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Abstract. The investigations devoted to the theory of orthogonal polynomials
discuss generally the case when the corresponding weight function is positive
on the whole interval of orthogonality. First Ahieser and Brzecka [2]
introduced systems of orthogonal polynomials with weight functions which
vanish on subsets of the interval of orthogonality with positive measure. The
interest towards such systems is challenged by the possibility to get generali-
zations of the classical orthogonal polynomials of Jacobi, Laguerre and
Hermite by means of appropriate choice of the weight function [3]. This
paper considers a general class of polynomials orthogonal on two final sym-
metric intervals. We introduce also the corresponding functions of second
kind to these polynomials, as suitable solutions of a linear second-order recur-
rence equation. The asymptotic properties of the polynomials and their func-
tions of second kind allow us to give a description of the region and mode of
convergence of the series on them. The representation problem. and some
boundary properties of such series are also discussed.

1. Introduction

Let us denote by G the class of functions f(6)=0, defined on the interval
[—=, =], for which the integrals

[ 7®a6>0 and ' 1ns(631a0

exist. According to [4], the corresponding function
1 14-ze %
Day=exp {-{" 1 f(0) 2 )
is holomorphic for |z|<1 and D(0)>0. If f(#)=G is the weight function on
the unit circle z=e'? of the system of orthonormal polynomials {on(2)}5=0, it
is known that

gon_(2)=2"{5(2"‘)}"[1+7)(n)0(1)]

uniformly on n and |z|=R>1, where lim 5(n)=0.

N0

In the case, when the weight function f(@) satisfies the inequality




164 L.1. BOYADJIEV

(L.1) | f(6+8)—f(@)|<Ll|lnd|*"*,
then for |z|=1, the following asymptotic formula is valid
| en(2)=2"{D(z7)} ' +en(2) -

where L>0, >0, |&,(z)|<C(nn)* and C=C(L, 2)>0.

Let the polynomials p¥(x)=x"+a,x* '+ --- +a,..x+a, are orthogonal on
the interval [—1, 1] with respect to a weight function w(x) such that
w(cos @)|sin@|=f(#)=G. By direct relation between the systems {¢n(2)}5-0
and {pX(x)}5-0. Szego proved the validity of the following asymptotic
formula

(1.2) PEx)=r)" 2 [ D] [14+9(n)O1)],
where xeC\[—1, 1], x=1/2({+{™*), |{|>1 and lim 7(n)=0. In fhe case when
w(cos @)|sin 8| =f(0) satisfies the inequality (1.1)7:*; can be proved that
(1— 2 [w(x)]p%(x)=(2/7)"* cos [n8+7(6)]+O[(In n)™2]
uniformly on x=[—1, 1], where |D(e*?)|*D(e*?)=e'7<®,

The functions

v w(x)p¥(x
se=| LD
are the functions of second kind corresponding to the polynomials p¥(x). An
asymptotic formula for these functions was found by Baret [5], who proved

that if §=1/2(6+&") then
(L.3) 1/2(8—§)gh(@)=(2x)*¢ " DG )1+ 7(n)OD)]

uniformly on |Z|=7>0.

dx, &eC~[—1,1]

2. Asymptotic formulas

Let us consider the polynomials p¥(x)=x"+bx* '+ -+ +b,_1x+b,, ortho-
gonal on the intervals g,=[—1, —a]U[ea, 1] (0=<a<1) with respect to a non-
negative summable weight function

w(x), x€[—1, —a]
o(x)=1 wix), x=[a, 1]
0 , x&£o,.
Theorem 1. If

@y wn(x)=2ES

s @ — %)
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where —a<s<a and w(t)=(x+s)'wx), 2x:=1—a®)t+a?+1, then

en(X)=[(1—a®)/2]"p¥(t) .
Proof. If Q(t) is a polynom of degree less than n then

| worrewar=o

and hence
1 2x
a x+s

From (2.1) it follows immediately that for an arbitrary even polynom Q*(x) of
degree less than 2n,

2.2) [ an(PoE e dz=0.

