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Summary. It is still unknown whether a SF-ring A (every simple left or
right A-module is flat) is von Neumann regular. The following non-trivial
generalization of regular rings is considered: write “A satisfies(*)” if, for
any maximal right ideal $M$ of $A$ , every $y\in M,$ $A/yM$ is a flat right A-module.
Conditions are given for such rings to be (a) von Neumann regular; (b) left
self-injective regular; (c) right Artinian; (d) right Kasch; (e) ELT regular;
(f) strongly regular.

Introduction.

It is well-known that $A$ is von Neuman regular if, and only if, every left
(right) A-module is flat. Von Neumann regular rings and their generalizations
have drawn the attention of many authors since several years (cf. for example,
[1], [5], [7], $[9]-[23]$ ).

Motivated by SF-rings (rings whose simple modules are flat), we study the
following generalization of regular rings:

We say that $A$ satisfies $(*)$ if $A$ has the following property: for any
maximal right $M$ of $A$ , every $y\in M,$ $A/yM$ is a flat right A-module. This note
contains the following results: (1) Let $A$ satisfy $(^{*})$ . Then (i) if $A$ is left self-
injective, then $A$ is either von Neuman regular or a left pseudo-Frobeniusean
local ring with the square of the Jacobson radical zero; (ii) If every principal
left ideal of $A$ is projective, then $A$ is von Neumann regular; (iii) $A$ is right
Artinian if, and only if, $A$ is right Noetherian; (iv) If $A$ contains an injective
maximal left ideal, then $A$ is left self-injective regular; (2) If $A$ is a MELT
fully idempotent ring whose essential left ideals are idempotent, then $A$ is
regular; (3) $A$ left or right quasi-due fully idempotent ring satisfying $(^{*})$ is
strongly regular.

Mathematics subject classification: $16A30;16A52$ .
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Throughout, $A$ denotes an associative ring with identity and A-modules are
unital. $J$ will denote the Jacobson radical of A. $Z=\{z\in A\backslash Lz=0$ for some
essential left ideal $L$ } is called the lef singular ideal of $A$ and $A$ is called left
non-singular if $Z=0$ . Following G. $0$ . MICHLER-O. E. VILLAMAYOR, $A$ is
called semi-simple if $J=0$ . As in previous papers, we write:

$A$ is ELT (resp. MELT) if every essential (resp. maximal essential, if it
exists) left ideal of $A$ is an ideal. (An ideal of $A$ will always mean a two-sided
ideal of $A$). Similarly, ERT and MERT rings are defined on the right side.
As usual, (1) $A$ is called left (resp. right) quasi-duo if every maximal left (resp.
right) ideal of $A$ is an ideal; (2) $A$ is called fully idempotent (resp. (a) fully
left idempotent, (b) fully right idempotent) if every ideal (resp. (a) left ideal,
(b) right ideal) of $A$ is idempotent. Note that if $A$ is fully idempotent, it is
not necessary that $J=0$ ( $i.e.$ $A$ semi-simple) (cf. [20, p. 1068]). Consequently,
[18, Proposition 1(5)] should be modified as follows:

Remark 1. $A$ is ELT regular iff every factor ring of $A$ is a semisimple
MELT left $P$-injective ring.

Question: Is a MELT fully idempotent left self-injective ring von Neumann
regular?

Remark 2. The ring constructed by ZHANG in [22, Theorem 1] is neither
ELT nor ERT.

Thus MELT rings effectively generalize ELT and left quasi-duo rings (cf.
Proposition9 and Corollary 10).

The question whether right SF-rings are regular is still open. Obviously,
von Neumann regular rings satisfy $(*)$ . Also, if $A$ is a local ring with non-
zero $J$ such that $J^{2}=0$, then $A$ also satisfies $(^{*})$ . Consequently, a ring satisfy-
ing $(^{*})$ needs not be von Neumann regular. Recall that $A$ is a left (resp. right)
Kasch ring if every maximal left (resp. right) ideal of $A$ is an annihilator [7].
It is well-known that left self-injective left Kasch rings are left pseudo-Frobe-
niusean.

Proposition 1. The following conditions are equivalent for a left self-
injective ring $A$ :

(1) $A$ is either regular or $A$ is a left Pseudo-Frobeniusean local ring with
$J\neq 0,$ $J^{2}=0$ ;

(2) $A$ satisfies $(*)$ .

