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Abstract. In this paper, the authors establish the boundedness of some rough
operators and their commutators with BMO $(R^{n})$ functions on generalized Mor-
rey spaces, $L^{P^{W}},(R^{n})$ .

1. Introduction

To study the local behaviour of solutions to second order elliptic partial
differential equations, Morrey in [6] introduced some spaces of functions which
are called to be the classical Morrey spaces $L^{p,\omega}(R^{n})(1\leq p<\infty, 0<\lambda<n)$

now. Since then, a series of results relative to these spaces have been obtained.
Moreover, these spaces and the theories of singular integrals and commutators on
them are proved to be very useful in studying the regularity of solutions to partial
differential equations; see [1] and [3]. Recently, Mizuhara [5] introduced a kind of
generalized spaces $L^{p,\phi}(R^{n})$ and investigated the behaviour of maximal operators
and singular operators on $L^{p,\phi}(\mathbb{R}^{n})$ . In [4], Lu, Yang and Zhou established the
boundedness of some rough operators and their commutators with BMO $(R^{n})$

functions on the spaces $L^{p,\omega}(R^{n})$ , which are introduced by Nakai in [7].
For this purpose, we first recall the definition of $L^{p,\omega}(R^{n})$ in [7]. Let $\omega$ be a

nonnegative function on $R^{n}\times \mathbb{R}+$ , and $I(a, r)=\{x\in R^{n}$ : $|x_{i}-a;|\leq r/2,$ $i=$

$1,2,$ $\cdots,$ $n$ } for any $a=$ $(a_{1}, --, a_{n})\in R^{n}$ and $r>0$ . For $I=I(a, r)$ , let
$kI\equiv I(a, kr)$ and $\omega(I)\equiv\omega(a, r)$ .

Definition. ([7]) Let $ 1\leq p<\infty$ and $\omega$ be as above. We denote by $ L^{p,\omega}\equiv$

$L^{p_{1}v}(R^{n})$ the space of locally integrable functions $f$ which satisfy $||f||_{L^{p},(B^{n})}<$

$\infty$ , where
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$||f||_{L^{p}(R^{n})}\equiv\sup_{I}(\frac{1}{\omega(I)}\int_{I}|f(x)|^{p}dx)^{1/p}$ ,

and the supremum is taken over all the cubes with the edges parallel to the axes.

It is clear that $L^{p,\omega}(\mathbb{R}^{n})$ is a Banach space. Moreover, if $\omega(a, r)\equiv 1$ , then
$L^{p,\omega}=L^{p}$ ; if $\omega(a, r)=r^{\lambda},$ $0<\lambda<n$ , then $L^{p,\omega}$ is just the standard Morrey
space $L^{p,\lambda}$ ; and if $\omega(a, r)$ is independent of $a$ , then $L^{p,\omega}$ is the generalized Morrey

space introduced by Mizuhara in [5].
In what follows, we shall write $p^{\prime}=p/(p-1)$ for any $p\in(1, \infty)$ and $\Sigma=$

$\{x\in R^{n} : |x|=1\}$ . Suppose that $T$ represents a linear or a sublinear operator,
which satisfies that for any $f\in L^{1}(R^{n})$ with compact support and $x\not\in suppf$ ,

(1) $|Tf(x)|\leq C\int_{R^{n}}\frac{|\Omega(x-y)|}{|x-y|^{n}}|f(y)|dy$ ,

where $C>0$ is an absolute constant, $\Omega$ is homogeneou $s$ of degree zero and
$\Omega\in L^{q}(\Sigma)$ for some $q\in[1, \infty]$ . Similarly, we assume that $\tilde{T}$ represents a linear
or a sublinear operator satisfying that for any $f\in L^{1}(R^{n})$ with compact support
and $x\not\in suppf$ ,

(2) $|\tilde{T}f(x)|\leq C\int_{R^{n}}\frac{|\Omega(x-y)|}{|x-y|^{n-\alpha}}|f(y)|dy$

for some $\alpha\in(0, n)$ , where $C$ is as in (1).

Theorem 1. Assume that there is a constant $C>0$ such that for any $a\in R^{n}$

and any $r>0$ ,

(3) $r\leq t\leq 2r\Rightarrow C^{-1}\leq\omega(a,t)/\omega(a, r)\leq C$ ,

(4) $\int^{\infty}\frac{\omega(a,t)}{t^{n+1}}dt\leq C\frac{\omega(a,r)}{r^{n}}$ .

Let $p\in(1, \infty)$ and $q\geq p^{\prime}$ . If a sublinear operutorT satisfying (1) with $\Omega\in L^{q}(\Sigma)$

is bounded on $L^{p}(R^{n})$ , then $T$ is also bounded on $L^{p,\omega}(R^{n})$ .

