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Abstract. We define broadly-pluriminimal immer8ed 2n–submanifold $ F:M\rightarrow$

$N$ into a K\"ahler-Einstein manifold of complex dimension $2n$ and scalar curvature
$R$. We prove that, if $M$ is compact, $n\geq 2$ , and $R<0$ , then: (i) Either $F$ has
complex or Lagrangian directions; (ii) If $n=2,$ $M$ is oriented, and $F$ has no
complex directions, then it is a Lagrangian submanifold, generalizing the well-
known case $n=1$ for minimal surfaees due to Wolfgon. We also prove that, if $F$

has constant Kahler angles with no complex directions, and is not Lagrangian,
then $R=0$ must hold. Our main tool is a formula on the Laplacian of a symmetric
function on the K\"ahler angles.

1. Introduction

The K\"ahler angles of an immersed submanifold $M$ of a K\"ahler manifold
$N$ are some imctions that at each point $p$ of $M$ measure the deviation of the
tangent space $T_{p}M$ of $Mhom$ a complex or a isotropic subspace of $T_{F(p)}N$ . This
concept was introduced by Chem and Wolfson [2] for real surfaces immersed into
$N$ , giving, in this case a single K\"ahler angle. More precisely, let $(N, J,g)$ be a
K\"ahler manifold and $F$ : $M\rightarrow N$ an immersed submanifold of real dimension $m$ .
We denote by $\omega$ the K\"ahler form of $N,$ $\omega(X, Y)=g(JX, Y)$ . On $M$ we take the
induced metric $g_{M}=F^{*}g$ . If $m=2$ and $M$ is oriented, then $F^{*}\omega=\cos\theta Vol_{M}$ ,
where $Vol_{M}$ is the volume element of $M$ . This $\theta$ is the K\"ahler angle of the surface
$M$ . Now we assume $N$ has complex dimension $2n$ and $m=2n$ . At each point
$p\in M$ , we identify $ F^{*}\omega$ with a skew-symmetric operator of $T_{p}M$ by using the
musical isomorphism with respect to $g_{M}$ , namely, $g_{M}(F^{*}\omega(X), Y)=F^{*}\omega(X, Y)$ .
We take its polar decomposition

$F^{*}\omega=\tilde{g}J_{\omega}$ (1. 1)

where $J_{\omega}$ : $T_{p}M\rightarrow T_{p}M$ is a (in fact unique) partial isometry with the same
kernel $\mathcal{K}_{\omega}$ as of $F^{*}w$ , and where $\tilde{g}$ is the positive semidefinite operator $\tilde{g}=$
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$|F^{*}\omega|=\sqrt{-(F^{*}\omega)^{2}}$ , with kernel $\mathcal{K}_{\omega}$ as well. It turns out that $J_{\omega}$ : $\mathcal{K}_{\omega}^{\perp}\rightarrow \mathcal{K}_{\omega}^{\perp}$

defines a $g_{M}$-orthogonal complex structure on $\mathcal{K}_{\omega}^{\perp}$ , the orthogonal complement
of $\mathcal{K}_{\omega}$ in $T_{p}M$ . Since $ F^{*}\omega$ is a normal operator, then $J_{\omega}$ commutes with $\tilde{g}$ .
The map $P\rightarrow|P|$ is Lipschitz in the space of normal operators of a finite
dimensional Hilbert space $([1] p.215)$ . Thus, the tensor $\tilde{g}$ is continuous on all $M$

and locally Lipschitz. We denote by $\Omega_{2k}^{0}$ the largest open set of $M$ where $ F^{*}\omega$

has constant rank $2k$ , for $0\leq k\leq n$ . On each $\Omega_{2k}^{0},$ $\mathcal{K}_{\omega}$ and $\mathcal{K}_{\omega}^{\perp}$ are smooth
sub-vector bundles of $TM$ and, from the smoothness of the polar decomposition
on invertible operators, $\tilde{g}$ and $J_{‘ d}$ are smooth morphisms on these open sets. Let
$\{X_{\alpha}, Y_{\alpha}\}_{1\leq\alpha\leq n}$ be a $g_{M}$-orthonormal basis of $T_{p}M$ , that diagonalizes $ F^{*}\omega$ at $p$ ,
that is

$F^{*}\omega=\bigoplus_{1\leq\alpha\leq n}\left\{\begin{array}{ll}0 & -a_{\alpha}\\a_{\alpha} & 0\end{array}\right\}$ . (1.2)

Since $|a_{\alpha}|\leq 1$ , then $a_{\alpha}=$ cos $\theta_{\alpha}$ for some angle $\theta_{\alpha}$ . We can reorder the di-
agonalizing basis such that cos $\theta_{1}\geq$ cos $\theta_{2}\geq\ldots\geq$ cos $\theta_{n}\geq 0$ . The angles
$\{\theta_{\alpha}\}_{1\leq\alpha\leq n}$ are the Kahler angles of $F$ at $p$. Thus, $\forall\alpha,$ $F^{*}\omega(X_{\alpha})=\cos\theta_{\alpha}Y_{\alpha}$ ,
$F^{*}\omega(Y_{\alpha})=-\cos\theta_{\alpha}X_{\alpha}$ and if $k\geq 1$ , where $2k$ is the rank of $ F^{*}\omega$ at $p$ ,
$J_{\omega}X_{\alpha}=Y_{\alpha}$ $\forall\alpha\leq k$ . The Weyl’s perturbation theorem (cf. [1]), applied to
the eigenvalues of the symmetric operator $|F^{*}\omega|$ , shows that, ordering the cos $\theta_{\alpha}$

in the above way, the map $p\rightarrow\cos\theta_{\alpha}(p)$ is locally Lipschitz on $M$ , for each $\alpha$ .
A complex direction of $F$ is a real two plane $P$ of $T_{p}M$ such that $dF(P)$ is

a complex line of $T_{F(p)}N$ , that is, $JdF(P)\subset dF(P)$ . Similarly, $P$ is said to be
a Lagrangian direction of $F$ if $\omega$ vanishes on $dF(P)$ , that is, $JdF(P)\perp dF(P)$ .
The immersion $F$ has no complex directions iff cos $\theta_{\alpha}<1\forall\alpha$ . The 2-plane
$\{X_{\alpha},Y_{\alpha}\}$ is a complex direction of $M$ iff $J\circ dF=dF\circ J_{\omega}$ on that plane. $M$ is
a complex submanifold iff $ cos\theta_{\alpha}=1\forall\alpha$ , and it is a Lagrangian submanifold ffl
$ cos\theta_{\alpha}=0\forall\alpha$ . We say that $F$ has equal Kahler angles if $\theta_{\alpha}=\theta\forall\alpha$ . Complex
and Lagrangian submanifolds are examples of such case.

Let us denote by $\nabla_{X}dF(Y)=\nabla dF(X, Y)$ the second fundamental form of
$F$ . It is a symmetric 2-tensor on $M$ that takes values on the normal bundle
$NM=(dF(TM))^{\perp}$ . Let us denote by $($ $)^{\perp}$ the orthogonal projection of $F^{-1}TN$

onto the normal bundle. We denote by $\nabla$ both Levi-Civita connections of $M$

and $N$ . We also denote by $\nabla the$ induced connection on $F^{-1}TN$ . We take on
$NM$ the usual connection $\nabla^{\perp}$ , given by $\nabla_{X}^{\perp}U=(\nabla_{X}U)^{\perp}$ , for $X\in T_{p}M$ and $U$

a smooth section of $NM\subset F^{-1}TN$ . $F$ is said to be totally geodesic if $\nabla dF=0$ ,
and $F$ is minimal if $traoe_{g_{M}}\nabla dF=0$ , that is $F$ is an harmonic immersion.

On each $\Omega_{2k}^{0},$ $\mathcal{K}_{\omega}^{\perp}$ is a smooth $J_{\omega}$-Hermitian sub-vector bundle of $TM$ . Thus,
for each $p_{0}\in\Omega_{2k}^{0}$ there exists a smooth local $g_{M}$-orthonormal frame of $\mathcal{K}_{\omega}^{\perp}$

defined on a neigbourhood of $p_{0}$ , of the form $X_{1},$ $J_{\omega}X_{1},$
$\ldots$ , $X_{k},$ $J_{(\beta}X_{k}$ . We may
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enlarge it to a smooth $g_{M}$-orthonormal frame on $M$ , on a neighbourhood of $p_{0}$

$X_{1}Y_{1}=J_{\omega}X_{1}$ , . . . , $X_{k}Y_{k}=J_{\omega}X_{k},$ $X_{k+1}Y_{k+1}$ , . . . , $X_{n},$ $Y_{n}$ (1. 3)

where $X_{k+1},Y_{k+1},$ $\ldots X_{n},$ $Y_{n}$ is any $g_{M}$-orthonormal frame of $\mathcal{K}_{\omega}$ . We may re-
quire it to be a diagonalizing basis of $ F^{*}\omega$ at $p_{0}$ . Note that in general it is not pos-
sible to get smooth diagonalizing $g_{M}$-orthonormal frames in a whole neighbour-
hood of a point $p_{0}$ , unless $ F^{*}\omega$ has distinct non-zero eigenvalues cos $\theta_{1},$

$\ldots$ , cos $\theta_{n}$

at $p_{0}$ , or $ F^{*}\omega$ has constant rank two, or $F$ has equal K\"ahler angles. For a local
frame as in (1.3), and that diagonalizes $ F^{*}\omega$ at $p_{0}$ , we take the complex frame
of $T^{c}M$

$Z_{\alpha}=\frac{X_{\alpha}-iY_{\alpha}}{2}=\alpha’$ , $Z_{\overline{\alpha}}=\frac{X_{\alpha}+iY_{\alpha}}{2}=\overline{\alpha}’$ , $\alpha\in\{1, \ldots n\}$ .

