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Abstract. We studied the Killing fields of a spacetime with pseudo Metric:

3
1 aTyTc 1
ds? = bpe — ————= } drpdre — —————dz4dx
T4T4 { z ( be 1+ar2) TbaTe 1+azazs * 4}’

b,e=1

on R*, = R® x Ry, where > = 3 | 7,23, a = constant > 0 in [13]. In this
paper, we shall investigate the analogous problems for the case a < 0, for which
the above metric has singularity where 1+ ar2 = 0 or 1+ azqzq = 0.

1. Preliminaries

Let us put a = —1/7102%, 19 > 0. Then the above Ot-metric becomes
1 3 TpT To?
.1 2 = e L A,
(1.1) ds P bcE_l (5bc + ro? = 7'2) dxpdx, - Ep—— Tadzy ),

which is singular at r = ry or z4 = 7. Let D; be the domains of R?® x R,
defined by

Di:0<r<ry, 0<z4<ro;Dy:mo<m, 0< 24 <T0;
D3 :ro<r, 0 < Tg4; Dsy:0<r<rg 1o <4

and € and €’ be the auxiliary functions which are constant on each D; as

€ =1on D, and Dy and ¢ = —1on D; and D3,

(1.2)
€’ =1 on D; and D, and €’ = —1on D3 and D,.

Then we have easily the equalities

(1.3) [ro? — 72| = € (0% — 12) and |ro? — Taz4| = (102 — T4z4).
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Denoting the metric (1,1) as

4
ds® = Y gijdzides,  9i5 = iy

i.j=1
1 TpTe ro2
1. 4 —_— —_— 6 e fnd 0 —_—
( ) /%) Taq ( be + 7'02 — T2) s Gba , J44 IE4$4(7'02 — $4Z4) )

b,c = 1,2,3, from which (g*/) = (gi;) ! is given by

2 _
(1L4) g =43 (6bc - mbzc) , g =0, g = —zum, R

T'02 1"02

The Christoffel symbols computed from (1.4) are given as

TpT To2 — T4 IpT
(x5} = (5bc _!’_2_.), {b4c}=__°__i_i (5bc+___b_°_),

r2 70224 ro? — 12
1

(1.5) (%4} = ——5b°, {b44} =0,

2.’E4.’B4
4 (To — T4T4)

{4} =0, {44} =
by (1.3) in [13].

LEMMA 1. The signatures of the metric (1.1) on each D; is given as
(+ ++=) on Dy, (++ —=) on D, (++ —+) on D3, (++ ++) on Ds.
Proof. For any X; we have

2

To
Taza ) _ 913X X; = bexb+ (bexb) g XX

1,5
T 2 2 2 2
L _ Ty To Ty _ 70
B
which implies easily the above claim. '

As shown in [13], the components R,-"hk of the curvature tensor :

e = 20 - 2L S - S

satisfy
Ri*hi = 69k — Ohgin
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and the Ricci curvature
Ry = Zthhk
l
and the scalar curvature R = )", . g% Rjx becomes as
Rij = 3g;x and R =12,

and hence the metric (1.1) satisfies the Einstein condition

R
Rij = 7%
Let V = ¥, v'9/0z; be a Killing vector field. It satisfies the condition :
_ Oy 6'0 .
v . + v , 1‘ .7 g. vJ
ij T Vi, 6:1:,- 2;: ij
which can be written by (1.4) and as
Ovp v, 2 -'Dbxc
1.6 —_—t — — —1 4 eVe
(1.6) e ) DS
+ 2(ro® — T4T4) Bpe + xbxc va =0,
T0?T4 o2 — 12
(1_7) _a.t_)b_ + % + -2"Ub = 0,

Ovy To2 — 27474
V4
8274 T4 (7'02 — $4$4)

(1.8) =0.

Since the argument deriving the solution of [1.6) ,{1.7) and [1.8) is the same as
the case a > 0 treated in on D;, we obtain a general solution:

{ 0V T0%2 — TaTaMp + T02 —1r2pp — (U X T)p

11?42:4

Caw - r—l-ﬁ (,,\/—_— Lpn)s }
(’ro()\ - Z) + poVTo® — "”2) )

Vg =
4 [~ 3

where pg is a constant and

A1 D1 M1
A= 2 |, p=| P2 |, H=| M2
A3 P3 13
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are constant vectors in R3, and (- Z) and (u x ) denote the inner and outer

I
products of A and p with Z = | =z, |, respectively, (see in ).
I3

2. Solutions of (1.6), (1.7) and (1.8)

Looking over the solution (1.9) of the partial differential equations [1.6),
and on the domain D, , we give the following theorem.

THEOREM 1. The following vector field V = Y. v*8/8z; depending on 10 real
constants po, A;, Pi, 4i, t = 1.2.3 given by

1 ' 1 -
Up = {Toe”v [To? — zazg| Xy + Eel Iro? — r2|py — (b X £)p

T4y

1 - .
vy = (ro(A + ) + po€’y/|10? — 7'2|) , Vi = Zgij'l)’
$4\/|7'02-.’E4274| 7

is a Killing vector field on Dy, Dy, D3 and Dy for the metric (1.1).

Proof. Using (1.3), first we have

Ovy ( 1 zq€” )( . p
— = |- + To(X+ )+ po€’y/|ro? — 12
O0z4 T4?4/|ro? — T4zs|  T4|ro? — x4x4|3/2 | |

1 T4€” 1 T4 702 — 2244
= _"—"'—2——_’"‘“_ V4= *—+2— Ug=— 2 Vg
Ty |1”o —1154-’E4| Ty To® — TyTy 334(7'0 —374934)

hence holds.

Second, we have

Ovp, 2 1 { ToT4 PoZ4 }

— = vp + Ap + z

3$4 7 b TaTy 2V l'f‘oz d :1741341 b \/l'f‘(_‘)2 - r2|\/|r02 - 2241}4' b
1

004 = ToAp — S Zp

0zy  z44/[ro? — z4z4] Vro? — 12|

from which we obtain

8’!)1, 61}4 2 .
gz 6‘_:1:;, + Z’Ub =0
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and so holds. Finally, since we have

avb 8’Uc
3:176 + 8.’1:1,

T¢ .’ECG,

1
T4T4 To

Toy/|10% — T4z4

6bc ] 1 ~ DcZTh
— —=—=———— po€ /|T0® — 44| — —(p- T)) +
|7'02 — 7'2| ( | 0 4 4| To(p )

51

1
- €' \/|ro? — T4 ——p-a?)n:b
T e (o VI ] = 2

* : x P ne (Pof” V0% — T4z4| 1 (p- 5’)> 7
- - - - - [
TaTa | roy/Iro? — 12| Iro? — 72?2 70

6cb

|ro?

