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Abstract. A relation between the trimming size of trimmed L-statistics and
their limit distributions is considered for strictly stationary sequence of random
variables satisfying the $\phi$-mixing condition or the strong mixing condition.

1. Introduction and results

Let $\xi_{n;1}\leqq\xi_{n;2}\leqq\cdots\leqq\xi_{n:n}$ be the order statistics $rreswnding$ to some sta-
tionary sequence of random variables $\{\xi_{1}, \xi_{2}, \cdots , \xi_{n}\}$ with the uniform distribu-
tion over $(0,1)$ . An L-statistic is defined by

$T:=\frac{1}{n}\sum_{i\Leftarrow 1}^{n}c_{ni}g(\xi_{n:\ell})$ ,

where, $\{c_{n\ell}, 1\leqq i\leqq n\}$ is a triangular array of positive constants and $g$ is a left
continuous and nondecreasing function on $(0,1)$ . L-statistics play an important
role in the theory of statistical inference. (See Chapter 7 in [5] for more
details.) Besides it is well known that the rate of convergence in the central
limit theorem can be improved by trimming extreme random variables (see e.g.
[1] and [4]). Furthermore the trimming method gives some advantages to the
central limit theorem in addition to the rate of convergence. However the
limit distribution differs from the original normal distribution or the central
limit theorem does not hold while the trimming size is so large. In this paper,
according to [3], we consider a weak convergence of some trimmed L-statistics
for weakly dependent random variables, here three types of trimming size are
treated; trimming fixed numbers, trimming fixed fractions and trimming vanish-
ing fractions.

Let $\{\xi_{j}, j\geqq 1\}$ be a strictly stationary sequence of random variables with
uniform distribution over $(0,1)$ satisfying some mixing condition as follows.
Denote $m_{a}^{b}$ the a-algebra generated by $\xi_{a},$ $\cdots$ , $\xi_{b},$ $ 1\leqq a\leqq b\leqq\infty$ . We say that
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$\{\xi_{j}\}$ is $\phi$-mixing if as $ n\rightarrow\infty$

(1) $\phi(n):=\sup_{k\geqq 1A\in\ovalbox{\tt\small REJECT}_{1}^{k}}\sup_{B\in.\Re_{k+n}^{\infty}}|\frac{P(AB)-P(A)P(B)}{P(A)}|\downarrow 0$ .

Furthermore $\{\xi_{j}\}$ is said to be strong mixing if as $ n\rightarrow\infty$

(2)
$\alpha(n):=\sup_{k\geq 1A\in 3\ell_{1}^{k}.B}\sup_{\in\ovalbox{\tt\small REJECT}_{k+n}^{\infty}}|P(AB)-P(A)P(B)|\downarrow 0$

.

It is easy to see that $\alpha(n)\leqq\phi(n)$ for each $n$ (e.g. [6]).
Consider the trimmed L-statistic defined by

$T_{n}$ $:=\frac{1}{n}\sum_{\ell=\iota_{n^{+1}}}^{mn}c_{ni}g(\xi_{n:\iota})$ ,

where $k_{n}$ and $m_{n}$ are nonnegative integers with $0\leqq k_{n}<m_{n}\leqq n$ . As for $\{c_{ni}\}$

we suppose that there exists a nonnegative and continuous function $J$ on $(0,1)$

such that for each $1\leqq\iota\leqq n$

$c_{ni}=n\int_{(i-1)/n}^{\ell/n}J(t)dt$ .