We extend by $\mathbb{C}$-multilinearity $g,$ $g_{M},\tilde{g},$ $R^{N},$ $ F^{*}\omega$ , and any other tensors that
may occur. Sometimes we denote by $\langle, \rangle$ the $\mathbb{C}$-bilinear extension of $g_{M}$ . If
$p_{0}$ is a point without complex directions, that is, sin $\theta_{\alpha}\neq 0\forall\alpha$ , then,
$\{dF(\alpha), dF(\overline{\alpha}), U_{\alpha}, U_{\overline{\alpha}}\}_{1\leq\alpha\leq n}$ , where

$U_{\alpha}=\frac{(JdF(\alpha))^{\perp}}{\sin\theta_{\alpha}}=\frac{JdF(\alpha)-i\cos\theta_{\alpha}dF(\alpha)}{\sin\theta_{\alpha}}$

and $U_{\overline{\alpha}}=\overline{U_{\alpha}}$ , is (up to a constant factor) an unitary basis of $T_{F(p_{0})}^{c}N$ , with
$U_{\alpha},$ $U_{\overline{\alpha}}$ complex basis of the complexified normal bundle. We denote by
$R^{N}(U, V)W=-\nabla_{U}\nabla_{V}W+\nabla_{V}\nabla_{U}W+\nabla_{[U,V]}W$ and by $R^{N}(U, V, W, Z)=$

$g(R^{N}(U, V)W,$ $Z$) the curvature tensor and Riemannian curvature tensor of $N$

respectively.

LEMMA 1.1. At a point $p_{0}$ without complex directions, the Ricci tensor of $N$

is given by, for $U,$ $V\in T^{c}$ $N$
$F(po)$

Ricci $(U, V)=\sum_{1\leq\mu\leq n}\frac{4}{\sin^{2}\theta_{\mu}}R^{N}(U, JV, dF(\mu), JdF(\overline{\mu})+icos\theta_{\mu}dF(\overline{\mu}))$

Proof. Recall that R $(JZ, JW, Z^{\prime}, W^{\prime})=R^{N}(Z, W, JZ^{\prime}, JW^{\prime})=R^{N}(Z,$ $W,$ $Z^{\prime}$ ,
$W^{\prime})$ and Ricci $(U, V)=-\frac{1}{2}trace(Z\rightarrow R^{N}(U, JV)JZ)$ . Thus we have,

Ricci $(U, V)=\sum_{\alpha}-\frac{1}{2}(4R^{N}(U, JV, JdF(\alpha), dF(\overline{\alpha}))+4R^{N}(U, JV, JU_{\alpha}, U_{\overline{\alpha}}))$

$=\sum_{\alpha}\frac{2}{\sin^{2}\theta_{\alpha}}(R^{N}$ ( $U,$ $JV,$ $dF(\alpha)$ , sin2 $\theta_{\alpha}JdF(\overline{\alpha})$ )

$+R^{N}$ ( $U,$ $JV,$ $dF(\alpha),$ $JdF(\overline{\alpha})+i$ cos $\theta_{\alpha}dF(\overline{\alpha})$ )

$-R^{N}$ ( $U,$ $JV,$ $dF(\alpha),$ $-i$ cos $\theta_{\alpha}dF(\overline{\alpha})$ -cos2 $\theta_{\alpha}JdF(\overline{\alpha})$ ) $)$

leading to the expression in the lemma. $\square $
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A first conclusion can be obtained from the above lemma:

PROPOSITION 1.1. Let $F$ : $M\rightarrow N$ be a totally geodesic immersion, $or$

more generally, let $F$ be an immersion such that the normal component of
$F^{*}R^{N}(X, Y)Z$ vanishes, $\forall X,$ $Y,$ $Z\in TM$ . If $F$ has no complex directions, then
$F^{*}\Psi=0$ , where $\Psi(U, V)=$ Ricci $(JU, V),$ $\forall U,$ $V\in TN$ , is the Ricci form
of N. In panicular, if $N$ is Kahler-Einstein of non-zero Ricci tensor, $F$ is a
Lagrangian submanifold.

Proof. We denote by $\nabla_{X}\nabla dF$ the covariant derivative of $\nabla dF$ as a section of
$\otimes^{2}T^{*}M\otimes NM$ . Since $U_{\overline{\mu}}$ lies in the complexified normal bundle, using Codazzi
equation, $\forall X,Y\in T_{P0}M$

$R^{N}(dF(X), dF(Y),dF(\mu),$ $JdF(\overline{\mu})+i$ cos $\theta_{\mu}dF(\overline{\mu}))=$

$=g(-\nabla_{X}\nabla dF(Y, \mu)+W\nabla dF(X, \mu),$ $JdF(\overline{\mu})+i$ cos $\theta_{\mu}dF(\overline{\mu})$ ),
that is zero for $F$ totally geodesic or for $F$ with vanishing normal component of
$F^{*}R^{N}$ . Therefore, $F^{*}\Psi(X, Y)=Ric\dot{\alpha}^{N}(JdF(X), dF(Y))=-Ricci^{N}(dF(X)$ ,
$JdF(Y))=0$ , by Lemma 1.1. $\square $

Henceforth, we assume $N$ is K\"ahler-Einstein with $Ricci^{N}=Rg$ . Our aim
is to find conditions for a minimal immersion $F$ to be Lagrangian. Wolfson [5]
proves that, for $n=1$ , if $F$ is a minimal real surface without complex directions,
immersed into a K\"ahler-Einstein surface of negative scalar curvature $R$ , then
$F$ is Lagrangian. His main tool is a formula on the Laplacian of a convenient
smooth map $\kappa$ on the K\"ahler angle of $F$ , where the scalar curvature $R$ of $N$

appears, namely, $\triangle\kappa=-2R$ cos $\theta$ . Here and in [3] we generalize this map $\kappa$ to
any dimension $n$ and compute its Laplacian when $F$ is minimal. For a minimal
immersion $F$ without complex directions we consider the $1ocal1_{J}\backslash $, Lipschitz map,
symmetric on the K\"ahler angles,

$\kappa=\sum_{1\leq\alpha\leq n}$
log $(\frac{1+\cos\theta_{\alpha}}{1-\cos\theta_{\alpha}})$ . (1.4)

For $n=1$ , this map is, up to a sign that can change at each point of $M$ , the
Wolfson map $\kappa$ . The main problem with this generalization for $n\geq 2$ , is that we
had to choose all cos $\theta_{\alpha}$ to be non-negative, and so $\kappa$ is no longer smooth on sets
where $F$ might change the number of Lagrangian directions. Then, for instance,
we cannot use Stokes, or apply so easily the maximum principle has Wolfson
did. It is very difficult to deal with the expression of $\triangle\kappa$ for a general minimal
immersed submanifold, but there are two cases when it can be simplified. The
first case is when $F$ has equal K\"ahler angles, that we study in [3]. In this case,
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we gain more regularity for $\kappa$ , and we could conclude that, if $R\neq 0$ and $n=2$ ,
then either $F$ is a complex or a Lagrangian submanifold, and for $n\geq 3$ , if $R<0$
and $F$ has no complex directions, then $F$ is Lagrangian (see [3]). The second
case is when $F$ is a broadly-pluriminimal submanifold, a concept we introduce
in the next section. In this case, the expression for $\triangle\kappa$ is the simplest, and
similar to the one of Wolfson [5] (see Corollary 3.1). Using this formula, we
obtain a conclusion of Lagrangianity for the case $n=2$ and $R<0$ (Theorem
4.1), generalizing the above result of Wolfson.

2. Broadly-pluriminimal submanifolds

As in the previous section we let $(N, J,g)$ be a K\"ahler manifold of complex
dimension $2n$ and $F$ : $M\rightarrow N$ an immersed submanifold of real dimension
$2n$ .

DEFINITION. A map $F:M\rightarrow N$ is said to be broadly-pluriminimal if
(i) $F$ is minimal,

(ii) On each $\Omega_{2k}^{0}$ , for $1\leq k\leq n,$ $F$ is pluriharmonic with respect to any local
complex structure $\tilde{J}=J_{\omega}\oplus J^{\prime}$ where $J^{\prime}$ is any $g_{M}$-orthogonal complex
structure of $\mathcal{K}_{\omega}$ .

On the open set $\Omega_{2n}^{0}$ , (ii) means that $F$ is pluriharmonic with respect to the
complex structure $J_{\omega}$ . If $\mathcal{K}_{\omega}=0$ , we simply say that $F$ is pluriminimal. We
recall that pluriharmonic maps are harmonic maps (see e.g [4]). If $F$ is broadly-
pluriminimal, at each point $p\in\Omega_{2k}^{0},$ $k\geq 1,$ $\nabla dF$ is of type $(2, 0)+(0,2)$ for any
complex structure $\tilde{J}$ of $T_{p}M$ of the above form and properties, or equivalently,
the $(1, 1)$-part of it vanishes:

$(\nabla dF)^{(1,1)}(X, Y)=\frac{1}{2}(\nabla dF(X, Y)+\nabla dF(\tilde{J}X,\tilde{J}Y))=0$ . (2. 1)

Examples. (1) Any minimal immersion $F$ : $M^{2}\rightarrow N^{2}$ of an oriented real surface
into a K\"ahler complex surface is broadly-pluriminimal. In fact, we have $F^{*}\omega=$

$fVol$ , where $f$ : $M\rightarrow R$ is a smooth map. Any direct $g_{M}$-orthonormal basis
{X, $Y$ }, diagonalizes $ F^{*}\omega$ , with $ F^{*}\omega(X, Y)=f=\pm\cos\theta$ smooth everywhere.
In this case $J_{\omega}=\pm J_{M}$ , wherever $f$ does not vanish, and where $J_{M}$ is the natural
complex structure defined by a direct orthonormal basis. Since $F$ is harmonic
and $n=1$ , it is pluriharmonic with respect to $J_{M}$ and with respect to $-J_{M}$ .
Condition (ii) now follows, because, at each point $p_{0}$ either $\mathcal{K}_{\omega}=T_{p0}M$ , that is
$k=0$ , or $\mathcal{K}_{\omega}=0$ , that is $k=n=1$ .
(2) The product, $F=F_{1}\times\ldots\times F_{n}$ : $M=M_{1}\times\ldots\times M_{n}\rightarrow N_{1}\times\ldots\times N_{n}$ ,
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of minimal orientable surfaces $F_{i}$ : $M_{i}\rightarrow N_{i}$ immersed into K\"ahler complex
surfaces and their reparametrizations, $\tilde{F}=F\circ\phi$ : $\tilde{M}\rightarrow N_{1}\times\ldots\times N_{n}$ , where $\phi$ :
$\tilde{M}^{2n}\rightarrow M=M_{1}\times\ldots\times M_{n}$ is a diffeomorphism between manifolds, are broadly-
pluriminimal. More generally, the product of broadly-pluriminimal submanifolds
is a broadly-pluriminimal submanifold. We note that, to require the product of
two surfaces to have equal K\"ahler angles, implies each surface to have constant
K\"ahler angle (and equal to each other), for, the two K\"ahler angles are indexed
on independent variables. Equal K\"ahler angles and broadly-pluriminimality are
independent concepts.

