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Abstract. In this paper, we discuss characterizations of transversal Killing and
conformal fields on a complete ambient manifold with Riemannian foliation. Our results
extend both those of [2], [7] (for the case of harmonic foliation) and those of [9] (for the
case of closed manifold).

1. Introduction

Let (M,g,.#) be a m-dimensional oriented, connected Riemannian manifold
with transversally oriented Riemannian foliation .# of codimension g:=m-p and
a bundle-like metric g. It is given by an exact sequence of vector bundles

(1.1) 057 >TM—">50—0,

- where 7 is the tangent bundle and Q the normal bundle of %# . The metric g
determines an orthogonal decomposition TM =7 & # . We often identify #
with Q by an isometric splitting

sk

(1.2) 0:(Q.8p:=0 g,)>(Z.8,)
We have an associated exact sequence of Lie algebras
(1.3) 0o T(7) > V(F)—-V(F)—-0,

where V(F):={Y e T(TM)|[V,Y]e'(Z) facal Ve ()} ad V(F):={s e ['(Q)|

s=n(Y),Y e V(#)}, called the space of all transversal infinitesimal automor-

phisms of % . Here and hereafter, we denote by I'(-) the space of all smooth

sections of a vector bundle (-). The transversal Levi-Civita connection D on Q

is a torsion free and metric connection with respect to g, ([2], [4], [12]).
Throughout this paper, we use the following notations:
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T: the tension field of 7,
div,s: the transversal divergence of s e I'(Q),
grad,f : the transversal gradient of a function f e C™(M),
R, : the transversal curvature tensor of D,
pp: the transversal Ricci operator,
A= d:d,, : the Laplacian acting on I'(Q),

~ 0,: the transversal Lie derivative operator for Y € V(%),
A,(Y)=6,-D, for YeV(¥).

It is noted that A,(s) is well-defined, since for a given se V(F),A,(Y) is
1ndependent of the choice of Y with 7(Y)=s5. Now we introduce a symmetric
operator B2:(s):T(Q) — I'(Q) defined by

(1.4) BA(s):= Ay (s)+ Ay (s)+ Adiv,s)Id,

for a given s=mn(Y)e V(%), where Id denotes the identity map of I'(Q).

The study of geometric transversal infinitesimal automorphisms - for
example, transversal Killing, affine, conformal, projective fields — of a
Riemannian foliation has been attacked by many differential geometers. For the
point foliation, such transversal infinitesimal automorphisms on a foliated
Riemannian manifold reduce to usual infinitesimal automorphisms on a
Riemannian manifold.

In this paper, we are particularly interested in A -automorphisms of a
Riemannian foliation. This notion was first introduced in for the case where
the foliation is harmonic and was recently extended to the general Riemannian
foliation in [9]. Indeed transversal Killing, affine, conformal, projective fields are
all examples of A -automorphisms.

The main interest of this paper is to characterize transversal Killing and
conformal fields of a Riemannian foliation on a complete Riemannian manifold.
In order to do this, we have to consider I? transversal infinitesimal auto-
morphisms, that is, transversal infinitesimal automorphisms with finite global
norm. ’

For the closed case, we have obtained

Theorem ([9]). Let (M,g, ¥ ) be a m-dimensional oriented, connected,
closed Riemannian manifold with transversally oriented Riemannian foliation
of codimension q:=m—p=>2 and a bundle-like metric g. Let s€ V(F) and @
the g,-dual of s.

(A) a A-automorphism s is a transversal Killing field if and only if
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d(div,s)=0 and (Bj(s)s,7)20.
(B) a A-automorphism s is a transversal conformal field if and only if

A=1-2 and (B (s)s,7)20.

The above results (A) and (B) extend those of [8] and [11] respectively. When
& is harmonic, these results correspond to those of [5], respectively.
Our main result is then the following:

Main Theorem. Let (M,g, ¥ ) be a m-dimensional oriented, connected,
complete Riemannian manifold with transversally oriented Riemannian
foliation of codimension q:=m— p>2 and a bundle-like metric g. Let s€ V()
and @ the g,-dual of s.

(C) a I*A-automorphism s is a transversal Killing field if and only if

div,s =0 and (B} (s)s,7)20.
(D) a I*A-automorphism s is a transversal conformal field if and only if

A=1- 2 and (B2'?(s)s,7)20.
q

When # is harmonic, these results were obtained in [2], [7].
The authors would like to thank the referee for his kind suggestions.

