YOKOHAMA MATHEMATICAL
JournaL Vor. 52, 2005

EVALUATION OF SOME CONVOLUTION SUMS
INVOLVING THE SUM OF DIVISORS FUNCTIONS

By
NATHALIE CHENG AND KENNETH S. WILLIAMS

(Received December 17, 2004; Revised June 30, 2005)

~Abstract. The convolution sums Zm<n/2 o'e(m)af(n — 2m) and Em<n/4
ge(m)as(n — 4m) are evaluated explicitly for certain values of e and f and all
positive integers n.

1. Introduction

For e € N and n € N we set
oe(n) = Zde.
d|n

If n ¢ N we set 0.(n) = 0. We also write o(n) for o1(n). We define the
convolution sum S, ¢(n) (e, f,n € N) by

n—1

(1.1) | Se,f(n) ==Y oe(m)os(n—m).

m=1
We note that
(1.2) Se,f(n) = Sfe(n).

Ramanujan’s tau function 7(n) (n € N) is defined by

(1.3) A =q[[a-gM*=>"1(n)g", ¢€C, g <1
n=1 n=1

The first twenty values of 7(n) are given in the following table.
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1 1 6 —6048 11 534612 | 16 987136
2 —24 7 —16744 12 —370944 17 —6905934
3 252 8 84480 13 —577738 18 2727432
4 —1472 9 —113643 14 401856 19 10661420
5 4830 10 —115920 15 1211760 | 20 —7109760

A table of the values of 7(n) can be found in [12]. Ramanujan [11] and Lahiri
[6], [7] have shown that S, ¢(n) can be expressed as a linear combination of

(1.4) a;(n) (G=1,3,...,e+ f+1), noerso1, 7(n)
with rational coefficients for those pairs (e, f) € N? satisfying
(1.5) e+ f<12, e=f=1 (mod2).
Specifically they proved
5 (1-—6n)
(1.6) | S1,1(n) = —1-503(71) + 1 o(n),
7 (1-3n) 1
(1.7 S1,3(n) = §605(n) + o 3(n) — %0(_”)’
5 (1—-2n) 1
(1.8) S1,5(n) = 1—2607(n) + > 5(n) + mo(n),
' 1
(1.9) S3,3(n) = 130 o7(n) — 12003(n)
(2-3n) 3n)
(1.10)  S1,7(n) = 48009( n) + o7(n) — 4Sory(n)
11 1 1
(1 11) 53’5(7?,) = mag(n) - %05(72) + gﬁdg( )
455 (5 — 6n) 1
(1.12)  S19(n) = 30404011(n)+ —15—0“*09(71)""23‘20( n) — 3455 7(n),
91
(113)  Sy7(n) = qgogzson(n) — 5r07(n) — o05(n) + sror(n),
(1.14)  S5s(n) = oo (n) + a()——f‘—(>
' 55\ = 17413271 25275\ T go1 "
691 (1-n) 691
(1. 15) Sl,ll(n) = 65520013(7‘&) + o4 0’11(n) - 655200(17,),
1
(1.16) Sg,g(n) = 26400'13( ) 240 9(TL)+ 26403(n)
1 1
(1.17) S5y7(jﬂ) = 10080013(n) + 50—407(71) - mas(n).
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In 1997, Melfi [8], [9] considered among others the convolution sums

> o(me(n—2m), > o(m)os(n—2m), and »  o3(m)o(n—2m),

m<n/2 m<n/2 m<n/2

when n is odd, and proved that

Z g(m)o(n —2m) = Tlids(n) + (—1—in)a(n), n=1 (mod 2),

24
m<n/2
Z o(m)oz(n —2m) = ! —o5(n) + Qin)og(n), n =1 (mod 2),
48 48
m<n/2 :
Z 0’3(77’1)0’(71 —2m) = i05(77,) - La(n) n =1 (mod 2).
S 240 240 ’
m<n/2
For e, f,n € N we set
(1.18) T.;(n)= Y oe(m)os(n—2m)
m<n/2
and
(1.19) Ues(n)= D oe(m)os(n—4m).
m<n/4