To l’l"o2 - ’f'zl

T VI = (”Oglm—%(p.@ +_&}

— 2 ThZTc Obe ”\/—2—_—— 1 _
=~z (l’”oz e + P ——T po€’\/|ro? — Taz4| — ;g(p )

2

TpZe " 1 -
= (e + =22 ) (po€” /|0 — Taza] — — m)
T4aTy I’f’oz —1‘2| ( be 7'02 —_ T‘2> (pO l 0 4 4| ‘I"o(p )

2 TpTe
— (6bc + — _7_2) Zmeve

= 2 ZbZe 1 "N fi s 1 ~
T <6bc * T0? — 7'2) TaTy {roe [ro? — 2424|(A - 2)

e .
+ VI —r(p- 2) -

_ 2 TpTe ¢ \/__2__ )
_1‘4934 <6b6+ 102 —7‘2> {_ ITO —1174:E4|(A-:L')+

r2 , 1 ~
——m (Pofl VIro? — z474| — ;g(P'@) }

To

1 -
—————— . z
g (p-2)

por2e”’

- 70?2 — T4
ror /o A ¥ O T 4'}

2

and

2(r0® — z4T4)
To%z4

TpTe e’ )
B Oe + —/|ro® — 12|/ |ro? — Taza|(X- T
T4Ta4/|T0? — 2| ( e o2 —1”2) {ro Viro [Vlro aZa|(A - )
por?e’

—-(p z) -

o2 VY |ro? — “’4$4|}

TpTc
(5bc + ——-7’02 — 7‘2> V4
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2 1 2 __ N
= € vV |T'o JJ4$4| (6bc + _ﬂ’i_) X (7-0()‘.93) _|_p0€l /|7'02 _TZI)

T0%T4Ts o2 — 12

= 2 <6bc f”xc 2) €’ /|ro? — 12]4/|ro? — 9’4x4|(,\ . E)
TaTa/|ro? — 72| To* — T To
e /|r02 — :z:4x4|(r02 _ 2)
7'02

we obtain easily

Ovy, Ov, 2 TpT 2(ro? — T4 Tpx
by 20 2 (ot 2 ) St A (5 2,

Oz, Oxzp 7102 0% — 712 To%T4 02

and so holds. Hence the vector field V given by (2.1) satisfies [(1.6),
and and so a Killing field for the metric (1.1). Q.ED.

In the following we compute the norm N(v) of the Killing field v = V' given
by (2.1) :

(2.2) N(v) = Zguv v = Zg‘jvivj
%)

Using the notations L = 19?2 — 72 and M = ro? — 2424 and the identity
A (wx ) =((Axp)-2),

we have by (1.4) and (2.1)

Ty
T4z4N(v) = Z (6"° - Tl;z—c—)

b,c .
1 1 1

" . _ ~ = " - -
s {rod /T + oo T = (1 s v (moe" /17T - -0 z))xb}

1 - 1 1 -
X {roe"\/ |IM A + ;o-e’ |Llpe — (1 X &) — -——\/m (poe”\/|M| - ;:)—(p . m))xc}
5134:174 M 2
~ o M (ro(/\ Z) + poe \/|L|)

= 102|M|(A - ) + 2€' €’ \/[L]\/[M|(X - p) — 2r0€” \/IM|((X x u) - &)

nVIM " 1 - - 1
~ 2rqe -———\\//'m' (roe" 1071 - E(p-w) (%) + =5 ILI(p-p)

- ;.%gx/l_fl((P X p)-T) = %e’ (poe”\/lMI - %(p- a':)) (p- %)
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2 2
+(x2) - e x D) + T (o VIR - 05 )

- e vimio-2) + LeviTie-2) - T (we Vi - 202}
—%ﬁ ”( o(\ - £) + po€’ \/E)z

= ro?|M|(A- \) + 2¢'€ /IL]V/IMI(A - p) — 2roe”\/M (A x p) - &)
— 2por —I—j-\—l—l—()\-&':)+2 nVIM]

0 A —|L
7] \/|73_|( Z)(p- %) + | |(p- p)
- ;%f'\/lf((z’ X p)- ) - 2226'6"\/ |M|(p-Z) + ro—zf'(P E)? + (u-p)r?
- 2por - r? - -
_(“'m)z ILI IMi ILI |M|(pa:)+m(px)2—]M|()\z)2

4
—-'r-f}(p-f)z—r—oil—u(p&lMl—ﬂe"\/_ (0-8) + 30 27
- e I/ D)o x)+2”°" Ml (x5 - /IR

|Ll 0?|L]
- 2por?
A-Z)p-Z)+ Po ¢'vIM|(p- %) - —e'(p %) — x4z’ (- £)°
- T g \/W(A 7 - BTy
To To

which is arranged as follows:

1 -
Z4TaN(v) = 10%|ro® — zaza)(X - N) + -m—zlroz —12|(p-p) — ro%’' (A - £)?

1 - -
+ ﬁe’(p- )2+ (u-p)r? — (p-2)? + 26" \/[ro?2 — r2|y/|ro? — zaz4|(X - P)
0
23) 2oy~ (A x ) 8) ~ — €/~ (P x 1) - )
— 2poro€'€” /[ro? — T2|(A - &) — ”° €'e"\/Tro? — zazal(p - Z)

+ po?€'e’ (1% — z4x4).
Now, we denote the special Killing field with
p=-1, A=p=p=0
in (2.1) by £ = )", €;dx;. We have

GIIVT— I\/ﬁ
(2.4) e A kT PR A i i
T4y ’I"02 — 1‘2| Tg+/ |1'('_)2 - .’1742241
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and hence obtain

. 1
(2.4") £ = ;;ie’e”\/lro"' — 12|4/|r0? — T4z4]z;.