Proof. Obviously, (1) implies (2).
Assume (2). If $A$ is not regular, then $J\neq 0$ . Let $0\neq y\in J$ . For any maxi-
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mal right ideal $M$ of $A,$ $y\in M$ and since $A/yM_{A}$ is flat, then for any $b\in M$,

$yb=ycyb$ for some $c\in M$ (cf. [3, Proposition 2.1]). Therefore $(1-yc)yb=0$ and
since $yc\in J$ , there exists $w\in A$ such that $w(1-yc)=1$ which yields $yb=$

$w(1-yc)yb=0$, showing that $M=r(y)$ . This proves that $A$ is a local ring and
$J$ is the unique maximal left (or right) ideal of $A$ . The proof also shows that
$J^{2}=0$ . Thus $A$ is left Kasch which implies that $A$ is left pseudo-Frobeniusean.
Therefore (2) implies (1).

The proof of Proposition 1 yields the right injective analogue and a similar
result for semi-perfect rings.

Proposition 2. If $A$ is a right self-injective ring satisfying $(^{*})$ , then either
$A$ is regular or $A$ is a right Pseudo-Frobeniusean local ring.

Proposition 3. A semi-perfect ring satisfying $(^{*})$ is either completely pri-
mary or semi-simple Artinian.

We now give a nice characterization of regular rings.

Theorem 4. The following conditions are equivalent:
(1) $A$ is von Neumann regular;
(2) $A$ is left $PP$ ring satisfying $(^{*})$ .

Proof. Since every principal left ideal in a regular ring is projective, then
(1) implies (2).

Assume (2). Let $F=b_{1}A+b_{2}A+\cdots+b_{n}A$ be a finitely generated Proper right
ideal of $A,$ $M$ a maximal right ideal containing $F$. First suPpose that for every
$a\in M,$ $aA$ is generated by an idempotent. Then any finitely generated right
ideal of $A$ contained in $M$ is generated by an idempotent. In particular, $F=eA$ ,
$e=e^{2}\in A$ . Since $F$ is a Proper right ideal, $l(F)=A(1-e)\neq 0$ . Now suPpose there
exists $c\in M$ such that $cA$ is not generated by an idempotent. If $cM=0$, then
$c\in l(F)$ implies that $1(F)\neq 0$ . If $cM\neq 0,$ $A/cM_{A}$ is flat by hypothesis. Given
$cb_{1},$ $cb_{2},$ $\cdots$ , $cb_{n}\in cM$, by [3, Proposition 2.2], there exists a right A-homomor-
phism $f:A\rightarrow cM$ such that $f(cb_{i})=cb_{i}$ for each $i,$ $1\leqq i\leqq n$ . If $f(1)=d\in cM,$ $d=cu$

for some $u\in M$, and $cb_{\ell}=dcb_{i}$ for each $i,$ $1\leqq i\leqq n$ . Therefore, $(1-d)cF=0$ . If
$(1-d)c=0$, then $c=dc=cuc$ implies that $cA$ is generated by an idempotent,
contradicting our hypothesis. Thus $(1-d)c\neq 0$ which again shows that $l(F)\neq 0$ .
We have just proved that any Proper finitely generated right ideal of $A$ has a
non-zero left annihilator and by [2, Theorem 5.4], a finitely geneerated pro-
jective submodule of any projective left A-module is a direct summand. Slnce
$A$ is left $PP$ , every principal left ideal is a direct summand of $AA$ and hence
(2) implies (1).
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Corollary 5. The following conditions are equivalent:
(1) $A$ is left self-injective regular;
(2) $A$ is left non-singular ring satisfying $(^{*})$ such that every finitely generated

non-singular left A-module is projective.

Proof. (1) implies (2) by [23, Corollary 6].

Assume (2). Then $A$ is left semi-hereditary satisfying $(^{*})$ and by Theorem
4, $A$ is regular. If ${}_{A}H$ is the injective hull of $AA$ , for any $h\in H,$ $F=A+Ah$ is
a finitely generated non-singular left A-module which is therefore projective.
Since every finitely generated proper right ideal of $A$ has non-zero left annihi-
lator by [2, Theorem 5.4], $AA$ is a direct summand of $AF$. But $AA$ is essential
$AF$ which implies that $A=F$, whence $A=H$. Thus (2) implies (1).

Rings whose essential right ideals are idempotent two-sided ideals need not
be regular (cf. [12, p. 701]).

Proposition 6. Let $A$ satisfy $(^{*})$ . Then $A$ is right Artinian iff $A$ is right
Noetherian.