Our Theorem 1 obviously generalizes (i) of Theorem 2 in [7].
Now let $T$ be a linear operator and $a$ be a BMO function. We define the

commutator $[a,T]$ by letting

$[a,T]f(x)\equiv a(x)Tf(x)-T(af)(x)$

for any suitable function $f$ .
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Theorem 2. Let $\omega$ satisfy (3) and (4). Let $p\in(1, \infty)$ , and $q>p^{\prime}.$ Sup-
pose that a linear operator $T$ satisfies (1). If $[a, T]$ is bounded from $ L^{p}(\mathbb{R}^{n})\times$

$BMO(R^{n})$ to $L^{p}(R^{n})$ , then $[a, T]$ is also bounded from $L^{p,\omega}(R^{n})\times BMO(R^{n})$ to
$L^{p,\omega}(R^{n})$ .

Theorem 3. Let $0<\alpha<n,$ $ 1<p<n/\alpha$ , and $1/q=1/p-\alpha/n$ . Assume
that $\omega$ satisfies (3) and

(5) $\int_{r}^{\infty}\frac{\omega(a,t)}{t^{n-\alpha p+1}}dt\leq C\frac{\omega(a,r)}{r^{n-\alpha p}}$ .

If a sublinear operator $\tilde{T}$ is bounded from $L^{p}(\mathbb{R}^{n})$ to $L^{q}(R^{n})$ and satisfies (2) with
$\Omega\in L^{\beta}(\Sigma)$ and $\beta>p^{\prime}$ , then $\tilde{T}$ is also bounded from $L^{p,\omega}(R^{n})$ to $L^{q,\omega^{q/p}}(R^{n})$ .

Theorem 3 is a generalization of (i) of Theorem 3 in [7]. On the commutator
of a such linear operator with any BMO function, we have

Theorem 4. Let $\alpha,$ $p,$ $\beta,$
$q$ and $\omega$ be as in Theorem 3. If a linear operator $\tilde{T}$

$L^{q}(R^{n}),then[a,\tilde{T}]_{\dot{i}}sal_{SO}boundedfmmL^{p,\omega}(R^{n})\times BMO(R^{n})toL^{q,\omega^{q}}(R^{n})sat_{\dot{i}}sfies(2)with\Omega\in L^{\beta}(\Sigma),and[a,\tilde{T}]isboundedfromIf(\mathbb{R}^{n})\times BMO\}_{p}R^{n})to$

We point out that the condition (1) was first introduced by Soria and Weiss
in [8]. The conditions (1) and (2) are satisfied by many interesting operators in
harmonic analysis, such as the $Calder6n$-Zygmund operators, Carleson’s max-
imal operators, Hardy-Littlewood maximal operators, C. Fefferman’s singular
multipliers, R. Fefferman’s singular integrals, Ricci-Stein’s oscillatory singular
integrals, the Bochner-Riesz means and so on; see also [8].

2. Proofs of Theorems

Let us begin with some lemmas on the boundedness of the rough maximal
operator $M_{\Omega}$ defined by

$M_{\Omega}f(x)=\sup_{r>0}\frac{1}{r^{n}}\int_{|y|\leq r}|\Omega(y)f(x-y)|dy$ ,

where $\Omega$ is a homogeneous function of degree zero on $R^{n}\backslash \{0\}$ . To do so, we first
recall some basic facts relative to $\omega$ in [7].

Lemma 1. ([7]) Let $\varphi$ : $R+\rightarrow R+\cdot$ If there is a constant $C>0$ such that
for any $r>0$ ,

$\int^{\infty}\frac{\varphi(t)}{t}dt\leq C\varphi(r)$ ,
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then there are constants $\epsilon>0$ and $C’>0$ such that for any $r>0$ ,

$\int^{\infty}\frac{\varphi(t)t^{\epsilon}}{t}dt\leq C^{\prime}\varphi(r)r^{\epsilon}$ .

We remark that the $\epsilon$ in Lemma 1 can be choosen to satisfy $0<\epsilon<1/C$ ;
see [7].

Lemma 2. ([7]) Let $0<\delta\leq 1$ . Assume that $\omega$ satisfies (3) and

$\int^{\infty}\frac{\omega(a,t)}{t^{n\delta+1}}dt\leq C\frac{\omega(a,r)}{r^{n\delta}}$ .

Then for $ 1\leq p<\infty$ , there is a constant $C>0$ such that for any $f\in L^{p_{)}\omega}(R^{n})$ ,

$\int_{R^{n}}|f(x)|^{p}(M\chi_{I}(x))^{\delta}dx\leq C\omega(I)||f||_{L^{p,}(R^{n})}^{p}$ ,

where $Mf$ is the standard Hardy-Littlewood maximal function of $f$ .

