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Summary. Hilbert triple systems were introduced into mathematics because
of the role they play in a certain part of infinite-dimensional geometry. In
this paper we describe the bases for the theory of nonassociative Hilbert triple
systems from the algebraic and functional analytic point of view. In the last
section we give a new elementary proof that every simple associative Hilbert

triple system is isomorphic either to the triple of Hilbert-Schmidt operators
or to its negative.

0. Introduction and definitions

The theory of H*-algebras was initiated by Ambrose in [1]. His motivation
was to obtain an abstract characterization of the class of Hilbert-Schmidt
operators.

Let 4 be a complex Hilbert space and A=HS (4) the algebra of all Hilbert-
Schmidt operators acting on 4. If we introduce the inner product in A4 with
(A, B>=trace(AB*), we obtain an associative model for the following structure :

Definition 1. Let A be a complex Hilbert space with the inner product <, ).
If 4 is also a (nonassociative) algebra with the involution *, then A is called
an H*-algebra if

xy, 2>=Xx, 2y*H=(y, x*2>
holds for all x, y, ze .

In Ambrose proved that every (topologically) simple associative H*-
algebra is isomorphic to the algebra HS(4#) for a suitable Hilbert space 4.
Later this theory was successfully extended to some classical nonassociative

algebras such as Jordan (see [16], [17], and [247]), noncommutative Jordan
(see [16]), Lie (see [10], [11], [12], [14], [20], [21], and [23]), alternative
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(see and [24]) and Mal’cev (see and [23]). Some important results on
general nonassociative H*-algebras were obtained in and [16].

The concept of a Hilbert triple system can be regarded as a generalization
of the H*-algebra one. The motivation for this concept comes from the very
important role that this triple systems play in geometry. They have been used
by Kaup to give a classification of symmetric hermitian Banach manifolds. The
following example is perhaps interesting also from a functional analytic point
of view.

Example 1. Let & and X be complex Hibert spaces and let W=HS (4, X)
denote the class of all Hilbert-Schmidt operators from 4 into X. Define the
inner product on W with <A, B)=trace(AB*) and the triple product [---]: W
XWXW—-W with [ABC]=AB*C. It is easy to verify that 9 is a Hilbert
triple system according to the following:

Definition 2. Let 9%+(0) be a complex Hilbert space with the inner product:
<{,>. Let []:WXWXW—-W be a mapping which is linear in the first and
third variable and conjugate-linear in the second. Then W is called a Hilbert
triple system if

[xyzl, wr=<x, [wzy]D=<Kz, [yxw])
holds for all x, y, z, wew.

The Hilbert triple system in Example 1 belongs to the class of so called
associative triple systems.

Definition 3. Let 9 be a Hilbert triple system and g a subspace of W. T
is called a left (right) ideal of W if [WWITICT([(IWW]ICT) holds. If T is
both right and left ideal, then & is called an outsided ideal. If [TWW]4-[WTW]
+[WW4T ]JC I holds, then I is an ideal of . A Hilbert triple system is called
simple if [WWW]+(0) and if (0) and 9 are the only closed ideals of 9.

Example 2. Let A4 be a (nonassociative) H*-algebra with an inner product
{,> and involution *. Define a triple product on A with [xyz]=xy*.z. Then
(A, <,>, [---]) is a Hilbert triple system.

In the view of this example we can say that the theory of Hilbert triple systems
is in some sense a generalization of the theory of H*-algebras.

Example 3. Let 9% be a Hilbert space and J:9%—9 a conjugate-linear
mapping such that J*(x)=—x and {J(x), J(¥)>=<y, x> hold for all x, yew.
Define the triple product on W with [xyz]=<z, ypx—<x, J(2)>J(y). Then W
becomes a Hilbert triple system which belongs to the class of so called alter-
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native triple systems.

The theory of H*-algebras is often a source of inspiration for papers on
Hilbert triple systems. This leads every author to revisit some pieces of the
theory of H*.algebras and try to transfer the methods used there into the con-
cept of Hilbert triple systems. We feel that it makes sense to select all im-
portant results which hold for general nonassociative H*-algebras and present
their generalizations to the concept of Hilbert triple systems (with complete
proofs) in one paper which could then serve as a reference to the future papers
on this subject.

Following this idea, in the present survey we first provide (sections 1, 2, 3
and 4) a basis for the theory of general nonassociative Hilbert triple systems.

In the last section we describe the structure of associative Hilbert triple
systems. It seems that the main result of this section is not new. In the
authors independently obtained the same result using the theory of Hilbert
modules given in and the theory of induced representation of C*-algebras.
Our proof is entirely different and more elementary.

Our intention was to give this exposition as self-contained as possible. We
assume only that the reader is familiar with the basic concepts of the functional
analysis such as inner product spaces, the Hahn-Banach theorem, the closed
graph theorem and the uniform boundedness principle.

The contents of this paper was presented at the meetings of the group for
functional analysis at the University of Ljubljana which took place every
Thursday. The author thanks the members of this group for stimulating discus-
sions and useful comments.

1. Continuity of multiplication and first structure theorem

Proposition 1. Let W be a Hilbert triple system. Then the multiplication
(o] WPoW is continuous.

Proof. Denote the left multiplication operators with L(a, b)(x)=[abx].
The definition of the Hilbert triple system yields L(a, b)*=L(b, a). Since these
operators are everywhere defined, it follows that they are continuous for all
a, bew.

Take any e and define a mapping @.: W—B(W) with ¢u(x)=L(a, x).
Here we use a rather standard notation B(%) for the algebra of all bounded
linear operators acting on 9. Similarly we define a mapping ¢, : W—B(®) with
¢a(x)=L(x, a). Now we shall prove, using the closed graph theorem, that ¢,
and ¢, are continuous mappings for all aew.

Suppose that
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limx,=0, lim@u(x,)=T.

Nn—>oco

Then we have
<T(x), y>=Li_1:£1°<¢a<xn)(x)y y>=Ll-I.];1°<L((Z, x,,)(x), ¥

=lim<{[ax,x], y>=Ilim<a, [yxx,]>
=lim<{[xya], x,>=0.

This means that T=0 and therefore ¢, is continuous. In a similar way we
can prove that ¢, is continuous.
Now we define a set S={¢,; |al|<1}. Take any ¢,=S. Then we haye

Iga(x)|=IlL(a, x)I=ligz(a)l
Slé:lllel=lg=l <o

for all xe. By the uniform boundedness principle, there exists some constant
M>0 such that ¢,=S implies |j@,[|<M. This gives us, for all xe,

l¢zn=lSM  or equivalently (i¢.[<M]x].
This futher implies
IL(x, M=ol yI=Ml x| 3],
which finally gives us

ILxyz]lI=1L(x, )@I<IL(x, »ilzl=Mlx|lyllz]

for all x, y, z&9, which means that [---] is a continuous mapping. [

Definition 4. Let 9 be a triple system. Define the left, middle and right
annthilator of the triple system 9 by

Lann(W)={acsW: [aWww]=(0)},
Mann (W)= {asW ; (Waw]=(0)},
Rann W)= {aeW; [Wa]=(0)}.
Lemma 1. Let 9 be a Hilbert triple system. Then

Lann (9%)=Mann (%)=Rann (%)
holds.

Proof. Take any acLann(9). Then we have
{LwWaW], W)=<W, Laww]1>=(0),

which implies aeMann(%). Therefore Lann(%)CMann (). Other inclusions
can be proved in a similar way. [
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In the view of the above lemma we shall speak about the annihilator of the
Hilbert triple system.

Theorem 1. Let W be a Hilbert triple system. Then W can be decomposed
into an orthogonal sum W=W,DW,, where W, is a Hilbert triple system with a
trivial multiplication and W, a Hilbert triple system with zero annihilator.

