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Summary. Let $f_{n}(x)$ be the recursive kernel estimators of an unknown
density function $f(x)$ at a given point $x$ . Also, let $N(t)(t>0)$ be a family
of positive integer-valued random variables. We consider the sequential esti-
mators $f_{N(t)}(x)$ . In this paper, under certain regularity conditions on $N(t)$

we shall show that $(N(t)h_{N(t)}^{p})^{1/2}(f_{N(i)}(x)-f(x))$ is asymptotically normally
distributed as $t$ tends to infinity. Our conditions on $N(t)$ generalize those
given by Carroll [2], Stute [9] and Isogai [6].

1. Introduction

Let $X_{1},$ $X_{2},$ $X_{3},$ $\cdots$ be a sequence of independent identically distributed p-
dimensional random vectors, defined on a probability space $(\Omega, \mathcal{F}, P)$ , and let
$f$ denote their common probability density function with respect to Lebesgue
measure on the $P$ -dimensional Euclidean space $R^{p}$ . Further, let $4\ovalbox{\tt\small REJECT}(t)(t>0)$ be
a family of positive integer-valued random variables defined on $(\Omega, \mathcal{F}, P)(i.e.$ ,
stopping rules). Many authors have investigated the problem of nonparametric
density estimation based on $X_{1},$ $\cdots$ , $X_{n}$ . This problem was summarized in the
books of Prakasa Rao [7] and Devroye and Gy\"orfi [4]. On the other hand,
there are many situations in practice where the number of observations required
to compute density estimators is random. The problem of sequential density
estimation based on random number of observations also has been studied (for
example, see Srivastava [8], Carroll [2], Isogai [5] and [6] and Stute [9]).
The above authors, Davies and Wegman [3] and Wegman and Davies [10]
proposed stopping rules and investigated the asymptotic properties of the se-
quential density estimators and the stopping rules.

In this paper we consider the following sequential density estimators pro-
posed by Isogai [6]:
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(1.1) $f_{N(t)}(x)=\Sigma_{J=1}^{N(t)}a_{f}\beta_{jN(t)}K_{j}(x, X_{j})+\beta_{0N(t)}K(x)$

where

(1.2) $K_{n}(x, y)=h_{\overline{n}}^{p}K((x-y)/h_{n})$ for $x,$ $y\in R^{p}$ ,

$K$ is a bounded, integrable, real-valued Borel measurable function on $R^{p}$ and
$\{h_{n}\}$ with $h_{0}=h_{1}$ is a nonincreasing sequence of positive numbers converging

to zero,

(1.3) $a_{n}=a/n$ for any fixed $a\in(O, 1$ ]

and

(1.4) $\beta_{mn}=\left\{\begin{array}{ll}\Pi_{j\Rightarrow m+1}^{n}(1-a_{j}) & if n>m\geqq 0,\\1 & if n=m\geqq 0.\end{array}\right.$

The aim of this paper is to show that, under certain regularity conditions
on $N(t),$ $(N(t)h^{p_{N(t)}})^{1/2}(f_{N(t)}(x)-f(x))$ is asymptotically normally distributed as $t$

tends to infinity. The results like this were shown by Carroll [2], Stute [9]

and Isogai [5], [6], but our conditions on $N(t)$ generalize those given by them.

This paper consists of three sections. In Section 2 the main theorem is given.

In the last section the theorem is proved.

2. Main Result

In this section we shall make some preparations and give the main theorem.

Set
$\gamma_{1}=1$ and $\gamma_{n}=\Sigma_{j=2}^{n}(1-a_{j})$ for $n\geqq 2$ ,

where $a_{n}$ is defined in (1.3). It is known in [6] that

(2.1) $\beta_{mn}=\gamma_{n}\gamma_{m}^{-1}$ for $n\geqq m\geqq 1$

and

(2.2) $\beta_{mn}\sim m^{a}n^{-a}$ as $ n\geqq m\rightarrow\infty$ ,

where $\sim$ means the asymptotic equivalence. Throughout this paper the func-

tion $K$ in Section 1 is assumed to satisfy the following.

Condition $K$ :

$\int_{R^{P}}K(u)du=1$ , $\int_{R^{p}}\Vert u\Vert^{2}|K(u)|du<\infty$ ,

$\int_{R^{p}}u_{i}K(u)du=0$ for $i=1,$ $\cdots$ , $P$ with $u=(u_{1}, \cdots , u_{p})$ ,

$\Vert u\Vert^{p}|K(u)|\rightarrow 0$ as $\Vert u\Vert\rightarrow\infty$ ,
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where $\Vert\cdot\Vert$ denotes the Euclidean norm on $R^{p}$ .
Assume the sequence $\{h_{n}\}$ in Section 1 satisfies the following.

