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Abstract. As a continuation of [8], in this paper, we establish functional central
limit theorems for weighted and integrated random functions of the type

$\frac{1}{\sqrt{n}}\sum_{:=1}^{n}h_{n,i}(e)M_{n}:(t)$ and $\frac{1}{\sqrt{n}}\sum_{i=1}^{\prime*}\int_{0}^{t}h_{n,i}(s)dM_{n,i}(s)$

satisfying some strong mixing condition where $\{\{M_{n,i}(s) : 0\leq s\leq 1\};n\geq 1\}$ is
a triangular array of mean-zero martingales and $\{h_{n}:\}$ is a triangular array of
nonrandom functions.

1. Main results

(I) Weak convergence of weighted sums.
Let $(\vee, F, P)$ be a probability space. For each $n(\geq 1)$ and $i(1\leq i\leq n)$ let

$\{M_{n,i}(s) : 0\leq s\leq 1\}$ be a martingale with filtration $F_{n,\epsilon}(\subset F)$ . Firstly, we
consider weak convergence of weighted sums of martingales of the type

$\frac{1}{\sqrt{n}}\sum_{i=1}^{n}M_{n,i}(s)h_{n,i}(t)$ $s,t\in[0,1]$ .

We consider the following conditions.

Condition A. $\{\{M_{n,i}(t);0\leq t\leq 1, i=1, \cdots , n\} : n\geq 1\}$ is a strong mixing
triangular array of martingales with respect to the filtration $F_{n,\epsilon}$ which satisfies
the following requirements:

(i) For each $nM_{n,i}(0)=0(i=1, \cdots , n),$ $EM_{n,i}(t)=0(i=1, \cdots , n)$ for all $t$

in $[0,1]$ and for all $i$ and $j(i\neq j)M_{n,i}(s)$ and $M_{n,j}(s)$ have no common
jumps;
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(ii) $\sum_{:=1}^{n}EM_{n,i}^{2}(1)=O(n)$ and there exist some positive constants $C_{0}$ and $\kappa$

$(\in(0,1])$

$\sup_{n\geq 1}\max_{\leq 11\leq n}E|M_{n,i}(t)-M_{n,i}(s)|^{2}\leq C_{0}|t-s|^{\kappa}$ $s,$ $t\in[0,1]$ ;

(iii) There exist positive constants $p$ and $\delta$ such that $\kappa p\geq 7/2$ ,

$\sup_{n\geq 1}\max_{\leq 11\leq n}E|M_{n,i}(1)|^{p+\delta}<\infty$

and

$ b(p, \delta)=\sum_{n=1}^{\infty}(n+1)^{j(p)-2}\frac{\delta}{j(p)+\delta}(n)<\infty$

where $j(p)=2\min\{k\in Z_{+} : 2k\geq p\}$ .

Condition B. $\{h_{n,i}(t) : 1 \leq i\leq n : n\geq 1\}$ is a triangular array of real-
valued functions of bounded variation on $[0,1]$ and there exist $\beta(>1/\sqrt{2})$ and
$C_{0}(>0)$ such that

(1) $\sup_{n\geq}maxl\leq|\leq n|h_{n,i}(s)-h_{n,i}(t)|<C_{0}|s-t|^{\beta}$

Condition C. There exists a centered Gaussian process {$W(s,t)$ : $[0,1]\times$

$[0,1]\}$ with

$EW(s, t_{1})W(s, t_{2})=G(s;t_{1}, t_{2})$ $(s,t_{1}, t_{2}\in[0,1])$ .

and for all $\ell,$ $j(=1,2, \cdots, k)$ and $s,$ $t_{\ell},t_{j}(\in[0,1])$

(2) $E\{\frac{1}{\sqrt{n}}\sum_{1=1}^{n}M_{n,i}(s)h_{n,i}(t_{\ell})\frac{1}{\sqrt{n}}\sum_{1=1}^{n}M_{n,i^{\prime}}(s)h_{n,i^{\prime}}(t_{j})\}\rightarrow G(s, t_{\ell},t_{j})$

We prove the following theorem.