LEMMA 2. For the Killing Field £ , we have

(1) The sign of N(§) is shown in Fig.1;
(ii ) The Pfaff equation £ = 3, &idx; = 0 is complete and its solution is ro? —
Z4Z4 = c(ro? — 12), where c is an integral constant.

Ty
+
Dy _ I»
To
1 D,
n -
0 To T

Fig. 1

Proof. By we have
T4TaN(€) = €€’ (r0® — z4z4),

from which we obtain easily (i ) by means of (1.2).
Next we have

€= &dz; = Vlro? — zamd] > " zydzy - VAR
= i =
i

T4y |T‘02 — 7‘2|

and hence the Pfaff equation € = 0 is equivalent to

€'|ro? — z4z4| Z:vbdxb — €|ro? — r?|z4dzy = 0,
b

which becomes

(10? — Tax4)rdr — (1% — r2)z4dzs = 0.
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Therefore, its solution is given by
(2.5) T0% — T4z4 = (1o — 1)
with integral constant c. Q.E.D.
We denote this symmetric in R? and quadratic hypersurface in R4 = R®x R,
by 3. in the following.
3. Special Killing forms

We shall investigate some special Killing field V' given by (2.1) and putting

= vada:b + vadzy,
b

such that the system of Pfaff equations :
(3.1) €=0 and 0=0

is complete, that is, it admits locally a surface satisfying both equations on D;.

As it is well known, it is necessary and sufficient that the following equalities
hold

(3.2) 5/\0/\d§=0 and ENOAdI=DO.

By the first equality holds. We shall compute the left hand of
the second equality. In computation we shall use the following notations and
equalities :

dzo A dz3
L= 02 - 1‘2, M= T'02 — X4y, doX = dz3z A dzq , d3T = dz1 A dz; A dz3,
dzri A dxzg

and

(A dZ) A (p- dE) = (A X p) - do),
(3.3) (A-dE) A (1~ doZ) = (X~ p)daZ, (p-di) A (u-doE) = (p- p)daZ,
rdr A (p- daf) = (b - £)daZ, ((px ) dz) A (1 - daZ) = 0.

First, we have from (2.1)

(3.4 6= {roe”\/'lMl(/\-di)+%6'\/I737(p-dri)—((uxi)-di)

T4T4
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1 " 1 - 1 , _
. (poe |M| — —r;(p :1:)) rdr + ——\/I—_—Al_—l- (poe VIL| +ro(A- a;)>x4dx4}

|L]
and
dﬁz—ida:.g/\a
T4
1 {— "0 pedra A (- dE) — ——rdr A (p- £) — 2 - da)
T4T4 VIM]| e rov/ | L] 4
1 Po 1 -
+ —= | —==24dzs + —(p-dZ) ) A rdr
(e 0 9)
1 (—- Po T'dT+T0(A'd53)>/\.'E4dIE4},
M\ VIL]

from which we obtain
(x474)?0 A df = {roe”\/lMK/\ - dT) + -rl—e'\/ |L|(p- dZ) — ((u % £) - dT)
0

= = (o€ VI = -0+ 8) )+~ (o VIET 4 702 5:))a:4da:4}

v VI
/\Z{ﬁ()\-(ﬁ)/\mdm - ! Llrdr/\(p-:i;)

- \/_mpo—lj\[!rdr/\m.;dx,; - (p,-dga"c)}
=2[6l \/|l]‘l;_||(p-d:z":)/\(/\-d5:)/\z4dz4—\/1|”?w_l((ux Z)-dZ) A (A dE) A z4dzy

To "1 1 ~ ~

—e”T_—"llj\;’Il(/\-dﬁ':)/\rdr/\(p'di)

. T T T 1 ! -
+ro\/|L_}((u X %) - dZ) Ardr A (p- d:z:)—r—ovl_r\/m(poe VIZ[+70(A - 5))

z4dzg ATdr A (p-dz)

TOPO /(- dZ) A rdr A zad B __d(p-dz

- . 4dTy — ———==¢€(p - dI) Ardr A z4dz,
VIL| roy/|M|

+ Po ((u x ) - dT) ATdr A T4dzy

VIZIVIM]
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1 / ~ = " .
- \/l_m (pof \ﬂfH—'ro(/\ . :v)) (u- d2) Am4das4+ { —roe’/|M|(A- p)
- -—f’\/lf(p u) + ﬁ(pof ViM] - %(p- i))(u-a”:)}dsiJ
= 2[ — € \/\?_ATIl((A X p) dzx) A $4d$4 - |M| (((ﬂ, X 58) X /\) dzx) /\$4dZ4

+ —\/"—_EI— W—T (pof”\/]m - %(p . 5:)) (A xzx)- d2Z) A\ x4dx4

V1M dy#) Ardr - -
+6’W_E_T((A><p) do) Ard ILI

(((n X ) X p) - d2T) A Tdr

+ 0—\/'71——— = (po¢' VI +70(A x x)) ((p x ) - doF) A Tadzs
{:’;%E//(()\ x &) - da) + O\I}O_I.e'((p x F) - dpF)
- \/I—L'—ffflﬁ_l(((u X &) X &) - dgfiz)} A Tqdz4

+ {—roe”\/I_JT/I—I()\ p) - %G'M(P' 1)
+ \/TL_I(W \/IMI—%(p°5:))(u-5:)}dsi
- \/IFI (poe’\ﬂ_LT+ro(/\ . :i')) (p - d2E) /\:z:.;d:u].

Since we have the identities :

XE)XA=A-p)Z -2, (uxZ)xp=u-p)i-(p I
(b x &) x &= (- B)E -7,

the above expression is arranged as

— (X p)(Z - dao)

(934124)29 Adf = { —¢ \/i\/l_g_ll.((A X p) . dz(i) - \/}M—l

7|”0 —.| A-Z)(p - doZ) + _\/'_Trs/____(poeu /_MI - _l_(p 5;))((/\ X %) - dp %)

e (o VI 700 2) (0 3)-dad) = DI x 2 e

N =

+
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=y - Po CAV(E . -
¢((p x £) dqu—__—\/lL_I\/Il\Tl(“ T)(Z - doZ)

(Pofl\/m-l- ro(A - :i')) (- dzé':)} A z4dxy

Do
Toy/|M]|
por” (u !
\/I_IT\/ VM|
VIM| A N 7 1 Vu-
+{——\/m (Axp)-z)- \/ITI(M p) + \/m(P Y- )

= ro¢"s/ 13- 1) = v/ TE{(p- )

+ \/}H(Pof VIM] - ;}-(P-i))(u-i)}dsa?
_— V | I II x
+ poe’ /| M|

N 3 1 i )
\/m (N-:L‘)}d3$+ W([_(p@()‘ x &) — L(\ X p)
+ (A Z)(p x ) — poro’n + (Po(u-a”:) _'T'O\/l—ﬂ()\-p,))j] . dz:f) A Tadzs.