In 2002 Huard, Ou, Spearman and Williams [4] evaluated T, f(n) when (e, f) =
(1,1),(1,3), (3,1) and U, ¢(n) when (e, f) = (1,1) for all n € N, using only
elementary methods. They proved

(1-3n)
7o)

(2 3n)

505(n) + 303(n/2) +

Ty 1(n) = B

(1 —-6n)
+ Ta(n/Z),

Ti3(n) = 1 05(n) + icrs(n/2) + ——03(n) — 2400(71/2)

Tya(n) = 550 (n)+las<n/2>+( ) g5(n/2) ~ 5gsotn)
Uia(n) = ggo3(n) + —l%og(n/2)+%ag(n/4)+g_i.83_n)a(n)+(;_fn)a(n/4).

In this paper we evaluate T, ¢(n) and U, ¢(n) for all n € N for those pairs
(e, f) € N? satisfying e + f < 10, e = f = 1 (mod 2) (Sections 3-7). In Section
8 we use the values of T3;(n) and Uz 1(n) to reprove in a very simple way the
formula of Ono, Robins and Wahl for the number of representations of n € N as
the sum of 12 triangular numbers [10, Theorem 7, p. 85].
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2. Preliminary results

We begin by recalling Ramanujan’s functions

(2.1) Lig)=1-24) o(n)g", gl <1,
(2.2) M(q)=1+240) o3(n)q”, lgl <1,
(2.3) N(q) =1-504)» o5(n)q”, lg| <L

Ramanujan [11] and Lahiri [6], [7] actually use P, Q, R in place of L, M, N but
we follow the usage of Berndt [1, p.318]. For k € N with £ > 1 the Elsenstem
series

2 = n
Eop(T) :=1+ m 2;10'21:—1(”)‘1 )

where 7 € H = {z +iy € C | y > 0} and g = €2™", is a modular form of weight
2k for the modular group I' = SL(2,Z). Here as usual {(s) denotes the Riemann
zeta function. As {(—3) = 1/120 and C(—5) = —1/252 we have FE4(7) = M(q)

and Eg(7) = N(g). The function E5(7) := 1 — 24Za(n = L(g) is not a

modular form but is transformed under the action of I‘ by

ar +b\ 2 6 a b
E2<6T+d)—(c7'+d) Eg('r)+—7—r-z:c(c7'+d), [c d]eI‘,

see [1, p. 318]. We need the following identities which can be found in Lahiri [6],
[7]-

(2.4) L%(g)=1-2%.32 i no(n)q™ + 2¢.3.5 iag(n)q",

(2.5) MZ*(q)=1+2°-3-5) o7(n)q",
n=1
24.32.5.7.13

(2.6) M%) =1+ ool Zan(n)q SEL LY Zf(n)q ,

24.32.5.7.13 «— " 2-3-72°°
(2.7) N*g)=1+ 691 > ou(n)g —TZT(n)qn,

n=1 n=1
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(2.8) L(q)M(q) =1+2*.3%.5 i nos(n)g™ —23.32.7 Z os(n)q”,

n=1 n=1
(2.9)  L(g)M%*(g)=1+2*32.53 nor(n)g" —2°-3-11)_ a(n)q",
n=1 n=1
(2.10) L(g)N(g) =1-2*.32. 72 nos(n)g" +2°-3-5 Z o7(n)q™,
n=1 n=1
(2.11)  M(q)N(g)=1-23-3-11 oo(n)q",
. n=1