Proof. Let 9, be the annihilator of 9. It is obvious that 9, is a linear
subspace with the trivial multiplication. Since the multiplication of 9 is con-
tinuous, it is also easy to see that 9, is closed. Therefore we have W=, W,
with ,=%¢. It remains to prove that 9, is a subtriple of 9% and that the
annihilator of 9, is zero.

First we have

W\ W, ], Wo)p =W, [CLVOWIWI H=(0),

which implies [, W, W, ]1CWs=9,. Now suppose that a9y, belongs to the
annihilator of 9#;,. Next we see that

LaWwW]=[aW W]+ [aW W, ]+ [ aW W, ]+ [aW, W, 1=(0)

holds. The first three terms on the right side of this equality are zero because
9, is the annihilator of 9 and [Lemma 1. The last term is zero because W,
is also a Hilbert triple system and we can use for 9,. This implies
that a belongs to the annihilator of 9% and therefore acW,\W,=(0). O

2. Ideals and second structure theorem

The purpose of this section is to prove that every Hilbert triple system
with zero annihilator is a direct sum of simple Hilbert triple systems. First
we need some facts about ideals in Hilbert triple systems which we can sum-
marize in the following:

Proposition 2. Let 9% be a Hilbert triple system with zero annihilator. Then
the following statements hold :

(i) If . is a left ideal of W, then .L* is also a left ideal of W.

(ii) If R is a right ideal of W, then R* is also a right ideal of W.

(iii) Every closed outsided ideal of W is also an ideal of W.

(iv) If 9 is a closed ideal of W, then {x€W ; [xWT]=0)}={xcW; [TWx]

- =(0)}=9F* holds.

(v) Let T be a closed ideal of W and X a closed ideal of . Then X is
also a closed ideal of W.

(vi) Let T and KX be minimal closed ideals of W. Then either I=XK or
gl1X.
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Proof. (i) From
MwwLt], LX>=LL, [WWLDCTLLL, L£3=(0)

it easily follows that .L* is a left ideal. A similar observation shows that (ii)
also holds.

(iii) Let g be an outsided ideal of 9. By (i) and (ii) g* is also an out-
sided ideal of 9. This implies that [T*WT]cTNT+=(0) and hence

AwawW], TH=LAW, [T WI DLW, 0)>=(0),

which finally gives us [WIW]CT++=7.
(iv) Denote by

Lanng(T)={xew; [xwT]=(0)}
and

Ranny(T)={x€W; [TwWx]=(0)}.
From (ii) and (iii) it is obvious that

g+CLanngy(T)NRanngy ()
holds.
In order to prove the converse take any x<Lanng(9) and decompose it into
a sum x=y-+z, where y&€9 and z€J* hold. Take also elements a, beW.
Decompose b into a sum b=b,+b,, where b, and b,=T* hold. Then we have

[yabl=[xab]—[zabl=[xab]+[xabs]—[zab]=
=[xab,]1—[zab,]—[zab,]J=[xab,]—[zab,]=[yab,]=0.

This means that y belongs to the annihilator of the triple systefn 3¢, which is
zero by assumption. Hence x=z=g*. So Lanny(g)=9g* holds. In a similar
way we can prove Ranng(q)=g"*.

(v) This follows from

(WWAX]=[TWX]+ [T WX ]=[TWK]
=[ITKX]+[TT*K]=[TTKX]C X,
LAWW]=[AWT ]+ [ KWT]=[AWT]
=[XTTIH+[XT*T]=[KTT]C X
and (iii).
(vi) Obviously INX is also an ideal of 9, which is contained in I and X.
Because of the minimality of those ideals we have two possibilities: either

INKX=(0) or TINKX=TI =K. In the first case we get [TW K] TN K =(0), which
implies gCLanng(X)=X*. In the second case there is nothing to prove. 0O

Our next goal is to prove that minimal closed ideals exist. Let 9 be a
Hilbert triple system. A nonzero element x<% will be called minimal, if for
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every closed ideal I of 9 either x&g or x=g* holds.

Let x be a minimal element and 9(x) the closed ideal generated by x. Let
KC I (x) hold for some closed ideal X. Since x is minimal, either x&X or
x&X* holds, In the first case we immediately obtain (x)=.X. In the second
case we get first I(x)CX*, which implies K X* and finally K=(0).

Therefore the existence of minimal elements in 9% implies that 9 contains
minimal closed ideals.

Proposition 3. Let W be a Hilbert triple system with zero annihilator. Then
9 contains a minimal element.

Proof. Define ¢,: W—B(9) in the same way as in the proof of Proposition
1. Define also a new norm on 9 by |a|=ligall. This is a norm because ¢,=0
if and only if a=0. (%, ||) is not necessarily a Banach space, since it is not
necessarily complete.

Despite this fact, the unit ball 8 of the dual (%, ||)* has, according to the
theorems Alaoglu-Bourbaki and Krein-Milman, an extreme point fo. We shall
prove that f,(x)=<x, @) holds and that ¢ is a minimal element.

First we must observe that the functional f, is also continuous in the Hilbert
space topology. Inequality ||¢.|<M| x| gives us |x|<M|x|. Therefore 1 foll
=M]|f,| holds and so f,cw*. It is well-known that this implies fo(x)=<x, a>
for some a=w. Since f, is an extreme point of the set 4, it lies in the
boundary of @ and therefore |f,|=1.

Take a closed ideal g of the triple system 9. As we already know, 9 can
be decomposed into an orthogonal sum of two ideals = gPagt. We shall prove
that the dual (%, | |)¥ can also be decomposed into the direct sum of two suitable
subspaces.

1. step. Take x=dJ and yeT*. We shall prove that the equality |x+y|=
=max{|x|, |y|} holds.

Take z, we® and compute ¢, () (w)| :

1§z y@DWI*=[[xzw]+[yzw]l*=|[xzw]l*+ | [yzw]|*=
=l g=(2) w2+l gy (2)(w)*.

This obviously implies that the following two inequalities hold :

@z y(@N W) 21 @=(2)(wW)]

@z ()W) Z Gy (2)(w)]
and finally

|2 +y|=|¢z., | Zmax{lig.l, |@,I} =max{lx|, |y}.
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Now denote a=max{|x|, |y|}. We shall decompose the element w, in the sense
of the above decomposition of 9, into a sum w=u-+v. Then we have
¢z y@ (W) =[x2w]+[yzw]|*=[[xzul+[yzv]|*
=|[xzull®+ [ Lyzv]II’=|@(2)(WI*+ ()W)
Slig=@I%ul*+ 1o, @121l

<atlz|*(lul?+lvID=a’lz]?|wl|®,
and so
[x4+y]|=l@zsy|Sa=max{|x]|, |y]}.

2. step. Define U={ge@, |1)¥; g(*)=(0)} and V={ge@, |*; g(@)=
(0)}. Take g and he<y. Then the identity |g+h|=]|g|+|h| holds.

Take any £€>0. There exist such elements x&g and yeg* that
&€
x1=1y1=1, g®>gl—5, h)>|hl—

holds. This gives us

[(g+mnE+y)| __ gx)+h()
|x+y] max{|x|, [y}

=g(x)+h(»)>1g|+|h|—¢.

Since ¢ was arbitrary, we obtain |g+h|=|g|+|h|. Since the reverse inequality
is trivial, the proof of this step is completed.

lg+hl=

3. step. The dual of (3, ||) can be decomposed into a Banach space direct
sum (%, | |)¥=vU@<V. This time the notation @ is used exceptionally for a sum
which is not orthogonal.

Let P and Q be projections on 9 and g* respectively. We must observe
that they are continuous in the topology generated on 9 by the norm [[|. To
this end take z&9 and decompose z=x+y where x&9J and yeg*. The in-
equality

|P(z)|=|x|<max{|x|, |y|}=]z|

already gives us desired information for P. In a similar way we can observe
that Q is also continuous in this topology.