Thus we obtain an important formula for the Killing form 6 = Y ;v;dz; of the
Killing vector field V = }",v°9/8z; given by (2.1) as follows :

IT‘o m4x4|

G5 ol i = zaml ) ~ e u)}d"'””

1
+
\/l’l"o2 — 7'2'\/'7'02 - I4$4]

— (1o = r*)(A x p) — poro®u + (po(ps - £)

—ToyV IT‘02 - Tzl(/\ . p/))fjl . dzii) A (L'4d$4,
from which and the Killing form :

€"/|ro? — T4z € /|ro? — r2]
£=) &dz; = Iro” — =4 ; bedzb | - dz,
; T4Tq |ro -7 Zar/|10% — Tax4|

/
5 ()0 A db = { ¢

([—(p-f>(Axaz)+(A-£><pr)

we obtain

1
§(m4m4)3g AOAdo
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- ——L—G‘(p-i)(n£)+(A-fi)(p><a"c)—(roz—rz)(“P)

V/Iro? =771
— poro?u + (po(i - ) — ro/JroZ — r2|(A - u))i] : l‘) d3Z A 24dz4

€ \/|ro? — r? €'\ /lro? — T4 - -
¢ S T ) SV B (3 p) - 8) + ol £)
T0? — T4Z4) VIre? — r7|

" To ~
— 106"/ |r0? — Z4Z4|(\ - 1) — —=——=—=(p 1) }d3T A T4dz4
Viro? — 2|

= {——6”-——--(—(7'02 —7r%)((\ x p) - £) — poro® (i - £) + po(u - £)

~ 104/ |ro? — r2|(A- w)r?) + €'€”(((A x p) - &) + po(u - Z))

T'of’
2

— e IT = ) = e m}m Aeday
0" — L4444

ro3€”’ ro€ -
= Ty { e (A - ) + = (p- 1) } ds A dza
VroZ — 2| VIro? — z4z4|

that is

%(z4x4)3§ NG Adb
(3.6) 3.1 ’

—— _roze_()‘_u“_ :06 (p-p) Sdzy A~ Adzs.
VIro? — 72| VIro? — z4z4|

From this relation we obtain immediately the following theorem.

THEOREM 2. For the Killing form 6 given by (2.1), Pfaffian equation : 6§ =0
forms complete system with € = 0 , if and only if its constants A\, p, u and po
satisfy the following conditions :

(i) =0, or (i) p#0and(A-p)=(p-u)=0,
different from A\ = p = p = 0 which gives 6 = —poé.
Last, in the following, we shall search for the solution for the pair of Pfaffian

equations : € =0 and = 0 with (\- ) = (p- p) = 0. First, for £ = 0 we have

from

E : 10?2 — 424 = c(ro? — %) where c is an integral constant.
c

We see easily that
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Case1: ¢>0. ), must lie in Dy U D3, where ¢ = ¢’ = 1 on D; and —1
on Dj, respectively ;

Case2: ¢c< 0. Y, must liein Dy U Dy, where ¢ = —¢” = —1 on D, and 1
on Dy, respectively.

Since 8 = 0 is equivalent to
1 - - -
rod's/IMI(\ - d) + —¢v/[LI(p- d2)  ((u x 3) - d)

=0,

1
VM|
which is reduced to

- 1 - - -
roe”/le[/|L|(A - dZ) + € VILIPp - d2) — ((u x £) - d2)

(3.7) ¥ {-—% (rov I VIET - 26 )

+ '\7|__c|c_\/|T| (poe' VIZT+ 1o - 3)) }rdr =0

on ), by means of M = cL and z4dz4 = crdr.
For Case 1, (3.7) becomes

37 VTl (\/E'f'o(/\' @)+ - df))
— (X &) - dF) + —s (fcro(A £)+ %(p-:i)) rdr = 0.

/I

Since we have

dv/|L| = —\/}z_[e’rdr,

the above expression is equivalent to
VITI (\/_07‘0()\ d8)+ 2 (p- da*z))
- (fcro(A CE) + %(p : 5)) dv/|L] — €((1 x £) - dZ) = 0.
For simplicity, we use the constant vector in R3 :

1
q= ‘/ErOA'i' —D,
To
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then (3.7’) becomes
(3.8) VILI(g - d2) - (g - £)d+/[L] - €((u x ) - d&) = 0.
When u = 0, we have
dlog(q - £) — dlog+/|L| = 0,
from which we obtain by integration
(9-%)> =ci®|L|  with integral constant ¢; > 0,

that is
, o .
(3.9) Le, : ((\/E"oz\ + -r-—p) 5:) = e1®|L| = e1%€/ (ro? — r?).
0

When u # 0, we may put p; = pp = 0, u3 # 0. Then, we have \3 = p3 = 0
by (A-u) = (p-p) =0 and (3.8) turns into

(3.8') 2(q1dzy + qadxz) — (171 + qoz2)dz — € ps(z1dry — z2dzy) = 0,

where z = \/|rg? — ;2 — 1,2 — z3?|. Let ®(z1,z2, z) be an integral multiplier.
Denoting the above expression as

(912 + € p3z2)dzy + (qoz — € p3z1)dzs — (9171 + q272)dz = 0,
we have
3} ' 0 /
%-;((Q1Z + € p3z2)P) = 5'9:—1'((%2 — € u3z,)®),
%((‘hz + € 13 z2) @) = '"aizl‘((qlﬂh + 4272)®),
52 (@2 = €uszn)®) = — 2 (quz + o)),
which become
(12 + f'uszz)% —(q22z — 6’#3331)3%% + 2€'u3® = 0,
(22 + 6’#3932)%% + (171 + @M);% + 2919 =0,

od od
(922 — 6'u3$1)5 + (171 + 512972)32:—2 +2¢2® = 0,
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respectively. From the second and third equalities, we obtain

od od od
(9171 + g272) (ZB_ + zla + mz% + 2<I>) =0,
and so
(3.10) ki + zzé-?- + 26_<I> + 2% = 0, supposing (q1,¢2) # (0,0).