012 L@M@N@=1- 2 2S noy(n)e

2¢4.32.5.7-13 & . 28311 n
P 2 - T 2T

n=1 n=1

From this point on we restrict g to be a real number satisfying 0 < ¢ < 1. Then
0 < —loggq < oco. As usual we denote the Gaussian hypergeometric function by
oFi(a,b;c; z). The derivative y’ of the function

moF (3,51;1—x)
2F1 (_21-’%,17:1;)
is given by
z 11 -2z)!
R )

see [1, p.87]. For 0 < z < 1, we have

oo 2
2F1 (3,515 Z ()m">0

so that y’ < 0 for 0 < z < 1. Hence y is a decreasing function of z for 0 < z < 1.
As y(0) = oo and y(1) = 0, the function y decreases from oo to 0 as r increases
from 0 to 1. Hence there is a unique value of z between 0 and 1 such that

_ o Y (é, ;;l;l—m)
2F1 (2} 211;33)

(2.13) = —logg.

Thus
mF (3,351 - 2)

(2.14) g=ev=e 2F1(33L9)
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We also set
(2.15) | w=F (3, 51z).
The following formulae are proved in [2, pp. 126-129]
2 dw

(2.16) L(g) = (1 - 5z)w* + 12z(1 — m)wa—a;,
(2.17) M(q) = (1 + 14z + 22w,
(2.18) N(q) = (14 z)(1 — 34z + z2)w®,
(2.19) L(¢%) = (1 — 2z)w? + 62(1 — x)w%,
(2. 20) M(g*) = (1 -z + z?)w?,
(2.21) N(®) = (1+2)(1 - %a:)(l — 2z)u,

4y = (1 - 2pyw? 2
(2.22) Lg*)=(1 4ac)w +3z(1 — z)w e

1
(2.23) M@ =Q10-z+ 1—6x2)w4,
1 1

4\ = o = W2Y,,0
(2.24) N(¢*) = (1 2m)(l T =5t Jw®.
Finally, from (2.6) and (2.7), we obtain
(2.25) M3(g) ~ N*(q)=2°-3° 3 r(n)q™.

n=1

Appealing to (2.17), (2.18) and (2.25), we deduce

z(1l — z)*w!?

(2.26) Alg) = Y 7(n)g" = T
n=1

Applying the principle of duplication (2, p. 125]
‘ 2
0o & x_)(l—\/l—m) , w__)w(l-i—\/l—a:)
: 1+V1-z 2
to (2. 26), we obtain ‘

o0 201 _ \2,,,12
(2.27) A@) =3 rma == Cogre

Applying the principle of duplication to (2.27), we obtain

(2.28) Ag*) =) r(n)g*" = ﬂl—;j——)w—lﬁ
n=1
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3. Evaluation of T, y(n) and U, s(n) for e + f = 2
We begin by determining L(q)L(q?) and L(q)L(qg*).

THEOREM 3.1.

() L@L(@®) = 31%() + I(e) - 5 M(a) — 3

5
(i) L@L(*) = 322 +2L(a")? ~ 5 M() + o5 M(@®) ~ 3 M(a").

=M(q%),

Proof. From (2.16) and (2.19) we obtain
(3.1) - —L@) +2L(g") = (1 + 2w,
Squaring we deduce that

- L*(q) - 4L(q)L(¢°) +4L*(¢°) = (1 + 2z + 2®)w*
From (2.17) and (2.20) we have

M(q) + 4M(g?) = (5 + 10z + 5z°)w?.

Hence |

L3(g) - AL(@)L(g?) +4L3(¢?) = M(q) + £ M(@),
from which part (i) follows. Part (ii) follows similarly. O

From we deduce the values of T} 1(n) and Uj 1(n) mentioned at
the end of Section 1.

THEOREM 3.2.