2.3) Sadw(x)p:(zx—zl__%ll)w(}c)dx:o .

Further we can assure that (2.3) also holds for an arbitrary odd polynom Q- (x)
of degree less than 2n. Indeed, according to (2.2),

Saaw<x)p:(3"—zl__—~‘:;‘1)o-‘<x)dx

2x%— 2xt—a?—1

._:S::‘xwl(x)p*( l—a )Q*(x)dx-{-g xwz(x)P’r'f( —a

)@*(x)dx

=5 22w opt(E 2 o4 xrda=0

and the theorem is proved. O

Theorcm 2. Under the conditions of Theorem 1, if p(x) is an even function
and wy(x)=(x+s)p(x), then

) P*n (x)—mgnP;‘n(X)
* —_ 2n+2

(2.4) - P2n+1(x)-— v x+s

where

m2n=[P 2(— )] Pase(—s).

Proof. Let Q*(x) and Q (x) are the even and the odd part respectively of
an arbitrary polynom Q(x) of a degree less than 2n+1. Since o(x)=|x+s|p(x),
the truth of this statement follows from the equalities

Pﬁzkn+2(x)""m2nP;‘n(x)
Saaw(x) xX+s

Prio(x)—myn PE(x)
x+s

Q*(x)dx=0,

| Q-(x)dx
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=S:x2:s (1) Plnss(x)—mun Pia(0)]Q*(x)dx=0. O

Our further considerations are connected with the orthogonal on g, poly-
nomials Po(x)=7nx"+7n 12"+ -+ +71x+70 (72>0) for which

[, amrpunrdz=1,

as well as with the orthogonal polynomials p,(t)=cat"+cCn_it" "'+ cov eyt +co
(¢2>0) for which

[ weorpaodi=1,

Obviously p¥t)=A.p.(t), where A%,=Sl_lw(t)p’}:(t)t"dt and P¥(x)=BnPon(x)
where BE,,=SCr | x+s|p(x)PF(x)x*"dx. From and we

conclude that
L=[1—aty/2m | wopserad,

i.e., Ben=[(1—a®)/2]"*'"*A,. This allows us to establish that

Pu)=[A—aty21 ().

From this equality and the asymptotic formula (1.2)‘we get that for zeC\a,,

(2.5) Pin(z)=[(1—a*)/2]7@2x) ¢ [ D)1 [1+9(n)0C)]

[(22_a2)1/2+(22_ 1)1/232
1—a?t )

uniformly on |{|=r>1, where {=

By means of (2.4) and the equalities
Phi(0)=Pons(®)Banss Blan=| 15451 p(0)Phnx)x"dx,
it is easy to get that,
Bian={, 15+5]p(x)Phn(a)x (x5}

* (L 1 TR
= PEE S ra—atyzyn [ wopson

_ Pha(—9)
Pz*n(—s) e

Then the following representation holds,
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(2.6) Prnn()=| ~ g‘TP“E‘ﬂ

Py
X[ Punest)= Pus(m) =] [ 49).
Using the asymptotic formula

[ werpsora~a s,  noe

where

At)= exv[lg1 (11n ut)f)tl),zdt],

we conclude that A,~2'2""g1/2[2(+)]/, Hence if we denote

_[(s®=a®)' P 4(s*—1)'72]% _ Pypuis(—s)
1—a? T Pu(—s)’

Ky =

it is evident that

BZn+2Pzn(—S) [ l—-a’]l/?.
Bsn Pogio — S) 4k, ’

