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Abstract. In this paper we introduce certain modification of the Szasz-Mirakyan
operators. We give theorems on the degree of approximation of functions from
exponential weighted spaces by introduced operators, using norms of these spaces.

1. Introduction

1.1. Approximation properties of Szasz-Mirakyan operators

(1)
oo k

Sn(fiz) := e“"mz (nz) f (%) , € Rog=[0,+00), n€ N :={1,2,...},
k=0

k!

in exponential weighted spaces C, were examined in [1]. The space Cy, ¢ > 0,

considered in [1] is associated with the weighted function
(2) vy(2) == €%,  z€ R,

and consists of all real-valued functions f continuous on Ry for which v, f is
uniformly continuous and bounded on Ry.

Let By, ¢ > 0, 7 € Ry := [2,+00), be the set of real-valued functions f
defined on Ry for which sup,¢ g, vqr(2)|f(x)] < 0o. The norm on By, is defined
by

3) I llgr = 11 () llgr = mséiqur(w)lf(x)l-

In [1] was proved that S, is a positive linear operator from the space Cy into
C, provided that p > ¢ > 0 and n > ng > ¢g/In(p/q). For f € C, was proved
that

0p(@)|Sn(f3 2) — F(@)| < Mi(@)ws (f;Cq; \fg) . 2€Re n>mo,
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where M;(g) = const. > 0 and ws (f; Cy;-) is the modulus of smoothness of the
order 2.
Thus it follows that if f € C; = {f € C;: f' € C;} and p > ¢ > 0, then

(4) vp(2)|Sa(f; ) — f(2)| < O (1/v/n)

for every fixed z € Ry and for n > ng.
In this paper by My (a, 8) we shall denote suitable positive constants depend-
ing only on indicated parameters a, 3.

1.2. In this paper we modify the formula (1), i.e. we introduce the following
class of operators in the space of all real-valued functions f defined on Rq for
which sup, ¢, (1 + z2) v, (z)| f(z)] < 00.

DEFINITION. Let r € R; and ¢,s > 0 be fixed numbers. Define a class of
operators A,(f; ) = An(f;q,7,s;-) by the formula

. . — s l)rk k )
An(f; . 1) 1= e~ (n'=+1) E (n’z + )
(figr 52)=e i Newery—5a)

(5) ‘ z€ Ry, ne€N.

In Section 2 we shall prove that A,(f;q,r,s),n € N, is a positive linear oper-
ator from the space C,, (the norm on C, is given by (3)) into B,,. Moreover we
shall prove that the order of approximation of function f € Cqr by An(f5q,7,9)
for s > 1/2 is better than (4).

We shall apply the modulus of continuity of f € C,, defined by

(6) w1 (fy qu;t) = 8sup “Ahf(')”qr» t € Ry,
0<h<t |

where AR f(z) := f(z + h) — f(z) for z,h € Ry.
From (6) it follows that

(7 tl_lgl_'_ wi(f;Cqr;t) =0
for every f € Cyr, ¢ > 0, r € R,. Moreover if f € CL,, then

(8)  wi(f;Cqr;t) < Ma||f'|l4rt, (0<t<1, M, a positive constant).

2. Main results

2.1. In this section we shall give some properties of the above operators, which
we shall apply to the proofs of the main theorems.
By elementary calculations we obtain
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LEMMA 1. Letr € Ry and q,s > 0 be fizxed numbers. Then for all z € Ry and
n € N we have

(9) An(l;q,7,852) = 1,
8 1 r
A, (t;q,71,87) = .(Z.l_foft__)_,
2, .y _ (nPz+1)? 1
An (t ,q,r,s,a:) = OL% 1+ (ns$+1)r ,
(10) ’ An (e q,1,8;2) = ePn(ne+1)"
Ap (teq"t-q r 8':1:) = Mew/aneﬁn(n’mwtl)’,
’ 17 b an |
r 2 r ,
A (t2e¢n‘t.q r S':ZI) — Meqr/an + Meqr/an eﬂn(n’z+1)”,
n 1Yy 759, o a%
where
(11) an=n°(n'z+1)"" +gqr, Bp=el/ -1
Moreover
8 1 [
CAn(t—z9,7,82) = Ql_za_'_"__)._ _ oz,
2
N 1 A G e 0
A‘n ((t x) y4, T, 8; z) - ( o xr + —a% ,
(12)  An((t—2)%e";q,7,5;2)

T 2 8 r
- [(<_+1/ —o) 4 LD o] gty
(o 7% (074

forxz € Ry andn € N.

Now we shall prove two fundamental lemmas.
LEMMA 2. Let q,s >0 and r € Ry be fized numbers. Then
(13) 14n(1/v0r (0); 0,7, 85 Ylgr < €%, mEN.
Moreover for every function f € C,, we have ‘
(14) lAn(f;ig 7,8 )lgr < €| fllgr, m€EN.

The formula (5) and the inequality (14) show that A,(f;q,7,8;:), n € N, is a
positive linear operator from the space C,. into By, .




14 Z. WALCZAK

Proof. From (2) and we have
00r (@) An(1/gr (B3 4,7, 532) = (D=2 s e Ry ne N,
By we get
£ (o) < rrrss)
k' \n*(n®z + 1)~ +qr = \n*(n°z+1)""1 +gr

ns(nSm + 1)7‘—1 *

Hence we can write
0er(2) An(1/0ge (8)30,7,5:2) < ¥, w € Ro, n €N,
which implies [13). The formulas (5) and (3) yield
1An(F(8); 0,7, 8 Mlgr < MfllarllAn(1/v0r(®); 0,7, 83 Mlars M EN, 7€ Ry,

for every f € Cyr. Applying [(13), we obtain [14). This completes the proof of
Lemma 2.