0) Tia(n) = 7505(n) + 30s(n/2) + T2

(1—6n) 6n)

o(n) + a(n/2),

() Ura(m)= g5 as<n)+—as<n/2>+gas<n/4>+%a<n>+( Slo(n/9)

Proof. We have

i" D' S o(m)g?™ = (1 _zi(")) (1 —21:4(q2>>

~
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- 31— L@) - Lia?) + L@ L(e?)
= m(zo — 20L(q) — 20L(g%) + 5L*(q) + 20L?(¢*)

— M(q) — 4M(g%)),

by [Theorem 3.1 (i). Appealing to (2.1), (2.2) and (2.4), and equating the coeffi-
cients of g™, we obtain the asserted formula for 73 1(n). The formula for U; ;(n)
follows similarly from [Theorem 3.1(ii), (2.1), (2.2) and (2.4). O

Mheorem 3.2/(i) is [4, Theorem 2, p. 247] and [Theorem 3.2 (ii) is [4, Theorem
4, p. 249].
4. Evaluation of T, s(n) and U, ¢(n) fore+ f = 4

We first determine L(q)M(q?), L(q*>)M(q), L(q)M(q*) and L(g*)M(q). In
order to do this we introduce the constants a(n) (n =1,2,...) defined by

= — 2)wb

The first twenty values of a(n) are given in the following table.

[nfam) [ nlam) | n | am | n |an)|
1 1 6 0l 1 540 | 16 0
2 0 7 —88 | 12 0| 17 594
3 —-12 8 0| 13 | —418 | 18 0
4 0 9 —-99 | 14 0} 19 836
5 54 | 10 0| 15 | —648 | 20 0
Similarly to the proof of we obtain

THEOREM 4.1.
(1) L(g)M(q*) = 2L(g*)M(¢*) + 5 N(Q) - —N(q ),
16

(i) M(@L(¢?) = 3L@)M(9) — 5N(0) + 57 N(@),
() L(@)M(q) = 4L(a*)M(g*) + 52N (a) + s N (@) — 52 N(a*) = T A(a),

(v) M(g)L(¢*) = ;L(@)M() — 5-N(@) + = N(a) + §N(q4> +904(q).

Appealing to (2.1), (2.2), (2.3), (2.8), (4.1) and Theorem 4.1, we obtain
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THEOREM 4.2.

0) Toa(m) = ggsos(n) + g508(0/2) + T2 ou(n/2) - Ssom),

() Tos(m) = g5os(n) + 2eos(n/2) + E o oy(m) — 2so(n/2),

() Usa(m) = gag5os(m) + g5gos(n/2) + gyos(n/) + S5 o)
- 550 + ge=aln),

(iv) Us(n) = ge=05(m) + 61205(71/2)4'—05( )+ 4= o)

~ 5550(n/4) = ga(n).

The values of T 3(n) and T3, (n) were given at the end of Section 1.
4.2 (i), (ii) comprise [4, Theorem 6, p. 250].
5. Evaluation of T¢ s(n) and U, ¢(n) fore + f = 6

We first determine L(q)N(¢%), M (q9)M(¢?), L(g*)N(a), L(q)N(¢*), M(q)M(¢*)
and L(g*)N(q). In order to do this we introduce the constants b(n) (n € N) de-
fined by

— = no__ 1/3 _ z(]_ — .’13)2'w8
(5.1) B(q) = ;b(n)q — (A(Q)A(g?)Y3 = 20 - 2w
Hence
(5.2) B(¢%)
B ;b(n)q% B ;b("/ 2)g" = (A(¢)A(¢*)"? = 3;__(1__2_895_)10_

The first twenty values of b(n) are given in the following table.

{n]bm) [ n] bn) Tn] bn) [ n] bn |
1 o1 6 —96 | 11 1092 | 16 4096
2 -8 7 1016 | 12 768 | 17 14706
3 12 8 —512 | 13 1382 | 18 16344
4 64 9 —2043 | 14 | —8128 | 19 | —39940
5 | —210 0 1680 | 15 | —2520 | 20 | —13440

Similarly to the proof of Theorem 3.1, we obtain the following result.
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THEOREM 5.1.
86

() Li@)N(@®) = 2L@N(@) + £ M(@) — oM*(@®) ~ 22 B,

(i) M@M(@?) = 7-M*(@) + T2 M*(@) + 2 B(a),

(i) N(@)L(g?) = SL@N(@) ~ msM*(q) + SM2(q") - 22 B(g),

(iv) Lla)N(g") = AL@*)N (") + g1 M*(@) + oo M2 (¢%) — o M*(g*)

- 3B - T B@),
(V) M(@M(g")= 55 MA@+ MG+ 12 MG )+ 2> Bla)+ - (),
(1) N@L(@) = 3L@)N(g) ~ g5 M3 (@) + 55 M(@) + g5 M2(")
4788 B(q) — 10483ZB(q ).