From (2.5) and it follows that for zeC\g,,

(2.7) Pans1(2)= K@) AQL 2 [ D)1 [1+9(n)O(1)]

uniformly on [{|=7r>1, where K(a)=(27)/?[(1—a*)/2] " 2-[(a®—1)/4k,]""2.
Let us note that a similar approach was applied to the functions of second
kind
Q,,(z):S ADPR)y . e,
LY Z2—X
Using some relations between these functions and the functions

am@= P20y, o1, 1,

§—t
the following asymptotic formulas have been proved [61;
(2.8) - Qun(2)=[(1—a®)/4x] " *(z+s)[1/2({— )]
XC‘"D(C“([1+1)(n)0(1v)], zeC\o,
and
(2.9) Q2n+1(2)=4n K (a)BXL—L 1)1 n-1/2

XDEH1+9mOM)],  zeCaq

uniformly on |{|=7>1, where BQ)=C"%{'—«,).
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3. Series convergence and Christoffel-Darboux formula

In this section we study the region and the mode of convergence of the
series

(3.1) 3 aaPa(2)

and

(3.2) 3 62Qn(2).

Let us denote ea(z)=(Zzﬁa:l)l_l_’;gf,—l)llz=pe“’ (p>1). Since

zz=1-;(12+1-—4-az(pgezio+p—ze—2t0),

then, if z=u-+7v, we get immediately that

1+a? 1—a’
2 4

ul—y?—

(p*+p?)cos 20,
4
Let us further denote with I', the curves

2\ 2
(uz_vz _Héa 4u*?

[1—_-4—@(9”—1-9'”)]2 i [1_4“2(92+p’”)]2

a!
(p*+p"*)sin 26 .

2uv=

=1

and G,=intl",.

Theorem 3. If limsup|a,|'/*=1/p<1, then the series (3.1) is absolutely and

uniformly convergent in every region G,, where p,<p.

Proof. The asymptotic formulas (2.4) and (2.7) enable us to conclude that
P.(2)~&Xz), n—oo. According to the condition of the theorem, the series (3.1)
converges for |£.(2)| <p, i.e., for z&G,. Let z20&G, and p,=|§.(20)| <p. The
series (3.1) converges for z=z, and hence lim a,P,(2,)=0. Then there exists a
constant A>0 such that |a,Pa(z,)] <A. Let z be such that r=1£.(2)| <po. It
is clear that

| Pa(2)| | Pr(2)]
Palzo)] 2 TPzl

and therefore |a,P.(2)| <L(r/p,)". The last inequality leads us to the absolutely
convergence of (3.1) in the region G,,. : c :

lanPr(2)| = anPr(z0) -
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Let z be such that [£.(z)|=p,. It is evident that the series 2aZolanlp?
converges. For every z for which |§,|<p,, we have |a.£%2)|<|a.|p? and
this explains the uniformly convergence of 3,Z,a,£%(2) in the region G,,. O

The region and the mode of convergence of the series (3.2) can be dis-
cussed in a similar manner. From the formulas (2.8) and (2.9) it follows that
Qn(2)~£3"(2), n—oo. If we assume that limsup |b,|'/*=1/p<1, it can be proved
as in that the series (3.2) converges in C\G, and disconverges in G,.

Our further considerations in this paper oblige us to note that, according
to the general theory, every system of orthogonal polynomials as well as the
corresponding functions of second kind are solutions of a linear second-order
recurrence equation. In accordance with the notations in [7], this means that
if n>1

(3.3) | kaPass(@)H(2—@n)Pa(@)+ka1Pai(2)=0,
(3.4) ka@nir(w)+(w—an)Qn(w)+ka1Qs (w)=0.
If we define
An(z, W)=ka[Pr(2)Qn+y(w)— Pr1y(2)Qa(w)]l, n=0,1,2, .,
then the relations (3.3) and (3.4) give further that for n=1, 2,
(3.5 An(z, w)+(w—2)Pn(2)Qn(w)—An_i(2z, w)=0.
Then if v=0 is an integer, from it follows that
(3.6) Az, w)H(w—2)Zako Pu(2)Qn(w)—A(z, w)=0,

where A(z, w)=A(z, w)+(w—2)Py(2)Qw). As in [7], it is easy to show that
in fact A(z, w)=1. Therefore, the equality leads us to the following re-
presentation of the Cauchy kernel namely (w+#z, z€C, weC\a,)

1 o, Az, w)
(3-7) ;;__—Z—En=o n(z)Qn(w)+ w—z '
where
(3.8) Az, w)=k,[PA2)Q.s1(w)— P.1r(2)Qu(w)] .