Now take f(, | |)*. If we define g=f-P and h=f-Q, it is obvious that
hevU, gev and f=g+h. From the previous step we also know that |f|=
|gl+1h| holds. Now it only remains to prove that a is minimal.

Since 9 was an arbitrary closed ideal, we must see that either a=g or
acsg* hold. Decompose f,=g-+h in the sense of the previous step. Suppose
for a moment that g and s are both nonzero. Then we can write f,=|g|(g/|gl)
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+|h|(h/|h]). From |f,|=1 and from the second step of this proof, it follows
that this is a convex combination of the elements from %. Since fo in an ex-
treme point of @, it follows f,=g/|g|=h/|h|, which is a contradiction.
Therefore either g=0 or A=0 holds.

In the second case we get (0)=f,(T+)=<(g*, a>. This implies that asg++
=dg. In the first case we get acg*. O

Theorem 2. Let W be a Hilbert triple system with zero annihilator. Then
W can be decomposed into an orthogonal sum of simple Hilbert triple systems.

Proof. Using the previous proposition, we obtain the existence of some
minimal closed ideal. Let {T,; ac= A} be the family of all minimal closed ideals
of . By [Proposition 2(vi) we can form an orthogonal sum in % by T=,c,
T,. It is obvious that g is also a closed ideal of 9. Therefore by
2(i, ii, iii) g* is also an ideal of 9. Suppose for a moment that I t=(0). By
g+ contains some minimal closed ideal X. By [Proposition 2(v) X
is also an ideal of 9 and by the same proposition it is a minimal closed ideal
of 9. Therefore we obtain X=9, for some acs A, which is obviously a con-

tradiction. This tells us that o*=0 and finally %=g. From [Proposition 2(v)

it also follows that each g, is a simple Hilbert triple system.

3. Weak radical and uniqueness of topology

This section is devoted to the automatic continuity of isomorphisms between
Hilbert triple systems. The concept of a weak radical developed by A. Rodriguez
for nonassociative Banach algebras can easily be adapted to Banach triple systems
and the main Rodriguez’ result about automatic continuity can also be generalized.

Let % be a Banach space together with the triple product [---], which is
continuous. Then 9 is called a Banach triple system. Define the left and right
multiplication operators by L(a, b)(x)=[abx] and R(a, b)(x)=[xab]. Denote by
My the subspace of all bounded linear operators B(%) spanned by

{L(a, b); a, bW} J{R(a, b); a, bW} .

A (possibly unbounded) linear operator A is called quassinvertible if there
exists a linear operator B such that AB=BA=A+B holds. The operator B is
called quasiinverse of A. Let A be a subalgebra of the algebra of all (unbounded)
linear operators acting on 9. Then A is called full, if quasiinverse of every
quasiinvertible element, which belongs to .4, also belongs to A. It is easy to
see that intersection of full algebras is also a full algebra. This implies that
there exists the smallest full algebra, which contains the subspace Mq. This
algebra will be denoted by 5. The algebra of all bounded linear operators on
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9y is full. This easily follows from the open mapping theorem. Therefore Fq
C B(®) holds.
Now define a subspace of 9 by

Ny={acsW; VxeW L(a, x), R(x, a) are in Jacobson radical of F}.

The weak radical of the triple system 9 is the largest Fq-invariant subspace
which is contained in J14y. The weak radical is an outsided ideal of the triple
system 9 since Fq contains all left and right multiplication operators. In the
rest of this section we shall use the above notation without further comments.

Proposition 4. Let W be a Hilbert triple system. Then the weak radical of
9 and the annthilator of W coincide.

Proof. Define a subalgebra of B(3%) by
L={TeB®); T(Ann(W))=0)} .

Here Ann(9%) denotes the annihilator of a Hilbert triple system (see
and the comment after its proof). Let A=.L be quasiinvertible and B its
quasiinverse. From

B(Ann(#))=(BA—A)(Ann(W))=B((0))—(0)=(0)

we obtain that £ is a full algebra. It is obvious that L(a, b) and R(a, b) belongs
to £ for all a, bew. Therefore F4C L holds. Hence Fq(Ann(W))=(0)C
Ann(9), which shows that the annihilator of 9 is invariant subspace for the
algebra F4. If a belongs to the annihilator of 9, then operators L(a, x)=
R(x, a)=0 obviously belong to the Jacobson radical of %4 and therefore the
annihilator of 9 is contained in the weak radical of 9.

In order to prove the converse, observe first that in a Hibert triple system
L(a, b)*=L(b, a) and R(a, b)*=R(b, a) holds. This means that the subspace
Mqy is selfadjoint.

Let ACB(@®) be a full algebra. Take some quasiinvertible A*e* and let
B be its quasiinverse. From the equality A*B=BA*=B+4 A* we obtain B*A=
AB*=B*+ A, which means that B* is quasiinverse of A. Since A is full, B*
also belongs to A. Therefore B=B** belongs to A*. This tells us that the full
algebra generated by a selfadjoint subspace is itself selfadjoint. This means that
G4 is a full pre-C*-algebra (it is not necessarily closed in B(9%)). Such algebras
have zero Jacobson radical becaus lim,..[(T*T)"||'/*=0 implies T=0. This
means that a=Jq if and only if L(a, x)=R(x, a)=0 for all x&9. Since the
latter statement implies that a belongs to the annihilator of 9, we see that the
weak radical is contained in the annihilator of 9. O

Let < and 9 be Banach triple systems. A pair of linear operators (4,, A.),
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which map from <V into 9, is called an isomorphism pair, if A, and A_ are
invertible and

Aa([xyz]):[Aa(x)A—a(y)Aa(z>]

holds for all x, y, z&<V and o= {+, —}. If W is a Hilbert triple system and 4
a complex number, then A,(x)=1x, A_(x)=1"'x form an automorphism pair.
If A*Y=A_=A holds, then A is called an isomorphism. Two triple systems are
called zsomorphic, if there exists some isomorphism between them.

Recall that the separating subspace of an operator T between Banach spaces
is defined as subspace of those y which can be expressed in the form y=

lim,..7T(x,) where lim,..x,=0. From the closed graph theorem it follows that
T is continuous if and only if its separating subspace is zero.

Theorem 3. Let (A,, A.) be an isomorphism pair between Banach triple sys-
tems W and V. Then the separating subspaces of the operators A, and A_ are
contained in the weak radical of the triple system V.

Proof. Denote with L(9%) the linear space of all (unbounded) operator act-
ing on 9. Define mappings ¢,: L(W)—L(<V) with ¢.(T)=A,TA;', where
c={+,—}. It is easy to verify that the mappings ¢, and ¢_ are isomorphisms.

1. step. Every isomorphism ¢ maps full algebras into full algebras.

Let A be a full algebra and let T=¢)(A) be quasiinvertible. This means that
there exist S and a linear operator X, acting on 9, such that T=¢(S) and
PO X=XHS)=X+¢(S) hold. This immediately gives us S¢'(X)=¢ 1(X)S=
S+¢~Y(X). Since A is full, we get ¢ }(X)= and therefore X=¢¢(X)sP(A).
Hence ¢(A) is full.

2. step. Go(Mey)= M
Take x, yew. Then we have
6s(L(x, y))=AsL(x, )As'(0)=A,([xyA;'()])
=[As(x)A_(¥)v]=L(As(x), A-s(3))®),
Po(R(x, Y)W)=AsR(x, ¥)As'(0)=A.([A7'(W)xy])
=[vA-(2)A:(3)]=R(A-+(x), As(¥NW).
This tells us that ¢,(Hey)C M. Since A,, A_, are invertible, we obtain ¢,(Ha)

=M« if we interchange the role of the triple systems 9 and <V.

3. step. ¢¢(gqp)=gcv.