Proof. One implication is obvious.
Now assume that $A$ is right Noetherian satisfying $(^{*})$ . If $J=0$, then $A$

satisfies the maximum condition on left and right annihilators. By [6, Theorem],
any Proper essential right ideal $E$ of $A$ contains a non-zero-divisor $c$ . Let $M$

be a maximal right ideal of $A$ containing $E$ . Since $A/cM_{A}$ is flat, then from
[3, Proposition2.1], $c’=cdc^{2}$ for some $d\in M$. Now $1(c)=0$ implies that $1=cd$

$\in M$, contradicting $M\neq A$ . This proves that $A$ contains no Proper essential
right ideal which implies that $A$ is semi-simple Artinian. If $J\neq 0$, the proof of
Proposition 1 shows that $A$ is a local ring with $J^{2}=0$ . Then $A$ is right Artinlan
by [7, Corollary 11.6.4].

Remark 3. $A$ is right Artinian iff $A$ is right Noetherian such that for
every prime factor ring $B$ of $A$ , either $B$ satisfies $(*)$ or every essential right
ideal of $B$ is an idempotent two-sided ideal.

We mention another case when Noetherian rings are Artinian.

Proposition 7. Let $A$ be either MELT or MERT. If $A$ is right Noetherian
and every right ideal of $A$ is a right annihilator, then $A$ is right Artinian.

Proof. Since $A$ is right Noetherian whose right ideals are right annihi-
lators, then $A/V$ is a right V-ring [4, Theorem 2.3]. Therefore $A/J$ is a
MELT or MERT right V-rings which is von Neumann regular in any case (cf.
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[1]). It follows that $A/J$ is semi-simple Artinian and by [4, Proposition 3.3(iii)],
$A$ is right Artinian.

APplying [8, Proposition 1], we get

Corollary 8. If $A$ is either MELT or MERT, then $A$ is $qua\dot{\alpha}- Frobe\dot{m}usean$

iff $A$ is right Noetherian such that every right ideal is a right annihilator and
every minimal left ideal is a left annihilator.

If all maximal and all essential left ideals of $A$ are idempotent two-sided
ideals, $A$ needs not be regular.

Example. Let $A=\left(\begin{array}{ll}K & K\\0 & K\end{array}\right)$, where $K$ is a field. Then $M=\left(\begin{array}{ll}0 & K\\0 & K\end{array}\right),$ $N=$

$\left(\begin{array}{ll}K & K\\0 & 0\end{array}\right)$ are maximal left ideals which are idempotent two-sided. $N$ is the

unique Proper essential left ideal of A. $AM$ is injective but $AA$ is not injective
(cf. [12], [22]).

Remark 4. In the above example, $A/J$ is a strongly regular ring.

Although MELT fully idempotent rings need not be regular [22], the fol-
lowing holds.

Proposition9. Let $A$ be a MEL $T$ fully idempotent ring whose essential left
ideals are idempotent. Then $A$ is regular.

Proof. Let $B$ be a prime factor ring of $A$ . Then every essential left ideal
of $B$ is idempotent. For any $0\neq t\in B$ , if $T=BtB,$ $K$ a complement left sub-
ideal of $T$ such that $Bt\oplus K$ is an essential left subideal of $T$ . Since $BT$ is
essential in $BB$ , then $BBt\oplus K$ is essential in $BB$ which implies that $(Bt\oplus K)^{2}=$

$Bt\oplus K$. Now $t=\Sigma_{i=1}^{n}(b_{\ell}t+k_{i})(c_{i}t+s_{i}),$ $b_{i},$ $c_{\ell}\in B,$ $k_{\ell},$ $s_{\ell}\in K$, and therefore
$t-\Sigma_{i\Rightarrow 1}^{n}(b_{\ell}t+k_{i})c_{\ell}t=\Sigma_{\ell=1}^{n}(b_{\ell}t+k_{\ell})s_{\ell}\in Bt\cap K=0$ . Thus $t\in Tt$ which proves that
$B$ is fully left idempotent. Since $B$ is MELT fully left idempotent, then $B$ is
regular by [1, Theorem 3.1].

By [5, Corollary 1.18], $A$ is regular.

The next corollary improves [12, Theorem 3].

Corollary 10. If $A$ is ELT fully idempotent, then $A$ is regular.

Proposition 11. If $A$ is a ring satisfying $(^{*})$ such that the right singular
ideal is non-zero, then $A$ is right Kasch.

Proof. Let $Y$ denote the right singular ideal of $A$ . For any maximal right
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ideal $M$ of $A$ , since $Y$ cannot contain a non-zero idempotent, then $Y\cap M\neq 0$ .
If $0\neq y\in Y\cap M$, since $A/yM_{A}$ is flat, for any $b\in M,$ $yb=ycyb$ for some $c\in M$.
Since $r(yc)\cap ybA=0$ , then $yb=0$ which yields $yM=0$, whence $M=r(y)$ . This
proves that $A$ is right Kasch.