Condition $H$ : For $a$ of (1.3)

(H1) $ nh_{n}^{p}\uparrow\infty$ as $ n\rightarrow\infty$ ,

(H2) $n^{1-2a}h_{n}^{p}\rightarrow 0$ as $ n\rightarrow\infty$ ,

(H3) $ n^{1-8a}h_{n}^{p}\Sigma_{j=1}^{n}j^{2(a-1)}h_{j}^{-p}\rightarrow\beta$ as $ n\rightarrow\infty$ for some constant $\beta>0$ ,

(H4) $n^{s/2-3a}h_{n}^{sp/g}\Sigma_{j=1}^{n}j^{s(a- 1)}h_{j}^{-2p}\rightarrow 0$ as $ n\rightarrow\infty$ ,

(H5) $(n^{1-8a}h_{n}^{p})^{1/g}\Sigma_{j=1}^{n}j^{a-1}h_{j}^{2}\rightarrow 0$ as $ n\rightarrow\infty$ ,

(H6) For any $\epsilon>0$ there exists a positive constant $\delta=\delta(\epsilon)$ such that

$|(n/m)-1|<\delta$ implies $|(h_{n}/h_{m})-1|<\epsilon$ .
Example. Let $h_{n}=n^{-r/p}$ with max $\{p/(P+4), 1-2a\}<r<1$ . Then $\{h_{n}\}$

satisfies $(H1)\sim(H6)$ with $\beta=(2a+r-1)^{-1}$ . We shall give two definitions con-
cerning conditions on $f$ and $N(t)$ .

Deflnition 1. Let $g$ be a real-valued function on $R^{p}$ . We say that the
function $g$ belongs to the class $\mathfrak{M}_{p}$ (abbreviated as $g\in \mathfrak{M}_{p}$ ) if there exist bounded,
continuous second partial derivatives $\partial^{2}g(x)/\partial x_{\ell}\partial x_{j}$ on $R^{p}$ for all $i,$ $j=1,$ $\cdots$ , $p$ .

Definition 2. A family of positive integer-valued random variables $N(t)(t>0)$

is said to satisfy Condition A if there exist a positive random variable $\theta$ on
$(\Omega, \mathcal{F}, P)$ and a family of positive numbers $\tau(t)(t>0)$ with $\tau(t)\rightarrow\infty$ as $ t\rightarrow\infty$

such that $N(t)/\tau(t)\rightarrow\theta p$ as $ t\rightarrow\infty$ (in probability).

Remark 1. The stopping rules considered by Carroll [2], Isogai [5], [6]
and Stute [9] satisfy Condition A. We shall now give the main theorem of
this paper.

Theorem. Assume $f\in \mathfrak{M}_{p}$ . If $N(t)$ satisfies Condition $A$ , then for each Point
$x$ with $f(x)>0$

$(N(t)h_{N(\ell)}^{p})^{1/2}(f_{N(t)}(x)-f(x))\rightarrow N(O, \sigma^{2}(x))$ as $ t\rightarrow\infty$ (in law),
$L$

where

$\sigma^{g}(x)=a^{g}\beta f(x)\int_{Rp}K(u)du$ .
Remark 2. Let $\theta$ in Condition A be a positive discrete random variable,

that is, there exists a sequence of positive numbers $t_{k}(k=1, 2, )(k$ may be
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finite or infinite) such that $\sum_{k=1}^{\infty}p_{k}=1$ where $p_{k}=P\{\theta=l_{k}\}>0$ . Then this
theorem was proved by Isogai [6].

3. Proof of Theorem

Throughout this section all of the conditions in Theorem are assumed
to be satisfied. Let $[b]$ denote the largest integer not greater than $b$ . Note

that $b-1<[b]\leqq b$ . For notational simplicity let $N$ and $\tau$ denote $N(t)$ and $\tau(t)$

respectively unless otherwise specified. For any fixed $x$ set

$Z_{n}=K_{n}(x, X_{n})-EK_{n}(x, X_{n})$ , $\delta_{n}=EK_{n}(x, X_{n})-f(x)$ ,
(3.1)

$S_{n}=\Sigma_{j=1}^{n}a_{j}\beta_{jn}\{K_{j}(x, X_{j})-f(x)\}$ , $V_{n}=(nh_{n}^{p})^{1/2}S_{n}$ for $n\geqq 1$ ,

where $S_{0}=V_{0}=0$ and $K_{n}$ is as defined by (1.2). Then it is clear from (1.1) that

(3.2) $(Nh_{N}^{p})^{1\prime 8}(f_{N}(x)-f(x))=V_{N}+(1Vh_{N}^{p})^{1/2}\beta_{0N}(K(x)-f(x))$ for $t>0$ .
One can easily verify that Lemma 3 of [1] holds for independent random varia-
bles, that is,

Lemma 1. Let $\{Y_{n}\}$ be a sequence of independent random variables. Also,

let $\{k_{n}\}$ and $\{m_{n}\}$ be sequences of positjve integers tending to infinity, and $A_{n}$

an event depending only on $Y_{k_{n}},$ $\cdots$ , $Y_{m_{n}}$ . If $A$ is any event, then

$\lim_{n\rightarrow}\sup_{\infty}P(A_{n}|A)=\lim_{n\rightarrow}\sup_{\infty}P(A_{n})$ ,

where the conditional probabiljty $P(A_{n}|A)=P(A)$ if $P(A)=0$ .

