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Abstract. By definition any stable distribution is semistable. For the con-
verse relation we will show that certain logarithmic mixtures of semistable laws
belong to the domain of normal attraction of a stable law. The mixtures them-
selves appear as limits for normalized sums of certain random numbers of random
variables belonging to the domain of normal attraction of a semistable law. Com-
bining the corresponding limit theorems, we observe a stable limit when starting
in the domain of attraction of a semistable distribution. The results are given in
a multivariate setting with operator normings and extend to the corresponding
semi-selfsimilar respectively selfsimilar Lévy processes.

1. Introduction

This work is motivated by the following three observations concerning self-
similar and semi-selfsimilar processes. Partly deviating from the original state-
ments, we rather prefer to give a multivariate formulation with operator instead
of scalar normings.

Let {X;}:>0 be a stochastie process on R?, further let ¢ > 1 and Q be a
linear operator on R%. We say that {X;}:>o is (c,c)-semi-selfsimilar if for
some drift-function d. : [0,00) — R? the process obeys the space-time scaling

(1.1) {PX, + de(t) bimo = {Xet}ez0,

where @ = e@8c = "% (k!)~!(logc)*Q* and 72 denotes equality of all
finite dimensional marginal distributions. In case d. = 0 we call {X;}:>0 strictly
(c9, c)-semi-selfsimilar. Moreover, if [1.1) even holds for every ¢ > 0 we say that.
{Xt}t>0 is (strictly) operator-selfsimilar with ezponent Q. For further details on
(semi)-selfsimilar processes and existence of exponents we refer to [9] [9], [13], [14],

[15], and [18].
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We call the process {Y; }+cr defined by Y; = e~*@X,:, as introduced by Lamperti
[11], the Lamperti transform of {X:}¢>0.

1.)

2.)

3.)

As shown by Maejima and Sato [13], Theorem 13, the Lamperti trans-
form of the (¢9, c)-semi-selfsimilar process {X;}:>o is periodically station-
ary with period logc > 0, i.e. '

{n+log c}tER f'=d‘ {}/t}tER-
Hurd , Theorem 1, provides a method to stationarize the periodically
stationary process {Y’t}tep by random time-shifting, as follows. Let 6 be a
random variable which is independent of {Y; }+cr and uniformly distributed -
on the period interval [0,logc]. Further define Z;(w) = Yt+g(w)(u}), which
in case of Borel measurability defines a stationary process {Z;}:cr in the
sense that

, d.
{Zt+s}ter 1< {Z}ter for any s > 0.

Hurd assumes joint measurability in ¢ and w to ensure that {Z;}:cr is a
well-defined stochastic process. For t; < --- < t,, the finite dimensional
marginal distributions are then given by

1 log ¢
Pz, 1cigm) = —/ P¥, 40 1<i<m) ds.
0

logc
Inverting the Lamperti transform, the stationary process {Zt}tejg turns
into an operator-selfsimilar process {U;}:>0 by Up =0 and U; = tQZlogt
for ¢ > 0, as has already been observed by Lamperti ; see also . It is
even possible to arbitrarily change the exponent in this step, but this will
be of no further interest for us.

Combining these three results, presupposed we have measurability in the second
step, the strictly (c@, c)-semi-selfsimilar process {Xt}t>0 can be transformed
into a strictly operator-selfsimilar process {U;}:>o with exponent Q. The finite
dimensional marginal distributions of the operator-selfsimilar process {U;}:>0
are then given by

P agism) = Pu2 2., i 1<i<m)

1 log ¢
- lOgC /; P(tiQ.Ya+log ¢, 1 1<i<m) ds

1 logc

- logc /o P(e"QXeu,-:lsigm) ds

1 € dr
= P._ e —_
logC/l v(r @ Xrer1gism)
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Equivalently, for some random variable © which is independent of {Xt}t>0 and
logarithmically distributed with probability density = — (zlog c)~11 1,c](T) we
can write