Theorem 1. Suppose Conditions $A,$ $B$ and $C$ hold. Then

(3) $\{\frac{1}{\sqrt{n}}\sum_{1=1}^{n}M_{n,i}(s)h_{n,i}(t);(s, t)\in[0,1]^{2}\}$

$\rightarrow^{D}W=\{W(s, t) : (s, t)\in[0,1]^{2}\}$ in $\mathcal{D}[0,1]^{2}$

where $W$ is a centered Gaussian prvcess with covariance

(4) $EW(s, t)W(s^{\prime}, t^{\prime})=G(s\wedge s^{\prime};t,t^{\prime})$ .
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(II) Central limit theorems for integrated random variables.
We note here that

(5) $\frac{1}{\sqrt{n}}\sum_{:=1}^{n}M_{n,i}(t)h_{n,i}(t)$

$=\frac{1}{\sqrt{n}}\sum_{1=1}^{n}\int_{0}^{t}M_{n,i}(s)dh_{n,i}(s)+\frac{1}{\sqrt{n}}\sum_{1=1}^{n}\int_{0}^{t}h_{n,i}(s)dM_{n,i}(s)$ .

When $M_{n},:(s)$ is of bounded variation, the last integral in (5) can aJso be
interpreted as a pathwise Lebesgue-Stieltjes integration.

If we can show the joint normality of the left side and the second term in
the right side in (5), then we obtain the weak convergence of random elements
of the type

$\frac{1}{\sqrt{n}}\sum_{:=1}^{n}\int_{0}^{t}M_{n,i}(s)dh_{n,i}(s)$ .

Now, we consider another condition.

Condition D. (i) There exists a bounded function $h(t)$ such that

$\sup_{n\geq 1}\max_{\leq 11\leq n}|h_{n,i}(t)|\leq h(t)<\infty$
$\forall_{t(\in[0,1])}$ .

(ii) The sequence

$\frac{1}{n}\sum_{:=1}^{n}h_{n,i}(u)\int_{0}^{t}h_{n,i}(s)d\langle M_{n,i}(s)\rangle$

converges in probability for all $t,$ $u$ in $[0,1]$ .
Concerning the above problem, we prove the following theorem.

Theorem 2. Suppose Conditions A-D hold. Then, the two processes

$\{\{\frac{1}{\sqrt{n}}\sum_{1=1}^{n}M_{n,i}(t)h_{n},:(t);0\leq t\leq 1\}$ : $n\geq 1\}$

and

$\{\frac{1}{\sqrt{n}}\sum_{1=1}^{n}\int_{0}^{t}h_{n,i}(s)dM_{n,i}(s);0\leq t\leq 1\}$

are joindy weakly convergent in $\mathcal{D}^{2}[0,1]$ to a Gaussian limiting process.
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2. Auxiliary results

To prove Theorems 1 and 2, we need the following general limit theorem.

Theorem 3. Let $\{Z_{n}(s,t) : (s,t)\in[0,1]^{2}\}$ be a sequence of $\mathcal{D}[0,1]^{2}$ -valued
random prvcesses, defined on a probability space $(\vee, F, P)$ . Suppose the folloutng
conditions hold:

(i) For every fixed $s(\in[0,1]),$ $\{Z_{n}(s, t)\}$ is a stationary strong mixing sequence
of random functions of $t$ .

(ii) For arbitrarily fixed $s_{1},$ $\cdots,$ $s_{k},$ $Z_{n}=(Z_{n}(s_{1}, \cdot),$ $\cdots,$
$Z_{n}(s_{k}, \cdot))$ , as a ran-

dom element taking values in $\mathcal{D}^{k}[0,1]$ , converges weakly to $(W(s_{1}, \cdot),$ $\cdots$ ,
$W(s_{k}, \cdot))$ , where $W(\cdot, \cdot)$ is a mean-zerv Gaussian process defined on $[0,1]^{2}$ .