LEMMA 3. For every fized q,s > 0 and r € R, there exists a positive constant
M3s(q,r) such that

(15)  sup vgr(z)An ((t — z)?/vgr(t); g, 7, 852) < Ms(g,r) for all n € N.

z€Ro n2s

Proof. From (10)—(12) we have

Vgr(Z)An ((t - m)z/vq,.(t); q,7,8; :c) = vgr(2)An (1/vgr(t); g, 7,85 ) -

an a?

for x € Ry and n € N. Observe that

8 T 2 s r 2
(weqr/an _ w) <9 (MLD_ (eomt — 1))

Qn On

8 r 2
+2(M—z) = W, + Wy

an
Using (11) and the inequality e® — 1 < te? for t € Ry , we obtain

W <o D Mia,1)

- n4s(nsm + 1)2r—4 - n4s ’ n€N.
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Moreover, for r > 2, we have

(n®z+1)" —n°z(n°z+1)""! - qra:) 2
On

- 2 (oree (1- %55=))
<2 (1 S )2<A—4§£9-f—)

W, =2

- n2s + (nsm + 1)1'—1 - n2s
and
@2 1) e, . =
a? ~ n2(nfx +1)7"2 T n2¢
From this and in view of we get
k Mﬁ(qa 7')

’Uq,-(:L')An ((t - z)z/vqr(t); q,T,8; .’13) -<— n2a

for z € Ry and n € N. This ends the proof of [15).

2.2. Now we shall give approximation theorems for A,.

THEOREM 1. For every fized q,8 > 0 and r € R, there exists a positive con-
stant M7(q,r) such that for every f € C;r we have

(16)  l14n(F50,7,5) = FOller < XL #l,, for all me .

Proof. Fix x € Ry. Since
ft) - f(z) = /: f'(w)du,  t€ Ry,
for f € C}, and the fixed z, we have by (9) that
A (f50.r.552) = @) = dn ([ )0 r52),  meEN.
But by (2) and (3) we have |

[ 1

This implies that

‘ (17) vqr(x)lAn(ﬁ q,7T,8; x) - f(w)l
<N F Nlgr {An ([t — 2|5 0,7, 855 7) + vgr(2) An (|t — 2| /Vgr(t); 0,7, 85 T) }

1 + 1
Vgr(t)  vgr(T)

< “fI”qr ( ) 't - IBI, t € Rp.
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for n € N and ¢ € Ry. By the Holder inequality, (9) and Lemmas 1 - 3, we
obtain

A, (t —zl;9,7,87) < {An ((t — 2)%5 9,7, 552) A, (l;q,’f‘,s;x)}l/2 < A’I_i%;(;‘i_’_r_)

and

Vgr(2)Ap (|t — z|/vgr(8); ¢, 7, 55 T)
< 0gr(@) {An ((t = )2 /002 (); 0,7, 8,2) }/* {An (1/00(1); ¢, 7, 53 2)}72

S MQ(Za T) ,

n € N.
n .

From this and by (17) we immediately obtain (16).

THEOREM 2. Suppose that q,s > 0, r € Ry are fired numbers and f € Cg,.
Then there exists a positive constant Mio(q,r) such that

(18) |Arn (f5q,7,85°) = F()llgr < MlO(Qar)wl(f;C’qr§ 1/nf), n € N.

Proof. We use Steklov function fh/of f€Cyr
1 b |
(19) fu(z) == -E/ f(z + t)dt, x€Ry, h>0.
0
From (19) we get -

1 [k , 1 \
fu(z) — f(z) = 5/0 Aif(z)dt, fi(z) = ;Anf(2), =€ Ro, h>0,

and
(20) [ fn — f”q?‘ <wi (f; Cyr; h),
(21) ' ”f;;“qr < h_lwl (f’ Cq'r‘§ h) s

for A > 0. From this we have that f;, € C;r for f € Cyr and h > 0. Observe that

Var(T)|An(f; ¢, 7, 8,7) — f(@)| < 0gr (@) [|An (f — frig, 7 55 2)]
+|An (fr;q,7, s;2) — fa(2)| + |fr(z) — f(2)]] := Li(x) + La(z) + L3(z)

forx € Ry, n € N, r € Ry and h > 0. From (14) and (20) we obtain

”Llnqr < eqr”fh - f”qr <elw (f?cqr; h) )
”L3“qr Sw (fa qu; h) .
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Using Theorem 1 and [21), we get

M-,(q,r) M7(q,r)

L2 |lgr < _“;l's_”fllz“qr < e W1 (f;Cqr;h) for h>0, n€N.

Consequently

M7(Q7r)

n (0,753 = FOllar < (14 e + 00

)w1(f;qu;h)-

Now, for fixed n € N , setting h = -1, we obtain

lAn (f50,7:85°) = F()llgr < Mio(g,7)wr(f; Cor; 1/0°).
~ This conipletes the proof of [Theorem 2.
From Theorem 1 and we get

COROLLARY. Fix ¢,s >0 and r € R;. Then

Jim ||An(f;q,m,8°) = f()ller =0
for f € Cyr. In particular

4 (f; 0,7, 85) = F()llgr = O(1/n?)
for f € Cy,.

Remark. It is easily verified that analogous approximation properties hold for
the following operators on Cl,.

et s rk
. . L _(naw+1)r (n xr + 1) .
B.(f;q,r,8;z) := ¢ kEO-———-—k!

‘ br4+1
[n°(n°z +1)" + gr] /b fdt  (feCy)

for fixed ¢,s > 0,z € Ry, n € N and r € R,, where b, =

k
n*(n*z+1)"—14qr-
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