(1.2) Ui(w) = @(w)_QX@(w)t(w) for any t > 0

such that {Ut}t>0 = {(—) 9Xet}t>0. Thus taking logarithmic mixtures as in
) equals out differences in scaling that might occur between two successive
integer powers of ¢ according to such that the weaker semi-selfsimilarity
turns into the stronger selfsimilarity property. It is easy to see that if the semi-
selfsimilar process {X:}t>0 has stationary increments, then so has the resulting
selfsimilar process {U; }:>0. Unfortunately, this is in general not true for indepen-
dent increments, which will be our focus now. The aim of the paper is to show
that independence of the increments is preserved by considering an approprite
limit theorem.

From now on we will assume that the strictly (cQ c)-semi-selfsimilar process
{X:t}t>0 has stationary and independent increments and is continuous in law,
meaning that ¢ — Px, is continuous with respect to weak topology. Hence
{Xt}t>0 is a Lévy process and thus there exists a version with cadlag paths
(continuous from the right with left limits) that guarantees measurability in the
second step. We will prove in section 2 that an appropriately normalized and
centered partial sum process of independent copies of {U;}:>o defined by
converges to an operator-selfsimilar Lévy process with exponent @ in the sense of
convergence of all finite dimensional marginal distributions. Since {Us}+>0 itself
appears as a limit process of a normalized partia,l sum process with random
sample size, we will further combine these two limiting procedures in section 3.
As a consequence for the one-dimensional marginals of the processes, we observe
an operator-stable limit when starting in the domain of normal attraction of an
arbitrary strictly operator-semistable law.

2. Stabilizing Semistability

It is well known that the Fourier transform of an infinitely divisible proba-
bility measure p on R? has the form exp(l(y)) for y € R? with

W =) - taw+ [ (0 -1- B0 anta),

where a € R?, q is a nonnegative definite quadratic form on R?, (-,.) denotes
the Euclidean inner product on R? and ¢ is a o-finite Borel measure on R? \ {0}
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called the Lévy measure such that
/ min (1, ]|z]%) dé(z) < oo.
R4\ {0}

The unique triple [a, g, @] is called the Lévy representation and for short we will
write p ~ [a, g, ¢]; see, e.g., Theorem 3.1.11 in [16].

Let ¢ > 1 and @ be a linear operator on R?. An infinitely divisible probability
measure v is called operator-semistable or more precisely (9, c)-semistable if

(2.1) ' Cv=1%e_q4

- for some d € R?, where »° denotes the c-fold convolution power of v and ¢,
denotes Dirac measure in £ € R% In case d = 0 we call v strictly (c@,c)-
semistable. A probability measure n on R is said to belong to the domain of
normal attraction of v if

(2.2) 9l xe_y o v weakly as n — oo

for some d, € R%. In case d, = 0 for all n € N we say that 7 belongs to the
strict domain of normal attraction of v.

An infinitely divisible probability measure p is called operator-stable with ezpo-
nent @ if : '

(2.3) t9 = pt x €_4q) forallt>0

and some drift-function d : (0,00) — R?. In cased = 0 we call p strictly operator-
stable. A probability measure x on R is said to belong to the domain of normal
attraction of p if

(2.4) T onT% M xe_, o p weakly as n — oo

for some a,, € R%. Incasea,, =0 foralln € N we say that u belongs to the strict
domain of normal attraction of p. For further details on operator-(semi-)stable
distributions and their domains of attraction we refer to and the literature
cited therein. :

We start with recalling the structure of a strictly (c?, c)-semi-selfsimilar Lévy
process. Let {X;}:>0 be strictly (c?,c)-semi-selfsimilar as in (with d, =
0) for some ¢ > 1 and some linear operator Q on R, and let {Xt}:+>0 have
stationary and independent increments. Further assume that {X:t}t>0 is proper
(meaning that for ¢ > 0 the distribution of X, is full, i.e. not concentrated on
any lower dimensional hyperplane of R?) and continuous in law. Then, following
the arguments given by Hudson and Mason [9], Theorem 7, with d. =0 is
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equivalent to the fact that v = Py, is strictly (c?, c)-semistable. Especially v is
full and necessarily any eigenvalue of @ belongs to the halfplane {Re(z) > 1/2}.