In what follows, for any $a\in R^{n}$ and $r>0$ , let $I\equiv I(a, r)$ . For any complex-
valued measurable function $f(y)$ on $\mathbb{R}^{n}$ , we write

(6) $f(y)=f(y)\chi_{2I(a,r)}(y)+\sum_{k=1}^{\infty}f(y)\chi_{2^{k+1}I\backslash 2^{k}I}(y)\equiv\sum_{k=0}^{\infty}f_{k}(y)$ .

Lemma 3. Let $p,$ $q$ and $\omega$ be as in Theorem 1. Then there is an $\epsilon>0$ such
that for any $k>0$ and $f\in L^{p,\omega}(R^{n})$ ,

$\int_{I(a,r)}|M_{\Omega}f_{k}(x)|^{p}dx\leq C\omega(I)^{2^{-ke}}||f||_{L^{p}\cdot(R^{n})}^{p}$ ,

where $C$ is independent of $k,$ $I(a, r)$ and $f$ .

Proof. Let $I\equiv I(a, r)$ . By the properties of $A_{p}$ weights (see [2, p. 407]), we
can easily see that for any $\theta\in(0,1)$ ,

$(M\chi_{I})^{\theta}\in A_{p/q^{\prime}}$ for $q\geq p^{\prime}$ .

Then, by the results in [10] we obtain

$\int_{I(a,r)}|M_{\Omega}f_{k}(x)|^{p}dx\leq\int_{R^{n}}|M_{\Omega}f_{k}(x)|^{p}(M\chi_{I}(x))^{\theta}dx$

$\leq C(\theta)\int_{R^{n}}|f_{k}(x)|^{p}(M\chi_{I}(x))^{\theta}dx$ .
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Note that $\omega$ satisfies (4). From Lemma 1 and the remark following it, we deduce
that there is an $\epsilon_{0}\in(0, n)$ such that

$\int^{\infty}\frac{\omega(a,t)}{t^{n-\epsilon_{0}+1}}dt\leq C\frac{\omega(a,r)}{r^{n-\epsilon_{0}}}$ .

Let $\delta=(n-\epsilon_{0})/n$ . It is clear that $\delta\in(0,1)$ . Therefore, if we choose $\theta\in(\delta, 1)$ ,
and note that $M\chi_{I}(x)$ is comparable to $2^{-kn}$ when $x\in 2^{k+1}I\backslash 2^{k}I$ , then by
Lemma 2 we have

$\int_{I(a,r)}|M_{\Omega}f_{k}(x)|^{p}dx\leq C2^{-kn(\theta-\delta)}\int_{R^{n}}|f_{k}(x)|^{p}(M\chi_{I}(x))^{\delta}dx$

$\leq C\omega(I)2^{-kn(\theta-\delta)}||f||_{L^{p},(R^{n})}^{p}W$

Letting $\epsilon=n(\theta-\delta)$ , we complete the proof of Lemma 3. $\square $

Proof of Theorem 1. For $I\equiv I(a, r)$ , we write $f$ as in (6). It is easy to
deduce that

$\int_{I(a,r)}|Tf_{0}(x)|^{p}dx\leq C||f_{0}||_{L^{p}(R^{n})}^{p}\leq C\omega(2I)||f||_{L^{p}(R^{n})}^{p}W\leq C\omega(I)||f||_{L^{p},.(B^{n})}^{p}$ .

For $k>0$ , it follows from Lemma 3 that

$\int_{I(a,r)}|Tf_{k}(x)|^{p}dx\leq C\int_{I(a,r)}|M_{\Omega}f_{k}(x)|^{p}dx\leq C\omega(I)2^{-k\epsilon}||f||_{L^{p}\cdot\cdot(R^{n})}^{p}$ ,

where $C$ and $\epsilon$ are independent of $f$ and $k$ . Thus,

$(\frac{1}{\omega(I)}\int_{I(a,r)}|Tf(x)|^{p}dx)^{1/p}\leq C||f||_{L^{p}\cdot(R^{n})}^{p}(1+\sum_{k=1}^{\infty}2^{-k\epsilon/p})\leq C||f||_{L^{p},.(B^{n})}$ .

The desirable conclusion can be easily deduced from this now.
This finishes the proof of Theorem 1. $\square $

Proof of Theorem 2. For any $I\equiv I(a, r)$ , we write $f$ as in (6). By the
$L^{p}$-boundedness of $[a, T]$ , we obtain

$\int_{I(a,r)}|[a,T]f_{0}(x)|^{p}dx\leq C||f_{0}||_{L^{p}(R^{n})}^{p}$

$\leq C\omega(2I)||f||_{L^{p}\cdot\cdot(R^{n})}^{p}\leq C\omega(I)||f||_{L^{p}\cdot\cdot(R^{n})}^{p}$ .