(3) If $F$ : $M\rightarrow N$ is a minimal Lagrangian submanifold, then $F$ is broadly-
pluriminimal. In this case $\mathcal{K}_{\omega}=TM$ and so $\Omega_{2k}^{0}=\emptyset$ for $k\geq 1$ . Thus (ii) is
satisfied. If $F:M\rightarrow N$ is a complex submanifold, then $F$ is trivially plurimini-
mal. In this case $J_{\omega}$ is the induced complex structure from $J$ .

(4) If $F$ : $M\rightarrow N$ is a minimal immersion with equal K\"ahler angles and no
complex directions, in [3] we prove that $F$ is broadly-pluriminimal iff the isomor-
phism $\Phi$ : $TM\rightarrow NM$ , given by $\Phi(X)=(JdF(X))^{\perp}$ , is parallel, considering
$TM$ with the conformaly equivalent Riemannian metric $\hat{g}(X, Y)=g_{M}(X, Y)-$

$g_{M}(F^{*}\omega(X), F^{*}\omega(Y))=\sin^{2}\theta g_{M}(X, Y)$ . Moreover, if this is the case, for $n\geq 2$ ,
it turns out that the K\"ahler angle is constant, and so, $\Phi$ : $(TM, g_{M})\rightarrow(NM, g)$

is a parallel homothetic isomorphism. Furthermore, if $F$ is not Lagrangian and $N$

is K\"ahler-Einstein, $N$ must be Ricci-flat, as a consequence of Corollary 3.1 given
in the next section of this paper. This example gives a geometric interpretation
of broadly-pluriminimal submanifolds with equal K\"ahler angles as submanifolds
with “torsion free” normal bundle.

(5) Any minimal immersion $F$ : $M^{2n}\rightarrow T^{2n}$ into the flat complex torus,
with no Lagrangian directions and such that $(M, J_{\omega}, g_{M})$ is K\"ahler is a pluri-
minimal submanifold. In fact, from Gauss equation, $\sum_{\alpha,\mu}R^{M}(\mu, \alpha,\overline{\mu},\overline{\alpha})=$

$-\sum_{\alpha,\mu}\Vert\nabla dF(\alpha,\overline{\mu})\Vert^{2}$ , where $R^{M}$ is the Riemannian curvature tensor of $M$ , that
is of type $(1, 1)$ with respect to $J_{\omega}$ . This is the case when $ F^{*}\omega$ is non-degenerated
and parallel (see remark of section 3).

(6) Let $(N, I, J, g)$ be a hyper-K\"ahler manifold. Set for each unit vector $ X\in$

$TN,$ $H_{X}=span\{X, IX, JX, KX\}$ , where $K=IJ$ , and for each $ x=(a, b, c)\in$

$S^{2}\subset \mathbb{R}^{3}$ the complex structure $J_{x}=aI+bJ+cK$ . Let us assume $N$ has real
dimension 8, and $M\subset N$ is a $J_{x}$-complex submanifold, for some $x\in S^{2}$ , and
such that, for each $p\in M,$ $T_{p}M=span\{X, J_{x}X, Y, J_{x}Y\}$ with $H_{X}\perp H_{Y}$ . Then,
for each $y\in S^{2}$ , the K\"ahler-form $\omega_{y}$ of $(N, J_{y}, g)$ restricted to $M$ is given by
$\omega_{y|TM}=\langle x, y\rangle\omega_{x}$ . This means that, $M$ is a broadly-pluriminimal submanifold
of $(N, J_{y}, g)$ and with constant equal K\"ahler angles, $where\pm J_{x}$ is the complex
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structure coming from polar decomposition (1.1), and the K\"ahler angle $\theta$ is
given by cos $\theta=|\langle x, y\rangle|$ . In [3] we also prove that, if $M$ is a minimal compact
4-dimensional submanifold with non-negative isotropic sectional curvature, such
that, for each $y\in S^{2}M$ has equal K\"ahler angles with respect to $J_{y}$ , and if
$\exists p\in M$ and $\exists X\in T_{p}M$ , unit vector, such that $\dim(T_{p}M\cap H_{X})\geq 2$ , then there
exists $x\in S^{2}$ such that $M$ is a $J_{x}$-complex submanifold. Furthermore, if $J_{x}=I$

or $T_{p}M\cap H_{X}^{\perp}\neq\{0\}$ , then $F:M\rightarrow(N, I, g)$ is pluriminimal.

3. The computation of $\triangle\kappa$

Let $\{X_{\alpha}, Y_{\alpha}\}$ be a local $g_{M}$-orthonormal frame satisfying the conditions in
(1.3), and that diagonalizes $ F^{*}\omega$ at $p_{0}$ . If $\{\theta_{\alpha}\}_{1\leq n\leq n}$ are the K\"ahler angles
of $F$ , $g_{M}\pm\tilde{g}$ , where $\tilde{g}$ is given in (1.1), is represented in the unitary basis
$\{\sqrt{2}\alpha, \sqrt{2}\overline{\alpha}\}$ of $T_{p}M$ , for $p$ near $p_{0}$ , by a $2n\times 2n$ matrix that at $p_{0}$ is the
diagonal matrix $D(1\pm\cos\theta_{1}, \ldots , 1\pm\cos\theta_{n}, 1\pm\cos\theta_{1}, \ldots , 1\pm\cos\theta_{n})$ . Thus,
$\det(g_{M}\pm\tilde{g})=\prod_{1\leq\alpha\leq n}(1\pm\cos\theta_{\alpha})^{2}$ . If $F$ has no complex directions

$\kappa=\sum_{1\leq\alpha\leq n}$
log $(\frac{1+\cos\theta_{\alpha}}{1-\cos\theta_{\alpha}})=\frac{1}{2}$ log $(\frac{\det(g_{M}+\tilde{g})}{\det(g_{M}-\tilde{g})})$ .

This map $\kappa$ is non-negative, continuous on $M$ and smooth on each $\Omega_{2k}^{0}$ . It is an
increasing map on each cos $\theta_{\alpha}$ . In [3] we compute $\triangle\kappa$ on $\Omega_{2k}^{0}$ (see Proposition
3.1 below), for any minimal immersion $F$ . In this paper we will compute $\triangle\kappa$ for
the case of $F$ broadly-pluriminimal.

We define a local $g_{M}$-orthogonal complex structure on a neighbourhood of
$p_{0}\in\Omega_{2k}^{0}$ as $\tilde{J}=J_{\omega}\oplus J^{\prime}$ , where $J_{\omega}$ is defined on $\mathcal{K}_{\omega}^{\perp}$ and $J^{\prime}$ is the local complex
structure on $\mathcal{K}_{\omega}$ , defined on a neigbourhood of $p_{0}$ by $J^{j}Z_{\alpha}=iZ_{\alpha},$ $J^{\prime}Z_{\overline{\alpha}}=-iZ_{\overline{\alpha}}$ ,
$\forall\alpha\geq k+1$ . On a neigbourhood of $p_{0},$

$Z_{\alpha}$ is of type $(1,0)$ with respect to $\tilde{J},$ $\forall\alpha$ .
Since $\tilde{J}$ is $g_{M}$-orthogonal, $\forall\alpha,$ $\beta$ , on a neigbourhood of $p_{0}$ ,

$\langle\nabla_{Z}\tilde{J}(\alpha), \beta\rangle=2i\langle\nabla_{Z}\alpha, \beta\rangle=-\langle\alpha, \nabla_{Z}\tilde{J}(\beta)\rangle$ , \langle $\nabla_{z\tilde{J}(\alpha),\overline{\beta}\rangle=0}$ . (3. 1)

In particular $\nabla_{Z}\tilde{J}(\alpha)$ is of type $(0,1)$ . Note that, considering $\tilde{g}$ and $F^{*}\omega 2-$

tensors, $\tilde{g}(X, Y)=F^{*}\omega(X,\tilde{J}Y)$ still holds $\forall X,$ $Y\in T_{p}M$ . Set $\tilde{g}_{AB}=\tilde{g}(A, B)$ ,
and define $\overline{\overline{B}}=B,$

$\forall A,$ $B\in\{1, .,\cdot. n, \overline{1}, \ldots , \overline{n}\}$ . Let $\epsilon_{\alpha}=1,$ $\epsilon_{\overline{\alpha}}=-1\forall\alpha\in$

$\{1, \ldots , n\}$ . Then $\forall 1\leq\alpha,\beta\leq n,$ $\forall A,$ $B\in\{1, \ldots n, \overline{1}, \ldots , \overline{n}\}$ and $\forall C\in$