Now let v be a full strictly (c%,c)-semistable law for some ¢ > 1 and some
linear operator Q € GL(R?) and assume that v is not operator-stable in which
case we call v purely semistable. Since the (multivariate) normal distribution is
operator-stable, due to Theorem 7.1.10 of we may and will assume through-
out this section, that v has no Gaussian component and hence has Lévy repre-
sentation v ~ [b, 0, ] for some b € R? and some Lévy measure ¢ and further the
real part of any eigenvalue of the exponent Q exceeds 1/2. Then implies
c?p = c- ¢; see Lemma 7.1.6 of [16]. Note that c - ¢ denotes multiplication,
whereas c9¢ denotes the image measure. Fix 0 = t) < t; < --- < ¢t,, and
consider

fm = (th,Xt2 '—th,... ,Xtm —Xtm—l)'

Since {X;}:>0 has stationary and independent increments and the Lévy measure
of Px, = v* is given by t-¢, the (R%)™-valued random vector &,, has a full strictly
(¢9™, c)-semistable distribution on (R%)™ with exponent Q,, = diag(Q, ... ,Q)
and Lévy measure

™m
Dyt = Z(ti - ti—1) - ¢i,
=1

where ¢; = €0 ®- - €0 @ PR ®- - -®&y is the product measure with ¢ in the i-th
component and Dirac measure &g (at the origin 0 € R?) in all other components.
Especially we have ’

(2.5) ‘ c9m ‘Stl,... tm = C* ‘Stl,... )t

Further let T, : (R%)™ — (R)™ be defined by
Tm(zl,.. . ,/.’I}m) = (r1, 71 +T2,..., 21+ +$L‘m).

Then T, is an isomorphism of (R?)™ and T}, o t9m = tQm o T}, for all t > 0.
Hence the finite dimensional marginals of {X:}:>0 can be written as

(thatha v ,Xtm) = Tm(é‘m),

which has a full strictly (¢c9=, c)-semistable distribution with Lévy measure

m

(2.6) Dyt = Tm(&’tl,... ) = Z(ti —ti—1) - T (es)-

1=1
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Note that for any s > 0 we have

(2-7) ‘I’s-tl,... 8ty — 8 ‘I’tl,... o
Now let {Xt(")}tzo, n € N, be independent copies of {X;}:>0. Then it follows
from above, that whenever 0 < t{™ < --- < %) with tg-") — t; as n — oo we
have
L) )
¢~ "em Z (X(') :1<j<m) = O (X

+(n) : 15.7_<.m)
2

Lem 5™
=1

= (Xy; 1 1<j<m),

where = denotes convergence in distribution. Hence by Corollary 8.2.11 of
we have '

(28) c" - P(c‘"QXt]. 11<5<m) q’h,... stm

uniformly on compact subsets of {0 <t1 < - - < tn}, where convergence to a
Lévy measure ¢ is understood to hold for any ¢-continuity set bounded away
from the origin.

Further let ©,,, n € N, be i.i.d. as ©, logarithmically distributed with prob-

ability density z — (zlogc)~'1j;,(z) on R, and assume that ({Xt(r,’)}tzo, O, :

n € N) are independent.