s oz, | Bz

Since the first equality is written as

oo od 4 3<I>+ 8<I>+2® ~0,
2 418—3:2—92'8?1 M3 za 1328

into which substituting (3.10) we obtain

o0 00 _, 00\
%8s, ~ %8 ;) =°

Next, the second one is written as

o0 o foi o
a1 (Za -*--’1518—1 + 2‘1’) + €' pzzo — P -’t'¢1251¢28$1 0,
into which substituting (3.10) we obtain
o , 09 o
T2 <_q18_:z:2 MY +q26:1: ) 0.
Analogously, from the third one we obtain

od od od
(925'—4'6#3-5;—(1161‘2) 0.

From these equalities it must be

od od P

3.11 _— - =0.
( ) g2 Bz, qQiz— 57, + €uz— 32
As an general solution of (3.10), we have

a a a a a a

b= + = b ot b — 2,

I Z2 4 T1T2 riz X2z
where a,, -+ , ag are integral constants and for which in order to satisfy (3.11)
it must be a; = a; = --+ = ag. Hence the above argument is only hold the case

(3.12) VieroA + rlp =0,
o
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and the solution is a hyperplane parallel to r, axis and containing a straight line
through the origin of R? in D; U D;. '
For Case 2, (3.7) becomes

= 1o¢V=EV/TLI(A - 2) + ¢/ [E[(p- d) ~ (u x 2) - )
1 1, c , .
+{«/TET(”°‘/__C€‘/W+E(”'””)>+7_—C—\AT,(Pofx/WMO(A ))} d

=0
that is

’ - 1 -
.7 VI (—\/—_cro(/\ d8)+ 2 (p- dz))

—((uxf)-df>+\/—|17—|(—¢——cro(m)+%(p.a)ydr:o.

For simplicity , we use the constant vector in R3 :
1
¢ = —v—=crod + —p,
To
then (3.7”) becomes
(3.8") VILIG' - dF) — (¢' - 2)dV/[L] — € (1 x £) - dE) = 0,

which is the same equality as (3.8) replaced g by ¢’. Hence, we can obtain the
following results.
When p = 0, its solution is

2
(3.97) I, ((—\/———cro)\ + rip) . 55) = a%¢ (ro® - 1?).
0
When 4 # 0 and
0

its solution is a hyperplane parallel to Z4 axis and containing a straight line
through the origin of R® in D, U D, , otherwise no solutions.
As a conclusion of these arguments, we obtain the following claim.

COROLLARY. The solution for £ = 0 and 0 = 0 in with p #
0,(A-p) =(p-p) =0 is given by the intersection of quadratic hypersurface

Te:70% — Tyxq = c(ro? - r?), ¢ = constant #0
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and a hyperplane parallel to x4 azis and containing a plane through the origin
of R3, and then p = —\/cro®\ or p = v/=cro?) and £, in Dy U D3 or 5, in
Dy U Dy according to ¢ > 0 or ¢ < 0. When u = 0, the solution is given by the
intersection of ¥, and an another quadratic hypersurface

2
Le: ((\/_07‘0/\+ }p) 5:) = cl2g(r02 - r2)
0
or
1 2
r: ((—\/———cro/\ T r—p) . a:) — o2 (r? - 1),
- 4

where ¢, is an integral constant.

4. Special Killing vector fields

In this section, we shall investigate Killing vector fields that the pair of
contravariant vector fields X = Y, X*0/0x; and Y = },Y*8/0z; by (2.4’) and
(2.1) respectively as

, , 1
4.1) X' =g = ¢ VLIV Mz,
and

Yb

:obzngc

c

—\/—TT—I (poe" 7] — %(p- 5:)) a:}

1 - 1 1 -
=roe’/IM|y + ;0-6’ |Lipy — (1 X T)p — ——= (poe” M| — E(p. z)) Tp

VIZI

,,.2
_ VIO B4 e V- 2)= T (V- 0-)

1 - 1 -
=ro€”\/|M|Xp+ EG/ |L|pp— (1 % :r)b——;-o—ze”\/lM| (ro(/\ . w)+poe’\/|L]> Tp,
Y4

a_ a4 1 .
=0"=g r\/lj—w—l(TO()\‘x)+P0€I\/|L_|)

=L/ (ror - 2) + poe' V/IZT) 74

To 2

1 -
{Tof"\/lMl/\c + EEI |L|pe — (1 % Z),

1
TaZy
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that is
Y = roe’/IM[Ny + ;135 |LIpy — (1 % £)p
(4.2) _ ;%e"m (rox+ ) + o' VITT) 25,
Y = ——¢'V/IM] (ro(A- £) + poc V/IL ) 2,

forms a Lie algebra of order 2.
For the bracket [X,Y] of X and Y, we have

; OYt OX!
L ) —_—
(X, Y] = ; (X 52; Y7 5; )

Putting S = ro(\ - £) + po€e’+/|L]) for simplicity, from (4.1) and (4.2) we obtain
(X, Y]

_Zx.?ax Zyca__x___yaiax

J c 6$4

0Y?
— /1 N J
-—-rozee VILIVIM| Ej T oz,
1 - 1
—_ -;- {7’06”\/ IMIAC + 1—:(-)-6, lLlpC - ([.l: X .'B)c - ‘7;-2-6”\/ 'MISQ:C}
c

><—12— {e'e"\/m\/lMlﬁbc -€ \/_”Iljgllzbzc}

—€"\/IM|Sz, <-———1—e’ |L|a:4) zy
T

VM|

ToZ4Zs | r? - T4y
:——55 ‘/L‘/ —_— . — X )y + ———Sz
| { ,/M| roz\/rLpr (b > 2}y ro2/IM]

L - 2 "
_;036 Vv |M|(ro(A - Z) — po \;m>$b - —176 \/|MlSmb}
——E € \/lfv {7‘06 \/ Ab‘*"——G IL pb—(p, X ZE)b——G \/_S:Bb}