Appealing to (2.1), (2.2), (2-3), (2.5), (2.10), (5.1), (5.2) and Theorem 5.1,
we obtain the next result.

THEOREM 5.2.

() Toa(n) = 5s0v(n) + gor(n/2) + u ;f”)as(n/z)Jr £0(n) — 252b(m),
(1) Tus(n) = gags07(n) + 5ogor(n/2) — az0s(n) — sesoa(n/2) + Zhblr),
() T5(n) = s07(m) + rom07(n/2) + oo (m) 4 2o(n/2) ~ =b(n),
(1v) Us,(n) = zoson(n) + 2117607(n/2) 2 ortn/a) + L5 o (n/a)

* 507"~ gaag") ~ gigH/2),
(V) Uss(n)= 5 4007(n)+ 217607(n/2)+ s 07(n/4) ~ 51505(n) ~ 52503(n/4)

(v) mm-ﬁm(n)n% (n/2) pon o (n/4)+(248) o5(n)+z270(n/4)

~ asb(n) — 2b(n/2).
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The values of 3T} 5(n) +8T3 3(n) and 273 3(n)+3T5,1(n) have been derived in
an elementary manner in [4, Theorem 15, p. 271]. We also note that [5, Theorem

8, p. 162] follows from [Theorem 5.2.
In [5, Theorem 6, p.157] it is shown that the number of representations of

n(€ N) as the sum of sixteen squares is given by

rio(n) = T2 (—1)"0r(n) + “1otor(n/2) + S (~1)"as(n)

12
— Eag(n/z) + 8192(—1)""'T3 3(n),

and, appealing to (ii) for the value of T3 3(n), we obtain

32

17( 1)~ 1(07( n) — 25607(n/2) + 16b(n)),

Tle(n)

which is a result due to Glaisher [3, p. 480)].

6. Evaluation of T¢ ¢(n) and U, s(n) for e+ f = 8

We first determine L(q)M?(q), M(q)N(¢®), N(q)M(4*), M*(q)L(¢%),
L(q)M?(¢*), M(q)N(q*), N(g)M(g*) and M2(q)L(g*). In order to do this we
introduce the constants c(n), d(n) and e(n) (n € N) defined by

z(1 — z)3w!o

(6.2)  O(q) = ) clma” = (A(@)*A(P*)V® = ———,

n=1

w2(1 _ $)2w10

(6.2) D(q) = Zd(n)q = (A(@)*A(¢*)A (¢ =

28 ’

6:3)  E(@)= 3 e(ma” = (Alg)agy Ve = T2
We observe that |
(6.4) C(q)E(g) = D(q)?
so that

n—1 n-—1
(6.5) Z c(m)e(n —m) = Z d(m)d(n — m).

m=1 m=1

The first twenty values of ¢(n), d(n) and e(n) are given in the following tables.
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ENIEON N O KN BEONSE N SEON
1 6 2496 11 —38996 | 16 —65536
2 —16 7 —4536 | 12 39936 | 17 311442
3 100 8 —4096 | 13 37806 | 18 | —T4448
4 | —256 9 23085 | 14 15232 | 19 128244
5 | —154 | 10 | —13920 | 15 | —146472 | 20 | —222720

[n]dn) [ n]dn) [ n] dn) [ n | dn) |
11 0 6 —156 | 11 —536 | 16 4096
2 1 7 112 | 12 | —2496 | 17 | —17472
3 -8 8 256 | 13 4384 | 18 4653
4 16 9 —-576 | 14 —-952. | 19 5848
5 32 ) 10 870 | 15 336 | 20 13920
{n]len) [ n] e(n)—[ n | en) [ n| en) |

1 0 6 11 67 | 16 0
2 0 7 —14 12 0117 2184
3 1 8 0| 13 | —548 | 18 0
4 0 9 72 | 14 0|19 | —-731
5 —4 0 0} 15 —-42 | 20 0

Similarly to the proof of [Theorem 3.1, we obtain the following result.