SpeciPcally we assume that $J$ is Lipschitz continuous on any interval $[\delta, 1-\delta]$

with $0<\delta\leqq 1/2$ and for some real $\rho_{0},$ $\rho_{1}$

$J(t)=t^{\rho_{0}}\nu_{0}(t)$ and $J(1-t)=t^{\rho_{1}}\nu_{1}(t)$ for $ 0<t\leqq\delta$ ,

where $\nu_{0}$ and $\nu_{1}$ are slowly varying at $t=0$ and

$\nu_{0}^{\prime}(t)=t^{-1}\nu_{0}(t)\epsilon_{0}(t)$ and $\nu_{1}^{\prime}(t)=t^{-1}\nu_{1}(t)\epsilon_{1}(t)$

for some continuous functions $\epsilon_{0}$ and $\epsilon_{1}$ with $\epsilon_{0}(t),$ $\epsilon_{1}(t)\rightarrow 0$ as $t\rightarrow 0$ . Moreover
define a key function $K$ on $(0,1)$ by

$K(t):=\left\{\begin{array}{ll}0 & for 0<t<c\\\int_{0}^{t}J(t)dg(t) & for c\leqq t<1,\end{array}\right.$

here $c$ is a fixed continuity point of $g$ with $0<c<1$ . We also assume that $K$

is not the trivial zero function. Since $K$ is nondecreasing and $K(\epsilon)=0$ for
some $\epsilon>0,$ $K$ is the left continuous inverse of some distribution function $H$.
For some uniformly distributed random variables $\{\xi_{j}\}$ define $Y_{ab}(\xi_{j})$ by

$Y_{ab}(\xi_{j}):=K_{ab}(\xi_{j})-E(K_{ab}(\xi_{j}))=-\int_{a}^{b}\zeta_{j}(t)dK(t)$ ,

where
$\zeta_{j}(t):=I\{\xi_{j}<t\}-t$ , $0<t<1$ ,

$K_{ab}(t):=\left\{\begin{array}{ll}K(a) & for 0<t\leqq a\\K(t) & for a<t<b.\\K(b) & for b\leqq t<1\end{array}\right.$
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We investigate the asymptotic normality of $T_{n}$ under the next three conditions
for trimming sizes $k_{n}$ and $m_{n}$ .

Condition I. (Trimming fixed numbers).

$k_{n}=k$ and $m_{n}=m$ for all $n$ , where $k$ and $m$ are fixed numbers.

Condition II. (Trimming fixed fractions).

For $0<a<b<1,\lim_{n\rightarrow\infty}\sqrt{n}(\frac{k_{n}}{n}-a)=0$ and $\lim_{n\rightarrow\infty}\sqrt{n}(\frac{m_{n}}{n}-b)=0$ .

Condition III. (Trimming vanishing fractions).

$\lim_{n\rightarrow\infty}k_{k}=\infty$ and $\lim_{n\rightarrow\infty}\frac{k_{n}}{n}=0$ , $\lim_{n\rightarrow\Phi}(n-m_{n})=\infty$ and $\lim_{n\rightarrow\infty}\frac{m_{n}}{n}=1$ .

In the case where $\{\xi_{j}\}$ is a sequence of i.i. $d$ . random variables [1] suc-
ceeded to characterize the possible limiting behavior of trimmed sum $T_{n}$ . Fur-
thermore [3] obtained necessary and sufficient conditions of asymptotic normality
of $T_{n}$ . In this note we shall extend their results to the case where $\{\xi_{f}\}$ are
weakly dependent random variables satisfying mixing conditions.

Theorem 1. (Trimming a fixed number). Suppose that Condition $I$
$\iota s$ satisfied.

Furthermore assume that $\{\xi_{j}\}$ is a strictly stationary sequence of random variables
with zero mean and $ E(|g(\xi_{1})|^{2+\delta})<\infty$ for some $\delta>0$ . Assume that $\{\xi_{j}\}$ satisfies
either the $\phi$-mixing condition (1) with

(3) $\sum_{k\approx 1}^{\infty}k^{2p-2}\{\phi(k)\}^{1/2}<\infty$ and $\phi(k)=O(k^{-3(1-q)/4q})$ ,

or the strong mixing condition (2) with

(4) $\sum_{k=1}^{\infty}k^{2p-2}\{\alpha(k)\}^{1/2}<\infty$ and $\alpha(k)=O(k^{-2(1+r)/Sr})$ ,

here $p\in Z^{+}$ and $q,$ $r<1/4$ are some positive constants. Then

$\sigma_{01}^{2}$ $:=\lim_{n\rightarrow\Phi}\frac{1}{n}E(\sum_{f=1}^{n}Y_{01}(\xi_{j}))^{2}$

exists. If $\sigma_{01}^{2}>0$ , then we can redefine $\{T_{n}\}$ and a sequence of independent copies
of Gaussian process $\{B_{n}(t), 0<t<1\}$ with covariance