1

+Tm6”\/ IMI {7‘06”\/ |M,()\ . f))-l-;r—E,\/ |L|(p . 5)— r—zE”\/ IMITZS} Ty
To 0 0

1
_,.0—46'6”\/ |L|z4zs STy
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= —e'€"ro\/|L| Ny — ¢'\/|M|py — €' (ro? — z474) 72 ST4
\/ILI
1 " 2 2 =~
F{ —————e € (19° —zazs)T*(\- T
{ms DECORERNGCSE
—€e'e'\/IM|(p- Z) + 7,—14'Elfll(7'o2 — T4T4)por’ }-’Db
0
1 1 -
= —c¢' {roy/ Tl + /1y - FWMT(p-z)xb}

and
(X, Y]*
_ZXJ ZYcaX _Y48X4

Ze Oz

= WE,GI,'/'LI‘/IMIJZ%. 5z, {TOE VIM| A -I—-—e |L|pe — (1 X %),

._e”,/|M|ch} (—Ez%—me"\/lMlzcu)
+i26~m3z4—13(e'e"\/m ]~ e VDl )
Ty 1 " r?
_ \/lf\/—{ St = e (a0 -2) - p"ﬂ‘l> 4
—¢'VIM] sm} \lﬁL“lf" lMl{roe"\/lMl(A-i>+-,.1;f'\/W(p-a':)
—a}?e”\ﬁ_lerzs}xﬁr—;ze”\/_leI{f’f"\/m ]~ |L|m4x4}5w4

= _ﬁﬂe"(mz — T474)rSz4 + { — ——e e'\/ILIM()- z) + por €e’'M

+g_\}|_f| /IM()\ Z)+ \/ (p -'13)}1'4-——-—66 1/ (p £)x4,

that is

(X, Y] = —¢¢" (Toxﬂfkb + — \/ Pb) €'v/|M|(p - Z)zy,
X, v)* "¢ \/IM]|(p- -’5)934

Then, we compute the vector field :

= {X,Y]—Y—-poX

4.3)
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From (4.1), (4.2) and (4.3), we obtain the equalities as
Zb

= —-(e’e”ro\/]Ll + roe"\/|M|> Ap — (e’e” Y liul +€ 'rloLl)pb + (1 X Z)p

1 -~ 1 n ~ /
+{'ro3 €e’VIM|(p- z) + rz€ VM| (To()\ * Z) + poe \/|L|)
1
*Eaf'f"\/_lLI\/IM_lpo}mb

1 1 -
= —€e€"ro/|L|(Ap + —56"Pb) ~ €'roy/|M| (/\b + ro—zf'm> + (b x E)p

+ie" |M|((A+-—e’p) >:1:b,
To

Z4

= {7 VI 2)+ e VI (a0 + poe 1T
Po ¢ ”\/l_f\/_——}%

_i ’ _ -
__roe’ |M|(()\+r026p) x)u

that is
(76— gt LI Mo /T (N + —s €
= —€'e"ro+/|L| Ab‘*‘}?f Py | — €'roy/|M]| b+,‘.‘oé‘fpb
1 1 i
(4.4) < +(,u,xa:)b+r—-6”\/|M| <<A+ r—ze'p) a:) Tp,
() 0
74 = —¢'\/[] ((,\ + —%E’p) x) za.
To To
By the definition of (1.2) of ¢ and €’ , (4.4) becomes exactly as follows.
1 1
(4.4/1) Z? = —ro+/|L] (/\b + ‘—Q'Pb) —10y/| M| (/\b + ,,O_zpb>
+ (e xZ)y+ — \/ ((/\Jr —P) >“’b’
:—\/—<()\+—>'i>x47 on D; ;
b 1 !
(4.4/2) Z* =roV/ILI (Mo + =5 rzPe | —roVIM| (X~ 2P

Hax )+~ F((A-—)-az)mb,

67
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:_\/—((A__ )x>x4 on Dy ;

1 1
(4.4/3) 2% = —ro/|L] (Ab - ——pr) + 10/ | M| (/\b - —2Pb>
To To

1 1
(4. 4/4) VARS To |L| ()‘b - -—-5195) + 79 |M| ()\b + ——2-}7(,)
To To
- 1 1
+(Mxx)b——0 IMI<<)\+—P> )mb,
2t~ 2y (3 p) ) 2 n D

Looking over these expressions, we obtain the following theorem.

THEOREM 3. Killing vector fields X andY given by (4.1) and (4.2) respectively

have the property as follows: Setting p = <16 ) and \ = (3) )

i) if u =0 and A\ + 2yp = 0, they ormLzealebmoforder2onDlas
r2 g
[X,Y] =Y 4+ poX and

2 . 2 -
[X,Y]-Y —poX = ;;\/IM|p-— 1—‘-65\/|M|(p-z)a: on D,,
2 . 2 -
= = (VITT- VIM]) 5+ 5 /IMl(p- &)z on Ds,
= —-‘-’%\/{Llﬁ on Dy;

(i) if p = 0 and X\ — Lp = 0, they form Lie algebra of order 2 on D3 of the
same type and

2 . 2 -
X,Y] =Y —poX = ~ = (VIET+/IM]) 5+ —5+/IM(p- £) on Dy
2
= ;‘5\/ ’Llﬁ on Dz,
2 . 2 -
= EMp— Eg\/l_f\_ﬂ(p' £)x on Djy.

REMARK 1. Related with in §3 for Killing forms and
above for Killing vector fields, we consider a condition : u = po(A\ x p), which
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implies (A- p) = (p- 1) = 0 and
(1 x Z) = po(A - Z)p — po(p - T)
Then , (4.4) is reduced to

[X,Y] =Y —poX = — {roe” (e'\/lLI + V/IM1) + po(p- 5;)} B\
]‘ ’ " =~ - 1 " 1 / ~
—{Ee ( |L| + € |M|)—,uo(/\-a:)}p+ae IMI((/\—FF();ep)-z)x.

We have especially on D,

[X,Y] =Y —poX = — (\/|_L—+\/_)(ro)\+—p) ((p.iz)J\—A-az)p)

1 1 -
+7'0_2 (M| ((To)-l— Ep) -:E) T

and on D3

X,Y) =Y =X = = (VI = V) (rod = 7-8) — o((@- D)3 - (- £)9)

1 1 -
“p VI (o2~ 707) -2) =
and they vanish on D, if A = —%,p and on Dj if A = ;%,p , respectively.