2. A review of A-automorphisms.

Let (M,g,.¥) be a m-dimensional oriented, connected, complete Rie-
mannian manifold with transversally oriented Riemannian foliation of
codimension g:=m-p=2 and a bundle-like metric g. The basic complex
(£2;,d,:=d|€2;) is a subcomplex of the de Rham complex (£2(M),d), where

2.1 2, ={weQ(M)|i,w=0,w=0 forall VeI'(Z)}.

We consider a codifferential operator &, : Q3 — Q"' defined by

(2.2) Oy = (=D * g ¥,

where * is the star operator associated to the holonomy-invariant metric g, on
Q. It should be noted that in general d, and &, are not formal adjoint on €,
unless # is harmonic.

In order to discuss l—automorphisms,‘ it is useful to introduce the
following operators §,8™ appeared in [5]. Throughout this paper, We denote by
{E,}={E,.E,}, E el (?),E, € V(¥) the special local orthonormal frame field

about xeM with (E,), =e, introduced in [5]. §:I'(5’Q")— '(@"), s*Q"
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being the symmetric tensor product of Q*of order 2, is given by the local
formula

(2.3) 8 B:=-3(Dg B)E,,s), for BeTI(5*Q*)

and §*:I'(Q*)—> I'(52Q™) by
2.4) (5*w)(s,1):= %{(Da(s,w)(t)+(DG(,,(O)(S)}, for we I'(Q™), s,teT(Q).

The basic 1-forms (resp. basic symmetric 2-forms) may be identified with a
subspace of I'(Q™) (resp. I'(S?Q*)). We denote by (,), the local scalar product
on I'(Q) or F(Q*) at a point xe M and |-|f =(,"),. The local scalar product
may be extended on I'(®"Q®" Q*). Let I.(Q) (resp. I.(Q*)) be the space of
all sections of Q (resp. Q*) with compact supports. Let (,) be the global scalar
product on T .(Q) or E,(Q*) and ||*:=(,-). The global scalar product may be
also extended on I'(®" Q®" Q* ). Let I*(Q) (resp. L? (Q*)) be the completion
of T,(Q) (resp. I.(Q*)) with respectto (,).

Definition. We say that an element se€ *(Q)NV(F) is a I* transversal
infinitesimal automorphism of & .

We can verify that (we refer to [5], [9]).

Proposition 2.1. Let (M,g, %) be a m-dimensional oriented, connected,
complete Riemannian manifold with transversally oriented Riemannian

foliation of codimension q:=m-p=22 and a bundle-like metric g. For
seV(F) and @ the g,-dual of s

(2.5) 266*w = —trD*w - p, (@) + d 6,0,
(2.6) (divps), = —(8,0), =(8%w, g,),,

1
.7 16w + é(«srw)gg =160 - ;(5rw)i

Definition. Given YeV(%), s=mn(Y) is called a A —automorphism for
A € R if it satisfies

(2.8) As— D, s — pp(s)—Agraddiv,s =0,

or equivalently the g,-dual @ satisfies
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2.9) —trD’w - p (@) + Ad6,0=0.

Proposition 2.2 ([10]). Let s=n(Y)e V(S).

- (i) If s is a transversal Killing field, i.e., 9ng =0 then

div,s =0, As= Da(,)s—pD(s) .

(ii) If s is a transversal conformal field, i.e., 6,8, =2f,8, where f, is a function
on M, then

divps=qfy, As=D,,s+p,(s)+(1- -?I-)gradDdivDs .

Proposition 2.2 says that a transversal Killing field is a A-automorphism for all

A and a transversal conformal field is a (l—z)—automorphism.

3. The proof of Main Theorem

The method of proof for the extension of the results from the closed to the
complete case follows from the construction of a family of cut-off functions
whose supports exhaust M, which allows to carry out the integration by parts
arguments familiar in the closed case.

Let we C*(R) such that 0<w()<1, w()=1 for t<1, w(t)=0 for t<2. Let
d(x) = dist(x,, x) be the §eodesic distance from a fixed point x, of M. For every
k>0 let wy(x):= W(—Q)), which is Lipschitz continuous, and hence
differentiable almost everywhere on M. Moreover

0<sw, (x)<1,
supp w, € B(2k) (geodesic ball of radius 2k centered at x,;),
(3.1 w,(x)<1 on B(k),

limw, =1,
k—yoo

|dw, (x)| < C/k almost everywhere on M,

where C is a positive constant independent of k ([1], [2], [3], [6]. [7])-
The following divergence formula is fundamental at a point xe M

(divy,,2), = §g(V£”A Z,e,)

=(divpn(2)), — (n(2),7),,

3.2)

for ZeT'(#), where V¥ is the Levi-Civita connection of g.
Now we are in a position to prove Main Theorem. By virtue of Proposition
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2.2, it suffices to verify the converse. Let s be a I’ A-automorphism and @ the
go-dual of s. Then we find from [2.5) and [(2.9) that 286*w + (A —1)d,6,@ = 0.
So we need to compute the global scalar products on B(2k).