THEOREM 6.1.

() L@M2(¢?) = 2L(@)MAP) + = M(@)N () - 5= M(@IN ()
720 ( )_ 23040 D(q),
(i) M(q)V(g?) = EM(q)N(q)+§§—"M< N @)+ () + 22 D)
(i) N(@M(e) = - M(@)N (g)+ 229 M(g*)N (¢%) - 22 Cla)~ 2 D(a),
() M2(@L(g?) = LL@M(@) ~ ;e M@N (@) + o M(@)N (@)
57600( )+ 18;1::20D(q),
2 AN g2l A 1 255 2
(V) L@M(g*) = 4L(g*)M2(¢") + gosz M(@)N () + gz M(EIN(e?)
R MIN(e) -2 C(a)- 222 D(g) - 2R (),
(Vi) M(@N(@") = 5722 M(ON (@) + 5o M(@IN(@?) + 53 M(dIN(a?)
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522):25 () + 187110D(q) 99;920E( ),
() N@M() = Lo M@N () + ZEMEN )+ ZMEN )
_ %SE ) — 748440 D(q) - 7620480 E(q),
(vili) M(@)L(¢*) = 7L(a)M?(q) - %M( IN(@) + %M( V()
+ B0 () + B g+ 2000 g L2188160 g )

341 31 31

Appealing to (2.1), (2.2), (2.3), (2.5), (2.9), (2.11), (6.1), [(6.2), and
[Theorem 6.1, we obtain the next result.

THEOREM 6.2.
() Tra(n) = £pg500(n) + mzo(n/2) + 22

o7(n/2) —

. (n)
14880 180°\"

+ 4—sl;€c(n) + ——d(n)

(i) Ts.3(n) = -é-l-—;z—s-ag(n) 4650'9(n/2) 21005(77,/2)4-5(-1)203( )

~ 2565 — agd(n),

1 4 ; 1
T: = i —_
(iil) T5,5(n) = 7 -509(n) + 195309(71/ 2) = 54595(") + 55 403(n/ 2)

+ ssc(n) + szd(n),

() Tia(n) = sizos(m) + gzos(n/2) + L2 or(n) — —2o(n/2)
612c(n)——d(n) |

() Ura(n) = ggsgsesooln) + 25335209@/2)#@09( 4+ E2 2 01
- 3570+ 55583+ Teazg ) + el

(v) Us.s(m) = mo«n) + m"9<"/2) 4;5 70(n/4) ~ 5a505(n/4)

504 (") = 3174 31744 o) = Tosa 1984 d(n) — 134
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) 1 1 1
(vil) Us;s(n) = 1755479() + 7g3679(n/2) + 1953"9("‘/ )~ 5557(")
1 63
+ 50273/ + 79360(") + 496d( n) + g7e(n);
17 17 (8 —3n)
(viii) Uy 7(n) = 11904ag(n) + mag( n/2) + Eog(n/@ + —1—92———07(n)
1 109 625 1058

~ 8574 — 365°(M) — 5559(M) ~ —7e(n).

7. Evaluation of T ¢(n) and U, ¢(n) for e + f = 10

We first determine L(q)M (¢*)N(¢?), M (q)M?(¢*), N(q)N(q?), M?(q)M(q?),
M(q)N(q)L(g), L(q)M(q*)N(q*), M(q)M?(q*), N(a)N(q*), M?(q)M(q*) and
M (q)N(q)L(¢*). In order to do this we introduce the constants f(n) (n € N)
defined by

1/3 rSwl2
(7.1) F(q) = Zf n)gq" = (AA((ZQ§> = 520

The first twenty values of f(n) are given in the following table.

