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Abstract. For 0<p<1 the notion of p-quasihyponormal operators on a Hilbert
space is introduced and studied. It is proved that if T is a p-quasihyponormal
operator with polar decomposition T=U|T| then the operator |T|Y2U|T|/?
is quasihyponormal for 1/2<p<1 and it is (p+(1/2))-quasihyponormal for 0<
p<1/2.

A bounded linear operator T on a Hilbert space H is said to be hyponormal
if
IT*x|| = Tx|| for all x=H
or equivalently if
T*T—TT*=0
and is said to be quasihyponormal if

| T*Tx||<|TTx| for all xeH
or equivalently
TXT*T—-TT*T=T**T?*—(T*T)*=0

(see [5]). For 0<p<1 T is said to be p-hyponormal if
(T*TH?—(TT*P=0.

Here H denotes a separable complex infinite dimensional Hilbert space and
B(H) the algebra of all bounded linear operators on H. Throughout the paper
we consider those operators T for which R(T), the range space of T, is a closed
linear subspace of H. We begin with the following definition.

Definition. An operator T on the space H is said to be p-quasihyponormal
if
T*(T*T)»—(TT**)T =0.

If p=1 then T is quasihyponormal ([5], [6]) and if p=1/2 then T is called
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semi-quasihyponormal and for p=1/4 T is called quarter-quasihyponormal. Also
for ¢g<p any p-quasihyponormal is g-quasihyponormal. It is immediate that
every p-hyponormal operator is p-quasihyponormal but not necessarily conversly.
If T is semi-quasihyponormal but not quasihyponormal and if 7=U|T]| is the
polar decomposition of 7", where |T|=(T*T)'%, then the operator T,=U|T|? is
quarter-quasihyponormal but not semi-quasihyponormal.

Let T be a p-quasihyponormal operator. Let T'=U|T| be the polar de-
composition of T and U be unitary and also let

T=|T|"2U|T|"".
Then
(i) 7T is quasihyponormal for 1/2< p<1,
)y T is (p+(1/2))-quasihyponormal for 0< p<1/2.

We begin with the following lemma.
Lemma 1. For T=U|T|, R(T)YCR(TI).

- Proof. As R(T) is assumed to be closed, R(T*) is closed ([4]). By [2,
Theorem 2.2]

R(T*)4+R(T*=R(NT*T+T*T).
This implies that

R(T*)=R(V2T*T)=R(~2|T|)CR(IT|).

Thus R(|T]) is closed. Also by [2, Corollary 1] it follows that R(|T|!'*)=
R(IT]), since |T| is a positive operator and R(|7T|) is closed. Therefore

R(TY<SRUTI"™=R(IT).

Aluthge proved that if T is p-hyponormal for 1/2<p<1 and U is
unitary, then the operator T is hyponormal. We prove the following for p-
quasihyponormal operators.

Theorem 2. Let T=U|T| be p-quasihyponormal; 1/2<p<1, and U be
unitary, then T=|T | 2U|T|"* is quasthyponormal.

Proof. As any p-quasihyponormal operator for 1/2<p<1 is semi-quasi-
hyponormal, we have
T*(T*T)Y*—(TT*')T =0.
This implies that
| TIUX(|T|-U|T|UNU|T|=0.
This is equivalent to
|T|(U*|ITIU=IT)IT|=0.
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Thus U*|T|U—|T|=0 on R(|T|). Therefore by it follows that on
R(TY
U*|T|\Uz|T]|
or equivalently
U|\T\U*Z|T).
Hence on R(’f‘ ) we have

U*ITIUz|T|zU|T|U*.
Therefore on R(T) we get

T*T —TT*=|T|"»(U*|T|\U-U|T|U®|T|"*20.
Hence T' is quasihyponormal.

Aluthge has proved that if T is p-hyponormal for 0< p<1/2 and U is
unitary then T is (p+(1/2))-hyponormal. To see through such a result for p-
quasihyponormal operators we need the following famous and useful Furuta

Inequality [3].

Theorem A. If A and B are bounded self-adjoint operators such that A= B
=0. Then

(BrApBr)l/ZgB(p+2r)/q
and
A(p+2T)/¢1£(AT Bpflr)l/q

hold for each r=0, p=0, q=1 such that (1+2r)qg=p+2r.

