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Abstract. In this paper we introduce a new class £(¢, ¥; @) involving Hadamard
product of meromorphic functions ¢ and 4 having simple poles at z = 0. We
establish some results concerning partial sums for the functions belonging to the
class £(¢,v; a). Applications of the main results are also considered.

1. Introduction

Let ¥ be the class of functions f(z) defined by
1 [o o]
f(z) = ;+Zakzk (1.1)
k=1
which are analytic in the punctured unit disk

D={z:2€C,0<|z|<1}; U =DU{0}.

We denote by £*(a), Lx(a) and X.(a) the three subclasses of the class ¥ which
are defined (for o € [0, 1)) as follows:

' a) = {f :fex, ?R(——z—‘;%) > a} (1.2)
= {rren m(-( 2D)) 50} ag

and
Se(a) = {f: f € %, R(—221(2)) > a}, (1.4)

where the subclasses of the class ¥ denoted, respectively, by £*(a), x(a) and
Z(a) are the well known subclasses of meromorphic starlike functions of order
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a(0 £ a < 1) in Y, meromorphic convex functions of order a(0 £ a < 1) in
U, and meromorphic close-to-convex functions of order (0 £ a < 1) in Y. We
observe that every function belonging to the class X.(«) is meromorphic close-
to-convex of order a in U (see [2]). We also refer to Libera and Robertson (3],
Miller [4], Mogra et al. [5}, Mogra [6], Pommerenke [7), Raina and Srivastava
[8], and Xu and Yang [10] for the related works on the subject of meromorphic
functions.

If

hi(z) = -‘;- + gakzk (a € R - {0}) (1.5)
and

ho(z) = g + gbkzk (be R - {0}) (1.6)

are analytic in D, then their Hadamard product (or convolution) is defined by

b & |
(hy * ho)(2) = “7 + ;akbkzk. (1.7)

We now introduce a class £(¢,%;a) of meromorphic functions of the form
(1.1) which is defined as follows:
Suppose the functions ¢(z) and 1(z) are given by

6(z) = le + g)\kz" (c1 € R — {0}) (1.8)
and
W =24 T (2 eR- () (1.9)
then we say that f € ¥ is in the class £(¢, ;) if |
“(”%%) > a (a€o,1)), (1.10)

provided that (f *%)(z) # 0; (Ak)52, and (ug)5>, are increasing sequences such

that A\x = pr = 0 (Ax and pi are not both simultaneously equal to zero).
Silverman [9] determined sharp lower bounds for the real part of the quotients

of the normalized starlike or convex functions and their sequences of partial sums.
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Motivated essentially by the work in [9], Cho and Owa investigated the sharp
lower bounds for the real part of the quotients between the function of the form
(1.1) to its sequence of partial sums

1 n
fn(2) = p + lgakzk

when the coefficients are sufficiently small satisfying the coefficient inequalities
for the classes defined by (1.2) and (1.3).

In the present paper, we establish some results concerning partial sums for
the meromorphic functions belonging to the class £(¢,v; a) (defined above by
(1.10)). The results not only provide unification of the various results (proved
rather independently) of Cho and Owa [[1], but also yield some new results. The
various consequences of our main results are mentioned in the concluding section.

Special cases of the class L(¢, ¥; a)

We mention below some known subclasses of X defined by (1.1) which emerge
from the class £(¢,v; a) (defined by (1.10))
Let us choose
-1 -1
¢( ) Z(l 2)2 - =

k2,

+
7Ms

and

(z) = 2t z( z“ +Zz

then in view of the convolution defined by [1.7), and performing simple calcula-
tions, we observe that

(f x8)(2) = 2f'(2)

and

(f *¥)(2) = f(2).
Thus, the class £(¢, ;) reduces to £*(a) satisfying the relationship

_ 2 _
(2(21z~ z1)2’ Zz(l it)l;a) =% (a). (1.11)

Similarly, by putting

_ — 3z + 422 1 N
#(z) (—z)3 —z+,cz=:1kz
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and

o 22-1 -1 ™ g
w(z)—z(l—zy— z +k§=_;kz,

then in view of the convolution defined by [1.7), we find that
(f * 6)(2) = 2f'(2) + 22f"(2),

and

(f *¥)(2) = 2f'(2).
The class £(@,v; &) then reduces to X () and satisfies the relation