For $k>0$ and $x\in I(a, r)$ , we write

$|[a,T]f_{k}(x)|\leq\frac{C}{(2^{k}r)^{n}}\int_{2^{k+1}I}|a(x)-a_{r}||\Omega(x-y)f_{k}(y)|dy$
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$+\frac{C}{(2^{k}r)^{n}}\int_{2^{k+1}I}|a_{r}-a_{2^{k+1_{f}}}||\Omega(x-y)f_{k}(y)|dy$

$+\frac{C}{(2^{k}r)^{n}}\int_{2^{k+1}I}|a(y)-a_{2^{k+1}r}||\Omega(x-y)f_{k}(y)|dy$

$\equiv I_{1}(x)+I_{2}(x)+I_{3}(x)$ ,

where, and in what follows, $a_{\delta}$ with $\delta>0$ is defined by

$a_{\delta}=\frac{1}{|I(a,\delta)|}\int_{I(a,\delta)}a(y)dy$ .

By the well-known fact that for any $r>0$ and $k\in N$ ,

$|a_{2^{k+1}r}-a_{r}|\leq C(n)(k+1)||a||_{*}$ (see [9]),

we obtain
$I_{2}(x)\leq C(k+1)||a||_{*}M_{\Omega}f_{k}(x)$ .

From Lemma 3 it follows that there exists an $\epsilon_{1}>0$ , which is independent of $f$ ,
$r$ and $k$ such that

$\int_{I(a,r)}I_{2}(x)^{p}dx\leq C(k+1)^{p}||a||_{*}^{p}\omega(I)2^{-k\epsilon_{1}}||f||_{L^{p},(R^{n})}^{p}$ .

For $I_{3}(x)$ , we choose $1<u<\min\{p, q, qp/(q+p)\}$ . Then we have

$I_{3}(x)\leq C[\frac{1}{(2^{k}r)^{n}}\int_{2^{k+1}I}|a(y)-a_{2^{k+1}r}|^{u^{\prime}}dy]^{1/u^{\prime}}$

$\times[\frac{1}{(2^{k}r)^{n}}\int_{2^{k+1}I}|\Omega(x-y)|^{u}|f_{k}(y)|^{u}dy]^{1/u}$

$\leq C||a||_{*}(M_{|\Omega|^{u}}(|f_{k}|^{u})(x))^{1/u}$ ,

where we have used H\"older’s inequality and the John-Nirenberg Lemma on BMO
function (see [9]). Noting that $|\Omega|^{u}\in L^{q/u}(\Sigma)$ , by Lemma 3 we have

$\int_{I(a,r)}I_{3}(x)^{p}dx\leq C||a||_{*}^{p}\int_{I(a,r)}(M_{|\Omega|^{u}}(|f_{k}|^{u})(x))^{p/u}dx$

$\leq C||a||_{*}^{p}2^{-k\epsilon_{2}}||f||_{L^{p}(R^{n})}^{p}\omega(I)$ ,

where $\epsilon_{2}$ is independent of $f,$ $I(a, r)$ and $k$ . Combining the above estimates we
have

(7) $\sum_{k=1}^{\infty}(\int_{I}I_{2}(x)^{p}dx)^{1/p}+\sum_{k=1}^{\infty}(\int_{I}I_{3}(x)^{p}dx)^{1/p}\leq C||a||_{*}\omega(I)||f||_{L^{p},.(R^{n})}^{p}$ .
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It remains to estimate $I_{1}(x)$ . Since $p/q^{\prime}>1$ , we choose $u>1,1<v<p$
such that $(v-1)/u<p/q^{\prime}-1$ . From this we get

$1/q+v/(pu)+1/(pu^{\prime})<1$ .

Now we take $s$ satisfying $1/q<s<1$ and $1/(pu^{\prime})+1/(sq)=1$ . Thus, we have

$1/(pu^{\prime})+1/(sq)>1/q+v/(pu)+1/(pu^{\prime})$ ,

i.e.,
$1/s>1+qv/(pu)=(pu+qv)/(pu)$ .

Hence, we obtain

$pu/(sqv)>1$ and $1/s>(pu/(sqv))^{\prime}$ .
Since $1/(pu^{\prime})+1/(sqv)+1/(sqv^{\prime})=1$ , for $x\in I$ , by Holder’s inequality we have

$I_{1}(x)\leq C|a(x)-a_{r}|[\frac{1}{(2^{k}r)^{n}}\int_{2^{k+1}I}|f_{k}(y)|^{p}dy]^{1/(pu^{\prime})}$

$\times[\frac{1}{(2^{k}r)^{n}}\int_{2^{k+1}I}|\Omega(x-y)|^{sq}|f_{k}(y)|^{sqv/u}dy]^{1/(sqv)}$

$\times[\frac{1}{(2^{k}r)^{n}}\int_{2^{k+1}I}|\Omega(x-y)|^{sq}dy]^{1/(sqv^{\prime})}$