REMARK 2. We give an example of Lie algebra of real 2 x 2 -matrices which is
isomorphic to the Lie algebra generated by X and Y in on D; with
v =0and A+ —gp = 0. Since we may replace Y with Y + ppX, therefore we
take generators X Y such that [X,Y] =Y. Let A = (aqp), B = (bap) Which
satisfy the condition : [A, B]| = AB — BA = B, then we obtain the results as
follows:

(i) if (@11 — a22)? + 4aj2a2; = (trA)? —4det A# 1, then B=10;
(ll) lf (an — (122) + 40.12(121 = 1 then

1
b11 founs —b22 = § {((112 — 021)(011 - 022) - ((112 + a’21)}a

1 1
biz = a;2® + Z(an — @32 + 1)?, byy = —a® - Z(an —az; — 1)%.

Especially, putting a11 = a2 = a, a12 = p, we have

1 1 1

a p —=lp+—=] P+

A=| 1 B=| 2 4p 4
N ) 1 -1 1/ 01
P 162 4 2\"" 4
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5. Integral curves of Killing vector fields

In this section, we shall investigate the integral curves of certain Killing
vector fields

Xt =1t = Zgijv,- given by (2.1).
J

First we take the special one given by (4.1), that is

. 1
Xi= -7€2-e'e”\/|ro2 — 12|y/|ro? — T4Z4|z;,

and solve the differential equations :

dz; : 1
(5.1) _c;ftl =X'= ;—()—26,6”\/|T02 —1r2|\/|ro? — T4z4|z;.
We can put
xz; = L f(), l; = constant and Iy = 7y,
and

df _ 1 " — f2 2 7.7\ f£2

= e VI=T VIre? — (- D £2l,
where I = (I;),1 = (1;), which is replaced by F = f2 and

F 2, ——

G = ¢ VA=Fly/Iro? - (- DFIF,

Since € and € are constants 1 or —1 on each D; , we have

2¢'e"dt dF
™ Fy/I(1= F)(ro? - (- )F)|

Supposing f(0) = 1, where (1 — F)(ro? — (I - I)F) > 0, we obtain by integration

2% — (ro? + (I- D) F — 2701/ (1 — F)(ro? — (I- ) F)

(5.2) 2€'€"(t+c) =log =

and 2¢'¢”c = log(ro? — (I - 1)) , and where (1 — F)(ro2 — (- 1)F) < 0 we obtain

by integration

_q1 (r? + (I - D) F) — 212
Iro2 — (I- )| F

(5.3) 2¢'¢’ (t + ¢;) = sin

)
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and 2€¢’¢"c; = sin~! Ii%?—:(ll:gl;_l (5.2) or (5.3) gives implicitly f(¢).

Next, we take another special Killing vector field X given by (2.1) with
(5.4) po=0, p=p(Axp), Axp#0

which implies (1 A) = (- p) = 0 and hence X is in the case of [Theorem 2. We
notice that for the case :

Axp=0, p#0, (u-AN)=(up=0
is not treated by this way. From (5.4) we have
p X &= po((A X p) X £) = po((A-Z)p— (p- T)N),
and hence the component X* can be written as
- 1 -
Xt = (roe”\/IM| + po(p - :c)) Ap + (Ee'\/lu —po((A- x)> Db
(5.5) ~ LI )z,
0
Xt = —rle”,/|M|(,\ - F)z4
0
If we use the oblique coordinate system : (), p, A x p) for R® and we put as
(5.6) Z = ul+ vp + w(\ x p),

then the differential equations:

dz;

(5.7) g

=X i=1234

are equivalent to

(G =o'V + ho(p ) = ey IMIA- D),
= VI~ nolA-2) - ¢TI,
== VM B,

\ % - —%EH\/W—'(A . 5:)$4

For simplicity, we set

(5.8) <

(59) (A’\):A’ (pp)=B, (Ap):c,




72 T. OTSUKI

then we have
(5.10) (/\ z)=Au+Cv, (p-Z)= Cu+ B,
' = (%-%) = Au?® + 2Cuv 4 Bv? + (AB — C?)u?.
From (5.8), we can put for the solution z;(t) of (5.7)
(5.11) T4 = cow, co = constant.
Then we have

M =19% — 2424 = 102 — co*w?,

L =1o® =1 = 1o — Au? — 2Cuv — Bv? — (AB — C?)u?,

and hence (5.8) is equivalent to (5.11) and

d
(v _ = ro€”/|ro? — co?*w?| + po(Cu + Bv)
_1w VIro? — co?w?|(Au + Co)u,

To

(5.12) { d_ rle’\/lro2 — Au? — 2Cuv — Bv?2 — (AB — C?)uw?|
0

dt
— po(Au + Cv) — lf"mmu +ov
( szt = __a'm |(Au + Co)u,

which we change certain linear differential equations as follow. First we obtain
from (5.12)

d(u>_1du 1 dw

dt \w

u_.._.
w dt w? dt

ra\2
=y |(3)’ -

d(v)_ldv 1 dw

d\w) " wa "wrat
(BY -4 (%Y 2022 p (LY ABW‘

so(ch +82).

w
1
:—EI
To \w w

(a2 402),

_ e’ 2 1 dw
- 0 w3 dt
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=70 (A%-!—C-S)—),

d /1Ty, Uyo uv Ve 2
dt\/|(w) _A(t_v) _205}1—)—3(11)) _AB+CI

6I

(8)-A(8) -2055-B(2)' - 4B+

ra\2
(&) -’
w

(B -4(p) -0 -8(5) -an+c

we obtain linear differential equations with constant coefficients on each D; as

.

d

7;;1 = poCuy + poBug + 1o€" us,

d 1

H2 _ —poAuy — poCug + —€'uq,
(5.14) ) ddt To

u
d_t3 = roAu, + r9Cusy,
d’U.4 _ C'U, B
\ dt - To ! Toua.

