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Abstract. We shall show that two simple graphs embedded on a closed surface
with the same face size distribution can be transformed into each other, up to
homeomorphism, by a sequence of diagonal flips if they have the sufficiently large
number of triangular faces. ’

1. Introduction

A “diagonal flip” has been defined as a local deformation of triangulations
on surfaces and there is a big stream [3, 4, 7, 8, 17, 19, 20, 21, 22, 23, 26, 27]
of studies on the equivalence over triangulations on surfaces by diagonal flips
in topological graph theory. This began with Wagner’s classical work on
spherical triangulations and Negami’s work opened the way to a general
theory of diagonal flips. His result states that any two triangulations on a closed
surface with the same and sufficiently large number of vertices can be transformed
into each other, up to homeomorphism, by a sequence of diagonal flips, and its
many variations have been proved. Furthermore, Nakamoto has developed a
theory of “diagonal flips” in quadrangulations on surfaces [12, 13, 14, 15, 16, 18],
some part of which goes in parallel to that for triangulations.

A natural question arises; what can we say about simple graphs with faces
some of which are triangular and others are quadrangular? In this paper, we
shall answer this question under more general situations, as follows.

Let G be a simple graph 2-cell embedded on a closed surface F2? and let
fi denote the number of faces of size i. Then we have Yi>3ifi = 2|E(G)).
We call the sequence (fs, fa, fs,-..) the face size distribution of G. We denote
the size of a face A by |A|. Let A; and A, be two faces adjacent along an
edge vovy, and let vovy - - vy, - - *V|4,|+|A5|—3 be the boundary walk of the region
obtained as A; U A;, which is divided into A; and A by vov,,. A diagonal flip at
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VoV, is to replace vovy, with v1v,4+1 (or v_1v,,—1 with subscripts taken modulo
|A1] + |A2| — 2). Any diagonal flip does not change the face size distribution
of G. Since we have to stay in the category of simple graphs, a diagonal flip is
forbidden if it produces multiple edges or loops.

A graph G embedded on a closed surface F? is said to be closed 2-cell em-
bedded or strongly embedded on F? if each face of G is bounded by a cycle of

length at least 3. The following theorem is our answer to the above question:

THEOREM 1. Given a closed surface F? and a finite sequence ¢ = (fa, fs,-..)
of non-negative integers, there exists a natural number R = R(F?, ) such that
two simple graphs closed 2-cell embedded on F? with the same face size distribu-
tion (fa, fa, fs,...) can be transformed into each other, up to homeomorphism,
by a sequence of diagonal flips if fs > R.

Note that triangular faces are actually necessary. For examaple, if f; = 0 for
all odd number i, there arises an obstruction related to an algebraic invariant
called “the cycle parity”. Any diagonal flip in such graphs preserves their cycle
parities. Thus, they cannot be transformed into each other by a sequence of
diagonal flips if they have different cycle parities. See [14, 18] for the details on
cycle parities.

The property of being closed 2-cell embedded is actually necessary in our
proof of the theorem to make a situation where we can use some results on
triangulations. However, another problem would arise when we neglected this
property. For example, how should we consider “a diagonal flip” of a cut edge?

Finally, we shall show the dual form of [Theorem 1. A graph G embedded on
a closed surface F? is said to be semi-polyhedral if each face of G is bounded by
a cycle, possibly of length 2, and if any two faces share at most one edge. Two
faces may share two or more vertices in a semi-polyhedral graph and each vertex
must have degree at least 3. It is easy to see that G is semi-polyhedral if and
only if its dual G* is simple and closed 2-cell embedded on F?.

x » T

Figure 1 An edge slide along uv
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Let ruvy be a path of length 3 in a semi-polyhedral graph G such that xuv
and uvy form two corners of distinct faces of G incident to the edge uv. An edge
slide along uv is to replace two edges zu and vy with zv and uy, respectively,
as shown in Figure 1. We do not carry out an edge slide if it makes a graph not
semi-polyhedral. It is clear that an edge slide in G corresponds to a diagonal

flip in G*. Thus, the following corollary is just an immediate consequence of

COROLLARY 2. Two semi-polyhedral graphs on a closed surface with the same
degree sequence can be transformed into each other, up to homeomorphism, by a
sequence of edge sildes if they have sufficiently many vertices of degree 3.