$\leq\frac{C|a(x)-a_{r}|}{(2^{k}r)^{n/(pu)}}\omega^{1/(pu^{\prime})}(2^{k+1}I)||f||_{L^{p},(R^{n})}^{1/u^{\prime}}(M_{|\Omega|}q(|f_{k}|^{sqv/u})(x))^{1/(sqv)}$ ,

where, and in what follows, for brevity, we denote $[\omega(2^{k+1}I)]^{1/(pu^{\prime})}$ by
$\omega^{1/(pu^{\prime})}(2^{k+1}I)$ . By $|\Omega|^{sq}\in L^{1/s}(\Sigma),$ $pu/(sqv)>1$ , and $1/s>(pu/(sqv))^{\prime}$ ,
applying H\"older’s inequality and Lemma 3, we obtain

$\int_{I}I_{1}(x)^{p}dx$

$\leq\frac{C}{(2^{k}r)^{n/u^{\prime}}}\omega^{1/u^{\prime}}(2^{k+1}I)||f||_{L^{p}\cdot(R^{n})}^{p/u_{W}^{\prime}}$

$\times\int_{I}|a(x)-a_{r}|^{p}(M_{|\Omega|^{q}}(|f_{k}|^{sqv/u})(x))^{p/(sqv)}dx$

$\leq\frac{C}{(2^{k}r)^{n/u^{\prime}}}\omega^{1/u^{\prime}}(2^{k+1}I)||f||_{L^{p}\cdot\cdot(R^{\hslash})}^{p/u^{\prime}}[\int_{I}|a(x)-a_{r}|^{pu^{\prime}}dx]^{1/u^{\prime}}$

$\times[\int_{I}(M_{|\Omega|}q(|f_{k}|^{sqv/u})(x))^{pu/(sqv)}dx]^{1/u}$

$\leq\frac{C||a||_{*}^{p}}{2^{kn/u}’}\omega^{1/u^{\prime}}(2^{k+1}I)||f||_{L^{p},.(R^{n})}^{p/u^{\prime}}[I_{I}(M_{|\Omega|}q(|f_{k}|^{sqv/u})(x))^{pu/(sqv)}dx]^{1/u}$

$\leq\frac{C||a||_{*}^{p}}{2^{kn/u}’}\omega^{1/u^{\prime}}(2^{k+1}I)||f||_{L^{p},.(R^{n})}^{p/u^{l}}\omega^{1/u}(I)2^{-k\epsilon_{0}}|||f|^{sqv/u}||_{L^{pu/(\cdot qv)}(R^{\hslash})}^{p/(sqv)}$ ,
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where $\epsilon_{0}$ that is independent of $k,$ $I(a, r)$ and $f$ , can be choosen to be very small
by Lemma 3. Noting that

$|||f|^{sqv/u}||_{L^{pu/(\cdot qv)}}^{p/(sqv)},.(R^{n})=||f||_{L^{p},(R^{n})}^{p/u_{W}}$ ,

we have

$\int_{I}I_{1}(x)^{p}dx\leq C||a||_{*}^{p}||f||_{L^{p_{W}}(R^{n})}^{p}\omega^{1/u^{\prime}}(2^{k+1}I)\omega^{1/u}(I)2^{-kn/u^{\prime}-k\epsilon_{0}}$ .

Therefore,

$(\int_{I}I_{1}(x)^{p}dx)^{1/p}$

$\leq C||a||_{*}||f||_{L^{p},(R^{n})}W\omega^{1/(pu^{\prime})}(2^{k+1}I)\omega^{1/(pu)}(I)2^{-kn/(pu^{\prime})-k\epsilon_{0}/p}$

$\leq C||a||_{*}||f||_{L^{p},.(R^{n})}\omega^{1/(pu)}(I)r^{n/(pu^{\prime})+\epsilon_{0}/p}\int_{2^{k}r}^{2^{k+1}r}\frac{\omega^{1/(pu^{\prime})}(a,t)}{t^{n/(pu)+\epsilon_{0}/p+1}}dt$ .

By Lemma 1, there is an $\eta\in(0,1)$ such that

$\int_{r}^{\infty}\frac{\omega(a,t)}{t^{n+\eta}}dt\leq C\frac{\omega(a,r)}{r^{n+\eta-1}}$ .