166 1. NI. C. bALAV $L\mathfrak{d}\mathfrak{d}A$ A1Y $Ub$ . VALLI

$\{1, \ldots n\}\cup\{\overline{k+1}, \ldots\overline{n}\}$ ,

$F^{*}\omega(\alpha,C)=g(JdF(\alpha), dF(C))=0$ $\forall p$ near $p_{0}$

$F^{*}\omega(\alpha,\overline{\beta})=g(JdF(\alpha),dF(\overline{\beta}))=\frac{:}{2}\delta_{\alpha\beta}$ cos $\theta_{\alpha}$ at $p_{0}$

$\tilde{g}_{AB}=i\epsilon_{B}F^{*}\omega(A, B)=i\epsilon_{B}g(JdF(A), dF(B))$ $\forall p$ near $p_{0}$ (3.2)
$\tilde{g}_{\alpha C}=\tilde{g}_{aC}=0$ $\forall p$ near $p_{0}$

$\tilde{g}_{a\beta}=\tilde{g}_{d\beta}=\frac{1}{2}\delta_{\alpha\beta}$ cos $\theta_{\alpha}$ at $p_{0}$

Now we compute the covariant derivative of $ F^{*}\omega$ . Let $p\in M,$ $X,$ $Y,$ $Z\in T_{p}M$ .
Then

$d(g(JdF(X),dF(Y)))(Z)=g(J\nabla_{Z}dF(X),dF(Y))+g(JdF(\nabla_{Z}X),dF(Y))$

$+g(JdF(X), \nabla_{Z}dF(Y))+g(JdF(X),dF(\nabla_{Z}Y))$ (3.3)

And so

$\nabla_{Z}F^{*}\omega(X,Y)=-g(\nabla_{Z}dF(X), JdF(Y))+g(\nabla_{Z}dF(Y), JdF(X))$ . (3.4)

For simplicity of notation we denote by $g_{Z}XY=g(\nabla_{Z}dF(X), JdF(Y))$ . From
(3.3) and (3.2) we have

LEMMA 3.1. $\forall p$ near $p_{0}\in\Omega_{2k}^{0},$ $Z\in T_{p}^{c}M$ , and $\mu,\gamma\in\{1, \ldots n\}$

$d\overline{g}_{\mu 7}(Z)=ig_{Z}\mu\overline{\gamma}-ig_{Z}\overline{\gamma}\mu+2\sum_{\rho}(\langle\nabla_{Z}\mu,\overline{\rho}\rangle\tilde{g}ffi+\langle\nabla_{Z}\overline{\gamma},\rho\rangle\tilde{g}_{\mu\beta})$

$0=d\tilde{g}_{\mu\gamma}(Z)=-igz\mu\gamma+igz\gamma\mu+2\sum_{\rho}(\langle\nabla_{Z}\mu,\rho\rangle\tilde{g}_{\overline{\rho}\gamma}-\langle\nabla_{Z}\gamma,\rho\rangle\tilde{g}_{\mu\overline{\rho}})$
.

In $pa\hslash icular$, at $p_{0}$

$d\tilde{g}_{\mu 7}(Z)=ig_{Z}\mu\overline{\gamma}-igz\overline{\gamma}\mu-(\cos\theta_{\mu}-\cos\theta_{\gamma})\langle\nabla_{z\mu,\overline{\gamma}\rangle}$

$ 0=d\tilde{g}_{\mu\gamma}(Z)=-igz\mu\gamma+ig_{Z}\gamma\mu+(\cos\theta_{\mu}+\cos\theta_{\gamma})\langle\nabla_{Z}\mu,\gamma\rangle$ .

PROPOSITION 3.1 ([3]). If $F$ is minimal unthout complex directions, and
$\{X_{\alpha}, Y_{\alpha}\}$ is a local orthonormal fhame of the form (1.3) that diagonalizes $ F^{*}\omega$

at $p_{0}\in\Omega_{2k}^{0},$ $0\leq k\leq n$ , then at $p_{0}$

$\triangle\kappa=4i\sum_{\beta}Ric\dot{\alpha}^{N}(JdF(\beta),dF(\overline{\beta}))$

$+\sum_{\beta,\mu}\frac{32}{\sin^{2}\theta_{\mu}}{\rm Im}(R^{N}(dF(\beta), dF(\mu),dF(\overline{\beta}),$ $JdF(\overline{\mu})+i$ cos $\theta_{\mu}dF(\overline{\mu})))$
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$-\sum_{\beta,\mu,\rho}\frac{64(\cos\theta_{\mu}+\cos\theta_{\rho})}{\sin^{2}\theta_{\mu}\sin^{2}\theta_{\rho}}{\rm Re}(g_{\beta}\mu\overline{\rho}g_{\overline{\beta}}\rho\overline{\mu})$

$+\sum_{\beta,\mu,\rho}\frac{32(\cos\theta_{\rho}-\cos\theta_{\mu})}{\sin^{2}\theta_{\mu}\sin^{2}\theta_{\rho}}(|g_{\beta}\mu\rho|^{2}+|g_{\beta}\mu\rho|^{2})$
(3.5)

$+\sum_{\beta,\mu,\rho}\frac{32(s\theta_{\mu}+s\theta_{\rho})}{S\dot{i}^{2}\theta_{\mu}}(|\langle\nabla_{\rho\mu},\rho\rangle|^{2}+|\langle\nabla_{\beta}\mu,\rho\rangle|^{2})$ .

Now we get

PROPOSITION 3.2. If $F$ is broadly-pluriminimal utthout complex directions,
and $\{X_{\alpha}, Y_{\alpha}\}\dot{w}$ a local orthonormal ftame of the form (1.3) that diagonatizes
$ F^{*}\omega$ at $p_{0}\in\Omega_{2k}^{0},$ $0\leq k\leq n$ , then at $p_{0}$

$\triangle\kappa=4i\sum_{1\leq\beta\leq n}$
Ricci $(JdF(\beta), dF(\overline{\beta}))$ (3.6)

Proof. First, we rewrite $\triangle\kappa$ of Proposition 3.1 in terms of $(\nabla dF)^{\langle 1,1)}$ , the sym-
metric tensor given by (2.1) on a neighbourhood of $p_{0}$ , and it is the (l,L)-part
of $\nabla dF$ with respect to the complex structure $\tilde{J}$ . From Lemma 3.1, at $M$ ,
$\forall\mu,\rho\in\{1, \ldots n\}$

$|g_{Z}\mu\rho|^{2}=|gz\rho\mu|^{2}+(coe\theta_{\mu}+\cos\theta_{\rho})^{2}|\langle\nabla_{Z}\mu,\rho\rangle|^{2}$

$+2(\cos\theta_{\mu}+\cos\theta_{\rho}){\rm Im}(\langle\nabla_{Z}\mu,\rho\rangle gz\overline{\rho}\overline{\mu})$ .

Hence, (3.5) of the expression of $\triangle\kappa$ in Proposition 2.1, becomes

$(3.5)=\sum_{\beta,\mu,\rho}\frac{16(\cos\theta_{\rho}-\cos\theta_{\mu})}{\sin^{2}\theta_{\mu}\sin^{2}\theta_{\rho}}(|g_{\beta}\mu\rho|^{2}-|g\beta\rho\mu|^{2}+|g_{\beta}\mu\rho|^{2}-|g_{\overline{\rho}}\rho\mu|^{2})$

$=\sum_{\beta,\mu,\rho}\frac{16(\cos\theta_{\rho}-s\theta_{\mu})(\cos\theta_{\mu}+coe\theta_{\rho})^{2}}{\sin^{2}\theta_{\mu}\sin^{2}\theta_{\rho}}(|\langle\nabla_{\beta}\mu,\rho\rangle|^{2}+|\langle\nabla_{\beta}\mu,\rho\rangle|^{2})$

$+\sum_{\beta,\mu,\rho}\frac{32(\cos\theta_{\rho}-\cos\theta_{\mu})(\cos\theta_{\mu}+\cos\theta_{\rho})}{\sin^{2}\theta_{\mu}\sin^{2}\theta_{\rho}}{\rm Im}(\langle\nabla_{\beta}\mu,\rho\rangle g_{\beta}\overline{\rho}\overline{\mu}+(\nabla_{\beta}\mu,\rho\rangle g_{\beta}\overline{\rho}\overline{\mu})$

$=\sum_{\beta,\mu,\rho}\frac{16(\sin^{2}\theta_{\mu}-\sin^{2}\theta_{\rho})(\cos\theta_{\mu}+\cos\theta_{\rho})}{\sin^{2}\theta_{\mu}\sin^{2}\theta_{\rho}}(|\langle\nabla_{\beta}\mu,\rho\rangle|^{2}+|\langle\nabla_{\beta}\mu,\rho\rangle|^{2})$

$+\sum_{\beta,\mu,\rho}\frac{32(\sin^{2}\theta_{\mu}-\sin^{2}\theta_{\rho})}{\sin^{2}\theta_{\mu}\sin^{2}\theta_{\rho}}{\rm Im}(\langle\nabla_{\beta}\mu,\rho\rangle g_{\beta}\overline{\rho}\overline{\mu}+\langle\nabla_{\overline{\beta}}\mu,\rho\rangle g\rho\overline{\rho}\overline{\mu})$

$=\sum_{\beta,\mu,\rho}16(\frac{1}{\sin^{2}\theta_{\rho}}-\frac{1}{\sin^{2}\theta_{\mu}})(\cos\theta_{\mu}+coe\theta_{\rho})(|\langle\nabla_{\beta}\mu,\rho\rangle|^{2}+|\langle\nabla_{\beta}\mu,\rho\rangle|^{2})$
(3.7)
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$+\sum_{\beta,\mu,\rho}32(\frac{1}{\sin^{2}\theta_{\rho}}-\frac{1}{\sin^{2}\theta_{\mu}}){\rm Im}(\langle\nabla_{\beta}\mu, \rho\rangle g_{\overline{\beta}}\overline{\rho}\overline{\mu}+\langle\nabla_{\overline{\beta}}\mu, \rho\rangle g_{\beta}\overline{\rho}\overline{\mu})$ .

