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Let E be the open unit disc in C and H(E) be the class of all functions

holomorphic in E. A be the class of all fe H(E). with the normalization

f(0)=0=f'(0)-1.

Definition 1. Let feA and 22/ @+1-®f (@)
b

Then fis said to be in A:— the class of a-convex functions in the sense of

Pascu [2] if

#0 in E for 0<a<l.

Re {(Jzz(<’.f'(2))'(2)+(1 —-a)zf'(z)} >0 in E
ozf’(z)+(1-a) f(2)

or equivalently

a2z f QY @)+A-M)zf"(2) 1+z
azf(2)+(1-0)f(2) 1-z
where < denotes subordination; in otherwords az f (2)+(1—-a@)f(z) is in S* the
class of starlike univalent functions.
1‘1,* = K — the class of convex univalent functions and A:,k =S". In this note we
will investigate f € A:.
The notion of & —neighbourhood was first introduced by St. Ruscheweyh

Definition 2. For 6 20, the § —neighbourhood of f(z)=z+ iakz" €A is
k=2
defined by

Na(f)={g(z)=z+ébkz" : S kla, —b) < 8).

k=2

The convolution (Hadamard product) of two functions f(z)=z+ iakzk and
. k=2
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g(x)=z+ ibkz" is given by (f*g)(z)= Z+kzzakbkzk~
k=2 =

Theorem 1. Let f(z)=z+ iakz" GA: and 0<a<1. Then Ny(f)c s* for
k=2
1+1
value of & is best possible.
Proof. It is well known that a function f € A belongs to the class s* if and

o=

where G(a,b,c;z) is the hypergeometric function. The

only if for all @ €[0,27] we have 2/(2) # 1+e9 ; that is (h” * ) # 0 where
f(z 1-¢€ 2z
‘ _ 1 Jz(1-€®) ¢ i
hy(2) = 2e"’{ (1-2)? (l—z)(1+e )}
— 50\ [ _9,i
=_(12;9 ){lze;z 2- 1+e’6)z .. }
+ i(n+l)—(n—1)e"" "=z+ ih,.z"
n=2 2 n=2
—-i@
such that |h,,|S|(n+1)_(2n—l)e |S(n+1);(n~1)= The_n, a sufficient
condition for Ns(f)cS* to hold for some fe€A is |ﬁ"—(—z—)zi&|26,
6¢€[0,2n].- For 60=0, hy(z)*f(z)=f(z) and hence we can assume that
0<0<2m. Let
1-e* 1
Hg(Z):hg(Z)*f(Z)=—( Zefo ){ (- +e,9 f(z )}
Then . .
1_ i0 l
2H; @) =2y f@ == e f Y @ - 552 )

and
azH'(z)+(1—a)H (2)

i0
- (1 D a2z f @)@+ 1- 02 @ - S (a2 )+ - f)).

(1-€®)

Hence

; azHy () +(1-0)H,(2) _ _(1-¢") {a 2R @+ 1)z f'(2) 1+ e"")}.
i azf(z2)+(1-a)f(z) 2e' oz f'(2)+1-a)f(z) - [
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2e"’ azH,(z)+(1-o)H, @ . 1+’ _azzf @) +10-0)zf'(2) 1tz
1-€° azfj@+1-a)f(2) e azf(2)+(1-a)f(2) 1-z

) *
for ze E, since feA,. In otherwords

azHy (D) +(1-)Hy(2) _  (1-ze™)

, z€E,
azf(2)+(1-a)f(2) -z
that is Re {(1 ety 2@+ a)HG(Z)} >0 inE.
azf()+(1-a)f(z)
Therefore we can choose a A€ R, |A|< Z so that
Re {e"* azH;(z)+(1-a)H9(z)} SO0 inE. -

) azf ()+(1-a)f(z)

Set azHo D+ (1= 0H,(2) p(2). Then Rele? p(2))> 0 and

ozf'()+(1-a)f(z)
ozHy(2)+(1-a)H,(z) = p(z)F(z) where F(z)=azf'(z) +(1—a)f(z)ES* since

feAs. Let p(z)F(z) = zH(z). Then H(z)=p(z )(g(Z))”“ where g(z)eS* for

O<a<l. Now H(z)eK(l,E+l) and ;Z)_H() +( 1)H(Z) Let
K,(Z)*illa

n=0N +

. Then

K, (*H@) =K, (D% (@H@)+(1- a)H o(2)

Choosing the branch of (h(z))”“ to 1 when z = 0 and h(z)=z(Kl * H)*(z) we

<
h@)s _ Hy(@
Z Z

[1]. In fact

)y _ S W e _ 1.1 (=pge() , .
S =K, D)) =— X H(dt =2 — [ B ar,

—).

a

have (

. Now h(z) is Bazilevic and hence is univalent for O<a <1

(

or

h(z) = {é j;———p(t)f;(t) dt}

Now M = H(2) = p(2) F(2).
z”

Fix 0<r<1 and choose z,,|z,|=r so that Ih(zo)|=r|x}_inlh(z)|. Since h(z) is
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univalent, the pre-image L of the segment from O to h(z,) is an arc inside
|zl<r. The image of L under the mapping (h(z))

Y will in general consists of
many line segments emanating from the origin such that for any zeL

h I/a e
EOINCY L S
=a—,1.ﬂ "‘(Oh'(cmda— L [ 1 H O

arl/a J IQ_—ZO"{He(C)"‘(_—l)H (&))1dg
=;,m [ 105 % 1agH; () + (- )H, ()11
= [0+ @ Fnag 2 = g L= (4

or I/a (1+,§|)3 l CI
_ 1 1 (1-1)
T or'e -[ot aA+1)° dr.
Hence
|h(z)|— 1 (l—t) dt.

ar'’® Jo (1+t)‘
By substituting ¢ = ru we obtain

l h(z) # 2 1

g ot (I—ur)
ar”"’-[ rtu (I +ur)? rdu
_1q ' (1—ur) ur)
I (1+ur)’ -[ (1+ )‘
_—é_G(E,3aE+29_1)_6(393’3"'29_1)
2@+ T +1

where G(a, b, c; 7) is the‘hypergeometric function

H h(z).r, . G(&,3,L+2,-1
NO | G(Z)l_l( (Z)) |> (a + )

1 = 4.
++1
I U A 1 ———dl_l
Let f(Z) - m%_l -[0 (l_t)zdt o (1 uZ)2 Uu.

Then

1y 1_

F@= [t 2 [ L

———du,
0 (1-uz)? o (1-uz)
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1

1 ¢! uE—I 20 u’
pull Rl 3
o (1+u) o (1+u)

- (1= 1.3,1L+2,-1
Ly o, GG3v2od
a (1+u) E+1)

1

| Let g(z:)=f(z)+§z2 where f(z)= ll_l r d =dt. Then f(z)eA: and g'(z) =
‘ 2 oz® (-1

f(2)+8z,8(-1)= f'(-1)-6=0. Thus the value of & is best possible.

f-hH=

When a =1, we get 6 =% thus getting N, (f)c s* for f € K aresult due to St.
7

Ruscheweyh [3].
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