L~ | f(n) | an(n) In| fn) | n| f(n) ]
1 0 11 | 6296 | 16 | 388608
7 44 12 | 16384 | 17 | 756822
8 | 192 | 13 | 30569 | 18 | 1419200
9 | 694 | 14 | 89424 | 10 | 2572328
10 | 2208 | 15 | 191028 | 20 | 4521984

[ K=l k=] k=]

Oy Wl

Similarly to the proof of [Theorem 3.1, we obtain the following result.

THEOREM 7.1.

(i) L(g)M(¢*)N(¢?) = 2L(q2)M (¢>)N (qz) Y (@)% - M ok

520

2 2\2
2184 N(g)" - 273 N,

(i) M@M?(@?) = M@ + M@ ~ 2N (@) ~ =2 N (@),
(i) N(q)N(q2>=*§‘§gM<q>3—%§—6M< P+ 25 N@? + TN @Y,
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49 1408 275 3200
e M@ — SN (g - SN

3 3
156 M@+ 35 M(@)” — 55

(v) M(@)N(g)L(¢?) = %L@)M@N( )~ 2= M(@)° -

3968

(iv) M?(q)M(q?) =

=M@
N(g)? + N(¢*)?,
() L@M(@*)N(g*) = 4L(@)M(@*) N (g*) - zg%M(q)"’ -
22138 327
~ o5 M@+ 53505 N(9)* +
10058
91

(vii) M(@M(q*) = oM ()* +

546
1727
4160

605 s
+ Tagg V(@)

M(q?)?

=2 N(g*)? - 1520640F(q),

M) + 13932

104 13
175 o 450 5.5 292300 . 4.,
1948 (q) o1 (q%) 573 N(q%)

+ 13824000F (g),

—=—M(q*)®

4851 s_ 69237,
16640 M(q)” — 4160
971 )

+ ﬁN q) +

129 3 3765 89664

a6 M@+ o I3

13175 ! 1883200

vty 232
362 N @)+
()3

(x) M(@)N(g)L(g*) = ;L(@)M(@)N(g) -

2651302
AT
1237248
o1

Appealing to (2.1), (2.2), (2.3), (2.6), [2.7), (2.11), (2.12), (7.1) and [Theoreml

7.1, we obtain the following result.

77616

(viii) N(g)N(q*) = - =

M(q*)® — ——M(q*)?

3465
208 N

M(g%)® —

N(g*)?,
2225
8736

N(g*)? — 221184000F (q),
3971

15536
2\2
q°) + 3

(ix) M?(q)M(q*) = M(g*)® — Z==N(g)*

853
3120

M(q*)® -

Tso M@)
2805

555 V(@) + N (@)

N(g*)? + 389283840F(q).
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THEOREM 7.2.

0 Toa(n) = e

1 31
o1o12 711 (M) + ggrzon(n/2) +

21 282
~ 55287 (™ ~ 34557 (M2

00(n/2) + 5e20(n)

(i) Tr5(n) = gzeson (>+201720a11( /2) = 55507(n/2) ~ g2503(n)

+——7‘

23
+ 1056 "M + 13827 (/2);

1 16 1
_ 16 1 9
(iii) T55(n) 174132011(71) + 43533011(n/ )+ 50405(n) + — 504 (n/ )