Note that $(3.7)=0$ , because it is the sum of a product of a skew-symmetric factor
on $\rho,$ $\mu$ with a symmetric one. Hence, interchanging $\mu$ with $\rho$ when necessary,

$(3.5)=\sum_{\beta,\mu,\rho}32(\frac{1}{\sin^{2}\theta_{\rho}}-\frac{1}{\sin^{2}\theta_{\mu}}){\rm Im}(\langle\nabla_{\beta}\mu, \rho\rangle g_{\overline{\beta}}\overline{\rho}\overline{\mu}+\langle\nabla_{\overline{\beta}}\mu,\rho\rangle g_{\beta}\overline{\rho}\overline{\mu})$

$=\sum_{\beta,\mu,\rho}\frac{32}{\sin^{2}\theta_{\mu}}$

${\rm Im}(\langle\nabla_{\beta}\rho, \mu\rangle g_{\overline{\beta}}\overline{\mu}\overline{\rho}+\langle\nabla_{\overline{\beta}}\rho, \mu\rangle g_{\beta}\overline{\mu}\overline{\rho}-\langle\nabla_{\beta}\mu, \rho\rangle g_{\overline{\beta}}\overline{\rho}\overline{\mu}-\langle\nabla_{\overline{\beta}}\mu, \rho\rangle g_{\beta}\overline{\rho}\overline{\mu})$ .

Therefore, and since $\langle\nabla_{Z}\rho, \mu\rangle=-\langle\nabla_{Z}\mu, \rho\rangle$ ,

$\triangle\kappa=4i\sum_{\beta}$
Ricci $(JdF(\beta), dF(\overline{\beta}))$

$+\sum_{\beta,\mu}\frac{32}{\sin^{2}\theta_{\mu}}{\rm Im}(R^{N}(dF(\beta), dF(\mu),$
$dF(\overline{\beta}),$ $JdF(\overline{\mu})+i$ cos $\theta_{\mu}dF(\overline{\mu})))$

$-\sum_{\beta,\mu,\rho}\frac{64(\cos\theta_{\mu}+\cos\theta_{\rho})}{\sin^{2}\theta_{\mu}\sin^{2}\theta_{\rho}}{\rm Re}(g\rho\mu\overline{\rho}g_{\overline{\beta}}\rho\overline{\mu})$ (3.8)

$-\sum_{\beta,\mu,\rho}\frac{32}{\sin^{2}\theta_{\mu}}$

${\rm Im}(\langle\nabla_{\beta}\mu,\rho\rangle g_{\overline{\beta}}\overline{\mu}\overline{\rho}+\langle\nabla_{\beta}\mu,\rho\rangle g_{\overline{\beta}}\overline{\rho}\overline{\mu}+\langle\nabla_{\overline{\beta}}\mu,\rho\rangle g_{\beta}\overline{\mu}\overline{\rho}+\langle\nabla_{\overline{\beta}}\mu,\rho\rangle g_{\beta}\overline{\rho}\overline{\mu})$

$+\sum_{\beta,\mu,\rho}\frac{32(\cos\theta_{\mu}+\cos\theta_{\rho})}{\sin^{2}\theta_{\mu}}(|\langle\nabla_{\beta}\mu, \rho\rangle|^{2}+|\langle\nabla_{\overline{\beta}}\mu, \rho\rangle|^{2})$ .

Derivating (2.1), considering $\nabla dF$ and $(\nabla dF)^{(1,1)}$ both with values in the normal
bundle, we get

$\nabla_{Z}(\nabla dF)^{(1,1)}(X, Y)=\frac{1}{2}(\nabla_{z}\nabla dF(X, Y)+\nabla_{Z}\nabla dF(\tilde{J}X,\tilde{J}Y)$

$+\nabla dF(\nabla_{Z}\tilde{J}(X),\tilde{J}Y)+\nabla dF(\tilde{J}X, \nabla_{Z}\tilde{J}(Y)))$ .

Since $\tilde{J}Z_{\mu}=iZ_{\mu}$ and $\tilde{J}Z_{\overline{\mu}}=-iZ_{\overline{\mu}}\forall\mu$ , on a neighbourhood of $p_{0}$ , we have, $\forall\alpha,$ $\beta$

$\nabla_{Z}(\nabla dF)^{(1,1)}(\alpha,\beta)=\frac{i}{2}(\nabla dF(\nabla_{Z}\tilde{J}(\alpha), \beta)+\nabla dF(\alpha, \nabla_{Z}\tilde{J}(\beta)))$ , (3.9)

$\nabla_{Z}(\nabla dF)^{(1,1)}(\alpha,\overline{\beta})=\nabla_{Z}\nabla dF(\alpha,\overline{\beta})$

$+\frac{i}{2}(-\nabla dF(\nabla_{Z}\tilde{J}(\alpha),\overline{\beta})+\nabla dF(\alpha, \nabla_{Z}\tilde{J}(\overline{\beta})))$ . $(3.10)$
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Since $F$ is minimal,

$\sum_{\beta}\nabla_{Z}\nabla dF(\beta,\overline{\beta})=\frac{1}{4}trace_{g_{M}}\nabla_{Z}\nabla dF=\frac{1}{4}\nabla_{Z}(trace_{g_{M}}\nabla dF)=0$ .

Then applying Codazzi equation and noting that $JdF(\overline{\mu})+i$ cos $\theta_{\mu}dF(\overline{\mu})$ is in
the complexified normal bundle,

$\sum_{\beta}R^{N}(dF(\beta), dF(\mu),$
$dF(\overline{\beta}),$ $JdF(\overline{\mu})+\cos\theta_{\mu}dF(\overline{\mu}))$

$=\sum_{\beta}g(-\nabla_{\beta}\nabla dF(\mu,\overline{\beta}),$
$JdF(\overline{\mu}))$ . (3. 11)

Using (3.1), (3.10) and (3.11)

$(3.8)=-\sum_{\beta,\mu}\frac{32}{\sin^{2}\theta_{\mu}}{\rm Im}(g(\nabla_{\beta}(\nabla dF)^{(1,1)}(\mu,\overline{\beta}),$
$JdF(\overline{\mu})))$

$+\sum_{\beta,\mu,\rho}\frac{64}{\sin^{2}\theta_{\mu}}{\rm Im}(\langle\nabla_{\beta}\mu, \rho\rangle g_{\overline{\rho}}\overline{\beta}\overline{\mu})+\sum_{\beta,\mu,\rho}\frac{64}{\sin^{2}\theta_{\mu}}{\rm Im}(\langle\nabla_{\beta}\overline{\beta},\overline{\rho}\rangle g_{\mu}\rho\overline{\mu})$ .

Consequently,

$\triangle\kappa=4i\sum_{\beta}Ric\dot{\alpha}^{N}(JdF(\beta), dF(\overline{\beta}))$

$-\sum_{\beta,\mu}\frac{32}{\sin^{2}\theta_{\mu}}{\rm Im}(g(\nabla_{\beta}(\nabla dF)^{(1,1)}(\mu,\overline{\beta}),$
$JdF(\overline{\mu})))$

$+\sum_{\beta,\mu,\rho}\frac{64}{\sin^{2}\theta_{\mu}}{\rm Im}(\langle\nabla_{\beta}\mu, \rho\rangle g_{\overline{\rho}}\overline{\beta}\overline{\mu})$ (3. 12)

$+\sum_{\beta,\mu,\rho}\frac{64}{\sin^{2}\theta_{\mu}}{\rm Im}(\langle\nabla_{\beta}\overline{\beta},\overline{\rho}\rangle g_{\mu}\rho\overline{\mu})-\sum_{\beta,\mu,\rho}\frac{64(\cos\theta_{\mu}+\cos\theta_{\rho})}{\sin^{2}\theta_{\mu}sin^{2}\theta_{\rho}}Re(g_{\beta}\mu\overline{\rho}g_{\beta}\rho\overline{\mu})$

$-\sum_{\beta,\mu,\rho}\frac{32}{\sin^{2}\theta_{\mu}}{\rm Im}(\langle\nabla_{\beta}\mu, \rho\rangle g_{\overline{\beta}}\overline{\mu}\overline{\rho}+\langle\nabla_{\beta}\mu, \rho\rangle g_{\overline{\beta}}\overline{\rho}\overline{\mu})$ (3. 13)

$-\sum_{\beta,\mu,\rho}\frac{32}{\sin^{2}\theta_{\mu}}{\rm Im}(\langle\nabla_{\overline{\beta}}\mu, \rho\rangle g\rho\overline{\mu}\overline{\rho}+\langle\nabla_{\overline{\beta}}\mu, \rho\rangle g_{\beta}\overline{\rho}\overline{\mu})$ (3. 14)

$+\sum_{\beta,\mu,\rho}\frac{32(\cos\theta_{\mu}+\cos\theta_{\rho})}{\sin^{2}\theta_{\mu}}(|\langle\nabla_{\beta}\mu,\rho\rangle|^{2}+|\langle\nabla_{\overline{\beta}}\mu, \rho\rangle|^{2})$ . (3. 15)

By lemma 3.1

$(3.12)+(3.13)=\sum_{\beta,\mu,\rho}\frac{32}{\sin^{2}\theta_{\mu}}{\rm Im}(\langle\nabla_{\beta}\mu, \rho\rangle(g_{\overline{\beta}}\overline{\rho}\overline{\mu}-g_{\beta}\overline{\mu}\overline{\rho}))$
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$=-\sum_{\beta,\mu,\rho}\frac{32(\cos\theta_{\mu}+\cos\theta_{\rho})}{\sin^{2}\theta_{\mu}}|\langle\nabla_{\beta}\mu, \rho\rangle|^{2}$

that cancels with some term of (3.15). Similarly

$(3.14)+\sum_{\beta,\mu,\rho}\frac{32(\cos\theta_{\mu}+\cos\theta_{\rho})}{\sin^{2}\theta_{\mu}}|\langle\nabla_{\beta}\mu,\rho\rangle|^{2}=$