Since My CFq, using the previous step, we get My C@.(Fa). Using the
first step we see that the algebra on the right-hand side of the above inclusion
is full. This means, by the definition of weak radical, that FoC¢s(Fq) holds.
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If we interchange the role of &V and W we get $9C ¢, (¥«) and hence

¢0(9W)C¢a¢z_l(gq})=gw .

From now on let ¢, denote the restriction on the subspace 9, which maps
onto Fq.

4. step. The separating subspace of the operator ¢, is contained in the
Jacobson radical of the algebra Fq.

Since the algebras F¢ and Fo are full, we can now apply the Aupetit
lemma (see [46, Theorem 1 and Remark 2] and [49, Proposition 1.3]), which
yields the desired conclusion.

5. step. The separating subspace of the operator A, is contained in the weak
radical of the triple <.

Take element y from the separating subspace of the operator A,. This means
that there exists a sequence x,=9 such that

lim x,=0, lim Ag(x,)=y.

N -»00 N—sc0

Take also ve<V. Since the multiplications of 9% and <V are continuous, we also
get
lim L(x,, AZ}(v))=0, lim R(AZ(v), x,)=0.

Besides we have
lHm @o(L(%,, AZX)))=1im AgL(x,, AZZ(W)A7'=lim L(A«x2), v)=L(y,v),

lim @,(R(AZ3(), x,))=1im A;R(AZN(v), x,)As'=1lim R(v, A«(x,))=R(v, y).
This means that for every vecy

L(y, v), R(v, y)ES(¢)CJRad(F)

holds, where by JRad we have denoted the Jacobson radical. We have obtained
that the separating subspace of the operator A, is contained in Jig.

It remains to see that the separating subspace of A, is an invariant subspace
for the algebra Fo. Take an operator T€%«. From Step 3 we know that T
is of the form T'=A,SA;!, where S&%q. All we actually need is the fact that
S is continuous. Let y be from the separating subspace of the operator A,.
There exists a sequence x,9% such that

lim x,=0, LHE Alxa)=y

N—o0

holds. Since T and S are continuous, we obtain

T(y)=1im T(A,x,))=1lim A,S(x,).
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The continuity of S also implies that the sequence S(x,) tends to zero. Thus
T(y) belongs to the separating subspace of 4,. O

Theorem 4. Let W and <V be Hilbert triple systems with zero annihilator.
Then every isomorphism pair between them is automatically continuous. Every
Hilbert triple system with zero annihilator has a unique complete norm topology.

This follows directly from [Theorem 3 and [Proposition 4.

4. Centralizers, derivations and isomorphisms

In the previous section we have already defined the concept of an isomorphism
pair. A concept of a derivation pair and centralizer can be defined in a similar
way.

Let 9 be a Hilbert triple system with zero annihilator. A mapping C: 9
—9 is called a centralizer of 9 if

C(lxyz])=[C(x)yz]=[xyC(2)]

holds for all x, y, zew. A pair (D,,D_.) of linear operators acting on 9 is
called a derivation pair, if

Dy([xyz])=[Do(x)yz]+[xD_o(3)2]+[xyDs2)]

holds for all os={+, —} and x, y, zew. If D=D,=D_, then D is called a
derivation of W.
First we describe the structure of centralizers in Hilbert triple systems.

Lemma 2. Let 9 be a Hilbert triple system with zero annihilator. Then
every centralizer of W is a bounded linear operator.

Proof. Let C be a centralizer of 9. Take x, y, a, be® and i=C. From
L(AC(x)—C(Ax))ab]=2a[C(x)ab]—[(Ax)aC(b)]=A[ C(x)ab]—A[xaC(b)]=0,
[C(x+3)—C(x)—C(y))abl=[(x+)aC(b)]—[xaC(b)]—[yaC(b)]=0

and the fact that 9 has zero annihilator, linearity of C easily follows.
Now suppose that for the sequence x,=9, which tends to zero, the sequence
C(x,) tends to y=9. Then we get for arbitrary a, bew

[yab]l=1lim[C(xs)ab]=1im[x,aC(b)]=0.

We used the continuity of the triple product in 9. Since the annihilator % is
zero, it follows that y=0 and by the closed graph theorem C is bounded. 0O
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Proposition 5. Let 9 be a Hilbert triple system system with zero annihilator
and let C(9) denote the algebra of all centralizers of W equipped with the usual
operator norm. Then C(W) is a von Neumann algebra.

Proof. It is easy to see that C(%) is in fact an algebra with identity. Let
C be a centralizer. Take a, x, y, z&9 and compute

<a, CX[xyz])»=<KC(a), [xyz]>=<[yxC(a)], 2>
={C([yxa]), 2>=<[yxal, C¥z)y=<a, [xyC*2)]>.

In a similar way we can prove that C*([xyz])=[C*(x)yz] holds and therefore
C* is also a centralizer.

Now suppose that {C,} converges to C in the strong operator topology and
that all C, are centralizers. Then we have

Ca([xyz]) —> C([xy2]), [Ca(x)yz] —> [C(x)yz], [xyCa(2)] —> [xyC(2)].

We used the continuity of the triple product. This immediately gives us
C([xyz])=[xyC(2)]=[C(x)yz]. O

Theorem 5. Let W be a Hilbert triple system with zero annihilator and let
W=CDacaTa be the decomposition of W into an orthogonal sum of its minimal
closed ideals (see Theorem 2). Then every centralizer C is of the form C=3.1,
where A, is some complex number and I, is the identity operator on T,. Also
221 ZC|| holds for each ac A.

Proof. Suppose first that 99 is simple. Let P be a projection and a cen-
tralizer. Take x=Ker(P) and a, b=?®. From

P(Labx])=[abP(x)]=[ab0]=0,
P([xab])=[P(x)ab]=[0ab]=0

we see that Ker(P) is a (closed) outsided ideal. From [Proposition 2|(iii) it fol-
lows that Ker(P) is also a closed ideal. Therefore we have two possibilities :
Ker (P)=(0) or Ker(P)=%. In the first case it follows P=Ig. In the second
case it follows P=0. It is well-known that every von Neumann algebra is
generated by its projections. Therefore C(9)=C (see [Proposition 5).

Now let 9 be arbitrary Hilbert triple system with zero annihilator and
TC9Y a closed ideal. Let S be a linear subspace of % spanned by [999]. Let
a be orthogonal to S. Then we have

Lawg], Wr=<a, [(WIW]>=<a, [(TTT>=(0),

which implies, by Proposition 2/(iv), that e=d* holds. Thus I=g+cCS*=
closure(S)c g tells us that the closure of S is equal to .
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Let C be a centralizer of 9. From C([g99])=[C(g)g9g]ca it follows
that C(S)C g holds. From the continuity of C and the above paragraph it fol-
lows that C(I)C T holds. It is also easy to see that the restriction of C on
the subspace 4, which is also a Hilbert triple system, is a centralizer of 7.

Let W=@a, be the decomposition of 9 into a sum of its minimal closed
ideals. Let C be some centralizer of 9. If C,: 9,—-9, is a restriction of C,
then from the first paragraph of this proof follows that C,(x)=A4.x for all x&g,.
The rest is easy. 0O

Now we give some results concerning derivation pairs. In the sequel we
need the following construction:

Let Ty be a (complex) vector space of those mappings f : W XW XW—-W
which are linear in first and third variable and conjugate linear in second. We
can introduce the norm in this vector space by || f|=sup{llf(x, y, 2I; Ixl, ¥,
lzl|<1} thus turning Tg into a Banach space. The details are left to the reader.
The following lemma is inspired by the results in [47].

Lemma 3. Let W be a Hilbert triple system with zero annihilator. Let (D,,
D_) be a derivation pair of W. Suppose that D. and D_ are bounded. Then
there exist complex numbers a, A, v from the spectrum of D, and p from the
spectrum of D_ such that a=2+ f+v holds.