THEOREM 2.1. With the above assumptions and notations there ezists a se-
quence of functions a, : [0,00) = R? with a,(0) = 0 such that

(2.9) {n=@ Z @;ngft - a"(t)}tzo L {R:¢}i>0,

=1

where £5 denotes convergence of all finite dimensional marginal distributions
and {R:}:>0 is a Lévy process generated by a full operator-stable distribution
Pgr, = p with exponent Q and Lévy representation p ~ [a,0,v] for some a € R?
and Lévy measure

1 [+
2.10 — —Qods.
(2.10) ¥ / éds

- logc

Proof. Fix any 0 =ty < t; < --- < t,,, and note that, since p is full by Proposi-
tion 3.1.20 of [16], (R;,, ..., R:,,) is full on (R*)™ and has Lévy measure

(2.11) - | ‘I’t_l,... o = E(tz —tic1) T (W),
=1
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where ¢; =0 ® - - QeI @Y R er ® - -- R g as above.

Now write n = cm"rn with m,, € No and 7, € [1,c) and let r € [1,(] be an
arbitrary limit point of (r,) along some subsequence (n’). Using [(2.8) and [2.7)
we obtain along the subsequence (n')

n- (n=9n Ple-2Xe, :1<j<m))

_ 1 ¢ My ds
= Toge /., ™y P(c—m,.o(rns)—czx”j t1<5<m)
1 [ - ds
= foge ). © "I - ((Tns) QmP(c—mnoX,.tj (1<j<m)) -
¢ ds
— . —Qm -
log c r ((7'3) Qs'tl,... ,s»tm) s
1 ds

[C(TS) . ((TS)_Q"' étl’---,tm) —

- loge s

1 rc
= logc / S_Qm Qtl"" 1tm ds
r

1 e s )
= IOg_c/, s By, 4 ds+ foge c ((es)™@m @y, 1. ) ds

1 c .
= / S_Qm(ﬁtl ot dS,
loge /,; o

where the last identity holds in view of ¢ - (™9™ ®;, . ) = &, ., which
easily follows from [2.5) and [(2.6). Moreover, the limit does not depend on r
and hence we have convergence as n — oo to the Lévy measure

1 Cc
/ STy, 4
loge /, B

1 C—Qm .
(i - H).@/ls Ty (:) ds

(ts = i) - T (o [ 57O gud)

Ms"lMs

1

-,
!

(6 = tic1) - T (i) = Wy, 0

1
.MS

1

o
I

Hence by Corollary 8.2.11 of [16] there exist a'7™ (t1, ... ,tm) € (R%)™ such that
(2.12)

n

n=9m Z (@;Qngtj :1<5< m) —aslm)(tl,... ytm) = (Rey, ..., Ry,):

=1

For m = 1 write o) (t) = an(t), then projecting (2.12) onto the j-th R9-
component} via 7; : (R*)™ — R?, 7;(21,... ,%m) = z; shows that we can choose
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75 (@5 (b1, - 1 tm)) 88 an(t;) so that al™ (t1,... ,tm) = (an(t1),.- . ,@n(tm))
completing the proof. [J

Remark 2.2. The limiting process { R;}:>0 in Theorem 2.1 is operator-selfsimilar
with exponent () and has stationary and independent increments. It is frequently
called an operator Lévy motion and defines an operator-stable process with ex- -
‘ponent @ in the sense of Maejima [12], i.e. for any 0 < t; < -+ < t,, the
distribution of the random vector (R,,...,R: ) is operator-stable in (R4)™
with exponent Q,, = diag(Q,...,Q).

Remark 2.3. Let R = W, & W, EB W3 be a direct sum decomposmon of R¢ into
Q-invariant subspaces (possibly empty) such that the real part of any eigenvalue
of the exponent () is less than 1 on Wi, is equal to 1 on W, and exceeds 1
on W3. Then by Corollary 8.2.15 of the expectation E(©@~9Xey, w;) ex-
ists for all w, € W) so that we can center to zero expectation on W;. Further
E|(0~9Xg;,ws)| = oo for all w3 € W3 and by Theorem 8.2.16 in no cen-
tering is required on Wj. If we further assume that (X;,ws) is symmetric for
all wy € W;, meaning that P<X1,w2) = P(_x, w;), We can choose a,(t) = 0
for all n € N and ¢t > 0 in [(2.9), which remains true for the stronger symme-
try condition Px, = P_x, in Wthh case a = 0 in the Lévy representation of

pP= PR1 [0 0 ’l/)]