(iii) There enist constants $r(>1),$ $q(\geq 2),$ $C(>0)$ and a function $B_{n}(s)$ such
that for any $s,$ $s^{\prime}(\in[0,1], s>s^{\prime})$

(6) $\sup_{0\leq t\leq 1}E|Z_{n}(s,t)-Z_{n}(s^{\prime},t)|^{r}\leq C\{B_{n}(s)-B_{n}(s^{\prime})\}^{8}+Cn^{-\#}$ .

Moreover, $B_{n}(t)$ is a non-decreasing step-flnction utth maximum jump
size equal to $O(n^{-:})$ such that $B_{n}(t)\rightarrow B(t)(t\in[0,1])$ where $B(t)$ is a
non-decreasing continuous firnction on $[0,1]$ ).

(iv) For every $\epsilon(>0)$ there exist $t_{0},t_{1},$ $\cdots,t_{m}(0=t_{0}<t_{1}<\cdots<t_{m}=1)$

utth $m=O(n^{\beta})(\frac{1}{2}\leq\beta<q/4)$ such that

(7) $P(\sup_{0\leq\epsilon\leq 1}\max_{\leq 1j\leq m_{t_{j-1}\leq\ell<t_{j}}}\sup|Z_{n}(s,t)-Z_{n}(s,t_{j-1})|>\epsilon)\rightarrow 0$

as $ n\rightarrow\infty$ .
Then

(8) $\{Z_{n}(s,t):(s,t)\in[0,1]^{2}\}\rightarrow^{D}\{W(s,t);(s,t)\in[0,1]^{2}\}$ in $\mathcal{D}[0,1]^{2}$

as $ n\rightarrow\infty$ .

Proof. By Condition (ii), to prove Theorem 3, it suffices to show that for
every $\epsilon(>0)$ there exist $s_{0},$ $s_{1},$ $\cdots$ , $s\ell(0=s_{0}<s_{1}<\cdots<s\ell=1)$ with
$\ell=O(n^{\beta_{1}})(\frac{1}{2}\leq\beta_{1}<q/4)$ and $t_{0},t_{1},$ $\cdots,t_{m}(0=t_{0}<t_{1}<\cdots<t_{m}=1)$ with
$m=O(n^{\beta_{2}})(\frac{1}{2}\leq h<q/4)$ such that

(9) $P(_{1}\max_{\leq\leq\ell s:-1}\sup_{\leq s<\epsilon}\max_{1\leq j\leq m_{t_{g-1}\leq t<t_{j}}}\sup|Z_{n}(s,t)-Z_{n}(s_{i},t_{j})|>\epsilon)\rightarrow 0$

as $ n\rightarrow\infty$ . Since

(10) L. H. S. of (9)



CENTRAL LIMIT THEOREMS 161

$\leq P(\sup_{0\leq s\leq 1}\max_{\leq 1j\leq m}\sup_{t_{j-1}\leq t<t_{j}}|Z_{n}(s,t)-Z_{n}(s,t_{j-1})|>\frac{\epsilon}{2}I$

$+P(_{1}\max_{\leq}\max_{\leq i\leq\ell_{s:-1}}\sup_{\leq s<s_{j}}|Z_{n}(s,t_{j-1})-Z_{n}(s_{i-1},t_{j-1})|>\frac{\epsilon}{2}I$

$\leq P(\sup_{0\leq\epsilon\leq 1}\max_{\leq 1j\leq m_{t_{j-1}\leq t<t_{j}}}\sup|Z_{n}(s,t)-Z_{n}(s,t_{j-1})|>\frac{\epsilon}{2})$