Proof. Define operators D,, D,, Ds and D, acting on the Banach space Tq by
(DifXx, 3, 2)=D.(f(%, 3, 2)),
Def X%, 3, 2)=f(D.(%), ¥, 2),
(DsfXx, 3, 2)=f(x, D_(3), 2),
DufXx, 3, 2)=f(x, 3, D.(2)).

It is easy to verify that this operators are continuous and mutually commuting.
Define also

(EfXx, 3, =D.(f(x, y, 2)— f(D(x), ¥, 2)—f(x, D_(3), 2)—f(x, ¥, D,(2)).
It is also easy to see that inclusions
sp(E)Csp(D1)—sp(Dg)—sp(Ds)—sp (D),
sp(Dy), sp(Dy), sp(D)Csp(D,),  sp(Ds)Csp(D-)

hold, where by sp(D) we denote the spectrum of the operator D.

Now take f,(x, y, z)=[xyz]. From it follows that f, belongs
to T4 and since the annihilator of 9 is zero it follows f,#0. From the defini-
tion of the derivation pair it is obvious that E(f,)=0. Hence



110 B. ZALAR

Oesp(E)CTsp(D,)—sp(D.)—sp(D_)—sp(D,).

Therefore 0=a—2—g—v holds with a, 4, vesp(D,) and pgesp(D.). O

Theorem 6. Let 9 be a Hilbert triple system with zero annihilator and (D,,
D_) a derivation pair of W such that D, and D_ are bounded. Then D¥=-—D_
holds.

Proof. In the same way as in the proof of we can prove that
operators D, and D_ map every closed ideal 9 of 9 into I and thus we can
restrict our considerations only to the simple Hilbert triple systems.

Now suppose that D=D,=D_ is a derivation. We shall prove that the
operator D+ D* is a centralizer. First we have

(D+DsX[xy2z]), a>=<D([xyz]), a>+<{D*([xyz]), a>
=<{D([xy2]), a)+<[xyz], D(a)>=<D([xyz]), a>+<z, [yxD(a)]>
=<D([xyz]), a>+<z, D([yxal)>—<z, [D(y)xal>—<z, [yD(x)al)
=<D([xyz]), a>+<D*=2), [yxa]>—<[xD(y)z], a>—<[D(x)yz], a)
=[xy D(2)], a>+<{[xyD*2)], a>=<[xy(D+D*)(2)], a>.

Therefore (D+D*)([xyz])=[xy(D+D*)(z)] holds. In a similar way we obtain
(D+D*)[xyz])=[(D+D*)x)yz]. Using we get D+ D*=21 for some
complex number A. Since this operator is selfadjoint, it follows that A1 is real.
Therefore sp(D)CA/2+iR holds.

Accoding to the spectrum of the operator D contains four numbers
A/2+iay, A/2+iay, A/2+ias and 2/2+ias where a;€R holds for j=1, 2, 3, 4,
such that

A . A . A . A .
§+za1=7+zaz+7+zas+§+za4.

This implies 34=4 and thus 4=0, which means that D*=—D.

If (D,, D_.)is a derivation pair we can decompose D,=D+:G and D_=D—iG.
A straightforward verification shows that D=(D,+D_)/2 and G=(D,—D_)/2:
are derivations of 9. Therefore, by the above paragraph, we get

D¥=(D+iG)*=D*—iG*=—D+iG=—D—iG)=—D_. O
Open problem 1. Let 9 be a Hilbert triple system with zero annihilator and

(D4, D.) a derivation pair of W. Are the operators D, and D_ automatically
continuous ? '

For partial results see [44]. If 9, is an infinite dimensional Hilbert space,
then we can define the trivial product [xyz]=0 for all x, y, z&9,. It is easy
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to see that every pair of (unbounded) linear operators acting on %, is a deriva-
tion pair of this Hilbert triple system.

The main results of this sections are about isomorphism between simple
Hilbert triple systems. From we know that they are automatically
continuous. We shall prove that they are also scalar multiples of isometries.

This results cannot be generalized to the Hilbert triple systems with zero
annihilator because the automorphisms do not necessarily preserve closed ideals.
The following lemma is inspired by the results in [47].

Lemma 4. Let 9 be a Hilbert triple system with zero annihilator and let
(A,, A) be an automorphism pair on W. Then there exist complex numbers a, A, v
€sp(A,) and pssp(A._) such that a=Agy holds.

Proof. Take the Banach space T and define the operators
(Bf)x, ¥, 2)=A.(f(AT(x), AZ(y), AT (2)),
(Aif)(x, 3, )=A(f(x, ¥, 2)),
(A:f)x, ¥, 2)=f(ATH(x), ¥, 2),
(A )%, 3, 2)=f(x, AZ(y), 2),
(AfXx, 3, 2)=f(x, 3, ATH2)),
In a similar way as in the proof of we obtain

1
sp(A,)Sp(A.)sp(A,)

Therefore 1=a(l/Afv), where a, A, vesp(4,) and pesp(A.). O

lesp(B)Csp(A.)

The following lemma is from [48].

Lemma 5. Let A be some bounded operator acting on a Banach space and let
B=exp(A). Suppose that B(x)=x holds for some x. If the spectrum of the op-
erator A does not contain any of the following numbers +2mi, +4mi, +67i -,
then A(x)=0 holds.

Proof. Define a complex mapping f(1)=(e?—1)/A. This mapping is holo-
morphic on the entire complex plain and f(0)=1 holds. From the spectral map-
ping theorem it follows that the operator f(A) is invertible, since 0 does not
belong to its spectrum. From f(A)A=e’—21 it also follows that f(A)A(x)=B(x)
—x=0. Therefore A(x)=f(A)"'f(A)A(x)=0. O

Proposition 6. Let 9 be a Hilbert triple system with zero annihilator. Sup-
pose that (A,, A_) is an automorphism pair of W such that both operators A. and
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A_ have positive spectrum. Then they can be expressed in the form A,=exp(D,)
and A.=exp(D.) where (D,, D_.) is some derivation pair of W.

Proof. From the spectral mapping theorem we know that the operators
D.=log(A,) and D_=log(A.) have a real spectrum. Define the operators D,
D,, D,, D,, E and A,, A,, As, A, B as in the proofs of Lemma 3 and Lemma 4.
It is easy to verify that exp(D,)=A, and exp(—D;)=A; hold for /=2, 3,4. Since
the operators D,, D,, Dy and D, are mutually commuting, we obtain

exp(E)=exp(D,—D,—D;—D,)= .
=exp(D,)exp(—D,)exp(—Dy)exp(—D)=
:A1A2A3A4—_—B .

If we define f(x, y, z2)=[xyz], we get B(f)=f. From the proof of
we also see that the spectrum of the operator E is real. Using we
obtain E(f)=0. This reads

D.([xyz])=[D.(x)yz]+[xD_(y)z]+[xyD.(2)].
If we interchange the role of A, and A_, we obtain
D_([xyz])=[D_(x)yz]+[xD.(y)z]+[xyD_(2)]
and hence (D,, D.) is a derivation pair of 9. O
Proposition 7. Let 9 and <V be simple Hilbert triple systems and let (A,,

A_) be an isomorphism pair from W into V. Then there exists some real number
A such that A_AY¥=2AI, holds.

" Proof. Take a, b, ceW, ze<V and compute
CAu([bac]), z>=<[bac], AX(2)>={c, [abA%(2)]>,
[A.(B)A-(a)AL(0)], 2>=CA(0), [A-(a)A(b)z]>=Xc, AX([A(a)A.(b)z])>.
If we compare the above expressions, we obtain
AX[A-(a)A(B)z])=[abA%(2)].

Now take x, ye<V. Since the operators A, and A_ are bijective, we can write
x=A_(a) and y=A,(b). Then we get

A_AX[xyz])=A_A%X([A-(a)A.(b)z])=A_([abA%(z)])
=[A_(a)A.(B)A_A¥(2)]=[xyA_A¥2)].
In a similar way we can prove that

A_A¥([xyz])=[A_A¥(x)yz]
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holds for all x, y, ze<V. This means that the operator A_A* is a centralizer
of 4. Therefore by we have

A_A¥=2il, A A*=7]1.
Now define operators
B,=A7A_, B_=A"'A,.