$=-\sum_{\beta,\mu,\rho}\frac{32}{\sin^{2}\theta_{\mu}}{\rm Im}(\langle\nabla_{\overline{\beta}}\mu,\rho\rangle(g_{\beta}\overline{\mu}\overline{\rho}-g_{\beta}\overline{\rho}\overline{\mu}))$

$-\sum_{\beta,\mu,\rho}\frac{64}{\sin^{2}\theta_{\mu}}{\rm Im}(\langle\nabla_{\beta}\mu, \rho\rangle g\rho\overline{\rho}\overline{\mu})+\sum_{\beta,\mu,\rho}\frac{32(\cos\theta_{\mu}+\cos\theta_{\rho})}{\sin^{2}\theta_{\mu}}|\langle\nabla_{\beta}\mu,\rho\rangle|^{2}$

$=-\sum_{\beta,\mu,\rho}\frac{64}{\sin^{2}\theta_{\mu}}{\rm Im}(\langle\nabla_{\beta}\mu,\rho\rangle g_{\beta}\overline{\rho}\overline{\mu})$

Then,

$\triangle\kappa=4i\sum_{\beta}$
Ricci $(JdF(\beta), dF(\overline{\beta}))$

$-\sum_{\beta,\mu}\frac{32}{\sin^{2}\theta_{\mu}}{\rm Im}(g(\nabla_{\beta}(\nabla dF)^{(1,1)}(\mu,\overline{\beta}),$
$JdF(\overline{\mu})))$

$-\sum_{\beta,\mu,\rho}\frac{64(\cos\theta_{\mu}+\cos\theta_{\rho})}{\sin^{2}\theta_{\mu}\sin^{2}\theta_{\mu}}{\rm Re}(g_{\beta}\mu\overline{\rho}g_{\beta}\rho\overline{\mu})$

$+\sum_{\beta,\mu,\rho}\frac{64}{\sin^{2}\theta_{\mu}}{\rm Im}(\langle\nabla_{\beta}\overline{\beta},\overline{\rho}\rangle g_{\rho}\mu\overline{\mu})$
(3. 16)

$-\sum_{\beta,\mu,\rho}\frac{64}{\sin^{2}\theta_{\mu}}{\rm Im}(\langle\nabla_{\beta}\mu,\rho\rangle g_{\beta}\overline{\rho}\overline{\mu})$
(3. 17)

Now, from (3.1),

$(3.16)=\sum_{\beta,\mu,\rho}\frac{32}{\sin^{2}\theta_{\mu}}{\rm Im}(g(\nabla dF(\frac{i}{2}\nabla_{\beta}\tilde{J}(\overline{\beta}), \mu),$

$JdF(\overline{\mu}))$

and from (3.9), (3.1), and that $\nabla_{\overline{\beta}}\tilde{J}(\mu)$ is of type $(0,1)$

$(3.17)=-\sum_{\beta,\mu,\rho}\frac{32}{\sin^{2}\theta_{\mu}}{\rm Im}(g(\nabla dF(\beta, -\frac{i}{2}\nabla_{\beta}\tilde{J}(\mu)),$
$JdF(\overline{\mu})))$

$=\sum_{\beta,\mu,\rho}\frac{32}{\sin^{2}\theta_{\mu}}{\rm Im}(g(\nabla_{\beta}(\nabla dF)^{(1,1)}(\beta, \mu),$
$JdF(\overline{\mu})))$
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$-\sum_{\beta,\mu,\rho}\frac{32}{\sin^{2}\theta_{\mu}}{\rm Im}(g(\nabla dF(\frac{i}{2}\nabla_{\overline{\beta}}\tilde{J}(\beta), \mu),$

$JdF(\overline{\mu})))$

Using the unitary basis $\{\sqrt{2}\alpha, \sqrt{2}\overline{\alpha}\}$ of $T_{p}M$ , for $p$ near $p_{0},$ $g_{M}\pm\tilde{g}$ is represented
by the matrix

$g_{M}\pm\tilde{g}=\left\{\begin{array}{llll}\delta_{\alpha\gamma} & \pm 2\tilde{g}_{\alpha\overline{\gamma}} & & 0\\ & 0 & \delta_{\alpha\gamma} & \pm 2\tilde{g}_{d\gamma},\end{array}\right\}$

with $\tilde{g}_{\mu p}=\tilde{g}_{\overline{\mu}\rho}$ . This matrix is at the point $p_{0}$ the diagonal matrix $ D(1\pm$

cos $\theta_{1},$ $\ldots 1\pm\cos\theta_{n},$ $1\pm\cos\theta_{1},$
$\ldots$

$1\pm\cos\theta_{n}$ ). Thus (cf. lemma 5.2 of [3]),
$\forall Z\in T_{p0}M$ ,

$d(\det(g_{M}\pm\tilde{g}))(Z)=\pm 4\sum_{\mu}\frac{\det(g_{M}\pm\tilde{g})}{(1\pm\cos\theta_{\mu})}d\tilde{g}_{\mu\overline{\mu}}(Z)$ .

Then, using Lemma 3.1

$2d\kappa_{p0}(Z)=\frac{d(\det(g_{M}+\tilde{g}))(Z)}{\det(g_{M}+\tilde{g})}-\frac{d(\det(g_{M}-\tilde{g}))(Z)}{\det(g_{M}-\tilde{g})}$

$=4\sum_{\mu}\frac{1}{(1+\cos\theta_{\mu})}d\tilde{g}_{\mu\overline{\mu}}(Z)+4\sum_{\mu}\frac{1}{(1-\cos\theta_{\mu})}d\tilde{g}_{\mu\overline{\mu}}(Z)$ (3. 18)

$=8\sum_{\mu}\frac{i}{\sin^{2}\theta_{\mu}}(\langle\nabla dF(Z, \mu), JdF(\overline{\mu})\rangle-\langle\nabla dF(Z,\overline{\mu}), JdF(\mu)\rangle)$ .

Thus, since ${\rm Im}(iA)={\rm Im}(i\overline{A})$ for any complex number $A$ ,

$-4\sum_{\beta}{\rm Im}(d\kappa_{p0}(\nabla_{\beta}\tilde{J}(\beta)))=\sum_{\beta,\mu}\frac{32}{\sin^{2}\theta_{\mu}}({\rm Im}(g(\nabla dF(\frac{i}{2}\nabla_{\beta}\tilde{J}(\beta),\overline{\mu}),$
$JdF(\mu))$

$-{\rm Im}(g(\nabla dF(\frac{i}{2}\nabla_{\beta}\tilde{J}(\beta), \mu),$ $JdF(\overline{\mu}))))$

$=\sum_{\beta,\mu}\frac{32}{\sin^{2}\theta_{\mu}}({\rm Im}(g(\nabla dF(\frac{i}{2}\nabla\tilde{\beta}(\overline{\beta}), \mu),$

$JdF(\overline{\mu}))$

$-{\rm Im}(g(\nabla dF(\frac{i}{2}\nabla\tilde{\beta}(\beta), \mu),$ $JdF(\overline{\mu}))))$ (3.19)

Consequently, for $F$ minimal, at $M$ ,

$\triangle\kappa=4i\sum_{\beta}Ric\dot{\alpha}^{N}(JdF(\beta), dF(\overline{\beta}))$

$-\sum_{\beta,\mu}\frac{32}{\sin^{2}\theta_{\mu}}{\rm Im}(g(\nabla_{\beta}(\nabla dF)^{(1,1)}(\overline{\beta}, \mu),$
$JdF(\overline{\mu})))$ (3.20)
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$+\sum_{\beta,\mu}\frac{32}{\sin^{2}\theta_{\mu}}{\rm Im}(g(\nabla_{\overline{\beta}}(\nabla dF)^{(1,1)}(\beta, \mu),$
$JdF(\overline{\mu})))$ (3.21)

$-4{\rm Im}(d\kappa_{p0}(\sum_{\beta}\nabla_{\overline{\beta}}\tilde{J}(\beta)))$
(3.22)

$-\sum_{\beta,\mu,\rho}\frac{64(\cos\theta_{\mu}+\cos\theta_{\rho})}{\sin^{2}\theta_{\mu}\sin^{2}\theta_{\rho}}{\rm Re}(g_{\beta}\mu\overline{\rho}g_{\overline{\beta}}\rho\overline{\mu})$ (3.23)

Of course we may assume $k\geq 1$ , since, on $\Omega_{0}^{0}$ , the summation on $\mu$ (and $\beta$) of
the left-hand side of (3.11) vanish, (because of a symmetry and skew-symmetry
argument) and Proposition 3.1 gives Proposition 3.2 on that open set. If $F$ is
broadly-pluriminimal then $F$ is pluriharmonic with respect to any local complex
structure $\tilde{J}$ we described above, on each $\Omega_{2k}^{0}$ . Then $(\nabla dF)^{(1,1)}=0$ and (3.20),
(3.21), and (3.23) vanish. Now we prove that (3.22) also vanish. On a neigh-
bourhood of $p_{0}$ , since $\tilde{g}_{\mu\overline{\mu}}=0$ , for all $\mu\geq k+1$ , then the $\sum_{\mu}$ in (3.18) and in
(3.19) can be replaced by $\sum_{1\leq\mu\leq k}$ . On the other hand, from (3.19), (3.1) and
broadly-pluriminimality

$-4\sum_{\beta}{\rm Im}(d\kappa_{p0}(\nabla_{\overline{\beta}}\tilde{J}(\beta)))=\sum_{1\leq\beta\leq n}\sum_{1\leq\mu\leq k}\frac{64}{\sin^{2}\theta_{\mu}}{\rm Im}(\sum_{1\leq\rho\leq n}\langle\nabla_{\beta}\overline{\beta},\overline{\rho}\rangle g_{\rho}\mu\overline{\mu})$

(3. 24)