2. Proof of the theorem

A surface F? is called a punctured surface if it has a boundary. Suppose that
each boundary component is assigned a non-negative integer more than or equal
to 3, as its length. A triangulation on such a punctured surface F? is a simple
graph embedded on F? so that a cycle of the specified length d in G is placed
along each boundary component of length d and that each face is triangular.
Diagonal flips in those triangulations can be defined as in the previous, but we
do not flip edges on the boundary cycles.

Under this situation, Negami’s arguments in [19] work well only with small
changes and conclude the following theorem, which can be found in [21]. We
shall prove our main theorem, using this theorem.

THEOREM 3. Given a punctured surface F? with boundary components of given
lengths, there exists a natural number D such that two triangulations on F? can
be transformed into each other, up to homeomorphism, by a sequence of diagonal
flips if they have the same number of vertices more than D.

Let G be a simple graph closed 2-cell embedded on a closed surface F? with
face size distribution (fs, fs, fs,...) and put ¢ = (fs, fs,...). A graph H on F?
is said to be a ¢-graph if H is simple, closed 2-cell embedded on F? and has
exactly f; i-gonal faces for each i > 4. Contraction of an edge ac is to shrink ac
into a point a = c. In particular, if ac is incident to a triangular face abe, then
we have to replace a digonal face bounded by multiple edges ab and cb with a
single edge. Let G/ac denote the graph obtained from G by the contraction of
ac. An edge ac of G is said to be p-contractible if G/ac is also a w-graph. Thus,
any edge incident to a face of size more than 3 is not y-contractible while both
sides of any (-contractible edge must be triangular faces.
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A y-graph G on a closed surface F? is said to be -irreducible if G has
no p-contractible edge. We call a ¢-irreducible ¢-graph simply a -irreducible
graph. If ¢ = (0,0,...), then any ¢-irreducible graph of F? is an irreducible
triangulation of F? in the usual sense.

The finiteness of irreducible triangulations of F2 in number implies that of
its g-irreducible graphs, as in the following lemma. The former has been proved
in many papers [2, 5, 6, 11] and the complete lists of irreducible triangulations
of the sphere, the projective plane, the torus and the Klein bottle have been
already determined in [25, 1, 9, 10], respectively.

LEMMA 4. Given a closed surface F? and a finite sequence ¢ = (fa, fs,...) of
non-negative integers, there erist only finitely many p-irreducible graphs of F?,
up to homeomorphism.

Proof. Let G be any g-irreducible graph on F2. Call an edge “a red edge” if it
is incident to a face of size more than 3 and “a black edge” otherwise. Add an
extra vertex to each face of size more than 3 and join it to all vertices lying along
the boundary of the face with “red edges”. Let G be the resulting triangulation
on F2. The property of G being closed 2-cell embedded guarantees that Gisa
simple graph. , ‘

Since G is -irreducible, all black edges are not contractible in G while red
edges might be contractible. Contract edges, red or black, until we obtain an
irreducible triangulation Tp of F2. If a black edge and a red edge are identified
in the process, then the resulting edge should be red. We shall show that each
contracion decreases the number of red edges by at least one even if it contracts
a black edge.

Let ac be an edge in G, which is contracted in Tp. Let G’ be the triangulation
in which we contract the edge ac in the contracting process. We may assume
that ac is still black in G’ as well as in G. We shall show that one of the facial
cycles sharing ac in G’ contains two red edges.

Since ac is not contractible in G, there is a non-facial cycle aze of length 3
in G. If azc were essential, then it would survive in G’. Thus, axc bounds a
2-cell region D?. Let H be the triangulation of D? with boundary axc, which is
a subgraph of G. Since ac can be contracted in G/, the region D? shrinks into
either the edge ac or one of the faces sharing ac, say abc in G’.

First, suppose that D? shrinks into ac. Let A and C be the sets of vertices in
H which are identified with a and ¢, respectively. Obviously, AUC is a partition
of V(H). Since ac is black in G’, any edge a;c; joining A and C, called an A-C
edge, is black in G and there is a non-facial cycle ayz1c; of length 3 in G It is
clear that a;z;¢; cannot go outside D? and hence it bounds a 2-cell region D?
inside D?. -
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Choose an A-C edge a;c; so that D? is the innermost among those regions
and let a1b;¢; be the face incident to ai¢; in D?. We may assume that b; € C.
Then the edge a,b, is an A—C edge and must be contained in a non-facial cycle of
length 3 bounding a 2-cell region inside D?, which is contrary to the minimality
of D2. Thus, this case does not happen.