A trivial verification tells us that (B,, B_) is an automorphism pair of the triple
system 9¥. From

A'=(1/2)A*, A'=(1/)A*
we obtain
sp(B.)C(1/D)R*,  sp(B.)c(1/)R*.

According to Lemma 4, there exist four positive numbers p,, p,, ps and p, such
that

Pl/'z:(Pz/Z)(Ps/E)(Zh/l) .
This further implies

222 pﬁpspl >O,
h
which means that 4 must be real. O

Before we state the main result of this section, we introduce the notation
of a negative of a triple system. Let (%, [---]) be a Hilbert triple system. Let
9_ be the same set as % with the following structure :

(i) The inner product of 9_ is the same as the inner product of 9.

(ii) The triple product [xyz].=—[xyz].

It is easy to verify that 9_ is also a Hilbert triple system which will be called
a negative of W. '

Theorem 7. Let W and <V be simple Hilbert triple systems. Then the fol-

lowing holds :

(1) Suppose that there exists some isomorphism pair between the triple systems
W and <V such that 2 from Proposition 7 is positive. Then the triple
systems W and <V are isomorphic.

(ii) Suppose that there exists some isomorphism pair between the triple systems
W and <V such that A from Proposition 7 is negative. Then W is iso-
morphic to the negative of V.

(iii) Every isomorphism between the triple systems W and <V is a scalar
multiple of isometry.

(iv) Every automorphism of W is isometric.

Proof. (i) From the proof of we can see that the operators
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B,=A7'A_and B_=A'A, have a positive spectrum. According to Proposilion
6, there exists some derivation pair (D,, D_) of 9 such that B,=exp(D,) and
B_=exp(D_) holds. If we define

F+=exp(—;‘~D+), F_=exp (—;—D_),

then (F,, F.) is an automorphism pair of % and F:=B,, F:=B_ hold. It is
also easy to verify

A.B,=A,Fi=A_,
A_B_=A_F:=A,.

Since B,B_=B_B,=1 holds, we get F.F_=F_F,=1, which together with the
above equalities gives us A, F,.=A_F._.

Denote this operator by G. It maps from 9 into <V. It is obvious that
(G, G) is an isomorphism pair, since it is a compositum of the isomorphism pair
(A,, A.) and automorphism pair (F,, F_). This means that the triple systems
9 and <V are isomorphic.

(ii) If we replace the pair (A,, A.) with a pair (A,, —A_) and triple system
Y with its negative, we arrive in the situation of (1i).

(iii) Using the previous proposition, we obtain AA*=2AI for some real A.
This 2 must be positive since the spectrum of the operator AA* is contained in
R*. Since A is invertible, it follows A*A=A41. Thus

A(w)|I*=<A(w), A(w)>=<A*A(w), w>=<2w, wy,

and finally [|A(w)|=+"Z|w]|.
(iv) From (iii) it follows that the spectrum of the operator A is contained
in the set

{zeC; |z|=+2}.

According to there exist complex numbers z;, z,, 2z, and z,, whose
absolute value is equal to 1, such that

VAz=v Az 225V 22,

holds. If we take the absolute value on both sides of the above equality, we
obtain A*=A and since 4 is positive it follows 41=1. O

Open problem 2. Let 9 be a simple Hilbert triple system. When is W iso-
morphic to its negative ?

For a partial result see the next section.
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5. Third structure theorem for associative Hilbert triple systems

In this section we describe the structure of simple associative Hilbert triple
systems. A triple system (9,[---]) is called assoc;’ative, if

[Labclde]l=[aldcble]l=[ablcde]] (1)

holds for all a, b, ¢, d, ee. If 4 and X are complex Hilbert spaces, then the
Hilbert triple system 9=HS (4, X), described in the Introduction, is associative,
as can easily be verified. A negative 9_ of this triple system is also associative.
Both of them are simple. This follows from the fact that operators with the
finite rank are dense in 9. This section is devoted to prove the following result:

Every simple associative Hilbert triple system is isomorphic either to the triple
HS (4, X) or to the triple HS(H, X)_ for suitable complex Hilbert spaces X and X.

In the proof of this result we shall use the matrix version of Hilbert-Schmidt
operators which goes as follows:

Let 4 and I' be arbitrary sets. A mapping M: A X I'—C is called a Hilbert-
Schmidt matrix, if

2 [ M@, 7)*<oo

t.j

holds. On the space of all such mappings we can define the inner product with
<M, N >=th;M(i, HNG, 7,
where £>0 is some constant. The triple product can be defined with

[MNK ]G, j)= kepEleAM(i, kINU, BK({, 7).

Long but straightforward computation shows that this space, with the above
defined inner and triple product, forms an associative Hilbert triple system.
Denote this triple system by u(A, T, k).

If we define a matrix U,, by

UG, D=1,
Uk, D=0, if k#i or j+#I,

then it is obvious that U,; is a Hilbert-Schmidt matrix and that the family {U, i3
i€/, jeI'} forms an orthogonal base for the triple system MA, T, k).

An easy computation also gives us

(i) [UtjUtjUtj:I:Uij-

(ii) [UijCWUkZJZCUiz-

(iii) [UijUijkl:leil-

(vi) [UUWU,1=0, if j#1 or k7.
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(v) Every Hilbert-Schmidt matrix M is of the form M=>4;,U,,,
where >)|4;;]?< oo and 4;; belongs to C.
In order to prove the announced result, we shall use the concept of a tripotent.
A nonzero element u =W is called a tripotent, if [uuul=u holds and an antitripo-
tent, if [uuul=—u holds. Each Hilbert-Schmidt matrix U,; for i€ 4 and j&I’
is a tripotent as (i) tells us. Now we prove that a simple associative Hilbert
triple system contains either tripotents or antitripotents.

Lemma 6. Let T be a positive operator on the complex Hilbert space X and
let |T|=1. Then a sequence T™(x) converges for all x< 4.

Proof. From the theory of operators acting on Hilbert spaces it is well-
known that T is of the form T=S? with S being positive. Take x4 and
consider a sequence

an=<{T™x), x).
Obviously we have a,=0. We also have
an =<T"" (%), x)=(S"TS™(x), x>=<TS"(x), SM(x)H <
SITHIS™()IP=<S™(x), S™(x)D=<T"(%), x>=an.

This implies that a=inf a,=lim,..a, exists. Take any integers n and m.
From

IT(x)=T™xN*=LT*(x), x>—2{T"*™(x), x>+<T*™(x), x>,
it follows that when n, m—oco, we get
I T™(x)—T™x)||* — a—2a+a=0.
This tells us that 7"(x) forms a Cauchy sequence and since 4 is complete

this sequence converges. O

Proposition 8. Let W be an associative Hilbert triple system with zero anni-
hilator. Suppose that a nonzero element x of W is contained in LNR where L
is a closed left ideal of W and R is a closed right ideal of W. Then L NR
contains either tripotent or antitripotent.

Remark. If we take £L=®R=9), we obtain that every associative Hilbert
triple system with zero annihilator contains either tripotent or antitripotent.

Proof. First we prove that [xxx]+0. Suppose the contrary, i.e. [xxx]=0.
Then we have first

Ilxxy]li*=<Cxxy], [xxy =<y, [xx[xxy]D>=<y, [[xxx]xy1>=0,
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which tells us that L(x, x)=0. Next we have
ITzyx1M*=<[2zyx], [zyx1]>={(z, [[zyx]xy]>=<z, [zy[xx¥]]>=0

and this finally yields xRann(%)=(0). This contradiction tells us that [xxx]
#0 and also L(x, x)+0.

