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Abstract. In this paper we investigate the global convergence result, bounded-
ness, and periodicity of solutions of the recursive sequence .

azTn + BTn—1 + VTn—2

, n=0,1,...
Azy 4+ Bzy_ 1 +Czxpn_2

Tn+l =

where the parameters A, B, C, a, 8 and 7y are positive real numbers and the initial
conditions x_2,z_; and zg are arbitrary positive numbers.

1. Introduction

Our goal in this paper is to investigate the global stability character and the
periodicity of solutions of the recursive sequence

aTy, + BTp_1 + VTn_2 (1)
Az, + Bzxp_1+Cxp_o

Tnitl1 =

where A,B,C,a,8 and v € (0,00) with the initial conditions z¢, z_; and
z_2 € (0,00).

This paper is motivated by the open problem 6.10.8 in Kulenovic and Ladas
[9, pp.126], and we also regard theorems as an answer in the affirmative for this
open problem.

The special case of Eq.(1) where C = v = 0 was investigated in [8]. Also
many other special cases of Eq.(1) are studied in [2,5-7].

DEFINITION 1. The difference equation
Tntl1 = F(mnamn—lyr v azn—k)a n = 0)17 e (2)

is said to be persistence if there exist numbers m and M with0 <m < M < o0
such that for any initial conditions z_x,z_x41,... ,Z—1, 0 € (0,00) there exists
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a positive integer N which depends on the initial conditions such that
m<zpn,<M forall n>N.

DEFINITION 2. (Stability)
(i) The equilibrium point Z of Eq.(2) is locally stable if for every € > 0, there
exists § > 0 such that for all z_x,z_g41,... ,Z-1,Z0 € I with

|z_x —F| + |Z—ks+1 —F| + - + |0 — T| <6,
we have
|z, —Z| <€ forall n> —k.

(ii) The equilibrium point Z of Eq.(2) is locally asymptotically stable if
T is locally stable solution of Eq.(2) and there exists v > 0, such that for all
TkyLktly--- yT—1,Zo € I with

|T_k — | + |T—ge1 —F| + -+ |To — F| <,
we have

lim Tp = f.
n—o0

(iii) The equilibrium point Z of Eq.(2) is global attractor if for all z_x, _x41,
.,Z_1,%9 € I, we have

lim z,=T.
n—o00

(iv) The equilibrium point Z of Eq.(2) is globally asymptotically stable if
7 is locally stable, and T is also a global attractor of Eq.(2).

(v) The equilibrium point Z of Eq.(2) is unstable if Z is not locally stable.

The linearized equation of Eq.(2) about the equilibrium Z is the linear dif-
ference equation

| Kk
OF(Z,%,... T
Yni1 = ) ( )yn-—i (3)

=0 awn_i

THEOREM A. Assume that p,q € R andk € {0,1,2,...}. Then

Ipl + gl <1
is a sufficient condition for the asymptotic stability of the difference equation

Tnt1 +PTn +qTn—x =0, n=0,1,....



GLOBAL ATTRACTIVITY AND PERIODIC CHARACTER 91

REMARK 1. Theorem A can be easily extended to a general linear equations
of the form

Tntk +DP1&ntk—1 + ... + PkTn =0, n=0,1,... (4)

where p1,p2,...,px € R and k € {1,2,...}. Then Eq.(4) is asymptotically stable -
provided that

k
Z lpi| < 1.
i=1

The theory of the Full Limiting Sequences was indicated in [3] and [4]. The
following theorem was given in [1].

THEOREM B. Let F € C[I**1,I] for some interval I of real numbers and for
some non-negative integer k, and consider the difference equation

Tnt1 = F(Tpn,Tn-1,-,Tn—k)- (5)

Let {z,}32 _, be a solution of Eq.(5), and suppose that there exist constants
A € I and B € I such that

ALz, <B forall n>-k.

Let o be a limit point of the sequence {z,}32 _,. Then the following state-
ments are true.