1-32+422 22-1
E( z(lz_t)sz ,z(f_ z)2;a) =2k(a). (1.12)

Lastly, choosing

e o]

2z—-1 -1
¢(2) = m"—“ ——z—+Zkz’°,

k=1
and '
) =2,
in {(1.7), we obtain

(f *8)(2) = 2f'(2),

and

(Fed)@) =3,

The class £(¢,%; ) then reduces to Ec(a), satisfying the relationship

c(-z%_lzl?,%;a) = Z.(a). (1.13)

2. Main Results

In this section we shall investigate the sharp bounds for 8?(7":((%), §R(f A ),

z

%(f;—%’%) and %(%((%)’ where f(z) is defined by (1.1), and fa(z) = 14+ ¢_; ax2®
(n € N) is the sequence of partial sums of (1.1).

In order to prove our main results, we require the following assertion giving
the coefficient inequality of the fucntion f(z) defined by (1.1) to belong to the
class L(¢,v; a).
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LEMMA 1. If f(z) € ¥ satisfies
> 1
> Ao, k)ax| £ §[|c1 + (2a = 1)ca| — [e1 + 2], (2.1)
k=1

where A(a, k) is given by
A(a, k) = A + apk, (2.2)
then f(z) € L(,v; ), provided that a <-1(c1,c0€R-{0};0<a<1).

Proof. In order to prove the lemma, we observe that the left-hand side of (2.1)
is a series of positive terms. To make the right-hand side of (2.1) also positive,
we show that
ler + (2a — 1)cg| > |e1 + e2f,

or, we show that
cl + (2a —1)c
_ cl +c2
Elementary calculations reveal that the above inequality is true provided that
2 = -1 (c1,¢c2 € R—{0};0 < @ < 1). This condition stated in the lemma thus
ensures the validity of the coefficient inequality (2.1).

Let the condition (2.1) be satisfied for the function f(z) € £. By virtue of
the definition (1.10), it is sufficient to show that

(f*xd) + (F+Y) l <1
(f*8)+ (2a—-1)(f *x9)
Using (1.1), (1.8) and [(1.9), we obtain

> 1.

a4+ oo)\az’°+9}+ oo,uaz"
(F*d)+(f+9) 2 ax 2w

I — k=1 k=1
(f*xo)+ (2a—1)(f *v) a4 i/\kakzk + (2a—-1) {Ezz + Zukakz"}
Pt k=1

o o]
(c1+c2) + Z(/\k + px) a2kt
k=1

c1+ (2a —1)cs + Z{)\k + (2a — 1) u }agzk+1
k=1

lex + cal + Y (Ak + pe)lak|

k=1
)

e+ 2o - Degl = 3+ (20— D Hal
k=1

IA




6 R.K. RAINA AND D. Bansal

The last expression is bounded by 1 if which is true by virtue of (2.1), and the
proof is complete.

If we choose arbitrary functions ¢ and ¥ in (1.10) acoording to (1.11), (1.12)
and (1.13), we get the following assertions:

COROLLARY 1. Let the function f(z) € T satisfy the coefficient inequality

[ <]

S (k+a)lar| S1-a, (2.3)
k=1

then f(z) € T*(a).

COROLLARY 2. Let the function f(z) € X satisfy the coefficient inequality

ik(k+a)|ak| S1-aqa ' (2.4)
k=1

then f(2) € Zk(a).

COROLLARY 3. Let the function f(z) € T satisfy the coefficient inequality
o0
) klak| £1-o, (2.5)
k=1

then f(z) € ().

REMARK 1. If ¢; + ¢ = 0 with |¢;| = |c2| = 1, then the inequality (2.1)
simplifies to the form

[o o)
> A(a,k)lak| £1-a. (2.6)
k=1

To prove our main results we also need the following definition:

DEFINITION 1. For two functions f and g analytic in U, we say that the
function f is subordinate to g in U« (denoted by f < g), if there exists a function
w(z), analytic in U with w(0) = 0, and |w(z)| < 1 (2 € U) such that f(z) =
g(w(2)).