Suppose that D? shrinks into a face abc. Let A, B and C be the sets of
vertices in H which are identified with a, b and c, respectively. Assume that bec
is black in G’. Then all A-C edges and all B-C edges are black in G and each
of them is contained in a non-facial cycle of length 3 bounding a 2-cell region
inside D?. :

As in the previous case, choose an innermost one among those regions, say
D2. Let ayc; be an A-C or B-C edge on its boundary, which is black, and let
a,b,c; be the face incident to a;¢; in D%. Then we may assume that a; € AUB
and ¢; € C. However, it is easy to see that either a,b; or b,c; is black in any
case, which is contrary to our choice of D?, again. Thus, bc must be red in G’ and
hence so is ab by symmetry. Since these two red edges become one, contracting
ac decreases the number of red edges, as claimed.

Therefore, what we have just proved implies that the number of edges con-
tracted to obtain To, say n, does not exceed the number of red edges in G, which
is bounded by 23"..,, if;. Thus we have [V (G)| = |V (To)|+n and n < 23 >4tk
These imply that:

V@I=IVEGI-Df = V@) +n-3 £

i>4 i>4
SWV@)I+2D ifi=> fi = V@) + Y (2i-1)f;
i>4 i>4 i>4

Since |V (Tp)| is bounded by a constant depending only on F2, |V (G)| is bounded
by a constant depending on F? and ¢. B

LEMMA 5. Let G be a graph closed 2-cell embedded on a closed surface F2, and
let v be a vertex of G with neighbors v, ..., v,_1 lying around it in this cyclic
order. Add a vertez x of degree 3 to G so that x is adjacent to v,v; and Vit
Then, the vertez x can be moved by diagonal flips so that x is adjacent to v, Vit1
and vitg. (The subscripts are taken modulo m.)

Proof. By diagonal flips, replace vv;4; with 2v;,2, and then replace zv; with
Mit1. A

In Lemma 8§, the vertex z of degree 3 added can be moved through any
triangular faces. However, if no face of G incident to v is triangular, then z can
only be rotated around v.
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Let A be a 2-cell region bounded by a cycle of length 3 on a closed surface
F? and suppose that it is subdivided into triangular faces. Since the subdivision
of A can be regarded as a plane triangulation, it can be transformed into the
“standard form” that can be obtained by adding vertices of degree 3 one by one
to the empty region, in the same way as in the proof of Wagner’s theorem given
in [24]. Using repeatedly, we can move all vertices in A to the outside
of A by diagonal flips after deforming it into the standard form. So we call each
of those vertices a movable verter here. That is, a vertex v in a graph G on a
closed surface F is movable if and only if there is a cycle of length 3 in G which
bounds a triangulated 2-cell region on F? containing v.

Figure 2 The “standard form” and movable vertices

LEMMA 6. Let C be a cycle of length m bounding a 2-cell region D? which is
subdivided into triangular faces and one m-gonal face F and suppose that there
is no chord of C in D2?. If the inside of C contains at least m vertices, then we
can transform it by diagonal flips so that:

(i) There is a cycle C’ of length m disjoint from C and bounding an m-gonal
face.
(ii) Each verter not lying on C U C’ is movable.
(i) There is no chord of C in D?.

Proof. Let C’ be the boundary cycle of F and R the region bounded by C U C’
in D? which is triangulated. In this initial stage, C’ might not be disjoint from
C. We paint movable vertices by red to distinguish them from other vertices,
which are still black.

Suppose that there is a black vertex v in R — C U C’ and let uy---u be
its link in the black triangulation of R, that is, the cycle of its black neighbors
surrounding v. If k£ = 3, then v is movable and should have been colored by red.
Thus, we have degv = k > 4. Then we can find consecutive four neighbors of
v, say U1 to u4, so that us does not lie on C. For, otherwise, one of edges on
the link u; - - - u, of v would be a chord of C. Furthermore, we may assume that
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each of triangular faces vujug, vusus and vusu, does not contain any red vertex,
after moving it, if any, to other triangular faces.

If u; and u3 are not adjacent and do not lie on C together, we flip vu, to
uyug, so that the degree of v will decrease by one and that the new edge u;ug is
not a chord of C. Otherwise, up and u,4 are not adjacent by the planarity and
at least u4 does not lie on C by our choice of u; to ug. Flip vug to upuy4, which
will not be a chord of C, in this case. Repeat this procedure as far as possible,
that is, until we have degv = 3, and color the new movable vertex v by red.