This means that we can assume || L(x, x)||=1. Since the operator S=L(x,x)
is selfadjoint, the operator T'=S? is positive and || T||=|S?|= 1S*Sl|=IS||*=1 holds.

Using the previous lemma, we can define

u=lim T™(x), v=lim T*([xxx]).
N—or n-+00
Since £ and R are closed, it is obvious that z and v belongs to LNR. From
the associativity of the triple system 9 it easily follows that S(Cxyz])=[S(x)yz]
holds for all x, y, zew.

In our next step we prove that either u+#0 or v#0. Assume the contrary,
i.e. u=v=0. Since [xxx]=L(x, x)(x)=S(x), this implies that lim .. S™(x)=0.
The well-known property of the operators on Hilbert spaces states that

sup [<S™(y), y>|=|S"|=1

lyl=1

holds. The continuity of the product in Hilbert triple systems implies that there
exists some M>0 such that ||[xyz]|<Mi|x||y|llz] holds for all x, Y, ZEW.
This gives us : '

1=sup IS™ " (ll= sup ILS™(x)xy 1 = MIS™(®)] | |

and therefore
1
—_— < n
M SIS" @I —>0,

which is a contradiction.
Using the associativity and continuity of the product, we can easily compute

Luvul=[vvul=[vuv]=[uvv]=v,
Lvww]=[uwv]=[uvul=[vuul=u.

Now consider the elements w,=(u+v)/2 and w,=(u—v)/2. A straightforward
computation shows that the above identities imply that w, is either tripotent or
zero and that w, is either antitripotent or zero. Since one of them must be
nonzero, the proof is concluded. O

Proposition 9. Let W be a simple associative Hilbert triple system.
(i) If x, yeW are nonzero elements, then [xWy]+(0) holds.
(ii) - W contains only tripotents or only antitripotents.

(iii) The triple systems W and W_ are not isomorphic.
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Proof. (i) Let us first define
Lann(y)={a€W; [aWy]1=(0)}.

We shall prove that this set is a closed ideal of the triple system 9. Obviously
this set is a closed linear subspace of 9. Take some a=Lann(y). Then we
have

((wwalwyl=[wWWLawy]]=(0),
(Cawwiwy]=[e[Www]y]=(0).
Since Lann(y) is closed, it follows (see [Proposition 2|(iii)) that it is a closed ideal
of . Since 9 is simple, we have two possibilities: Lann(y)=% or Lann(y)
=(0). In the first case we would have [yyy]=0. This is not possible as was
shown in the proof of the previous proposition. Therefore x¢&Lann(y)and (i)
is proved.
(ii) Suppose that 9 contains a tripotent » and an antitripotent v. Take also
x€9%. A simple computation
ICulvxulv]|P=<[ulvxulv], [ulvxulv]>=<[[vxululu[vrulv]], v>
=([[lvxuluu]lvrulv], v)=<{[[vxullvzulv], v
={[vxul, [wlvxulld=—<[vxul, lvxuld=—|[vxu]|?

tells us that [vWu]=(0), which contradicts (i).
(iii) This follows directly from (ii). O

Proposition 10. Let % be an associative Hilbert triple system and let ucw
be a tripotent. Denote A=[uWu] and define an algebra product and an involu-
tion on A by

Cuxule[uyul=[ulyux]u],

[uxul*=[uluxulul.

Then (A, », *) becomes an associative H*-algebra with identity.

Proof. It is obvious that the mapping * is well-defined. A simple calculation
Luxule[uyul=[ulyux]ul=[uly[uuu]x]u] (2)
=[Lux{uuullyul=[[[uxu]uulyul=[[uxululuyu]]

shows us that the algebra product on A is also well-defined. It is easy to see
that this algebra is associative and that u=[uuul]e A is the identity element.
From the associativity of the triple 9 it also follows that A={xcW; x=[uux]
=[xuul}. This implies that A is closed in 9 and therefore A itself is a Hilbert
space.
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Our next step is to show that the mapping * is an algebra involution on the
algebra . Using the associativity of 9% we get

Luxul®*=[uluxu]ul*=[ululuxuIu]ul=[[uvuulx[uvuu]]l=[uxu],
(ALuxul)*=[u@x)ul*=[ulu@x)uJu]=[u(Aluxu)ul=A[u[uxulu]=A[uxu]*
and also
[uxul*[uyul*=[uluxulule[uluyulu]
=[ulluyululuxullul=[ululx[wuulylulu]
=[ululxuyJulul=[ulxuylul*=(uyule[uxul)*.

Finally we prove that (4, -, %, <,>) is an H*-algebra. Using (1) and (2), we
obtain

Luyul, [uxul*-fuzul>=<[uyul, [uluxulule[uzul)
=<[uyul, (ulzuluxul]ul>=<Luyul, [[uluxululzul>
=<[uyul, (uluxulluzull>=<[Luxululuyul], [uzul)
=<{[uxulefuyul], [uzul>.
In a similar way we can prove that
Luxul, [uzule-fuyul*>=<[uxule[uyul, [uzul)

holds which concludes the proof. 0O

According to we can restrict our attention only to those
simple triple systems which contains tripotents. The crucial role in the proof of
our theorem will be played by the so called minimal tripotents. A tripotent
uEW is called a minimal tripotent, if [uWu]=Cu holds. Now we combine the
previous previous proposition together with the known results about projections
in associative H*-algebras in order to prove that 9 contains “many” minimal
tripotents.

Proposition 11. Let W be a simple associative Hilbert triple system which
contains tripotents. Let R be a right ideal of W and L a left ideal of W. If
LNR=(0), then L=(0) or R=(0). If R and .L are closed and nonzero, then
LNR contains a minimal tripotent.

Proof. Suppose that £NR=(0). This implies [RW.LI1C RN.L=(0) and by
we have .£=(0) or R=(0).

If £ and R are closed and nonzero, then .LN\R#(0). By it
follows that L N\®R contains a tripotent u. If we form an H *.algebra A=[u3Wu]
defined in the previous proposition, then u« is a projection of .. By the well-
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known results from the theory of associative H*-algebras (see [1, Theorem 3.2]),
u can be expressed as a finite sum of projections u=p,+p,+ -+ +p, Wwith
pieAop;=Cp; and p;op;=0 if 7. This gives us (see [Proposition 10)

[1’11’11)1]=[P1P?P1]=[P1[uplu:|ﬁ1]=[[P1“P1]“P1]
=[(prep)up ]=[D1upr]1=p:.

Therefore p, is a tripotent. From p,=[puul=[uup,] we see that p, belongs
to L NR. Finally we have

[P1WP1]=[[P1uu]CW[uuP1]]=[[Plu[uwu]]uplj=P1°J°P1=Cp1

which completes the proof. O

Now we define two concepts which we need in the sequel. For minimal
tripotents » and v we shall say that they are horizontally connected, if <u, v)=0,
[uwv]=Cu and [vWu]=Cv holds.

For minimal tripotents u and v we shall say that they are wertically con-
nected, if <u, v>=0, [uWv]=Cv and [vWu]=Cu holds. According to this defini-
tion, u is not vertically connected to itself. This is done to simplify further
statements.

Proposition 12. Let W be a simple associative Hilbert triple system and
u, vEW horizontally connected minimal tripotents. Then the following holds:

(i) [wvul=[vuv]=0.

(ii) [uuv]=[vvu]l=0.

(iii) [wvvl=wu, [vuul=v.

(iv) Jull=lvl.
Proof. (i) Since u is minimal, there exists some constant a=C such that
[uvu]=au holds. From
aful*=<au, uy=<{{uvu], ud>=<u, [vuul>=<[uuu], v>=<u, v)=0,

it follows a=0. In a similar way we can prove that [vuv]=0.
(ii) Using (i) and the horizontal connectedness we can compute

([uuv]li*=<{wuv], [uuv]>=<u, [[uuvivul>=
=<u, [ulvvuludc<u, [u(Cv)ul>=(0).