Theorem 3. Let T=U|T | be p-quasihyponormal, 0< p<1/2 and U be unitary.
Then ’7‘-—-|T|1/2U|Tl”2 is (p+(1/2))-quasihyponormal.

Proof. We have only to employ the ingenious proof of [Theorem 2| in
‘based on [Theorem Al. Since T is p-quasihyponormal, therefore

T*(T*T)»—(TT*?)T=0.
This implies that
| T|U*(|T\**=U|T|**UXU|T| =0.
This is equivalent to
| T |[(U*|T|**U—|T|*?)|T|=0.
Thus on R(|T})
U*|T*?U=z|T|*®.

By Lemma 1 it follows that on R(7T)

U*|T|**Uz=|T|*"
or equivalently

U|T|?*U*< | T|**.
Hence on R(T"), we have
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U*|T|**Uz|T|**=zU|T|**U*.
Let A=U*|T|**U, B=|T|*® and C=U|T|?*?U*. Then using Theorem A, we
get that on R(T), we have
(PrDyPH=(|TI"*U*| T |U|T %P+
:(31/4PA1/2PBI/4P)P+1/2

2B(1/2p+2/4p)(p+l/2>=Bl+1/2p

and
(T‘T*)pu/z:( | T | 1/2U|T | U*lT l 1/2)p+1/2

=(Bl/4pcl/zpB1/4p)p+1/2
< BCLI2P+2/4P)(P+1/2) — B1+1/2P

Hence on R(T) '

(T‘*T)pﬂ/zg(f"f‘*)pﬂ/z.

This implies that '
TH(T*Tyr+12 (T TxrrunT>0.

Hence T is (p+(1/2))-quasihyponormal.
As a consequence of Theorems 2 and 3, we obtain

Corollary 4. If T is a p-quasihyponormal operator for 0< p<1/2, then the
operator |T V20| T |12 is quasthyponormal, where T=|T1"2U T\ and T=0T
is the polar decomposition of T.

Finally we give an example to show that the class of p-hyponormal operators
is properly contained in the class of p-quasihyponormal operators.

Example 5. Let K be the direct sum of a denumerable number of copies
of H. For given positive operators A and B defined on H, define the operator
T4 8 on K as follows

Tap(x,, x5, ) =0, Ax,, Axq, -+, Axp, Bxp,o, ++).

The operator T4, p is p-hyponormal if and only if B??=A?” and is p-quasi-
hyponormal if and only if AB*? A= A%P+D,
Let H be a two-dimensional Hibert space with

4 0 29 12
A= [ ] and B= [ ]
00 12 5

and let p=1/2. Then

[25 12]
B —A*=B— A=

12 5
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which is not positive. Therefore T, z is not semihyponormal. But

AB*®A— A¥*P*V=ABA— A®

o o oo

which is positive. Therefore T4 5 is semi-quasihyponormal.
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References

[1] A. Aluthge, On p-hyponormal operators for 0<p<1, Integral Equations Operator
Theory, 13 (1990), 307-315.

{2] P.A. Fillmore and J. P. Williams, On operator ranges, Adv. in Math,, T (1971),
254-281.

[3] T. Furuta, A=B=0 assures (B"APB7)Y/a= B»+21/2 for r=0, p=0, g=1 with (1+
2r)/q=p+2r, Proc. Amer. Math. Soc., 101 (1987), 85-88.

[4] S. Goldberg, Unbounded linear operators, McGraw Hill Inc., 1966.

(57 N.C. Shah and I. H. Sheth, Some results on quasihyponormal operators, J. Indian
Math. Soc., 39 (1975), 285-291.

[6] LH. Sheth, Quasihyponormal operators, Rev. Roumaine Math. Pures Appl., 19
(1974), 1049-1053.

Department of Mathematics
University of Delhi
Delhi-110007, India

Department of Mathematics
Deshbandhu College
Kalkaji

New Delhi-110019, India




	Theorem 2. ...
	Theorem A. ...
	Theorem 3. ...
	References