(i) There exists a solution {L,,}3 ___ of Eq.(5), called a full limiting sequence
of {zn}52 _,, such that Ly = o, and such that for every N € {...,—1,0,1,...} Ly
is a limit point of {z,}32 _,.

(ii) For every 49 < —k, there exists a subsequence {z, }$2, of {z,}3> _, such

that

Ly = lim z,,4n for every N > ip.
100

2. Local Stability of the Equilibrium Point

In this section we study the local stability character of the solutions of Eq.(1).
Eq.(1) has a unique positive equilibrium point and is given by

a+ B+

T A¥BYC
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Let f:(0,00)3 — (0, 00) be a function defined by

au+ By +yw
Au+ Bv + Cw

(6)

flu,v,w) =

Then the linearized equation of Eq.(1) about Z is

Yn+1 + Q2Yn + G1Yn—1 + QoYn—2 =0 (7)

where a3 = — (%, Z, %), a1 = —fo(T, T, F), and ap = — fu (T, T, T).

Whose characteristic equation is
M +aX2+ad+ag=0 (8)
THEOREM 2.1. Assume that

(a+B8+v)(A+B+C)> max{ |27(A + B) — 2C(a + B)|,
' [2,6(A+C) —2B(a+7)|,
124(8 +7) —2a(B+C)[}.  (9)

Then the positive equilibrium point of Eq.(1) is locally asymptotically stable.

Proof. 1t is follows by Theorem A that, Eq.(7) is asymptotically stable if all
roots of Eq.(8) lie in the open disc |A| < 1 that is if

laz] + |ai| + |ao| < 1. (10)
We consider the following cases
(1)az >0,a; >0 and ap > 0. In this case we see from that

A(B+v)—a(B+C)+Bla+v)—-BA+C)+C(a+B)—~v(A+ B)
<(A+B+C)a+B8+7)

if and only if
(A+B+C)a+B8+7) >0,
which is always true.
(2) az >0,a; >0 and ag < 0. It follows from that

AB+7)—a(B+C)+Bla+v)-BA+C)-C(a+p8)+v(A+ B)
<(A+B+C)a+B+7)
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if and only if
| 2y(A+B)-2C(a+B8) < (A+B+C)a+8+7),
which is satisfied by Condition (9).
(8) a2>0,a; <0 and ap > 0. From [10) we see that

AB+7v)—a(B+C)—-B(a+v)+B(A+C)+C(a+B8)—v(A+ B)
<(A+B+C)a+B+7)

if and only if
26(A+C)-2B(a+v) < (A+B+C)(a+B8+17),
which is satisfied by (9).
(4) a2 >0,a; <0 and ag < 0. From we see that

AB+7)—a(B+C)—B(a+~v)+B(A+C)—-C(a+ B8)+v(A+ B)
<(A+B+C)a+B8+7)

if and only if
2A(B+7) —2a(B+C) < (A+ B+ C)(a+B+17),
which is satisfied by (9).
(6) a2 <0,a; >0 and ap > 0. From [10) we see that

—A(B+7)+a(B+C)+B(a+v) - B(A+C) +C(a+ ) —v(A+ B)
<(A+B+C)a+8+7)

if and only if
20(B+C) —2A(B+7) < (A+ B+ C)(a+8+7),
which is satisfied by (9).
(6)az <0,a; >0 and ag < 0. It follows from that

—A(B+7)+a(B+C)+Bla+v)-B(A+C)-C(a+B)+v(A+ B)
<(A+B+C)a+B+7) :



94 E.M. ELABBASY, H. EL-METWALLY, AND E.M. ELSAYED
if and only if
2B(a+7) —2B8(A+C) < (A+B+C)(a+B+),
which is satisfied by (9).
(7) a2 <0,a; <0 and ap > 0. From we see that

—-AB+v)+a(B+C)—-B(la+vy)+BA+C)+C(a+B)—v(A+ B)
<(A+B+C)a+B8+7)

if and only if
2C(a+B)—2y(A+B) < (A+B+C)(a+ B+7),
which is satisfied by (9).
(8) ag<0,a; <0, and ag < 0. From [10) we see that

-A(B+v)+a(B+C)—-B(a+7v)+B(A+C)—-C(a+8)+v(A+ B)
<(A+B+C)a+8+7)

if and only if
(A+B+C)(a+8+7) >0,

which is always true. The proof is complete.