THEOREM 1. If f(z) € ¥ satisfies the coefficient inequality (2.6), then for
ma.x{O, }—_‘;ﬁ} Sa<l:
§R( f(2) ) Ala,n+1)+a-1
fn(2) A(a,n+1)

[\

2.7)
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and

fn(2) Ala,n+1)
§R(f(z))gA(oz,n+1)—o[.§.1’ (2.8)

where A(a,n + 1) is given by [2.2). The results are sharp for every n, with the
extremal functions given by

l1-«o

A(a,n +1) 2" (neN), (2.9)

fla) =1+

where the equality in (2.7) is attained when z = re™/™*! (r — 17), and for
' equality is attained when z = re?™¥/n+2 (r o 17).

Proof. To prove (2.7), we have to show that

(2.10)

A(a,n+1)[f(z) A(d,n+1)+a—1] 1+ 2
1-o fa(z) A(a,n+1) 1-2

Using definition of subordination, and putting the values of f and f,, we have
from (2.10):

1+ Zakz"’+1 + Aleuntl) ‘;’_":1 i arz*+1
k=1 k=n+1 _14+w(2) (2.11)

n T 1-w(2)’
1+Eakz’°+1 ()
k=1

Our assertion (2.10) is true if we show that w(0) = 0 and |w(2)| < 1; z € U.
From (2.11), we get

(> o]
AGrh) 3 gyttt

k=n+1
w(Z) = n o0 b
2+ 22%2""‘1 + ﬂ%_l‘aill E apzktl
k=1 k=n+1

and obviously w(0) = 0, and

o0
Az 3 el

lw(z)] < h=ntl

n [ °
A 1
2-2) Jax| - Apnt) B gy
k=1

k=n+1
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Now |w(z)| £ 1 if and only if

n oo

A(a,n+1)
> lak| + o > ekl £ 1. (2.12)
k=1 k=n+1

This will hold if we show that L.H.S. of (2.12) is bounded above by 35> , A&&),, |
(in view of [2.6)). This is equivalent to

;(éf«%?—l)lakH f: (A(a,k)-l-f(aa,n+1))|ak|go’

k=n+1

which is true due to our condition on «, and the increasingness of the sequence
A(a, k), VE € N.

THEOREM 2. If f(z) € X satisfies the coefficient inequality (2.6) such that

max{o, ﬁ-‘%} S a <1, and the sequence <ﬂi—kl>°i_ is nondecreasing, then
f'(z) Alo,n+1) - (1—-a)(n+1)
§R(fr'z(z)) = A(a,n+1) (2.13)
and
fn(2) Ala,n+1)
§R(f’(Z)) 2 Ala,n+ 1) +(n+ 1)1 -a) (2.14)

The results are sharp for every n with the extremal functions given by

1 l—a

—— - = . n+l
== + A(a,n+1)z (n €N), (2.15)

f(2)
where the equality in (2.13) is attained when z = re?™/"+2 (r — 17), and for
(2.14) equality is attained when z = re™/"*+2 (r 5 17).

Proof. We prove (2.13), and the proof of (2.14) is similar and is here omitted.
Proceeding as in [Theorem 1, we set

A(a,n+1) [f’(z) Ala,n+1) - (1—a)(n+ 1)]

(I-a)r+1)Lfiz) Alo,n+1)
1-) kapzb+t - TJ—R—H_Z’":_,I_I D kagzk+?
_ k=1 k=n+1 1+ w(z)

- n T 1—w(2)
I—X:ka,,,.,z""*'1 (2)

k=1
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Solving for w(z), we get

oo
Aynn+12 k+1
T O=a)(n+l Z kakz

=n-+1
w(z) = — = ,
2= 23 hausttt - ASE 5 ozt
k=1 k=n+1

which impies that

oo
A(a,n+1)
l—znn-f-l Z klakl

> k=n+1
lw(z)| 2
223 o - 2525 3 Mol
k=n+1
Now —w(z)— . 1 if and only if
Zklakl + Z A(a n+l) klax| £1, (2.16)

k—-n+1 @)(n+1)

whlch will hold true if we show that the L.H.S. of (2.16) is bounded above by
Pl i‘%g;kllakl (in view of [2.6)). This is equivalent to

& M (n+ )28 _ g(a,n+1)
2k ((1 )‘l)'“’”'ﬂglk( T=am+ ) lax 20,

which is true due to the condition implied on a, and the increasingness of the

sequence < M >

3. Applications of Main Results

In this section we consider some applications of the main results (Theorems 1
and 2) as worthwhile consequences of our main results, by properly specializing
the arbitrary functions ¢(z) and (2) occurring in (1.8), (1.9) and (1.10).