$+m\sup_{0\leq t\leq 1}P(.\ell|Z_{n}(s,t)-Z_{n}(s_{i-1},t)|>\frac{\epsilon}{2}I$

$=I_{1,n}+I_{2,n}$ (say),

to prove (9) it suffices to show that

(11) $\max(I_{1,n}, I_{2,n})\rightarrow 0$ $(n\rightarrow\infty)$ .
But, using the method of proof Theorem 15.6 in [2] and (6) we can prove the
fact that $I_{2,n}\rightarrow 0$ . On the other hand, the fact that $I_{1,n}\rightarrow 0$ is Condition (iv).
Hence, we have the desired conclusion. $\square $

Let $g_{n}(t)$ be a step-function from $[0,1]\rightarrow[0,1]$ such that

$g_{n}(1)\equiv 1$ ; $g_{n}(t)=\frac{\ell}{N}(\frac{\ell}{N}\leq t\leq\frac{\ell+1}{N})(\ell=1, \cdots, N-1)$

where $N=[n^{\gamma}]$ and $\gamma$ is chosen so that $1/2\leq\gamma\leq 1/\sqrt{2},$ $\gamma\beta>1/2$ and $\beta$ is the
one defined in (1) and put

$X_{n}(s,t)=\frac{1}{\sqrt{n}}\sum_{1=1}^{n}M_{n,i}(s)h_{n,i}(g_{n}(t))$ .

It is easy to see that

$\sup_{0\leq t\leq 1}|t-g_{n}(t)|\leq\frac{1}{N}$

and

$g_{n}(t)\rightarrow t$ uniformly for $t\in[0,1]$

with maximum jump size $1/N$ of $g_{n}(t)$ .
The following lemma, due to [5], shows that the two processes $X_{n}(s,t)$ and

$(1/\sqrt{n})\sum_{1=1}^{n}M_{n,i}(s)h_{n,i}(t)$
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are equivalent in the limit and it is enough to prove the weak convergence for
$X_{n}(s,t)$ .

Lemma A. Suppose Conditions $A,$ $B$ and $C$ hold. Then

(12) $P(\sup_{0\leq\epsilon\leq 1}\sup_{0\leq t\leq 1}|\frac{1}{\sqrt{n}}\sum_{i=1}^{n}M_{n,i}(s)h_{n,i}(t)-X_{n}(s,t)|>\epsilon)\rightarrow 0(n\rightarrow\infty)$ .

To prove theorems (below) we need the following theorem, due to [5].

Theorem A. Suppose $\{\xi_{i}\}$ is a strong mixing sequence of zerv-mean random
variables such that for some $p(\geq 2)$ and $\delta(>0)$

l\leq $\cdot$

\leq nmaxE $|\xi_{i}|^{p+\delta}<\infty$ .

Put

$L_{t}(n, \delta)=\sum_{:=1}^{n}\Vert\xi_{i}\Vert_{t+\delta}^{\ell}(t\geq 1)$ , $D_{n}^{2}(\delta)=L_{2}(n, \delta)$ ,

$Q_{p}(n, \delta)=\max\{L_{p}(n, \delta), D_{n}^{2}(\delta)\}$ .

Then

$E|\sum_{:=1}^{n}\xi_{i}|^{p}\leq cb(p, \delta)Q_{p}(n, \delta)$ .

where $b(p, \delta)$ is the one defined in Condition $A$ (iii).

3. Proofs of Theorems 1 and 2

Proof of Theorem 1. We use Theorem 3. In view of Lemma 1 and Condi-
tions A and $B$ , it suffices to verify that the auxiliary process $\{X_{n}(s,t)\}$ satisfies
the following conditions:

(i) for all $s_{1},$ $\cdots,$ $s_{k}(\in[0,1])$

$(X_{n}(s_{1}, \cdot),$
$\cdots,$

$X_{n}(s_{k}, \cdot))\rightarrow^{D}(W(s_{1}, \cdot),$
$\cdots,$

$W(s_{k}, \cdot))$ in $\mathcal{D}([0,1]^{k})$ ;

(ii) the processes $\{\{X_{n}(s,t)\};n\geq 1\}$ satisfy (6) and (7).