Especially for the one-dimensional margmal distribution p of U; given in
(1.2), by Theorem 2.1 we obtain:

COROLLARY 2.4. Let v = Px, be as above. Then the distribution

. ) c
(2.13) | p=— / r=@yr &

logc r

belongs to the domain of normal attraction of a full operator-stable law p with
ezponent Q and Lévy representation p ~ [a,0,v] for some a € R? and Lévy
measure 1 given by [(2.10). :

Remark 2.5. Corollary 2.4 shows that transforming the purely (c9, c)-semistable
law v into the logarithmic mixture u in is smoothing the tails in the sense
that the R-O varying measure v € ROV (@, ¢) is transformed into a regularly
varying measure u € RVM,(Q); see chapter 6 of for notation and details.
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3. Transitivity

A special logarithmic mixture first appeared as an almost sure limit
in [3] and in its general one-dimensional form has been obtained the same way
in [4]. Furthermore, the logarithmic mixture p in also appears as a limit
distribution for normalized sums of certain random numbers of i.i.d. random
vectors belonging to the strict. domain of normal attraction of the semistable
law v. Numerous choices of sequences of random numbers ©, converging in
some sense to a logarithmically distributed © are possible to establish this result
(see Remark 3.2 below). We will concentrate on the simple choice ©,, = [n©]
that easily allows to combine this limit theorem with Theorem 2.1 in the sense
of transitivity of Gnedenko; see or, more generally, Theorem 9 in for
the semistable situation. Finally, we will observe a limit theorem with a stable
limit when starting in the domain of normal attraction of a purely semistable
law. Note that this is no contradiction, since we consider normalized sums of a
random number of random variables. Again, we will give more general versions of
the above mentioned results in the sense of convergence of all finite dlmensmnal
marginal distributions of the corresponding processes.

Now let Y7,Y>,... be i.i.d. random vectors on R? with distribution n =
Py, belonging to the strict domain of normal attraction of the strictly (c9, ¢)-
semistable law v and write '

L2

{St = Z Yk}tZO
k=1
for the corresponding partial sum process. Further let © be independent of

(Yn)nen with logarithmic distribution as above.

LEMMA 3.1. With the above assumptions and notations we have as n = oo

{(n@) QSn@t}t>0 {@ QX@t}t>0 = {Ut}+>0-

Proof. Fix 0 <t; < ... < ty,. Since by we have ¢ "?S.»; = X, uniformly
on compact subsets of {t > 0}, it follows by a standard argument considering
independent increments that

(3.1) (¢T™@Sene, 1< j<m) = (Xy, 1 1< 5 <m)

uniformly on compact subsets of {0 < ¢; < < tm}. Now write n = ¢™»r,
with m,, € Ny and r, € [1,¢) and let r € [1,c] be an arbitrary limit point of
(rs) along some subsequence (n'). Using [3.1) and [1.1)] we obtain along the
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subsequence (n')

P((n6)-25ner; 1 1<i<m)

o1 € : dz
= _—logc ) P((n:c)‘QSnuj :1<5<m) —:—c—

= — / " Pone)-ae- &
loge J; ((raz)=Qc=mnQScmn yp gy, 1 1<j<m) T
BE-E 1’c P((rfc)‘Qthj L 1<j<m) %B-
- lo;c [C Fla-ax,, s1i5m) Ei'si
= @ /:p(s—ax,,,. $1<j<m) fls—s + E;—c' /1” P(cs)=@X ey,  1<5<m) ‘_lsf
= @ ICP(s‘QX,t]. :1<5<m) _ci_s ‘

= Plo-2Xe,, :1<j<m)"

Since the limit does not depend on r, we have convergence as n — oo which
completes the proof. O