In a similar way we get [vvu]=0. »
(iii) By the horizontal connectedness, there exists some a&C such that
[vuu]=av holds. From the equality
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|a|*lv*=<av, av>=<[vuul, [vuul)=<v, [[vuunluul)
=<, [vuluuul]l)=<{, lvuul>=alv|*

we get that @=0 or a=1 holds. Since [u#v]=Cu holds, there exists some
x €W such, that [uxv]=u holds. -This gives us

lul*=<[uxv], up=<v, [xunl)=<[vuu], x>=alv, x5,

which means that a#0. In a similar way we can prove that [uvv]=u.
(iv) Using (iii) we immediately get

lul2=<u, up=<[uvv], up=<v, [vuuld=<v, vO>=|v|*. O

Proposition 13. Let 9 be a simple associative Hilbert triple system and
u, vEW vertically connected minimal tripotents. 1hen we have

(i) [wvul=[vuv]=0.

(ii) [uwv]l=v, [vvul=u.

(iii) [wvv]=[vvu]=0.

(iv) fult=lvl.

This can be proved in a similar way as [Proposition 12. Now we have
everything prepared to prove the main theorem.

Theorem 8. Let 9 be a simple associative Hilbert triple system. Then W is
isomorphic either to the triple system HS (4, X) or to the triple system HS (K, KX)-
for suitable 3 and X.

Proof. We shall assume that 9 contains only tripotents (see
which is equivalent to the fact that 9¥_ contains only antitripotents.

Choose a minimal tripotent in 9% and denote it by ug,. Let {ugo}\U{uy; i€ A}
be a maximal family of pairwise horizontally connected minimal tripotents and
{uo}\J{to;; j€I'} a maximal family of pairwise vertically connected minimal
tripotents. The existence of such families follows from the Zorn lemma. With-
out loss of generality we may assume that 0& 4 and 0& 1.

Now take any i/ and j=I'. We define an element u;; by u;;=[ U;oUeosUo;]-
We shall prove that this element is a minimal tripotent, which has the same
norm as u,. We shall also prove that this element is horizontally connected
with the element u,; and vertically connected with the element u,. Besides it
is orthogonal to the elements wu,, %;, and u,;.

First we have

Cugsugsug;]=[[Usokoo Uos ][ Usotoothos [ UsoUoolos]]

= [uiouoo[uoj[uibuoouoj] [uiouoouaj]]]



122 B. ZALAR

= [uiouoo[[uojuojuoo]uio[uiouoouoj]]]
=[Uso%go[ Uoo uio[uiouoouoj]]] ={[Usotoo[ Uoo[ UgoUsioUio] uw]]

= [uiouoo[uoouoouoj]:lz [uiouoouoj]': Uij,

which means that u;; is a tripotent. In this computation we used [Proposition 12|
and Proposition 13 Next we have

[uijcwuij]=[[uiouoouoj]qy[uiouoouo.i]] »
= [uio[cwuo,juoo] [uiouoouu]]=[uio[uoouto[cwuwuoo]]uo;]

=[ U0 Uoo[ Uo; W Uio1Uoo JUo; JT CLUsoUeUe; ]=Cuy;.

Using we obtain [u;;Wu;;]=Cu;;, which means that u,, is minimal.
In a similar way we can prove that [u; Wuy;]=Cu;j;, [UiWuio]=Cuyo, [UofHWuis]
=Cu,; and [u; Wu,;]=Cu,;; holds, which tells us that u,, u;; are vertically
connected and u,;, u;; are horizontally connected, since it is also easy to verify
{tyg, Ugop=<Uyij, U1op=CUyj, Uo;»=0. From [Proposition 12 and [Proposition 13 we
finally get [lull=1wioll=I%osl = ttooll-

Thus we obtained a system of elements {u;;;i={0}\U4, j€{0}\UI'}. Now
we must prove that they form an orthogonal system in 9. We already know
this for the subsystem {ugo}\U {0 ;i€ A}\J{uo;; 7'} because they were chosen
in such a way. Take two pairs (7, j)#(k, )& AXI'. Suppose that i+ k. Then
we know that the element u;, is orthogonal to the element u,,. Using the de-
finition of horizontal connectedness, we obtain

{Uyjy Upr)=<[UsoUooUo;, [%rotooUor])
=g, [[UroUooUor]UojUoo]> =< tso, [Uro[ Uosto1Uoo]Uo0])
Clujo, Curo>=(0).
In a similar way we can treat the case j#/ and also prove that <u;, ugu)=
Uiy, Urop=0 for all k=4 and /el'. This means that
S={uy;ie{0}ud, je{0}purl’}
is an orthogonal system in 9% where all elements have that same norm.
Now we define L=@jciur [WWu,;]. We must prove that this sum is in
fact orthogonal. Assume that j#*!/. Take any x&9% and compute
IC%osuorx P =<[tosthorx], [thosthorx 1>=Chos, [[Uosthos %1% U01>
=< Uy, [UosLXx XU U DT {Uys, Cuer>=(0).
This further implies
LWWuos), [(WWugl>=<W, [[WWualu,W1>
=W, [WtosuaWIW1>=(0).
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Now it is easy to see that .£ is a left ideal and so £* is also a (closed) left
ideal. Take also a right ideal ®, defined by R="[u,WW]. From the associa-
tivity of the triple system 9 it is obvious that R={acW; a=[ugpuwal]} and
therefore R is closed.

Suppose that .L*N\R contains a minimal tripotent ». From [Proposition 12
and [Proposition 13 we see that SC.. holds and therefore v_S. Furthermore v
is of the form v=[ugab] for some a, bew. This gives us

LoWuo;1=[Lue0ab]Wuo;]=[sos[WbaJuo; 1C Cuiy;,
[quCWU] = [uojCW[uooab]] = [[uoﬁwuoo]abjzc[uooab] =Cv.

Using we obtain that v is vertically connected with all u,, where
J€{0}UI'. Because of the maximality of the family {u,,;} this is impossible.
This means that £L*"\R does not contain minimal tripotents. By [Proposition 11
and we have either .£1=(0) or R*=(0). Since ulER, we get
L+=(0) and hence W= cur [WWu,;]. In a similar way we can prove that
W=Diciorua [UieWW] holds.

Let <V be a closure of the linear span of S. Actually we have

W={2AijlUs;; 2| Asj|°< o0} .
i i

Take some [uoxy]s[u; < WW]. The element y can be expressed as a sum y=
2iLabuo;] with aj;, bew. This gives us

Lusoxy]1=[usx( ? Lajbjuo;1)]

= %} [uw[bjan:Iuoj:lz Zj}ai,-ui,-ECV .
Finally we get
W=B[u;  WwICV,

which means that w=c<V. Now we can define a mapping @ : W—H({0}\ U4,
{0bUT', v/ Ttool]) With 33A;;u:;—24;,;U;;. It can easily be verified that @ is an
isometrical isomorphism. O

We conclude our paper by a remark concerning Hilbert modules introduced
in by Saworotnow. Let A be an associative H*-algebra. A faithful left
A-module 9 is called a Hilbert module if there exists a mapping [|]: WXW—A
such that the following holds:

(i) [Ax|yl=alx|y].

(i1) [xi+xly]1=[x:1y]1+[x:]¥].

(iii) [y|x]=[=x|y]1*

(iv) [eex|y]=e[x|y].

(v) If x is nonzero, then [x|x]=e*e for some nonzero ecA.

(vi) 9 is a Hilbert space with the inner product <x, y>=trace([x|y]).
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The structure of Hilbert modules was described in [43]. Let % be a Hilbert
module. Define a triple product on % with [xyz]=[x|y]ez. Then % becomes

an associative Hilbert triple system. Thus the Smith’s results from can be
derived from [Theorem 8
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