11
~ Bsag (W~ éﬁT(n/ 2),
(19) To.r(n) = szeson(n) + zoozon(n/2) — 5iz0v(n) — 2x505(n/2)
V) 23,700 = 331680711\ ™ T 1036511 240°7\" 480
91 368
2 2
+ o112 (™t ger™(M/2),
31 256 (5 — 3n)
(V) Ti0(n) = g3g3911(M) + 55053011(n/2) + —55—"00(n) + 264”("’/ 2)
141 2688
~ go10” ™ ~ Gor T(M/2)
. 31 1 31
(Vi) Up1(n) = poareeg11(0) + Trgage @11 (/2) + gpou(n/4)
(5 - 6n)
+ 120 ag(n/4)+2640(n)
671 2505 105314
~ 76896 M) ~ 23112 (/2 — 34z T(n/4) — 2405 (n),
(Vi) Ura(n) = —ssoni(n) + Tizon(n/2) + soom(n/4)
Vi) Prain) = 2653440"11 1768971 207301
240 o7(n/4 )—48003(")
369 1641 22203 |
+ 176896T( ")+ 2or1aT(M/2) + 355 7(n/4) +120f(n),
1 16
(viil) Us,s(n) = 74225011 (W) + 176896"“("/ )+ @rzzou (/4

1 1
+ 50275 (M + 55495 (n/9)

351 2505 5616
~ Tres06” ™ ~ 3a11” (/2 ~ gor (/4
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121 )+
2653440 " 11\" 176896
1
- mff?(n) - Z‘S—Offs(n/‘l)
729 () 4+ 5003 6003 2 )_71496
176896 11056 691

256
4
29803 ——o11(n/4)

(1x) U3,7(TL) = 0'11(71,/4)

8
T76896°11("/2) + 15365

+ 7(n/4) — 1920f(n),

3 0'11(71/2) +

() Usa(n) = ~ggrzzon(n) + o

7
16584
— 4
ag(n) + 2640(n/ )
1589 5790 2562304
55280 7(n) - 691 7(n/2)+

7(n/4)+61440f(n).

8. Sums of 12 triangular numbers

The triangular numbers are the nonnegative integers

Tkz-;-k(kﬂ), k=0,1,2,...,
so that
To=0, Ty =1, Ty=3, Ty =6, T, =10, Ts = 15,.
We set
A={T,| k=0,1,2,...}.
For m € N and n € NU {0}, we let
Om(n) = card{(t1,%2,...,tm) EAXAX - X A|n=t;+ta+ - +tm}

so that 6,,(n) counts the number of representations of n as the sum of m trian-
gular numbers. For n € NU {0} we have the classical results

(8.1) d4(n) =o(2n + 1)
and
(8.2) » 5s(n)=03(n+1)—03(n;1>,

see for example (4, Theorem 10, p.259; Theorem 12, p.265], [10, Theorem 3,
p- 80; Theorem 5, p. 82]. We use these two formulae in conjunction with Theoreml
4.2 to give a very simple proof of the following result of Ono, Robins and Wahl
[10, Theorem 7, p. 85], which was originally proved using the theory of modular
forms.




-
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THEOREM 8.1. Forn € NU {0}
1
d12(n) = —2—56(0'5(271 +3) —a(2n +3)),
where a(n) is defined in (4.1).

Proof. We have by (8.1) and (8.2)

(512 n) Z 64 68 n m)

m=0
n

=Y o(2m+1) (as(n—m“) — s (n—_jg—tl))

m=0

=A- B,
where

A= z“: o(2m + 1)os(n - m+1)

m=0

240 —(05(2n+ 3) — o(2n + 3)),

by Theorem 4.2(i), and

B= zn: o(2m + 1)o3 (L‘%’Lﬂ)

m=0

= Y os(k)o(2n+3 — 4k)
k< 2ngd

= Us1(2n + 3)
a(2n +3),

1
= 2400(2n+ 3)+

by Theorem 4.2((iii). Hence

d12(n) =

0'5(271 -+ 3)

3840 256

1
24005(2TL + 3)

os5(2n + 3) — ——a(2n +3)

1
3840 256

‘ ‘ 256 —(05(2n + 3) — a(2n + 3))
as asserted. O

The authors would like to thank Mathieu Lemire who independently checked
the values in the tables for them.
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