(5) $\Gamma(s, t)=E(\zeta_{1}(s)\zeta_{1}(t))+\sum_{k=1}^{\infty}E(\zeta_{1}(t)\zeta_{k+1}(s))+\sum_{k=1}^{\infty}E(\zeta_{1}(s)\zeta_{k+1}(t))$

on a common probability space such that

(6) $\lim_{n\rightarrow\infty}P\{|\sqrt{n}(T_{n}-\mu_{n})+\int_{0}^{1}B_{n}(t)dK(t)|>\epsilon\}=0$ ,

for any $\epsilon>0$ , where $\mu_{n}$
$:=\int_{k_{n}/n}^{m_{n}/n}J(t)g(t)dt$ . Furthermore
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$d$

(7) $\sqrt{n}(T_{n}-\mu_{n})/\sigma_{01}\rightarrow N(0,1)$

$d$

as $ n\rightarrow\infty$ , where $‘‘\rightarrow$ means convergence in law.

Theorem 2. (Trimming a fixed fraction). Assume that Conditzon II is satisfied.
Then, for any $0<a<b<1$ ,

$\sigma_{ab}^{2}:=\lim_{n\rightarrow\infty}\frac{1}{n}E(\sum_{j=1}^{n}Y_{ab}(\xi_{j}))^{2}$

exists. Supp0se that $J$ is Lipschitz continuous on a neighborhood containing $[a, b]$

with $J(a+t)=t^{\rho_{0}}\nu_{0}(t)$ and $J(b-t)=t^{\rho_{1}}\nu_{1}(t)$ for $ 0<t\leqq\delta$ and $\sigma_{ab}^{2}>0$ . Under the same
assumpti0ns as in Theorem 1, if

$K(a+)-K(a-)=K(b+)-K(b-)=0$ ,

then we can redefine $\{T_{n}\}$ and $\{B_{n}(t)\}$ on a common probability space such that

(8) $\lim_{n\rightarrow\infty}P\{|\sqrt{n}(T_{n}-\mu_{n})+\int_{a}^{b}B_{n}(t)dK(t)|>\epsilon\}=0$

for any $\epsilon>0$ . Furthermore, as $ n\rightarrow\infty$

$d$

(9) $\sqrt{n}(T_{n}-\mu_{n})/\sigma_{ab}\rightarrow N(0,1)$ .
Theorem 3. (Trimming a vanishing fraction). Assume that Conditions $ I\Pi$ is

satisfied. Under the same assumptions in Theorem 1, if $\Psi_{in}(c)\rightarrow 0$ as $ n\rightarrow\infty$ holds
for all real $c$ and $i=0,1$ , then we can redefine $\{T_{n}\}$ and $\{B_{n}(t)\}$ on a common
probability space such that (6) and (7) hold, where $\Psi_{\ell n}$ is some nondecreasing
and left continuous function with $\Psi_{\ell n}(0)=0$ for $i=0,1$ defined by

$\Psi_{on}(x):=\left\{\begin{array}{ll}\sqrt{k_{n}}/n\{K((3k_{n})/(2n))-K(k_{n}|n)\}, & x>\sqrt{k_{n}}/2\\\sqrt{k_{n}/n}(K((k_{n}/n)+x\sqrt{k_{n}}/n)-K(k & /n)\}, |x|\leqq\sqrt{k_{n}}/2\\\sqrt{k_{n}}/n\{K(n_{n}/(2n))-K(k_{n}/n)\}, x & -\sqrt{k_{n}}/2\end{array}\right.$