(i) is clear from Conditions A-C.
To show that (ii) holds, take the equally spaced points $0=t_{0}<t_{1}<\cdots<t_{b_{m}}$

to be the same as the jump points of $g_{n}(t)$ . Then, $b_{m}=[n^{\gamma}]$ . We note that for
all $s(\in[0,1])$

$1\max_{\leq j\leq b_{m}}\sup_{t_{j-1}\leq t<t_{j}}|X_{n}(s,t)-X_{n}(s,t_{j-1})|=0$
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since

$g_{n}(t)=g_{n}(t_{j})$ $(t\in[t_{j-1},t_{j}),j=1,$ $\cdots,$
$b_{n}$ ).

Thus, (7) is satisfied.
IFMrther, for arbitrary points $0=s_{0}<s_{1}<\cdots<s_{a_{\ell}}=1$ we have

$1^{\max_{\leq:\leq p}\sup_{\epsilon.-\iota\leq s<\epsilon}\max_{\leq}\sup_{t_{j-1}\leq t<t_{j}}}a1j\leq b_{m}|X_{n}(s,t)-X_{n}(s_{i-1},t_{j-1})|$

$\leq_{1}\max_{\leq a\ell}\sup_{s_{-1}\leq s<s:}\max_{\leq:\leq 1j\leq b_{m}}|X_{n}(s, t)-X_{n}(s_{i-1},t_{j-1})|$ ,

and hence

(13) $P(_{1}\max_{\leq\cdot\leq a\ell_{\epsilon:-}}\sup_{\iota\leq s<s:^{1}}\max_{\leq j\leq b_{m\ell_{j-1}\leq t<t_{j}}}\sup|X_{n}(s,t)-X_{n}(s_{i-1},t_{j-1})|>\epsilon)$

$\leq P(_{1}\max_{\leq a\ell\epsilon:-1}\sup_{\leq\epsilon<s_{i}}\max|X_{n}(s,t_{j-1})-X_{n}(s_{i-1},t_{j-1})|>\epsilon)$

$\leq b_{m_{1}}\max_{\leq j\leq b_{m}}P(_{1}\max_{\leq\cdot\leq ap\epsilon:-1}\sup_{\leq\epsilon<\epsilon:}|X_{n}(s, t_{j-1})-X_{n}(s_{i-1},t_{j-1})|>\epsilon)$

$\leq a_{\ell}b_{m}\sup_{0\leq t\leq 1}\max_{\leq 1:\leq a\ell}P(.\sup_{s_{-1}\leq\epsilon<s:}|X_{n}(s,t)-X_{n}(s_{i-1},t_{j-1})|>\epsilon)$

$\leq\frac{a\ell b_{m}}{\epsilon^{p}}\sup_{0\leq t\leq 1}\max_{1\leq:\leq a\ell 0}\max_{\leq j\leq b_{m}}E[_{:-1}\sup_{s\leq s<s}|X_{n}(s,t)-X_{n}(s_{i-1},t)|]^{p}$

$a_{\ell}b_{m}$

$\leq\overline{\epsilon^{p}}\sup_{0\leq t\leq 1}\max_{1\leq:\leq a\ell 0}\max_{\leq j\leq b_{m}}E|X_{n}(s_{i},t)-X_{n}(s_{i-1},t)|^{p}$ ,

since for any fixed $t\{X_{n}(s, t)-X_{n}(s:_{-1}, t);s_{i-1}\leq s\leq s_{i}\}$ is a martingale.
Let $\tau$ be a positive number such that $(4\gamma/3)<\tau<1$ and put $a_{\ell}=[n^{\tau}]$ . Let