Remark 3.2. Alternatively, can also be proven as an application to
one of the following limit theorems. It can be shown that the distribution of
mantissas M.(|nO]) converges weakly to the logarithmic distribution, where
the mantissa to base ¢ > 1 is defined by M,(z) = cl°8-=~lgc =] ¢ [1,¢) for
z > 0. In other words, if we uniquely write x = ¢™r with m € Ny and r € [1,¢)
then M. (z) = r. Note that we implicitely used mantissas of the positive integers
in the proofs of Theorem 2.1 and [Lemma 3.1. With this knowledge,
follows from Theorem 2.4 in [2] considering independent increments. Moreover,
since |n@®]/n converges almost surely to O, can be seen as an appli-
cation to Gnedenko’s transfer theorem [8]. Note that in general the transfer the-
orem for semistable laws only shows that the distributions of ((n®)~?S,e:), N
are relatively compact, but due to the logarithmic distribution of © all distribu-
tional limit points coincide as is the case in the proofs of Theorem 2.1 and .
3.1. This shows that the logarithmic distribution is essential for our purposes.
Note further that it is also possible to drop the assumption of independence of
© and (Y,,)nen in by means of results given in [1].

. We will now combine Theorem 2.1 and to a single limit theo-
rem. Recall that Y7,Y5,... is an i.i.d. sequence of random vectors on R% with
distribution n = Py, belonging to the strict domain of normal attraction of the
strictly (c%, c)-semistable law v. For i € N let (Y,fi))neN be i.i.d. as (Y,.)nen and
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write

o 1t]
(5= 500 0, respctivly {5, = 320
= k=1 h

k=1

for the corresponding partial sum processes. Further let ©;, i € N, be i.i.d. as
O, logarithmically distributed with probability density = — (zlog ¢) ¢ (2)
on R, and assume that ((Y,gi))neN, ©; : i € N) are independent.

THEOREM 3.3. With the above assumptions and notations there exists a se-
quence of functions b, : [0, 00) — R? with b,(0) = 0 such that

(3.2) {n=93 (098D, — ba(t)},50 L5 {Re}eso,
=1

where {R:}:>0 is the operator-selfsimilar Lévy process appearing in Theorem 2.1

Proof. Let 0 =1ty <t; < --- < t,, be arbitrary and recall that the distribution of
(Re; : 1 < j <m) has Lévy measure ¥, , given by (2.11). Further, as before
let Qm = diag(Q,...,Q), then X,(:':) = n~Qm ((nei)_QSS%,.tj :1<j <m),
1 < 4 < n, defines an infinitesimal array of rowwise i.i.d. random vectors on
(R%)™ by and the fact that n=%= — 0 as n — o0, since the real part
of any eigenvalue of Q,, exceeds 1 /2. Now let nﬁm) = Pyom, then we will first

prove that

33) n- 775:71) — ‘I’tl,... tm

and

. . 2 2
64 tpimapn-[ [ @arare - ([ @aarw)]
= {llvli<e} {llvli<e}

n—oo

=0

for any 2 € (R%)™, where (-,-) denotes some inner product on (R%)™.

Now write n = ¢™»r, with m, € Ny and r, € [1,c) and let r € [1,¢] be an
arbitrary limit point of (r,) along some subsequence (n'). Then if z, — z > 0
by we get along the subsequence (n')

n~@m Z ((nm’n)“QS,(gntj :1<j<m)
i=1 '
| = n=@m ((nmn)—QSnzzntj :1<j< m)
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= ((,.1213371)~QC~2anSC2mn "2t

= ((r*z) 9 X,24¢, 1 1< j <m).

