZ ei;fijei ( - 1) + Z er,jfrjer (1—9—2—_3-1— - .;.)
J

i=1 j

p—1 s, , Ner p—1 s
= —_— > _1 .
(2d 1>qn+ 2 _(Zd )qn+n

Here, the last inequality holds as 2|e,. Therefore, we see that

A2 — A > (pll—dl—l)(qs—l)n+1>0

since p — 1 > 4d as kp # Q, and we obtain the desired inequality A\; < A2. O
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Proof of Since the case (, € F* is dealt with in [6], we may assume
that ¢, € F*. As ko = FNk is imaginary, (ko : Q] = 2e is even. Let n = [F : ko].
Let A\; and A2 be the p-ranks of [Of], and (Of/p)>, respectively. As {, & F*,
we see that \; < en — 1 by the Dirichlet unit theorem. Noting that p is totally
ramified in ko, we easily see that As > (2e — 1)n. Therefore, A; < Az, and the
assertion follows from [Lemma 2. O
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