$S:-S:-1=[n^{\tau}]^{-1}(i=1, \cdots, a_{\ell})$ . By Condition A (ii) we have that for any $r$

$(>0)$

11 $h_{n,j}(t)M_{n,j}(s_{i})-h_{n,j}(t)M_{n,j}(s_{i-1})\Vert_{r}$

$=|h_{n,j}(t)|\Vert M_{n,j}(s_{i})-M_{n,j}(s_{i-1})||_{r}\leq c|s_{i}-s_{i-1}|\epsilon\leq cn^{=_{l}-}\tau*$

Hence, by $Threm$ A we have

$E|X_{n}(s_{i},t)-X_{n}(s_{i-1},t)|^{p}\leq c$ max $(n-S+1^{\tau\sim}n^{-\neq},n^{-\neq)}\tau\sim$

which implies (6). Noting that $p>2$ and $\tau+\gamma<(\tau\kappa p/2)$ , we have

L. H. S. of (21) $=o(1)$ .
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Now, the desired conclusion follows from $Threm3$ .

Proof of Theorem 2. Let

$U_{n}(t)=\frac{1}{\sqrt{n}}\sum_{i=1}^{n}\int_{0}^{t}h_{n,i}(s)dM_{n,i}(s)$ , $0\leq t\leq 1$ .

By Condition $B$ the function $n_{n}^{(N)}:(t)$ defined by

$h_{n,1}^{\langle N)}(t)=h_{n,i}(\frac{[Nt]}{N})$

satisfies

(14) $\sup_{0\leq t\leq 1}|h_{n,i}(t)-h_{n,1}^{(N)}(t)|\leq C_{0}N^{-\beta}$

for each $N\geq 1,$ $n\geq 1$ and $1\leq i\leq n$ . Let $U_{n}^{(N)}(t)$ be a process defined by

$U_{n}^{\langle N)}(t)=\frac{1}{\sqrt{n}}\sum_{:=1}^{n}\int_{0}^{\ell}h_{n}^{(N)}:(s)dM_{n,\ell}(s)$ .

By Burkholder inequality with Condition A (ii), we have

(15) $E|\int_{0}^{t}(h_{n,i}(s)-h_{n}^{(N.)}(s)|^{2+\delta}\leq C_{\delta}M\{\sup_{0\leq t\leq 1}|h_{n,i}(t)-h_{n}^{(N.)}(t)|\}^{2+\delta}$ ,

where

$M=\sup_{n,1}E(|M_{n,i}(1)|^{2+\delta})$

and $C_{\delta}$ is a constant depending only on $\delta$ . For each $n$ and $N$ define

$Y_{n}^{(N)}:(t)=\frac{1}{\sqrt{n}}\int_{0}^{\ell}(h_{n,i}(t)-h_{n}^{(N)}:(s))dM_{n,i}(s)$ .

Then, for each $N\{Y_{n}^{\langle N)}:(t) : 0\leq t\leq 1,1\leq i\leq n\}$ is a strong mixing sequence

satisfying $EY_{n,1}^{(N)}(t)=0$ . It follows from (14) and (15) that

$E(|Y_{n,1}^{\langle N)}(t)|^{2+\delta})\leq C_{\delta}C_{0}^{2+\delta^{2\delta}}Mn^{-+}N^{-\langle 2+\delta)\beta}$

and therefore

$\sum_{:=1}^{n}\Vert Y_{n}^{\langle N)}:(t)||_{2+\delta}^{2}\leq(C_{\delta}M)aeC_{0}^{2}N^{-2\beta}$ .
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Thus, we can apply Theorem A to show the existence of a constant $C$ satisfying

(16) $E|U_{n}(t)-U_{n}^{\langle N)}(t)|^{2}\leq E|\sum_{i=1}^{n}Y_{n,1}^{(N)}(t)|^{2}\leq CN^{-2\beta}$

for each $N,$ $n$ and $0\leq t\leq 1$ .
Note that the process $U_{n}^{(N)}(t)$ is written as follows:

$U_{n}^{(N)}(t)=\frac{1}{\sqrt{n}}[\sum_{j=1}^{[Nt]}h_{n,\{(\frac{j-1}{N})}\{M_{n,i}(\frac{j}{N})-M_{n,i}(\frac{j-1}{N})\}$

$+h_{n,i}(\frac{[Nt]}{N})\{M_{n,i}(t)-M_{n,i}(\frac{[Nt]}{N})\}]$ .