From broadly-pluriminimality, for each $\mu\leq k,$ $g_{\overline{\rho}}\mu\overline{\mu}=0,$ $\forall\rho\geq k+1$ . But
on $\mathcal{K}_{\omega}$ the $g_{M}$-orthogonal complex structure $J^{\prime}$ is arbitrary. In particular we
may replace $J^{\prime}$ by $-J^{\prime}$ . This means that we may replace $\overline{\rho}\geq k+1$ by $\rho\geq$

$k+1$ . Therefore, $g_{\rho}\mu\overline{\mu}=0,$ $\forall\rho\geq k+1$ and $\forall\mu\leq k$ . From Lemma 3.1 and
pluriharmonicity, for $\rho\leq k$ and $\forall\beta$ ,

$(\cos\theta_{\beta}+\cos\theta_{\rho})\langle\nabla_{\overline{\beta}}\beta,\rho\rangle=ig_{\overline{\beta}}\beta\rho-ig_{\overline{\beta}}\rho\beta=0$ ,

with $(\cos\theta_{\beta}+\cos\theta_{\rho})>0$ . Then $\langle\nabla_{\overline{\beta}}\beta,\rho\rangle=0,$ $\forall\rho\leq k$ . Thus, for each $\mu\leq k$ and
$1\leq\beta\leq n$ ,

$\langle\nabla_{\beta}\overline{\beta},\overline{\rho}\rangle g_{\rho}\mu\overline{\mu}=0$ ,

for any $\rho\leq k$ and also for any $\rho\geq k+1$ . That is $(3.24)=0$ , and we have proved
Proposition 2.2. $\square $

COROLLARY 3.1. In the conditions of Proposition 2.2, if $N$ is Kahler-Einstein
with Ricci $=Rg$ , on each $\Omega_{2k}^{0}$ ,

$\triangle\kappa=-2R(\sum_{\beta}\cos\theta_{\beta})$ .
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Remark. One may search when $(\Omega_{2n}^{0}, J_{\omega}, g_{M})$ is a K\"ahler manifold, for, it is more
usual to define plurharmonicity on K\"ahler manifolds then in almost complex
manifolds. More generally, we may ask when or where $\nabla J_{\omega}=0$ holds. Set, on
each $\Omega_{2k}^{0},$ $\epsilon_{\alpha}^{\prime}=+1,$ $\epsilon_{\overline{\alpha}}^{\prime}=-1,$ $\forall 1\leq\alpha\leq k$ , and $\epsilon_{\alpha}^{\prime}=\epsilon_{\overline{\alpha}}^{\prime}=0,$ $\forall\alpha\geq k+1$ . Then,
$\forall A,$ $B\in\{1, \ldots n, \overline{1}, \ldots\overline{n}\},$ $\forall Z\in T_{p}M$ , and $\forall p$ near $p_{0}\in\Omega_{2k}^{0}$

$\langle\nabla_{Z}J_{(d}(A), B\rangle=i(\epsilon_{A}^{\prime}+\epsilon_{B}^{j})\langle\nabla_{Z}A, B\rangle=-\langle A, \nabla_{Z}J_{\omega}(B)\rangle$ . (3.25)

Then, on $\Omega_{2k}^{0}$

$\nabla_{Z}J_{\omega}(\mathcal{K}_{\omega})\subseteq \mathcal{K}_{\omega}^{\perp}$

$\nabla_{Z}J_{\omega}((\mathcal{K}_{\omega}^{\perp})^{1,0})\subseteq(\mathcal{K}_{\omega}^{\perp})^{0,1}\cup \mathcal{K}_{\omega}$ (3.26)
$\nabla_{Z}J_{\omega}((\mathcal{K}_{\omega}^{\perp})^{0,1})\subseteq(\mathcal{K}_{\omega}^{\perp})^{1,0}\cup \mathcal{K}_{\omega}$ .

For simplicity, we denote by cos $\theta_{\overline{\beta}}=-\cos\theta_{\beta}$ . Hence, at $p_{0}$ and $\forall A,$ $ B\in$

$\{1, \ldots , n, \overline{1}, \ldots\overline{n}\},$ $F^{*}\omega(A, B)=\delta_{A\overline{B}^{\frac{i}{2}}}$ cos $\theta_{A}$ . Derivating at $p_{0}$

$ d(F^{*}\omega(A, B))(Z)=\nabla_{Z}F^{*}\omega(A, B)-i(\cos\theta_{A}+\cos\theta_{B})\langle\nabla_{Z}A, B\rangle$ . (3.27)

Consequently, $bom(3.25),$ $(3.27)$ , and the fact that, on $M,$ $ F^{*}\omega$ is of type $(1, 1)$

with respect to $\tilde{J}$ and with kernel $\mathcal{K}_{\omega}$ , we obtain, at $p_{0}$

$\nabla_{Z}F^{*}\omega(A,\otimes=0$ $\forall A,$ $B\in\{k+1,\overline{k+1}, \ldots , n,\overline{n}\}$

$(\epsilon_{A}^{\prime}+\epsilon_{B}^{\prime})\nabla_{Z}F^{*}\omega(A, B)=(\cos\theta_{A}+\cos\theta_{B})\langle\nabla_{Z}J_{\omega}(A), B\rangle$ $\forall A,$ $B$

(3. 28)

In particular, (3.26), (3.28) and (3.4) let us to conclude that, $(\Omega_{2n}^{0}, J_{\omega}, g_{M})$

is a K\"ahler manifold iff $\nabla_{Z}F^{*}\omega$ is of type $(1, 1)$ , $\forall Z\in T^{c}M$ , on $\Omega_{2n}^{0}$ iff
(V, $W$) $\rightarrow g(\nabla_{Z}dF(V), JdF(W))$ is symmetric on $T^{1,0}M,$ $\forall Z\in T^{c}M$ on $\Omega_{2n}^{0}$

iff $\langle\nabla_{Z}J_{\omega}(\alpha), \beta\rangle=0\forall 1\leq\alpha,$ $\beta\leq n$ and $\forall Z\in T^{c}M$ , on $\Omega_{2n}^{0}$ . In [3] we prove
that, if $ F^{*}\omega$ is parallel, that is, $\nabla_{Z}F^{*}\omega=0$ , then the K\"alher angles are constant,
$\mathcal{K}_{\omega},$ $\mathcal{K}_{\omega}^{\perp}$ are parallel sub-bundles of $TM$ , and $\nabla J_{\omega}=0$ .

4. Some conclusions

Let $p_{0}$ be an absolute maximum of $\kappa$ . Then $\kappa(p_{0})\geq 0$ with equality to
zero iff $F^{*}\omega=0$ everywhere, that is, $F$ is a Lagrangian submanifold. We only
know that $\kappa$ is locally Lipschitz on $M$ and smooth on each $\Omega_{2k}^{0}$ . We do not know
if $\kappa$ is smooth at $p_{0}$ . Nevertheless we have the following proposition:
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PROPOSITION 4.1. The map $\kappa$ is differentiable at $p_{0}$ with $d\kappa(p_{0})=0$ .

Proof. Let $2k$ be the rank of $ F^{*}\omega$ at $p_{0}$ , and $\pm i$ cos $\theta_{\alpha}(p)$ the eigenvalues of
$(F^{*}\omega)^{c}$ , the $\mathbb{C}$-linear extension of $ F^{*}\omega$ to $T^{c}M$ , for $p$ near $p_{0}$ . Of course we may
assume $k\geq 1$ . Set

$\kappa_{1}(p)=\sum_{1\leq\alpha\leq k}$
log $(\frac{1+\cos\theta_{\alpha}(p)}{1-\cos\theta_{\alpha}(p)})$ ,

$\kappa_{2}(p)=\sum_{k+1\leq\alpha\leq n}$
log $(\frac{1+\cos\theta_{\alpha}(p)}{1-\cos\theta_{\alpha}(p)})$ .

$\kappa_{1}$ is the piece of $\kappa$ defined by angles which cosine is not zero near $p_{0}$ . The
remaining angles, forming the $\kappa_{2}$ , are zero at $p_{0}$ , therefore they remain well
distinct from the ones which form the $\kappa_{1}$ , for $p$ near $p_{0}$ . Then we may conclude
that $\kappa_{1}$ is smooth. In fact, if we take $C$ a contour in the l-complex space
around the eigenvalu\’e\pm i cos $\theta_{1},$ $\ldots\pm i$ cos $\theta_{k}$ for $p$ near $p_{0}$ , not meeting any of
all other eigenvalues, then $ P=\frac{1}{2\pi i}\int_{C}(\lambda I-(F^{*}\omega)^{c})^{-1}d\lambda$ , where $I$ : $ T^{c}M\rightarrow$

$T^{c}M$ is the identity morphism, is, for each $p$ on a neighbourhood of $p_{0}$ , an
orthogonal projection (since $ F^{*}\omega$ is normal) onto the subspace that is the direct
sum of the eigenspaces corresponding to the eigenvalues inside $C$ , and $T=$

$\frac{1}{P(2\pi}\int_{c_{M)}\tau}c^{\lambda(\lambda I-(F^{*}\omega)^{c})^{-1}d\lambda istherestrictionof(F^{*}\omega)^{c}tothesub- bund1eE=}C1ear1yTandParesmoothsectionsofT^{*}M^{c}\otimes T^{c}M,andsoEis$

smooth. Then $\kappa_{1}$ is just defined as $\kappa$ , but relative to $T$ on $E$ where it is invertible
everywhere. Now we have, for $p$ near $n,$ $\kappa=\kappa_{1}+\kappa_{2}$ , with $\kappa_{1}$ smooth. The point
$p_{0}$ is a maximum of $\kappa$ and of $\kappa_{1}$ , and is a minimum of $\kappa_{2}$ . Then $d\kappa_{1}(p_{0})=0$ .
We may assume $\kappa$ and $\kappa_{i}$ are defined on a open set of $R^{2n}$ . We will prove that
$\kappa_{2}$ is stationary at $p_{0}$ , that is, $\kappa_{2}$ is differentiable at $p_{0}$ and its differential at $p_{0}$

is zero. Thus we want to prove that $r(p)=\kappa_{2}(p)-\kappa_{2}(p_{0})$ satisfies