:1<j<m)

The limit distribution has no normal component and Lévy measure
(sz)—Qm q)'r?ztl P22ty — (7‘2$) ) ((sz)_—Qm Qtl,... Jtm )a

- where ®;, ; is asin and the above equality holds by [(2.7). Hence, by
convergence criteria for infinitesimal triangular arrays of random vectors due to
Rvaceva (see also Theorem 3.2.2 in [16]), we get along the subsequence (n')

3.5) n- (h_Q’"P((mn)—QsMn,j ‘1<j<m)) = (r’z) - (GE I T

and

limlimsupn - [/ (y,z)2dn_Q'"P((mn)—osMn, 1<J<m)( )
(3.6) 10 (nr) {llyli<e}

2
- <y7z> dn_QmP Nen)"QSnz, t: :1<'<m)(y) =0
(/{||y||<e} ()78 Snens; 1575 ) ]

for all z € (R?)™. Then by (3.5) we obtain along the subsequence (n')

1 ¢ dz
n"?gzm) = E—g_c/ n- (n Q"‘P((nz) QSnze; : l<]<m)) T
d

I
log / (7‘ x) (r z) Q"" ¢t11 7tm) T - q,tla st

where the last identity follows as in the proof of Theorem 2.1. Since the limit
does not depend on r we get (3.3). Moreover, since we have

2
n [ werarw- ([ waarme)]
{llvli<e} {llyll<e}
o ), [y 0 87 Rire
= n- (yaz) dn ™ P, nx ‘Q.S'm” :1<i<m (y)
o)y ™| Ulvli<e) () SI<m)

271 dr
- (yaz) dn‘QmP nz)~RS,.:. 11<j<m (y) >
(/{ny||<e} ((n2) s 1sism )] z

(3.4) follows directly from (3.6).
Again, by convergence criteria in , (3.3) and (3.4) are equivalent to
n~ 3" ((n0:)72SR, 1< <m) —b™(t,... ,tm) = (Ryy,-.. , Re,)

m
-

=1
for some bﬁlm)(tl, coistm) € (RYH)™. As in the proof of Theorem 2.1, we can
choose b(m)(tl,... ) = (bn(t1),.-. ,bn(tm)) for some sequence of functions

b, : [0,00) = R?, which completes the proof. O
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Remark 3.4. It is known by (see also Theorem 3.2.2 in ) that the cen-
terings in Theorem 3.3 can be chosen as truncated moments

ba(t) = n-E((n*0) 9 Snet - L{jj(n20)-25m0:|<R})

for some R > 0 such that ¢{||z|| = R} = 0 in which case a = 0 in the Lévy rep-
resentation of p = Pg, ~ [0,0,%]. Especially, if we assume that Y, is symmetric,
i.e. n = Py, = P_y,, no centering is needed in [3.2).

To summarize our procedure, we start with a partial sum process {S; }+>0 of
ii.d. random vectors in some domain of attraction of a semistable law, which
naturally has stationary and independent increments. Then the subordinated
processes {(n@)‘QSnet}tZO for independent logarithmically distributed © have
stationary increments that are no longer independent. By [Lemma 3.1, their
process limit as n- — oo is an operator-selfsimilar process {@_QX@t}tZO again
with stationary but not independent increments. But taking independent copies
of either of these processes leads via respectively to an operator-
selfsimilar process with stationary and independent increments.

Especially, considering for the one-dimensional marginal distributions
of the processes involved in Theorem 3.3, we obtain an answer to the present
title:

COROLLARY 3.5. Let 7 be a probability measure on R? belonging to the strict
domain of normal attraction of a full strictly (c%, c)-semistable law v ~ [b,0, ¢].
Then the normalized convolution powers of logarithmic miztures

1 ¢ ds\™
-Q -Q, |ns| 22
(3.7) n (logc/l (ns)™%n S )

appropriately centered, converge weakly to a full operator-stable law p ~ [a,0,%]
with exponent Q and Lévy measure ¢ given by (2.10).

Note that since v belongs to its own strict domain of normal attraction and
since the logarithmic mixtures for n = v in coincide as in the proof of
Lemma 3.1, we recover the result of Corollary 2.4.
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