3. Boundedness of solutions

Here we study the permanence of Eq.(1).
THEOREM 3.1. Every solution of Eq.(1) is bounded and persists.
Proof. Let {z,}5% _5 be a solution of Eq.(1). It follows from Eq.(1) that

axn*‘ﬁxn—14'7xn—2

Tntl = Azp + By 1 +Czp_s
B o, Bxrn_1
= Az, + Bon1 ¥ Cons | Azn+ Brn1+ Conoa
YTn—2

+

Azn, 4+ Bzp_1 +Cxpn_2
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Then
mn<g+—@+l=M forall n>1. (11)
— A B C -
Now we wish to show that there exists m > 0 such that
zp,>m forall n>1.
The change of variables
wn = )
Yn
gives Eq.(1) in the form
o 4 B 4 7
1 — Yn Yn-—1 Yn-2
= A B C
yn+1 y_n Yn-—1 + Yn-2
or in the equivalent form
Ynil = AYyn—1Yn—2 + BYyn¥Yn—2 + Cyn¥n—1
il =
OYn—1Yn—2 + BYnYn—2 + YYnYn—1
— Ayn—lyn—2 + Bynyn—2
Yn—1Yn—2 + BYnYn—2 + YYnYn—1 OYn—1Yn—2 + BYnYn—2 + YYnYn—1
+ Cynyn—l
AYn—1Yn—2 + BYnYn-2 + YYnYn—1
It follows that
A B A
v < 24 B C_ABy+Bay+Cof _popo o 1
a B v afy
Thus we obtain
1 1 afBy
LTy = — > — = =m forall n>1. 12
"y, T H ABy+ Bay+ CafB = (12)

From and (12) we see that

m<z, <M forall n>1.

Therefore every solution of Eq.(1) is bounded and persists.
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4. Periodicity of solutions
In this section we study the existence of prime period two solutions of Eq.(1).

THEOREM 4.1. Eq.(1) has positive prime period two solutions if and only if

(i) 4B(a+v) < (A+C - B)(B—a—"7).

Proof. First suppose that there exists a prime period two solution

. ’paq,p’Q:"'

of Eq.(1). We will prove that Condition (i) holds.
From Eq.(1), we see that

p= 24t Pp+ra
Ag+ Bp+Cq’

and

_ op+Ba+p
Ap+ Bq+Cp’

Then it is easy to see that p and q are the two positive distinct roots of the
quadratic equation

_B-a=m), B-a-N@+r) _,

tz
B B(A+C-B)

(13)
and so

> 0.

[ﬂ—a—7]2_4(ﬂ—a—7)(a+7)
B B(A+C - B)

Since A+ C —B and [ — a— v have the same sign, (i) follows.

Second suppose that Condition (i) is true. We will show that Eq.(1) has a
prime period two solution. Assume that p and q are the two roots of Eq.[(13).
It follows from Condition (i) that p and q are distinct positive real numbers.
Set

T_g=p, T_1=¢q and zo=p.
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It is easy to prove that
T =T and 3 = zo,
and it follows by induction that
Ton =p and Topy1 =¢q forall n>-1.

Thus Eq.(1) has the positive prime period two solution

Ry 2’y 2%/ PR

where p and q are the distinct roots of the quadratic equation and the proof
is complete.