By the previous arguments, we can establish Conditions (ii) and (iii). If C’ is
disjoint from C, then the lemma follows. Suppose not. Since |V (C’) — V(C)| <
m, R must contain at least one red vertex. Then we can find a black triangle
abc in R with a € V(C) NV(C'), ac € E(C'") — E(C) and ab ¢ E(C') such that
We can move a red vertex z into this triangle. We may assume that z is the only
vertex contained in the triangular region bounded by abc. Let d be the neighbor
of a on C’ other than c. Flip ac to zd and repaint = and za, zb and xc by black.
Then the new C’ does not contain a. Repearting this as far as possible, we can
eliminate the intersection of C and C’ and obtain the final form satisfying (i),
(ii) and (iii). m

Now we shall prove [Theorem 1.

Proof of Theorem 1. Let F? be a closed surface and let ¢ = (f4, fs,...) be any
sequence of non-negative integers. By [Lemma 4, there exist only finitely many
p-irreducible graphs on F2. Thus, we let I(F2, ) be the maximum number of
vertices of them. Put

1

i>4

R = R(F?, ) = max {I(FZ,so) +Y ifi, D} .

where D is the integer for which is guaranteed to hold.
Let G1 and G2 be two p-graphs on F? such that

(i) G1 and G5 have the same face size distribution (fs, fa, fs, .. .), and
(i) [V(G1)| = [V(G2)| 2 R.
Note that the second condition (ii) implies that f; is sufficiently large since f;

with i > 4 are fixed. Actually, we have the following bound for f3, which can be
easily derived from Euler’s formula:

fs 2 R=2R~2x(F*) -} (i-2)f;
>4

If all faces of size more than 3 in G; are mutually disjoint, then G; can be
regarded as a triangulation of a punctured surface obtained from F2 by removing



178 A. NAKAMOTO AND S. NEGAMI

the interior of those faces. In such a case, since R > D, implies that
G1 and Gz can be transformed into each other, up to homeomorphism, by a
sequence of diagonal flips. Thus, it suffices to show that G; can be deformed by
diagonal flips so that all faces of size more than 3 are mutually disjoint.

Since G is not p-irreducible, we let vu; be a y-contractible edge in G;. Sup-
pose that u;,ug, ..., un, are the neighbors of v lying around it in this cyclic order.
There are two triangular faces vujuz and vujuy, incident to vu; and we can flip
VU2, VU3, .. ., VUm—2 tO U U3, U1 Uy, ..., U1Um_1 iD order since the resulting graph
Gj is isomorphic to Gy /vu; with a vertex v of degree 3 added to one face. The
added vertex v is incident to three faces, at least two of which are triangular and
the other might be of size more than 3. Color the vertex of degree 3 to be red.
Other vertices are supposed to be colored black.

Repeat the previous procedure as far as possible. (If a red vertex is adjacent
to both ends of a p-contractible edge e, then move the red vertex to a neighboring
face before contracting e.) Then we obtain a (black) y-irreducible graph Gg
with extra red vertices added to faces of Gy. We denote this graph by Go. Since
[V(Go)| < I(F?, ) and |V (G1)| > I(F?, ) +>isatifi Gy has at least Yisa zf,
red vertices.

We first move these red vertices so that any triangular face of Gy contain no
red vertex. Then we can find a face F of Go with |F| > 4 which contains at
least |F| red vertices. Since each of those red vertices has been added to F as
a vertex of degree 3 incident to at least two triangular faces, F contains only
one |F|-gonal face of Gy and others are all triangular. By Lemma 6, we can
deform the inside of F so that it contains a cycle C’ of length |F| disjoint from
the boundary cycle C of F, as desribed in the lemma. Color all vertices on C’
by blue. They are not movable now. On the other hand, all movable vertices,
which are red, can run freely through the annular region bounded by CUC’ and
can go to any face adjacent to F by Sweep out all of them to other
faces of Go which have never had the structure given in yet. We can
continue the same deformation as in this paragraph if such faces remain.

- Therefore, all non-triangular faces in the final form will be bounded by cycles
consisting of only blue vertices, which are mutually disjoint. Thus, the theorem
follows. m

Acknowledgements. The authors would like to express their thanks to Prof.
Katsuhiro Ota, Keio University for his helpful discussions to complete the final
form of this paper.

References

[1] D.W. Barnette, Generating the triangulations of the projective plane, J. Combin. The-



(2]

(22]
(23]

(24]
(25)

DIAGONAL FLIPS IN GRAPHS ON CLOSED SURFACES 179

ory, Ser. B 33 (1982), 222-230.