Noting that $1/(pu^{\prime})+1/(sq)=1$ , we have

$\sum_{k=1}^{\infty}(\int_{I}I_{1}(x)^{p}dx)^{1/p}$

$\leq C||a||_{*}||f||_{L^{p},.(R^{n})}\omega^{1/(pu)}(I)r^{n/(pu^{\prime})+\epsilon_{0}/p}\int^{\infty}\frac{\omega^{1/(pu^{\prime})}(a,t)}{t^{n/(pu)+\epsilon_{0}/p+1}}dt$

$\leq C||a||_{*}||f||_{L^{p},(R^{n})}W\omega^{1/(pu)}(I)r^{n/(pu^{\prime})+\epsilon_{0}/p}$

$\times(\int^{\infty}\frac{\omega(a,t)}{t^{n+\eta}}dt)^{1/(pu^{\prime})}(\int_{r}^{\infty}\frac{dt}{t^{(1+\epsilon 0/p-\eta/(pu^{\prime}))sq}})^{1/(sq)}$

$\leq C||a||_{*}||f||_{L^{p}\cdot\cdot(R^{\hslash})}\omega^{1/(pu)}(I)r^{n/(pu^{\prime})+\epsilon_{0}/p}$

$\times\omega^{1/(pu^{\prime})}(I)r^{-(n+\eta-1)/(pu^{\prime})}r^{1/(sq)+\eta/(pu^{\prime})-\epsilon_{0}/p-1}$

$\leq C||a||_{*}||f||_{L^{p},(R^{n})^{\omega^{1/p}}}W(I)$ ,

which is a desirable estimate for $I_{1}(x)$ .
This finishes the proof of Theorem 2. $\square $

Proof of Theorem 3. For any $I\equiv I(a, r)$ , write $f$ as in (6). By the
boundednes $s$ from $L^{p}(\mathbb{R}^{n})$ to $L^{q}(R^{n})$ of $\tilde{T}$ , we are easily deduce that

$\int_{I(a,r)}|\tilde{T}f_{0}(x)|^{q}dx\leq C||f_{0}||_{L^{p}(R^{n})}^{q}$
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$\leq C(\int_{2I}|f(x)|^{p}dx)^{q/p}\leq C\omega^{q/p}(I)||f||_{L^{p},(R^{n})}^{q}W$
’

Which is desirable.
Let us now consider the case $k>0$ . Since $\beta^{\prime}<p$ , we can choose $u\in(1,p)$

closed enough to 1 such that $\beta^{\prime}<p/u$ . Thus, by $\beta>(p/u)^{\prime}$ we have $\Omega\in$

$L^{(p/u)^{\prime}}(S^{n-1})$ . If we denote $\theta=p/q$ , then $0<\theta<1$ and $\alpha=n(1-\theta)/p$ . By
H\"older’s inequality, we have

$|\tilde{T}f_{k}(x)|\leq C(2^{k}r)^{\alpha}[\frac{1}{(2^{k}r)^{n}}\int_{2^{k+1}I\backslash 2^{k}I}|\Omega(x-y)|dy]^{1/u^{\prime}}$

$\times[\frac{1}{(2^{k}r)^{n}}\int_{2^{k+1}I\backslash 2^{k}I}|\Omega(x-y)||f_{k}(y)|^{u}dy]^{1/u}$

$\leq C(2^{k}r)^{\alpha}||\Omega||_{L^{1}(\Sigma)}^{1/u^{\prime}}[\frac{1}{(2^{k}r)^{n}}\int_{2^{k+1}I\backslash 2^{k}I}|\Omega(x-y)||f_{k}(y)|^{u}dy]^{\theta/u}$

$\times[\frac{1}{(2^{k}r)^{n}}\int_{2^{k+1}I\backslash 2^{k}I}|\Omega(x-y)||f_{k}(y)|^{u}dy]^{(1-\theta)/u}$

Applying Holder’s inequality again, we obtain

$[\frac{1}{(2^{k}r)^{n}}\int_{2^{k+1}I\backslash 2^{k}I}|\Omega(x-y)||f_{k}(y)|^{u}dy]^{(1-\theta)/u}$

$\leq[\frac{1}{(2^{k}r)^{n}}\int_{2^{k+1}I\backslash 2^{k}I}|\Omega(x-y)|^{(p/u)^{\prime}}dy]^{1/(p/u)^{\prime}\cdot(1-\theta)/u}$

$\times[\frac{1}{(2^{k}r)^{n}}\int_{2^{k+1}I\backslash 2^{k}I}|f_{k}(y)|^{p}dy]^{(1-\theta)/p}$

$\leq C(2^{k}r)^{-n(1-\theta)/p}||\Omega||_{L^{(p/u)}(\Sigma)}^{(1-\theta)/u}\omega^{(1-\theta)/p}(2^{k+1}I)||f||_{L^{p},(R^{n})}^{1-\theta}$ .