5. Global Stability of Eq.(1)
In this section we investigate the global asymptotic stability of Eq.(1).

LEMMA 1. For any values of the quotient %, %, and %, the function f(u,v,w)
defined by Eq.(6) has the monotonicity behavior in at least two of its arguments.

Proof. The proof follows by some computations and it will be omitted.

THEOREM 5.1. The equilibrium point T is a global attractor of Eq.(1) if one
of the following statements holds

(1)aB >BA,BC >~B and v(2A+ B +C) > (a+ B)(B +C). (14)
(2)aC >v¥A,BC <yB and B(2A+B+C) > (a+7)(B+C).  (15)
(B8)aB>PBA, aC <~vA and B(A+B+20C) > (a+7)(A+B). (16)
(4)aB<BA,aC>~A and y(A+2B+C) > (a+B)(A+C). (17
(5)aC <yA,BC >+B and a(A+2B+C) > (B+7)(A+C).  (18)

(6) aB < BA,BC <+4B and a(A+ B +2C) > (B+7)(A+ B). (19)
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Proof. Let {z,}3 _, be a solution of Eq.(1) and again let f be a function
defined by Eq.(6)

We will prove the theorem when case (1) is true and the proof of the other
cases are similar and so we will be omitted.

Assume that (14) is true, then it is easy to see that the function  f(u,v,w) is
non-decreasing in its first argument and non-increasing in its third argument.
Thus from Eq.(1) we see that

oo OntBTno1 +VTn  0Tn+ Brn_1+7(0) _ azn+fTn1
"1~ Agn + Bzn1+C2n2 ~ Azn+ Bzn,_1 +C(0) Az, + Bz,

oLy, BLn—1 o B
= < — —.
Az, + Bony Az, +Br.,- A B
Then
tn< 242 M forall n>1 (20)
n>ZA TR~ =

T _ ary, + ﬁmn—l + YTn—2 > a(O) + an—l + 7(M)
"t Az, + Bzn1 + Cn_y — A(0) + B(M) + C(M)

BO +YM) 7

— > 1.
Z BN +COD = B+0) m forall n>1 (21)
Then from Eq.[20) and [2I) we see that
Y a B aB+pA
=7 <z, <2 L2270 > 1.
m (B+C)"m _A+B 1B forall n>1

It follows by the Method of Full Limiting Sequences that there exist solutions
{I.}32 _ o and {S,}52 _, of Eq.(1) with

I=Iy= lim inf z, < lim sup z, = Sy =S,
n—o0 n—»o0

where
I.,S, €[I,S], n=0,—-1,....

It suffices to show that I=S.
Now it follows from Eq.(1) that

I= al 1+ BI_o+~I_3
- AI_14+ BI o+CI_3

2 f(I,1-2,8)

_ol+Bla+yS _ (a+B)I+95
~ AI+BI ,+CS = AI+(B+C)S’
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and so
(a+B)+~S—-AI° < (B+C)SI. (22)
Similarly, we see from Eq.(1) that

S = aS_1+6S_2+v5_3
AS_1+BS_,+CS_3

< f(S,5-2,1)

oS+ BS_o+41 < (a+B)S++1
~ AS+BS_,+CI ~ AS+ (B+O)I’

and so
(a+B)S+~I—-AS%> (B +C)SI. (23)
Therefore it follows from and that
| (a+B)+~8 - AI?’ < (a+ B)S +vI — AS?
if and only if
(a+B)(S=T)+~v(I-8)+ AT +S)I-S)>0.
Thus
(I =S)AUI+8)+7—(a+pB)] 20,
and so
I>S if AU+S)+v—(a+8)=>0.
Now, we know by (14) that
(a+B)(B+C) <vy(2A+B+0C).

Then
2A
B+C

(a+B)(B+C) <~(B+C) +1).

Thus
' 24

<A(I+S ,
B3O +v < AT+ 8)+~

(@+8) <9(

2y
=A
t=4575¢
and so it follows that

Therefore

This completes the proof.
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