Rings containing an injective maximal left ideal need not be left self-injec-
tive (cf. above example).

Theorem 12. Let $A$ be a ring satisfying $(^{*})$ and containing an injective
maximal left ideal. Then $A$ is left self injective regular.

Proof. Let $M$ be an injective maximal left ideal of $A$ . Then $A=M\oplus V$ ,

where $V$ is a minimal left ideal of $A$ . If $M=Ae,$ $e=e^{2}\in A,$ $V=Av,$ $v=1-e$ ,

then $r(M)=vA$ . Suppose that $J\neq 0$ . Since $A$ satisfies $(^{*})$ , then $J^{2}=0$ and $A$ is
a local ring (cf. Proposition 1). In that case, $J=M=Ae$ , which contradicts the
fact that $J$ cannot contain a non-zero idempotent. This proves that $J=0$ .
Therefore $A$ is semi prime and $r(M)=vA$ must be a minimal right ideal of $A$ .

By [19, Theorem 1.2], $A$ is left self-injective.
Since $J=0,$ $A$ is von Neumann regular.

Proposition 13. If $A$ satisfies $(^{*})$ and is either left or right $SF$, then $J=0$ .

Proof. Suppose that $J\neq 0$ . Then $A$ is a local ring with $J^{2}=0$ (cf. Proposi-
tion 1). Since $A$ is left and right quasi-duo, whether $A$ is left or right $SF,$ $A$

must be strongly regular by [14, Theorem 1.7], which contradicts $J\neq 0$ . This
proves the proposition.

Following [16], $A$ is called a left GQ-injective ring if, for any left ideal
$C$ isomorphic to a complement left ideal of $A$ , every left $A$-homomorphism of
$C$ into $A$ extends to an endomorphism of $AA$ .

Applying [16, Proposition 1], we get

Corollary 14. Let $A$ be left GQ-injective ring. The following conditions
are then equivalent:

(1) $A$ is von Neumann regular;
(3) $A$ is a left SF-ring satisfying $(^{*})$ ;
(3) $A$ is a right SF-ring satisfying $(*)$ .

Strongly regular rings are now characterized in terms of rings satisfying $(*)$ .

Proposition 15. The following conditions are equivalent:
(1) $A$ is strongly regular;
(2) $A$ is left quasi-duo, fully idempotent ring satisfying $(^{*})$ ;
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(3) $A$ is right quasi-duo, fully idemPotent ring satisfying $(^{*})$ .

Proof. (1) implies (2) and (3) evidently.
Assume (2). Let $B$ be any factor ring of $A$ . Then $B$ is a semi-prime left

quasi-duo ring $satisfy\dot{i}g(^{*})$ . Since $B$ is semi-prime, the proof of Proposition
1 shows that $J(B)$ , the Jacobson radical of $B$ , must be zero. Since $J(B)=0$ and
$B$ is left quasi-duo, then $B$ must be a reduced ring (cf. the proof of (2) im-
plies (3) in [15, Theorem 2.1]). For any prime factor ring $P$ of $A,$ $P$ (being
reduced) is an integral domain by [13, Proposition 6]. Suppose there exists
$0\neq u\in P$ such that $uP\neq P$. Let $R$ be a maximal right ideal of $P$ containing $uP$.
Since $P$ satisfies $(^{*}),$ $P/uRu_{P}$ is flat. If $uR=0,$ $R=r(u)$ and $uP(\approx P/r(u))$ is a
minimal right ideal of $P$ which is generated by an idempotent $e$ , whence $e=1$

( $P$ being an integral domain) which contradicts $uP\neq P$. If $ur\neq 0$ for some $r\in R$ ,
$ur=utur,$ $t\in R$ , and again $1=ut\in R$ , which contradicts $R\neq P$. This proves that
$P$ is a division ring. Since $A$ is fully idempotent, then $A$ is regular by [5,
Corollary 1.18] and hence (2) implies (1).

Similarly, (3) implies (1).

Corollary 16. If $A$ is a MEL $T$ fully idempotent ring satisfying $(^{*})$, then $A$

is $ELT$ and regular.

Proof. Since $A$ is semi-prime, the left (and right) socle $S$ of $A$ is a fully
left (and right) idempotent ring. Since $A/S$ is a left quasi-duo fully idempotent
ring satisfy $(^{*})$, then $A/S$ is strongly regular by Propositlon 15. Therefore $A$

is ELT and von Neumann regular [17, Remark $1(b)$].

Remark 5. If $A$ is a fully idempotent ring satisfying $(^{*})$ , then any factor
ring of $A$ is semi-simple.
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