Now taking indeterminate constants pi, p2, p3, p4, We obtain

d 1\
dat (Z pw.-) = (pluoC — p2ioA + p3ToA — T—op4C) uy
i 4

1
+ (Pll-boB — p210C + paroC — T—OP4B) ug

1
+ p1ro€’us + r—p26’u4.
()
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Looking over the coefficients of uz and u4 , we put

1 1

p17o€”’ 1 —pa€' = p1 i — €€ py=p3: py

To To
that is
(5.15) p1 = 0 p3, p2 = 0€'e’'ro? py
and hence we have

1
p1To€" us + Epze'u.; = oro€e” (p3uz + pausg)
Now, we put
, 1
oro€’p1 = p1uoC — papoA + p3roA — ;;p4C,

1
o1o€’ py = p1ioB — p2poC + paroC — ;;P4B,

into which substituting (5.15) we obtain the equalities:

i

1
(aze”ro —opoC — roA) p3 + (ae’e”uorozA + —C) ps =0,

(5.16) ’";
(cuoB + 19C) ps — | 02€'10® + o€’ €’ uporo?C + —B ) ps = 0.

To

For (ps, p4) # (0, 0) the following equality must hold good
(0%€"ro —opoC — 1o A) (crze'ro3 +o€ée ugre®C + rlB)
0

+ (oe'e"p,orozA + TLC) (cuoB + 1oC) = 0,
)

that is
€e'roto? + {€€¢" uo’ro?(AB — C?) — €ro*A + €' B} 0?

(5.17) —(AB - C?) =0.

For o satisfying (5.17), we can put

1
(5.18) p3 = 02€'re3 + o€’ €” puore®C + —B, ps = ouoB + 1oC,
0
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and for pi, p2, p3, psa satisfying (5.18) and (5.15) , we obtain

d
pT (Z piui) = oroe” Z Piu;
i i
and by integration
(5.19) Z piu; = exp(oroe’’t) x constant.
Now for the 4 solutions o(;, j = 1,2, 3, 4, of (5.17) we denote the correspond-
ing p; by p(jyi, and

Z Pyt = ¢j exp(o(;)roe’'t), cj = constant.
3

If det(p(j);) # O then we obtain the solution
(5.20) (us) = (p(siys) ™ (cj exp(ojyToet)).-

In the following, we compute det(p;);). Since

PG = 0(5) €m0’ + ()€€’ oro” C + %B’ PGy = T(g)koB + 10C,
PHL=G)PGY, Pz = O ()€ € BoTo’ e,
we obtain
det(pz;) = det (05)pi)3 0G)E€"T0>P(53a PsiY3 P )
= — Z ( 1).71+J:
J1<J2,d3<Ja

== Y (=DM 035,)05,)T0 (03PN — P(1)aP()3) X
J1<Ja,ja<ja
(P(is)3P(ia)a — P(43)4P(3a)3)

9@1)P31)3 0(31)6 ¢ TO p(91)4
9 (42)P(32)3 U(Jz)e €10’ P(32)4

P(j3)3 P(ja)4
P(j4)3 P(is)4

which is reduced to

det(pjyi)

T2 = (010 (2) + 9(3)0(0))(P(1)3P2)a — P(1)4P(2)3)(P(3)3P(a)2 — P(3)4P(4)3)

+ (01)0(3) + 9(0)02))(P(1)3P@E)a — P(1)4P(3)3)(P(4)3P(2)a — P(a)2P(2)3)
+ (01)0(a) + 9(2)9(3)) (P(1)3P(a)a — P(1)4P(a)3)(P(2)3P(3)4 — P(2)4P(3)3)

Since we have

P(41)3P(42)4 ~ P(41)4P(j2)3
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- T €To’ + U(jx)fifi:ﬂorozc + B/ro o(jypoB + 10C

0 (42)°€T0® + 0(,)€' €" oro?C + B/ro 04,y 0B + 1oC
= (0(1) =9 (32)) {€'70° 0 B0 (31)0 (j) +€'70* C (0 (3,) + 0 (z)) — o B2 /ro +€ €' ro3 C? }

and

(P1)3P(2)a — P(1)4P(2)3)(0(3)3P(4)a — P(3)4P(4)3)
= (0) = 0@)(0(3) — () {T0°Ho* B*0(1)02)0(3)0a)
+ 710 0BC(0(1)0(2)(9(3) + 0(0)) + 0300 (0(1) +0(2)))
+ (—€'ro%u0”B® +€"ro%u0®BC?) (0 (10 (2)+ 0 (3y0 (4)) + 702 C2(0 15+ 0 (2)) (0 3y + 0 (a))
+ (~€'ro® uoB*C + €"10" o C?) (0 1y + 0(2) + 03y + 0(a))
+ I'I'OZB4/T02 _ 2€,E’IT02.3202 + /,1,027‘0604} ,
we obtain finally the expression :
det(p(j)i)
= €10t (€ o2 B® — €'ropo? BC? + 10°C?)
x {(c@yo@ +9@0w))0w? —0@)*)(0@)* —0w?)
(5.21) +(0@yoE) +o@wo@) e’ - 0@®)ow? - 0@)?)
+ (0@ +0@)03) 0w’ —0w?)o@? - 0m?) }
= €d'ro* (o’ B® — €'ro o> BC? + 1°C?) (0 1y — 0(2)) (0 — 0(3))
(0@) —o@)(9@) — 93))(92) —94))(03) — T(a))

by working out long computations. Thus we have

PROPOSITION 1. The integral curve of the Killing vector field

. 1
Xt = m—2€’e"\/|ro2 —12|y/|ro? — T4z4|z;

is given as x; = l; f(t), l; = constant, where f(t) is given implicitly by (5.2) or
(5.3).

PROPOSITION 2. The integral curve of the Killing vector field X given by (2.1)
with ’

po=0, p=po(AXp), Axp#0
is given by (5.20), if

5,u0233 _ 6”7'04[,002B02 + 7.06012 # 0
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and
{uozroz(AB - C?% - 6"7‘04/_1 + 6’B}2 +4€d€e'ro*(AB — C?) £ 0
where

Proof. In order that the quadratic equation (5.17) on o admits double roots, the
expression :

{¢¢" uo*ro®(AB — C?) — €ro* A + e”B}2 +4€'e'ry*(AB - C?)

= {po’ro*(AB — C?) — €'ro* A + <€’B}2 +4€' " ro* (AB — C?)
must vanish. This expression is positive on D; and D3, since €' ¢” = 1 there. We
can obtain the claim by (5.21). Q.E.D.
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