We call the relation formula of Christoffel-Darboux type for the systems
{Pn(2)}5-0 and {Qr(2)}5-0. In the next section we emphasize on the important
role of this formula in studying the problem of representing analytic functions
by series of the kind (3.1) and (3.2).
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4. Series expansions

Lemma 1. Let p>1 and ¢ be a complex function absolutely integrable on
the contour I',. Then the function

4.1) £(2) =2_715,Srp z(_’f’z) dw, zeC~T,

can be represented in G, by a series (3.1) with coefficients

1
4.2) a=5\, PWIQuw)dw,  1=0,1,2, -,

o

Proof. If we multiply by (277)"'¢(w) and integrate along I", it follows
that for every zeC\[',, \

f(2)=2%=0an Pa(2)+ R .(2)

where R,(z)= LS r pw)dfz, w)
o

2mi w—2z
if z&G,, the asymptotic formulas (2.5), (2.7), (2.8) and (2.9) yield that

(R@ 1 =0{(1S2LY T lguyids}

But |£.(2)|<p when zeG, and hence lim R,(z)=0. Then we get a representa-

w and {a,}%-, are given by (4.2). Further,

tion of the function f(z) in the region G, by a series (3.1) with coefficients
4.2). O

In the same way we can prove

Lemma 2. Let p>1 and ¢ be a complex function absolutely integrable on
I',. Then the function

_ 10 9w
g(z)_Zn'iSI‘p " dw, zeC\I',
can be represented in G} by a series (3.2) with coefficients

1 5
bn———é—ﬂ'—igl'psb(w)P"(w)dw: n=0,1, 2, ---.

An usual application of Cauchy integral formula and the above lemmas lead
to the following statements

Theorem 4. Let 1<p,<+co and f be a complex function holomorphic in
G,, and continuous on G,,. Then f can be represented in G,, by a series (3.1)
with coefficients
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1
an=@§rpf<w>0n<w)dw, n=0,1,2 -

Theorem 5. Let 1<p,<+o, f be a complex function holomorphic in G%=
C\G,,, continuous on G¥ and f(c0)=0. Then f can be represented in G% by a
series (3.2) with coefficients

bo= fw)P,(w)dw, n=0,1,2, .

—*2_7‘;'-‘” Po

On the basis of the Christoffel-Darboux formula and the asymptotic
properties discussed in Section 2, it is possible to study the behaviour of the
series (3.1) at a boundary point of its region of convergence. As in the classical
theory of Fourier series, suitable asymptotic formula for the partial sums will
play an essential role.

Theorem 6. Let 1<p<+oo and ¢ be a complex function absolutely integrable
on the contour I',. If for a point w,sI,

S iso(w)—so(wo) ds< +oo
r,l  w—w, ’
then the series (3.1) representing the function (4.1) in the region G, is convergent
at the point w, with a sum

1 o(w) 1
(4.3) 271 Srp W—W, dw+ 2 P(wo).

Remark. The integral in (4.3) is considered as a main value in the sense
of Cauchy.

Proof. If we denote the partial sum
Su(f, 2)22‘1‘;=0 anPn(z):
where the coefficients are given by (4.2), from and Christoffel-Darboux
formula it follows that
r W—Wo,

1
S{fs wo=g |,
Further if zeC~\g, using the asymptotic formulas (2.5), (2.7), (2.8) and (2.9) as
well as Stirling’s formula, we can write that
4.4) Az, w)=§u(2)53"(w) [R(z, w)+0.z, w)],

where R(z, w) and {0.(z, w)}>, are holomorphic in the region (C\a,)X(C\0,)
and moreover lim d,(z, w)=0 uniformly on every compact subset of this region.