Noting that $\alpha=n(1-\theta)/p$ and

$||\Omega||_{L^{1}(\Sigma)}^{1/u^{\prime}}\cdot||\Omega||_{L^{(p/u)}(\Sigma)}^{(1-\theta)/u}\leq C||\Omega||_{L^{\beta}(\Sigma)}^{1-\theta/u}\leq C$,

we have

$|\tilde{T}f_{k}(x)|\leq C||f||_{L^{p},.(R^{n})}^{1-\theta}\omega^{(1-\theta)/p}(2^{k+1}I)(M_{\Omega}(|f_{k}|^{u})(x))^{\theta/u}$ .
On the other hand, by $\theta q/u=p/u>1$ , Lemma 2 and the results in [10], then
for any $0<\delta<1$ , we obtain

$\int_{I}(M_{\Omega}(|f_{k}|^{u})(x))^{q\theta/u}dx\leq C\int_{I}(M_{\Omega}(|f_{k}|^{u})(x))^{q\theta/u}(M\chi_{I}(x))^{\delta}dx$
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$\leq C\int_{R^{n}}|f_{k}(x)|^{q\theta}(M\chi_{I}(x))^{\delta}dx$

$\leq C(2^{k})^{-n\delta}||f||_{L^{p,}(R^{n})}^{p}\omega(2^{k+1}I)$ .

Thu $s$ , we have

$[\int_{I}|\tilde{T}f_{k}(x)|^{q}dx]^{1/q}$

$\leq C||f||_{L^{p},(R^{n})}^{1-\theta}W\omega^{(1-\theta)/p}(2^{k+1}I)(2^{k})^{-n\delta/q}||f||_{L^{p},(R^{n})}^{p/q_{W}}\omega^{1/q}(2^{k+1}I)$

$\leq C(2^{k})^{-n\delta/q}||f||_{L^{p},.(R^{n})}\omega^{1/p}(2^{k}I)$ .

From Lemma 1 we can deduce

(8) $\int^{\infty}\frac{\omega(a,t)}{t^{n-\alpha p-e+1}}dt\leq C\frac{\omega(a,r)}{r^{n-\alpha p-\epsilon}}$

for some small $\epsilon>0$ . Taking $\delta=1-(\epsilon q)/(2pn)$ and $s=(2-\epsilon)/(2p)$ , then
when $\epsilon$ is small enough we have $0<\delta<1$ . Moreover, it is easy to see that
$(n\delta/q+s)p=n-\alpha p-\epsilon+1$ and $(1-s)p^{\prime}>1$ . Thus, by Holder’s inequality
and (8) we get

$\int^{\infty}\frac{\omega^{1/p}(a,t)}{t^{n\delta/q+1}}dt\leq[\int^{\infty}\frac{\omega(a,t)}{t^{(n\delta/q+s)p}}d\iota]^{1/p}[\int^{\infty}\frac{1}{t^{(1-s)p^{\prime}}}dt]^{1/p^{\prime}}\leq C\frac{\omega^{1/p}(a,r)}{r^{n\delta/q}}$ .

Therefore,

$\sum_{k=1}^{\infty}[\int_{I}|\tilde{T}f_{k}(x)|^{q}dx]^{1/q}\leq Cr^{n\delta/q}||f||_{L^{p},(R^{n})}\sum_{k=1}^{\infty}\frac{\omega^{1/p}(a,2^{k}r)}{(2^{k}r)^{n\delta/q}}$

$\leq Cr^{n\delta/q}||f||_{L^{p},.(R^{n})}\int^{\infty}\frac{\omega^{1/p}(a,t)}{t^{n\delta/q+1}}dt$

$\leq C||f||_{L^{p},(N^{n})}W\omega^{1/p}(I)$ .

Thus, we complete the proof of Theorem 3. $\square $

Proof of Theorem 4. For any $I\equiv I(a, r)$ , write $f$ as in (6). The estimate
for the case $k=0$ can be deduced from the boundedness from $L^{p}(R^{n})$ to $L^{q}(R^{n})$

of $[a,\tilde{T}]$ . Hence we only need to estimate for $k\geq 1$ . For this purpose, we first
point out that in the proof of Theorem 3 we have proved

(9) $(\int_{I}[\int_{2^{k+1}I\backslash 2^{k}I}\frac{|\Omega(x-y)|}{|x-y|^{n-\alpha}}|f(y)|dy]^{q}dx)^{1/q}$

$\leq C2^{-kn\delta/q}||f||_{L^{p},.(R^{n})}\omega^{1/p}(2^{k}I)$ ,
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where $0<\delta<1$ . Now we write

$J_{1}=(\int_{I}[|a(x)-a_{r}|\int_{2^{k+1}I\backslash 2^{k}I}\frac{|\Omega(x-y)|}{|x-y|^{n-\alpha}}|f(y)|dy]^{q}dx)^{1/q}$ ,

$J_{2}=(\int_{I}[\int_{2^{k+1}I\backslash 2^{k}I}|a_{r}-a_{2^{k+1}r}|\frac{|\Omega(x-y)|}{|x-y|^{n-\alpha}}|f(y)|dy]^{q}dx)^{1/q}$ ,

and

$J_{3}=(\int_{I}[\int_{2^{k+1}I\backslash 2^{k}I}|a(y)-a_{2^{k+1}r}|\frac{|\Omega(x-y)|}{|x-y|^{n-\alpha}}|f(y)|dy]^{q}dx)^{1/q}$

Thus, we have

$(\int_{I}|[a,\tilde{T}]f_{k}(x)|^{q}dx)^{1/q}\leq J_{1}+J_{2}+J_{3}$ .