$\Psi_{1n}(x):=\left\{\begin{array}{ll}\sqrt{(n-m_{n})/n}\{K((m_{n}/n)+(n-m_{n})/(2n))-K(m_{n}/n)\}, & x>\sqrt{n-m_{n}}/2\\\sqrt{(n-m_{n})/n}\{K((m_{n}/n)+x\sqrt{}\overline{n-m_{n}}/n)-K(m_{n}/n)\}, & |x|\leqq\sqrt{n-m_{n}}/2.\\\sqrt{(n-m_{n})/n}\{K((m_{n}/n)-(n-m_{n})/(2n))-K(m_{n}/n)\}, & x<-\sqrt{n-m_{n}}/2\end{array}\right.$

2. Proof of Theorem 2

We first treat the $\phi$-mixing case with (3). The strong mixing case can be
considered similarly. Before proving we prepare the following lemma due to [2].

Lemma 1. Put $U_{n}(t):=n^{-1/2}\sum_{\ell=1}^{n}\zeta_{\ell}(t)$ for $0<t<1$ . Under the assumptions in
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Theorem 1, on a common probability space, we can construct $\{U_{n}(t)\}$ and in-
dependent copies of Gaussian process $\{B_{n}(t)\}$ with the covariance $\Gamma(s, t)$ defined
by (5) such that

(10) $P\{\sup_{t\in(0.1)}|U_{n}(t)-B_{n}(t)|\geqq Cn^{-\beta}(\log n)^{1/2}\}\leqq Cn^{-\beta}(\log n)^{1/2}$ ,

here $\beta$ is some positive constant dependent on $\{\alpha(k)\}$ or $\{\phi(k)\}$ .

Now we show that $\sigma_{ab}^{l}$ $;=\lim_{n\rightarrow\infty}(1/n)E(\sum_{f=1}^{n}Y_{ab}(\xi_{j}))^{2}$ exists for any $0<a<b<1$ .

Using Theorem 1.2.2 in [6] and (3),

(11) $E(\sum_{j=1}^{n}Y_{ab}(\xi_{j}))^{2}=\sum_{1\leqq i.j\leqq n}E(\int_{a}^{b}\zeta_{\ell}(t)dK(t)\cdot\int_{a}^{b}\zeta_{j}(t)dK(t))$

$=\sum_{1\leqq i,j\leq n}\int_{a}^{b}\int_{a}^{b}[E(I\{\xi_{i}<s\}I\{\xi_{j}<t\})-st]dK(s)dK(t)$

$=\sum_{1\leq\ell.\ell\leq n}2\phi(|i-j|)\int_{a}^{b}\int_{a}^{b}dK(s)dK(t)=O(n)$ ,

as $ n\rightarrow\infty$ . Hence the limit exists clearly.
We next prove (8). According to [3], p. 127, we have

(12) $\sqrt{n}(T_{n}-\mu_{n})+\int_{a}^{b}B_{n}(t)dK(t)$

$=\sqrt{n}\{\int_{(\xi_{n:k}.\xi_{n:m_{n}}1}g(t)d\Gamma(G_{n}^{*}(t))-\int_{\iota_{n^{\prime}}n}^{m_{n}\prime n}g(t)d\Gamma(t)\}+\int_{a}^{b}B_{n}(t)dK(t)$

$=-\int_{\xi_{n:t_{n}}}^{m_{n}\prime n}n^{-1/1}\int_{t}^{G_{n}^{*}(t)}J(s)dsdg(t)-\int_{\xi_{n:k_{n}}}^{k_{n}\prime n}n^{-1/2}\int_{k_{n}\prime n}^{G_{n}^{*}(t)}J(s)dsdg(t)$

$+\int_{\xi_{n:m_{n}}}^{m_{n}/n}n^{-1\prime 2}\int_{m_{n}/n}^{G_{n}^{*}(t)}J(s)dsdg(t)+\int_{a}^{b}B_{n}(t)dK(t)$

$=\int_{a}^{k_{n}/n}B_{n}(t)dK(t)+\int_{m_{n}/n}^{b}B_{n}(t)dK(t)-\int_{k_{n}/n}^{m_{n}/n}(U_{n}(t)-B_{n}(t))dK(t)$