Y-+ +00

I_Ay(wm lU)

o(w)dw.
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The relation (4.4) gives further that R(z, z)+0.(z, z)=1, therefore R(z, z)=1 and
ouz, 2)=0 (v=1, 2, 3, --.). From (4.4) we get the representation

(4.5) Su(f, wo)= 271”. SI‘ 1 §a(wolla (W)R(we, w) o(w)dw~+r W),
]

W—W,

where

rWo)=—

l - S ea(wo)ez (w)av(wh w) (P(w)dw .
2mi r, w—Wyp

Since 8,(we, wo)=0, the sequence {(w—wo) 'd,(wo, W)} (WECNT, is ﬁxed)_tends
uniformly to zero on every compact subset of C\g, and hence the sequence
{r/(wo)} =, tends to zero when y—-+oo. In view of the relations

1 pw) . _ 1 { ow)—e(wo)
(4.6) 2xi Sl‘p w—2, dw= 2ri Sr,, w—2, dwtpws), 2€Gp,

an =L Sr pw)—wo) 4, 1 S ¢(w) dw——%cp(wo), weel,,
0

2ni W—W, T 2mi Jr, w—w,

it is sufficient to prove the statement in the case when ¢o(w,)=0. By this as-
sumption (4.5) yields that

4.8) SUS; W= | D) 1y T wa)+oL),

27 Jrp, w—w,

where
Twa==gr ], (=00 IR e, Wl ()

If we substitute [&.(w)] €. (w,)=expif (0§ =<2x) in the above integral, we
can write that '

o= 0@) exp iv6)d0,

where @(0) is an absolutely integrable complex-value function. Then the
Riemann-Lebesgue lemma allows us to conclude that if yv—oo, J.(w,) tends to
zero and in view of the theorem is proved. [J

Corollary. Let 1<p<-+oo and f be a complex function continuous on G,
and holomorphic in G,. If at a point wosI, this function satisfies the Holder
condition, i.e.

| f(w)—f(wa)| SMw—wo|#,  0<p=l, wel,,

then the series (3.1) representing f in G, is convergent at the point w, with a
sum f(w,).
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5. Cesaro summability

We study the (C, 1)-summability of the series (3.1) at a boundary point of
its region of convergence in this final section of the paper. Our main result
concerning this problem is the following statement.

Theorem 7. Let 0<a<l, [(1—a)(1+a)]'?<p<+c and ¢ be a complex
function absolutely integrable on I oo If @ is continuous in a neighbourhood of a
point woEI', and the integral in (4.3) exists as a main value, then the series (3.1)
representing the function (4.1) in the region G, is (C, 1)-summable at a point w,
with a sum given by (4.3).

Proof. In view of the relations (4.6) and (4.7) we may suppose that ¢(w,)
=0. If we denote
o(f; w)=(w+1)"'h=0Su(f; wo),

from (4.5) and we get that

GD  olf; w)=o ,S I D700 E2Waka" W) gyt o(1).

wW—Wy
Let riwo)={1§—wol=v" }ﬂfp (v=1,2,3, ---) and I'y(wo)=I",—15(wo). If we
define ' '

o(w)

dw,
(wo) W—Wp

R (wo)= Uv(f Wo)— EHS

then, in order to prove [Theorem 7, it is sufficient to show that hm Ri(we)=0.
In view of (5.1) we have that

,,cw(,)——z%g Luwn, i)t g { Koo, wiptu)dw+oD),

where

L(wo, w)=K,(wo, w)—(w—w,)™*
and
v+1—37 o a(welsa"(w)
, (v+1Xw—w,) ’
If we denote u=§,(w,)¢5'(w), from the representation

1 1-Ea(wola'(w) v+1—34 o én(wodéa"(w)
v+1 W—w, 1-§(wosa'(w)

K (w,, w)=

K(w,, w)=

)

we get immediately that .

v+1—3_ou

[ =y (= Du+ =2+ - +2u"
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Hence for wery(w,)

(5.2) K. (ws, w)=o[—u71rT ”(”; 1>]=o(v).