(265" ® + (A - 1)ds8,0,wie), .

First we derive the local scalar product by a similar argument as in

(3.3) (88* 0, wiw), = 368 0)(e, Y(Wiw)(e,)

=—(divpu), + (w8 w,dw, ® 0+ 0w ®dw,),
+(w, 8 0,w,6%0),,
where ueI'(Q) is the g,-dual of the 1-form
(3.4) O =Z @ o) (-, E)(wiw)E,) € T(Q").

Hence we get by using (3.2)
(3.5) (68" 0, W B, = ~(,T) s, + W, 8 O )

*
+(W,0 @, dw, ®W+0®dw,) g
where |52y := () 52,- MoTEOVET,

1
(36) (u;T>B(2k) =_5<W:Bg(s)ssr>3(2k)'

Next we derive

BT (dy6,0,wim), = 3(d,6,0)(e, ) (win)e,)

=—(divpVy), —2(w,0,w), (dw,, )+ (W, 6,0,w,6,0),,
where v e I'(Q) is the g,-dual of the 1-form
(3.8) | () = (wis,w)w() € I'(Q*)
Hence applying (3.2) imlies

(39) <d857-(0, W,%a))B(Zk) = <V, T>B(2k) + "Wk51(0"28(2k) - 2<Wk (6Tw),(dwk’w)>3(2k)s

and
(310) <V’T>B(2k) =—(W,3(diVDS)S,T>B(2k).

It follows that
0=(286"w + (A -1)d,6,0, Wi®) s,
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(3.11) = 2"wk6*w"28(2k) +(A- 1)||Wk57w||23(2k) + <WEBLI)_/1 (S)S’T>B(2k)
+2(w, 8% w,dw, ® ® + W ® dw,) 5 5,, — 2(A = D)W, (8,0),(dW,,@)) p3s)-

On the other hand,

(3.12) Wo*w,dw, @w+0® AW pary 2 2w, ¥ O llgap, 1AW, ® @ lgs,
1 *
> -——2—||wk6 O g5, — 2ldw, ® @1 55y,

1 E 2 2C2 2
2_5"”’1‘5 0)“ B(2k) — k2 ||60|| B(2k)?

and similarly

1 2C?
(3.13) (W, (6;0),(dw,,0)) g5, 2 "2'"Wk5*w"28(2k) Tk "wuzmzk)'

Therefore we conclude that for @ the gp-dual of a [’ A-automorphism s

2C*? 1
(3.14) A+ 1)k—2 01 301, 2 W, 8 O 5 g, + -2-(/1 ~1) w8 @l 5o,

2 pl-4
(W, By " (5)8,T) sy -

An important feature of B}(s) is the following

Proposition 3.1 ([9]). Let se V(%) and wbe the g,-dual of s.

sk
(i) s is transversal Killing if and only if Bp(s)=0, or equivalently § @=0,
(ii) s is transversal conformal if and only if Bf,"’(s)=0, or equivalently

5w =-1(8 w4,
(Case C) We assume that s satisfies
div,s =0 and (B)(s)s,7)20.
Then by letting k — o, (3.14) becomes
028wl +(B)(s)s,7),

which yields that §*w =0. Thus by Proposition 3.1 s is a transversal Killing
field.
(Case D) We assume that s satisfies

A=1 —% and (B}‘(s)s,T)=0.

Then reduces to
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2
-5

2/
lol 20 >||Wk5 o saky ——||Wk5 ol 520 +(ka 1(8)8,T) peany

* 1
= "Wz 6 o+ E (5Tw)gQ "28(2k) + <W13312)/q(s)s, T)g(zk)-

Letting k — oo implies

5%+ % (8,)g,=0.
Thus by Proposition 3.1 s is a transversal conformal field.

Remarks.
(i) The I’ hypothesis of a A-automorphism in Main Theorem is necessary. For
example, we consider a product manifold M = R' x R? with a metric

4
g:=f2(dx ) + 3(dx, )%,

where (x,,x,,x;,x,) is a coordinate system of M, (x,) and (xz,x3,x4) coordinate
systems of R' and R® respectively, and

f=f(x;,x5,x,) =exp(x; — x,).

The family {R'x{y}}vem defines a Riemannian foliation ¥ on M with a
bundle-like metric g of codimension 3. We consider a vector field ¥ on M
defined by

Yi=x,0/0, +9/dx, +3/x,.