Thus, if we set ¢(z) = ;%E:—zlv and ¢(z) = 725——'5- in (1.10), then as mentioned
in (1.11), the class £(¢,%; o) reduces to a known class. Also, as a consequence
of the above choice of functions ¢(z) and 1(z), the parameters c; and c; are

chosen as ¢; = —1 and c; = 1, and the arbitrary sequences {A\r} and {ux} set
as Ay = k(k € N) and px = 1(k € N) in (2.7) and (2.8) of Theorem 1, and
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also in (2.13) and (2.14) of [Theorem 2, thereby, simplifying considerably the
right-hand members of these inequalities. We eventually obtain the following
result emerging (in combined form) from Theorems 1 and 2. The other results
(Corollaries 5-6) are deducible in similar manner from Theorems 1 and 2 (in
combined forms) by suitably involving the known forms of classes of functions
as mentioned in (1.12) and (1.13), and by 8 setting the arbitrary functions and
sequences of parameters appropriately (as indicated just above).

COROLLARY 4. If f(z) € T satisfies the coefficient inequality (2.3), then

f(2) n+ 2a
?R(fn(z)) n+1+a(0§a<1) (3.1)
fn(z) n+l+a
(f(z)) ) (0§}a<1) (3.2)
f'(2) _
%(m) 20 (fora=0) (3.3)
and
fn(2)
%(f’( )) = (for a =0). (3.4)
The results are sharp for the extremal functions given by
f(z) = % + E—_}}%z"“ (n €N). (3.5)

where the equality in (3.1) is attained when z = re™/™*2 (r — 17), and for
(3.2) equality is attained z = re?™/™*2 (r — 17). Similarly equality in (3.3) is
attained when z = re?™/"*2 (r =5 17), a = 0; and for (3.4) equality is attained
when z = re™/™*2 (r 5 17), a =0.

COROLLARY 5. If f(z) € T satisfies the coefficient inequality (2.4), then

f(2) (n+2)(n + )
gre(fn(z)) = n+Dn+1+0) 0sa<1) (3.6)

fa(2) (n+1)(n+1+a)
§R( (z)) m+1)(n+2) -n(l-a) Osa<l) (3.7)
(J{n((?)) nitia (0<a<0) (3.8)

and

| sn(f"‘(z)> > % 0<La<l). ' (3.9)
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The results are sharp for the ertremal functions given by

l-a

hTiTamT 1):5"+l (n €N), (3.10)

@)=+

where the equality in (3.6) and (3.9) is attained when z = re™/™*2 (r - 17),
and for (3.7) and (3.8) equality is attained when z = re?™/nt2 (r o 17),

COROLLARY 6. If f(z) € ¥ satisfies the coefficient inequality (2.5), then

f(2) n+a
R(fn(z))gn_'_l 0La<l) (3.11)
R(’}‘((;))) gn:;ia 0Sa<l) (3.12)
8%(-}%((%) 2a{(0£a<0) (3.13)
and

%(’}7((5))) > 2_1a 0<a<). (3.14)

The results are sharp for the extremal functions given by
F(2) = §+ ;—1%5‘“ (neN), (3.15)

where the equality in (3.11) and (3.14) is attained when z = re™/™+2 (r - 17),
and for (3.12) and (3.13) equality is attained when z = re2*/"+2 (r — 17),

REMARK 2. Each of the results of Corollaries 4 and 5 were earlier proved
independently by Cho and Owa (1, Theorems 2.1, 2.2, 2.3, 2.4 and 2.5]. The

results stated in are believed to be new.
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