If {(w,) is the lenght of the arc 7%(w,), then in view of (5.2) and the assump-
tion that ¢(w) is continuous at the point w, and ¢(w,)=0, we can write that
when y— 40

1
2ni
It remains to show that if v— +oo, then

=
27:1’ PZ(WO)

S L Kwe, w)pw)dw=0o[u(we)]=0(1).
7o (W0

(5.3) L (w,, w)p(w)dw=0(1).

If &,(v) and &,(v) are the endpoints of the arc 7%(w,), let us denote
Go=arg&.(w,),  0.(v)=arg[§a(wo)—w.(»)],

0 (v)=arg [wa(v)—Ea(wo)]
where

GOR IR i OR ik Y

After some computations we can write that

wk(l))"-—‘

=
2mi Iricwe

x+8o-01Cv
L(wo, w)‘P(w)dw-—:o{ 1 SZ *00m01®

v+1

where @(0) is continuous function in a neighbourhood of the point #, and
" moreover @(0,)=0. If we define

(0—0,)20(8)db} ,

fo+02¢0)

W(O)=SZ°¢(0)d0, |

then ¥ is differentiable on [@,, 8] for every d>0 small enough and moreover
¥(9)=0[6—0,], when 6§ —0,. Hence

1 _ 1 U2r+0,—06.(v))
'z"ifgr;w.,) Ltwe, wipwdw=o{ 1| =G5 oy
- W”%’(”»] ,vil X;”o*fa“z'(f)“”’(e—oo)-auf(f))do}_—_ou)

and thus (5.3) is proved. O

(Fejer’s theorem). Let [(1—a) '(1+a)]'*<p< +eo, 0<a<land
f be a complex function continuous on G, and holomorphic in G,. Then the series
(3.1) representing f in G,, is (C, 1)-summable at every point wesI', with sum

Sf(wo).




POLYNOMIALS ORTHOGONAL 175

Acknowledgements: The author is indebted to Prof. Dr. P. Russev for

stimulating suggestions.

(1]
(2]
[3]
[4]
(5]

(6]

[7]

References

N.I. Ahieser, Uber eine Eigenschaft der “elliptischen” Polynome, Trans. Harkov
Math. Soc., 9 (1933), 3-8.

V.F. Brzecka, Sur les polynomes orthogonaux daus deux intervalles symetriques,
Trans. Harkov Math. Soc., 1T (1940).

G.1. Barkov, Trans. Univ. Annual “Mathematiics”, N 4, 1960.

G. Szego, Orthogonal Polynomials, New York, 1959.

W. Barret, An asymptotic formula relating to orthogonal polynomials, J. London
Math. Soc. (2), 6 (1973), 701-704.

L.I. Boyadjiev, An asymptotic formula for functions of second kind for orthogonal
polynomials on two symmetric finite intervals, Compt. Rend. Acad. Bulg. Sci.,
32 (1979), 565-567.

P.K. Russev, Analytic functions and classical orthogonal polynomials, Sofia, 1984,

Department of Mathematical Analysis
Institute for Applied Mathematics
‘and Computer Science

Technical University—Sofia

P.0O. Box 384, 1000 Sofia

Bulgaria



	1. Introduction
	2. Asymptotic formulas
	Theorem 1. ...
	Theorcm 2. ...

	3. Series convergence ...
	Theorem 3. ...

	4. Series expansions
	Theorem 4. ...
	Theorem 5. ...
	Theorem 6. ...

	5. Cesaro summability
	Theorem 7. ...

	References