D.W. Barnette and A.L. Edelson, All 2-manifolds have finitely many minimal triangula-
tions, Isr. J. Math. 67 (1989), 123-128.

R. Brunet, A. Nakamoto and S. Negami, Diagonal flips of triangulations on closed sur-
faces preserving specified properties, J. Combin. Theory, Ser. B 68 (1996), 295-309.

A K. Dewdney, Wagner’s theorem for the torus graphs, Discrete Math. 4 (1973), 139-149.
Z. Gao, L.B. Richmond and C. Thomassen, Irreducible triangulations and triangular
embeddings on a surface, CORR 91-07, University of Waterloo.

Z. Gao, R.B. Richter and P. Seymour, Irreducible triangulations of surfaces, J. Combin.
Theory, Ser. B 68 (1996), 206-217.

H. Komuro, The diagonal flips of triangulations on the sphere, Yokohama Math. J. 44
(1997), 115-122.

H. Komuro, A. Nakamoto and S. Negami, Diagonal flips in triangulations on closed
surfaces with minimum degree at least 4, J. Combin. Theory, Ser. B 76 (1999), 68-92.
S. Lawrencenko, The irreducible triangulations of the torus, Ukrain. Geom. Sb. 30 (1987),
52-62. [In Russian; MR 89¢c:57002; English translation: J. Soviet Math. 51, No. 5 (1990),
2537-2543.]

S. Lawrencenko and S. Negami, Irreducible triangulations of the Klein bottle, J. Combin.
Theory, Ser. B 70 (1997), 265-291. ‘

A. Nakamoto and K. Ota, Note on Irreducible triangulations of surfaces, J. Graph Theory
20 (1995), 227-233.

A. Nakamoto, “Triangulations and quadrangulations of surfaces”, Doctoral thesis, Keio
University, 1996.

A. Nakamoto, Diagonal transformations in quadrangulations of surfaces, J. Graph Theory
21 (1996), 289-299.

A. Nakamoto, Diagonal transformations and cycle parities of quadrangulations on sur-
faces, J. Combin. Theory, Ser. B 87 (1996), 202~211.

A. Nakamoto and K. Ota, Diagonal transformations in quadrangulations and Dehn twists
preserving cycle parities, J. Combin. Theory, Ser. B 69 (1997), 125-141.

A. Nakamoto and K. Ota, Diagonal transformations of graphs and Dehn twists of sur-
faces, J. Combin. Theory, Ser. B 70 (1997), 292-300.

S. Negami and S. Watanabe, Diagonal transformations of triangulations on surfaces,
Tsukuba J. Math. 14 (1990), 155-166.

S. Negami and A. Nakamoto, Diagonal transformations of graphs on closed surfaces, Sci.
Rep. Yokohama Nat. Univ., Sec. I 40 (1993), 71-97.

S. Negami, Diagonal flips in triangulations of surfaces, Discrete Math 135 (1994), 225-
232.

S.Negami, Diagonal flips in triangulations on closed surfaces, estimating upper bounds,
Yokohama Math. J. 45 (1998), 113-124.

S. Negami, Diagonal flips of triangulations on surfaces, a survey, Yokohama Math. J. 47,
special issue (1999), 1-40.

S. Negami, Note on frozen triangulations on closed surfaces, Yokohama Math. J. 47,
special issue (1999), 191-202.

S. Negami, Diagonal flips in pseudo-triangulations on closed surfaces, Discrete Math.
240 (2001), 187-196. '

O. Ore, “The four-color problem”, Academic Press, New York, 1967.

E. Steinitz and H. Rademacher, “Vorlesungen iiber die Theorie der Polyeder”, Springer,
Berlin, 1934.



180 A. NAKAMOTO AND S. NEGAMI

[26] K. Wagner, Bemekungen zum Vierfarbenproblem, J. der Deut. Math. Ver. 46, Abt. 1,
(1936), 26-32.

[27] T. Watanabe and S. Negami, Diagonal flips in pseudo-triangulations of closed surfaces
without loops, Yokohama Math. J. 47, special issue (1999), 213-223.

Department of Mathematics,

Faculty of Education and Human Sciences,
Yokohama National University,

79-2 Tokiwadai, Hodogaya-Ku,

Yokohama 240-8501,

Japan

E-mail: [nakemoto, negami]@edhs.ynu.ac.jp



	1. Introduction
	THEOREM 1. ...

	2. Proof of the theorem
	THEOREM 3. ...

	References