For $J_{1}$ , by $\beta>p^{\prime}$ we have $\Omega\in L^{p^{\prime}}(\Sigma)$ . Using Holder’s inequality, we obtain

$J_{1}\leq\frac{C}{(2^{k}r)^{n-\alpha}}(\int_{I}|a(x)-a_{r}|^{q}[\int_{2^{k+1}I\backslash 2^{k}I}|\Omega(x-y)||f(y)|dy]^{q}dx)^{1/q}$

$\leq\frac{C}{(2^{k}r)^{n-\alpha}}(\int_{I}|a(x)-a_{r}|^{q}[\int_{2^{k+1}}I\backslash 2^{k}I|\Omega(x-y)|^{p^{\prime}}dy]^{q/p^{\prime}}$

$\times[\int_{2^{k+1}I\backslash 2^{k}I}|f(y)|^{p}dy]^{q/p}dx)^{1/q}$

$\leq C(2^{k}r)^{\alpha-n}(2^{k}r)^{n/p^{\prime}}||\Omega||_{L^{p^{\prime}}(\Sigma)}||f||_{L^{p},(R^{n})}W\omega^{1/p}(2^{k}I)(\int_{I}|a(x)-a_{r}|^{q}dx)^{1/q}$

$\leq C2^{-kn/q}||a||_{*}||f||_{L^{p},(R^{n})}W\omega^{1/p}(2^{k}I)$ .

From (9) and the properties of BMO functions, it follows that

$J_{2}\leq C|a_{r}-a_{2^{k}+r}1|(\int_{I}[\int_{2^{k+1}I\backslash 2^{k}I}\frac{|\Omega(x-y)|}{|x-y|^{n-\alpha}}|f(y)|dy]^{q}dx)^{1/q}$

$\leq C(k+1)2^{-kn\delta/q}||a||_{*}||f||_{L^{p},(R^{n})}\omega^{1/p}(2^{k}I)$ .

Now, let us consider $J_{3}$ . Since $\beta>p^{\prime}$ , we choose $1<t<\min\{\beta,p\beta/(p+\beta)\}$ .
Thus we have $|\Omega|^{t}\in L^{\beta/t}(\Sigma)$ and $\beta/t>(p/t)^{\prime}$ . Noting that $1/(q/t)=1/(p/t)-$

$\alpha t/n$ , using again Holder’s inequality and (9), we obtain

$J_{3}\leq(\int_{I}[\int_{2^{k+1}I\backslash 2^{k}I}|a(y)-a_{2^{k+1_{f}}}|^{t^{\prime}}dy]^{q/t^{\prime}}$
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$\times[\int_{2^{k+1}}I\backslash 2^{k}I\frac{|\Omega(x-y)|^{t}|f(y)|^{t}}{|x-y|^{(n-\alpha)t}}dy]^{q/t}dx)^{1/q}$

$\leq C(2^{k}r)^{n/t^{\prime}}||a||_{*}(2^{k}r)^{-n(t-1)/t}$

$\times\{(\int_{I}[\int_{2^{k+1}I\backslash 2^{k}I}\frac{|\Omega(x-y)|^{t}|f(y)|^{t}}{|x-y|^{n-\alpha t}}dy]^{q/t}dx)^{t/q}\}^{1/t}$

$\leq C(2^{k}r)^{n/t^{\prime}}||a||_{*}(2^{k}r)^{-n(t-1)/t}2^{-kn\delta/(q/t)\cdot(1/t)}$

$\times|||f|^{t}||_{L^{p/\ell W}(R^{n})}^{1/t}\omega^{1/(p/t)\cdot(1/t)}(2^{k}I)$

$\leq C||a||_{*}2^{-kn\delta/q}||f||_{L^{p},.(R^{n})}\omega^{1/p}(2^{k}I)$ .

By the estimates of $J_{1},$ $J_{2},$ $J_{3}$ and the same computational techniques used in
the proof of Theorem 3, we obtain

$\sum_{k=1}^{\infty}[\int_{I}|[a,\tilde{T}]f_{k}(x)|^{q}dx]^{1/q}\leq\sum_{k=1}^{\infty}(J_{1}+J_{2}+J_{3})\leq C||a||_{*}||f||_{L^{p}(R^{n})}W\omega^{1/p}(I)$ .

Thus, we finish the proof of Theorem 4. $\square $
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