$\forall t>0\exists s>0$ : $||p-p_{0}||\leq s\Rightarrow||r(p)||\leq t||p-m||$ (4. 1)

Suppose this is not true. Then

$\exists t^{j}>0$ and $p_{n}\rightarrow M$ such that $||r(p_{n})||>t^{\prime}||p_{n}-p_{0}||$ (4. 2)

From $\kappa(p_{n})\leq\kappa(p_{0}),$ $\kappa_{1}(p_{n})\leq\kappa_{1}(p_{0})$ , and $\kappa_{2}(p_{n})\geq\kappa_{2}(p_{0})$ , we have

$0\leq\frac{r(p_{n})}{||p_{n}-p_{0}||}=\frac{\kappa_{2}(p_{n})-\kappa_{2}(p_{0})}{||p_{n}-p_{0}||}=\frac{\kappa(p_{n})-\kappa(p_{0})}{||p_{n}-p_{0}||}-\frac{\kappa_{1}(p_{n})-\kappa_{1}(M)}{||p_{n}-p_{0}||}$

$\leq-\frac{\kappa_{1}(p_{n})-\kappa_{1}(\eta)}{||p_{n}-p_{0}||}=-d\kappa_{1}(p_{0})(\frac{p_{n}-p_{0}}{||p_{n}-p_{0}||})+\frac{r^{\prime}(p_{n})}{||p_{n}-p_{0}||}$

where $r^{\prime}(p)$ satisfies (4.1). Since $d\kappa_{1}(p_{0})=0$ , the last term in the above inequal-
ity converges to zero, contradicting (4.2). $\square $
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In the conditions of Proposition 3.2 and Corollary 3.1 assume that $M$ is
compact and $N$ is a K\"ahler-Einstein manifold. If $R<0$ , by applying maximum
principle to $\kappa$ at a maximum point $p_{0}$ , we immediately conclude from Corollary
3.1:

LEMMA 4.1. If $R<0$ , and $F$ is broadly-pluriminimal, not Lagrangian and
with no complex directions, then $p_{0}$ is not in $\Omega_{2k}^{0}\forall 0\leq k\leq n$ . In other words, if
the rank of $ F^{*}\omega$ is $2k$ at $p_{0}$ , then there exists a sequence $p_{m}\rightarrow p_{0}$ such that the
rank of $ F^{*}\omega$ at $p_{m}$ $is>2k$ . In particular $ F^{*}\omega$ cannot have constant rank and
$ F^{*}\omega$ is degenerated at $p_{0}$ .

PROPOSITION 4.2. If $M$ is compact and $R<0,$ $ eve\eta$ broadly-pluriminimal
immersion either has Lagrangian or complex directions.

Proof. If $F$ has no Lagrangian directions $M=\Omega_{2n}^{0}$ . Then, non existence of
complex directions contradicts the Lemma. $\square $

Of course if $n=1$ the assumption (ii) for broadly-pluriminimal is automatic,
and minimal surfaces are broadly-pluriminimal, and we recover some result of
Wolfson [5].

PROPOSITION 4.3. If $F$ : $M\rightarrow N$ is $broadly- plu\dot{n}m\dot{m}$imal without complex
directions, $M$ is compact, $R<0$ and if rank $F^{*}\omega\leq 2$ , then $F$ is Lagrangian.

Proof. If $\kappa(p_{0})\neq 0$ , then $ F^{*}\omega$ would have rank 2 at $p_{0}$ , contradicting Lemma
4.1. $\square $

An immediate consequence of Corollary 3.1 by making $\kappa$ constant, is the
following proposition:

PROPOSITION 4.4. If $F$ is broadly-pluriminimal, not Lagrangian, with con-
stant Kahler angles and no complex directions, then $R=0$ must hold.

The following proposition is also obtained in [3] as a corollary of a more
general result for minimal submanifolds with equal K\"ahler angles. Here we prove
it as a consequence of Corollary 3.1 as well:

PROPOSITION 4.5. If $M$ is compact, $R<0$ , and if $F$ is $broadly- plurim\dot{m}$imal
without complex directions and with equal Kahler angles, then $F$ is Lagrangian.

Proof. If the K\"ahler angles are all equal, cos $\theta_{\alpha}=\cos\theta,\forall\alpha$ , and if this is not zero
everywhere, that is, $F$ is not Lagrangian, then $p_{0}\in\Omega_{2n}^{0}$ , what is not possible. $\square $
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THEOREM 4.1. If $n=2$ , and if $F$ : $M\rightarrow N$ is broadly-pluriminimal with-
out complex directions, $M$ is compact and orientable, and $R<0$ , then $F$ is
Lagrangian.

Proof. We have two eigenvalues cos $\theta_{1}\geq$ cos $\theta_{2}\geq 0$ , and we suppose $F$ not
Lagrangian. Then from Lemma 4.1 we must have cos $\theta_{1}(p_{0})>0$ , cos $\theta_{2}(p_{0})=0$

and there exist $p_{m}\rightarrow M$ such that cos $\theta_{2}(p_{m})>0,$ $\forall m$ . Since cos $\theta_{1}\neq$ cos $\theta_{2}$

at $p_{0}$ , by continuity they remain different for $p$ near $p_{0}$ , and $\pm i$ cos $\theta_{1}$ do not
vanish and have multiplicity one for $p$ near $p_{0}$ . Therefore, an application of the
implicit map theorem to the characteristic equation of the complex extension of
$ F^{*}\omega$ , shows that cos $\theta_{1}$ defines a smooth map defined on a neighbourhood of $p_{0}$ .
IFYom $F^{*}\omega(p)=\cos\theta_{1}(p)X_{*}^{1}\wedge Y_{*}^{1}+\cos\theta_{2}(p)X_{*}^{2}\wedge Y_{*}^{2}$ , where $X_{1},$ $Y_{1},$ $X_{2},$ $Y_{2}$ is a
diagonalizing orthonormal basis of $F^{*}\omega(p)$ , we have

$(F^{*}\omega)^{2}(p)=\epsilon(p)2$ cos $\theta_{1}(p)$ cos $\theta_{2}(p)Vol_{M}$

where $Vol_{M}$ is the volume element of $M$ , and where $\epsilon(p)is+1$ or-l according
$X_{1},$ $Y_{1},X_{2},$ $Y_{2}$ is an direct or inverse basis, respectively. Since $(F^{*}\omega)^{2}$ and cos $\theta_{1}$

are smooth, then

$s_{2}(p)=\epsilon(p)$ cos $\theta_{2}(p)$ (4. 3)

is a smooth map for $p$ near $p_{0}$ . Without loss of generalization we may suppose
that $s_{2}(p_{m})>0\forall m$ , by taking a subsequence, and changing the orientation of
$M$ , if necessary. Then $\epsilon(p_{m})=1\forall m$ . Let us take the smooth map, defined on
a neigbourhood of $p_{0}$ ,

$\tilde{\kappa}=\log(\frac{1+\cos\theta_{1}}{1-\cos\theta_{1}})+\log(\frac{1+s_{2}}{1-s_{2}})$

Since $s_{2}=$ cos $\theta_{2}$ in the open set of the points where $s_{2}>0$ or equivalently
where $\epsilon=+1$ and coe $\theta_{2}$ does not vanish, then $\kappa=\tilde{\kappa}$ on that set, and in
particular in a neigbourhood of each $p_{m}$ , for each $m$ . Moreover $\kappa(p_{0})=\tilde{\kappa}(p_{0})$ .
We now prove that $p_{0}$ is ako a maximum of $\tilde{\kappa}$ . Let $p$ on a neigbourhood of $p_{0}$ . If
$s_{2}(p)=\cos\theta_{2}(p)$ , then $\tilde{\kappa}(p)=\kappa(p)\leq\kappa(p_{0})=\tilde{\kappa}(p_{0})$ . If $s_{2}(p)=$ -cos $\theta_{2}(p)$ then

$\tilde{\kappa}(p)=\kappa(p)-2\log(\frac{1+\cos\theta_{2}(p)}{1-\cos\theta_{2}(p)})$

with log $(\frac{1+s\theta_{2}\langle p)}{1-\cos\theta_{2}\langle p)})\geq 0$ . From $\kappa(p)\leq\kappa(p_{0})=\tilde{\kappa}(p_{0})$ we obtain

$\tilde{\kappa}(p)=\kappa(p)-2$ iog $(\frac{1+\cos\theta_{2}(p)}{1-\cos\theta_{2}(p)})\leq\tilde{\kappa}(p_{0})-2\log(\frac{1+\cos\theta_{2}(p)}{1-\cos\theta_{2}(p)})\leq\tilde{\kappa}(p_{0})$ .
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Therefore, by maximum principle applied to $\tilde{\kappa}$ at $p_{0}$ , by Corollary 3.1 applied
to $p_{m}\in\Omega_{2n}^{0}$ , and by continuity of the maps cos $\theta_{\alpha}$ ,

$0\geq\triangle\tilde{\kappa}(p_{0})=\lim_{m}\triangle\tilde{\kappa}(p_{m})=\lim_{m}\triangle\kappa(p_{m})=\lim_{m}-2R(\cos\theta_{1}(p_{m})+\cos\theta_{2}(p_{m}))$

$=-2R(\cos\theta_{1}(p_{0})+\cos\theta_{2}(p_{0}))=-2R$ cos $\theta_{1}(p_{0})\geq 0$

which implies cos $\theta_{1}(p_{0})=0$ , that is a contradiction. $\square $

Unfortunately a similar argument does not work for higher dimensions, $s$ince
we do not have smooth functions as good as (4.3). We only have smoothness of
some symmetric functions of the K\"ahler angles.
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