$-\int_{\iota_{n}/n}^{m_{n}/n}(L_{n}^{T*}(t)-U_{n}(t))dK(t)-\frac{1}{2}n^{-1/2}\int_{k_{n}/n}^{m_{n}/n}U_{n}^{*}(t)^{2}J^{\prime}(t_{n}^{*})dg(t)$

$-\int_{\xi_{n:k_{n}}}^{k_{n}/n}n^{-1/2}\int_{k_{n}/n}^{G_{n}^{*}(t)}J(s)dsdg(t)+\int_{\xi_{n:m_{n}}}^{m_{n}/n}n^{-1\prime 2}\int_{k_{\hslash}ln}^{G_{n}^{*}(t)}J(s)dsdg(t)$

$=:I_{1}+I_{2}+I_{3}+I_{4}+I_{f}+I_{6}+I_{7}$ ,

where

$d\Gamma(t):=J(t)dt,$ $G_{n}(t):=\frac{1}{n}\sum_{\ell=1}^{n}I(\xi_{\ell}\leqq t),$ $U_{n}^{*}(t):=\sqrt{n}\{G_{n}^{*}(t)-t\}$ ,



156 K. YOSHIHARA AND S. KANAGAWA

$G_{n}^{*}(t):=\left\{\begin{array}{ll}1/n, & 0<t<\xi_{n:1}\\G_{n}(t), & \xi_{n;1}\leqq t<\xi_{n:n},\\1-1/n, & \xi_{n:n}\leqq t<1\end{array}\right.$

for $t\in(O, 1)$ and $t_{n}^{*}$ lies between $G_{n}^{*}(t)$ and $t$ . Since $k_{n}/n\rightarrow a,$ $m_{n}/n\rightarrow b$ and
$K(a+)-K(a-)=K(b+)-K(b-)=0$ , it is easy to see that

(13) $\lim_{n\rightarrow\infty}P\{|I_{1}/\sigma_{ab}|>\epsilon\}=\lim_{n\rightarrow\infty}P\{|I_{2}/\sigma_{ab}|>\epsilon\}=0$ .

We next show that $I_{8}$ converges to zero in probability. Put

$A:=\{\sup_{t\in t01)}|U_{n}(t)-B_{n}(t)|\geqq Cn^{-\beta}(\log n)^{1/2}\}$ .
Using Lemma 1, we can construct $\{U_{n}(t)\}$ and $\{B_{n}(t)\}$ on a common probability
space such that for any $\epsilon>0$

(14) $P\{|I_{s}/\sigma_{ab}|>\epsilon\}\leqq P\{|I_{s}/\sigma_{ab}|>\epsilon, A^{c}\}+P\{A\}$

$\leqq P\{\int_{k_{n}/n}^{m_{n}/n}|U_{n}(t)-B_{n}(t)|dK(t)/\sigma_{ab}>\epsilon,\sup_{t\in(0.1)}|U_{n}(t)-B_{n}(t)|<Cn^{-\beta}(\log n)^{1/2}\}$

$+P\{A\}$

$\leqq P\{Cn^{-\beta}(\log n)^{1/f}\int_{\iota_{n/n}}^{m_{n}/n}dK(t)/\sigma_{ab}>\epsilon,\sup_{t\in(0,1)}|U_{n}(t)-B_{n}(t)|<Cn^{-\beta}(\log n)^{1/2}\}$

$+P\{A\}$

$\leqq P\{c_{n^{-\beta}(\log n)^{1/2}\int_{k_{n}/n}^{m_{n}/n_{dK(t)/\sigma_{ab}>\epsilon}}\}+Cn^{-\beta}(\log n)^{1/2}}\rightarrow 0$ as $ n\rightarrow\infty$ .

Furthermore we can also treat $I_{4}\sim I_{7}$ similarly and conclude the proof of (8)

from (12) $\sim(14)$ . Finally we see easily that $\int_{a}^{b}B_{n}(t)dK(t)/\sigma_{ab}$ obeys the standard

normal distribution which implies (9) from (8).

2. Proofs of Theorems 1 and 3

According to [3] we can show these theorems similarly to Theorem 2.
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