Define a centered Gaussian process $U^{\langle N)}(t)$ by

$U^{\langle N)}(t)=\sum_{j=1}^{[Nt]}\{W(\frac{j}{N},$ $\frac{j-1}{N})-W(\frac{j-1}{N},$ $\frac{j-1}{N})\}$

$+W(t,$ $\frac{[Nt]}{N})-W(\frac{[Nt]}{N},$ $\frac{[Nt]}{N})$ .

Then, it is follows ffom Theorem A that the finite dimensional distributions of
$U_{n}^{(N)}(t)$ converge to those of $U^{(N)}(t)$ . Together with (16) this implies that the
finite dimensional distributions of $U_{n}(t)$ converge to those of a centered Gaussian
process $U(t)$ . Furthermore, the finite dimensional distributions of vector valued
process $(W_{n}(t, t),$ $U_{n}(t))$ converge to those of the Gaussian process $(W(t, t),$ $U(t))$

where

$W_{n}(s,t)=\frac{1}{\sqrt{n}}\sum_{1=1}^{n}M_{n,i}(s)h_{n,i}(t)$ .

Now, we will prove that for arbitrary numbers $t,$ $s(0\leq s<t\leq 1,$ $ t-s\geq$

$C_{1}n^{-1})$

(17) $E|U_{n}(t)-U_{n}(s)|^{p}\leq C_{2}(t-s)^{1+\theta}$

where $\theta,$ $C_{3}$ and $C_{4}$ are some poeitive constants independent of $n,$ $t$ and $s$ .
Let

$V_{:}(s,t)=V_{n,i}(s,t)=\int_{s}^{\ell_{h_{n}}},:(u)dM_{n,i}(u)$ .

From Condition A it is obvious that

$EV_{i}(s,t)=0$ $\forall_{i}(\geq 1)^{\forall}s,$ $t(\in\{0,1]))$
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and for any $r(>2)$

$E|V_{i}(s,t)|^{r}\leq c[El^{t}h_{n,i}^{2}(u)d\langle M_{n,i}\rangle_{u}]^{5}$

$\leq c\sup_{s\leq u\leq t}h^{r}(u)|t-s|\yen\leq c|t-s|\yen$ .

Thus, we have

(18) $D_{n}^{2}(\delta)=L_{2}(n, \delta)=\sum_{:=1}^{n}$ I $V_{1}(s,t)\Vert_{2+\delta}^{2}\leq cn|t-s|^{\kappa}$ ,

(19) $ L_{p}(n, \delta)=\sum_{:=1}^{n}||V_{1}(s,t)||_{p+\delta}^{p}\leq cn|t-s|^{\sim}\neq$ .

Noting that for fixed $s$ and $t\{V_{1}(s, t)\}$ is a triangular array of random variables
satisfying the same mixing condition as that of $\{M_{n,i}\}$ and that $p>2$ , from
Theorem $A$ , Condition A (iii), (18) and (19) we obtain

$E|U_{n}(t)-U_{n}(s)|^{p}\leq c$ max $\{n^{-\S+1}|t-s|^{\sim}\neq,$ $|t-s|^{\sim}\neq\}\leq c|t-s|^{\sim}\neq$ ,

which implies (17).
Hence the processes $\{U_{n}(t)\}$ are tight. The tightness of $\{W_{n}(t,t)\}$ follows

from Theorem 1 and therefore we obtain the desired result. $\square $
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