Then YeV(¥), so that Y indices a transversal infinitesimal automorphism
s:=n(Y) of ¥ . In this case the tension field 7 is given by

T=-n(d/dx;)+m(d/ dx,).

Then we have

D,.s=0,

D, s =x,n(d/ox,),
8o(s,7) =0,

divps =1,

and hence
8o(By(s)s,7)=0.

Furthermore, we find
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o

py(s)=0, D ms+pD(s)+(l—-%—)gradbdiv,)s=0, As=0.

Therefore we see that s is a (1— %)-automorphism. However, we deduce

(6y8,)(7(9/ Ix,), (D Ix,)) =2,
(Ong)(n(a/8x3), n(d/ ox,;)) =0,

which means that s is not a transversal conformal field of .% . Of course, s is
nota L’ transversal infinitesimal automorphism.
(ii) We finally consider a I’ A-automorphism s satisfying

d(divps)=0.
In this case, we see that
(divps)vol(B(2k)) = (5, T) gz
which follows that
16,01 52k, = {(divps)s, T) b2ky- -

By observing that a similar computation yielding gives rise to a general
formula

2
(3.15) QL +(A- 1)12)%2—"(0"3,(2“ 2(2 —%)ﬂw&*wllzm)

+(A-1(A- ll)llwksTw ||129(2k) + (Wfle)_l (s)s, T>B(‘2k)’
2

for /,l, >0, we deduce that

C? 2 -
(2l +(A-1)l) k—zuwniak) >(2- l—)llwka*wnzm +(wiBY ™2 ()5, T) oo
1

Therefore we conclude a variant of (C):
(E). Under the same situation of Main Theorem, a I* A-automorphism s is a
transversal Killing field if and only if
d(div,s) =0 and (B2(s)s,7)=0
for some e R, which is a constant linearly depending only on A.

As a corollary, (E) means that a I’ transversal affine field is a transversal
Killing field if and only if (B}(s)s,7) >0 for some 1€ R.




104 H. K. PAK

It should be noted that s appeared in the previous example is a A-
automorphism satisfying

d(div,s) =0 and (B, (s)s,7) =0

foralll>0.

References

[ 1] A. Andreotti and E. Vessentini, Carleman esitimates for the Laplace-Beltrami equation on
complex manifolds, Publ. Math. IHES, 25 (1965), 313-362.

[2]T. Aoki and S. Yorozu, L2-transversal conformal and Killing fields on complete foliated
Riemannian manifolds, Yokohama Math. J., 36 (1988), 27-41.

[ 31 J. Dodziuk, Vanishing theorems for square- integrable harmonic forms, Geometry and Analysis,
Papers dedicated to the memory of V. K. Patodi, 1981, pp.21-27.

[ 4] F. W. Kamber and Ph. Tondeur, Harmonic foliations, Lecture Notes in Math 949 (1982), 87~
121.

[51F. W. Kamber, Ph. Tondeur and G. Toth, Transversal Jacobi fields for harmonic foliations,
Michigan Math. J.,34 (1987), 261-266.

[ 6 1 H. Kitahara, Remarks on square-integrable basic cohomology spaces on a foliated manifold,
Kodai Math. J.,2 (1979), 187-193.

[ 718S. Nishikawa and Ph. Tondeur, Transversal infinitesimal automorphisms of harmonic foliations
on complete manifolds, Ann. Global Anal. Geom.,7 (1989), 47-57.

[ 8]S. Nishikawa and S. Yorozu, Transversal Killing fields on foliated Riemannian manifolds,
preprint.

[ 91 H. K. Pak, A-automorphisms of a Riemannian foliation, Ann. Global Anal. Geom. 13 (1995),
281-288.

[10] J. S. Pak and S. Yorozu, Transverse fields on foliated Riemannian manifolds, J. Korean Math.
Soc., 25 (1988), 83-92.

{11] J. H. Park and S. Yorozu, Transversal conformal fields of foliations, Nihonkai Math. J., 4
(1993), 73-85.

{12] Ph. Tondeur, Foliations on Riemannian manifolds, Universitext, Springer Verlag, New York,
1988.

[13] Ph. Tondeur and G. Toth, On transversal infinitesimal automorphisms for harmonic foliations,
Geom. Dedicata, 24 (1987), 229-236.

Department of Mathematics,
Kyungsan University,
Kyungsan City, 712-240, Korea

Department of Mathematics Education,
Teachers College,

Kyungnam University,

Masan City, 631-701, Korea

(Current Address)

Department of Mathematics and Informatics,
Chiba University,

Chiba-Shi, 263, Japan




	1. Introduction
	Theorem ([9]). ...

	2. A review of $\lambda$ ...
	3. The proof of Main Theorem
	References