The following lemma is found in [6].

Lemma 2. Let $\{Y_{n}\}$ be a sequence of independent random variables such that

putting $S_{n}=(1/B_{n})\Sigma_{j=1}^{n}Y_{j}$ with $B_{n}>0$ being a constant tending to infinity, the

random variable $S_{n}$ converges in law to some random variable with the distribu-

tion function F. Then for any event $A$ with $P(A)>0$ the conditional pr0bability
$P\{S_{n}\leqq x|A\}$ tends to $F(x)$ for every continuity point $x$ of $F$.

In the same manner as (A.9) in [6] we obtain

Lemma 3. Let $C$ be an arbitrary given positive constant. Then for any
$\epsilon>0$ there exists a positive integer $n_{0}=n_{0}(\epsilon, C)$ such that for all $m\geqq n\geqq n_{0}$ with
$m/n\leqq C$

$\overline{\sqrt{mh_{m}^{p}}}\max_{n\leqq\ell\leqq m}|\Sigma_{q=1}^{i}a_{q}\beta_{q\ell}\delta_{q}|<\epsilon$ .

Lemma 4. Under the assumptions of Theorem
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$(N(t)h_{N(t)}^{p})^{1/2}(S_{N(t)}-S_{[\theta r(t)]})\rightarrow 0$ as $ t\rightarrow\infty$ .
$P$

Proof. Let any $\epsilon,$ $\eta\in(0,1)$ be fixed. First fix a sufficiently large constant
$C>0$ and a sufficiently small constant $c>0$ , both of which do not depend on $\epsilon$

and $\eta$ . Here let $c^{-1}$ be far larger than $C$ . Further let constants be denoted
as the same notation $Cand/orc$ , unless otherwise stated. Choose a positive
constant $G$ satisfying

(3.3) $ 1-\Phi(G)+\Phi(-G)<c\eta$ ,

where $\Phi$ denotes the distribution function of the standard normal random variable
$N(O, 1)$ . Taking account of the positivity of $\theta$ , choose an integer $m\geqq 1$ and a
constant $\rho\in(0,1/2)$ depending only on $\epsilon$ and $\eta$ such that

(3.4) $P\{\theta<(m-1)/2^{m}\}+P\{\theta\geqq m\}<\eta/4$ and $m>\max(C\epsilon^{-f}\eta^{-1}, CG\epsilon^{-1})$

and

(3.5) $0<\rho<\min(c\epsilon^{g}\eta, C^{-1}G^{-1}\epsilon)$ .
Let an event $A_{km}$ be denoted as

$A_{km}=\{(k-1)/2^{m}\leqq\theta<k/2^{m}\}$ for $m\leqq k\leqq m2^{m}$ .
It follows from Condition A that

(3.6) $P\{|N-[\theta\tau]|\geqq\rho[\theta\tau]\}<\eta/4$ for large $t$ .
By (3.4) and (3.6) we get

(3.7) $P\{\sqrt{Nh_{n}^{p}}|S_{N}-S_{[\theta\tau]}|>\epsilon\}$

$\leqq\Sigma_{k=m}^{m\epsilon^{m}}P\{\sqrt{Nh_{n}^{p}}|S_{N}-S_{[\theta\tau]}|>\epsilon, |N-[\theta\tau]|<\rho[\theta\tau], A_{km}\}+\eta/2$

for large $t$ . Fix any $k=m,$ $\cdots$ , $m2^{m}$ . Set

$n_{1}=n_{1}(t)=[(k-1)_{T}/2^{m}]$ ,
(3.8)

$m_{1}=m_{1}(t)=[(1-\rho)n_{1}]$ ,

It is easily verified that

$n_{2}=n_{2}(t)=[k\tau/2^{m}]$ ,

$m_{2}=m_{2}(t)=[(1+\rho)n_{2}]$ .

$\lim_{t\rightarrow\infty}m_{1}/n_{1}=1-\rho$ , $\lim_{\ell\rightarrow\infty}n_{1}/n_{2}=1-k^{-1}$ ,

(3.9) $\lim_{t\rightarrow\infty}\beta_{m_{1}n_{1}}=(1-\rho)^{a}\geqq 1-\rho$ ,

$\lim_{\ell\rightarrow\infty}\beta_{n_{1}n_{2}}=(1-k^{-1})^{a}\geqq 1-m^{-1}$ .
It follows from (3.8) that
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$I_{k}(t)\equiv P\{\sqrt{}\overline{Nh_{n}^{p}}|S_{N}-S_{[\theta\tau]} |>\text{\’{e}}, |N-[\theta\tau]|<\rho[\theta\tau], A_{km}\}$

$\leqq P${ $\sqrt{\iota h^{p_{\ell}}}|S_{i}-S_{j}|>\epsilon$ for some $m_{1}\leqq i\leqq m_{2}$ and some $n_{1}\leqq j\leqq n_{2},$
$A_{k_{\backslash }m}$ }

(3.10) $\leqq P(A_{km})[P${ $\sqrt{\iota h^{p_{i}}}|S_{i}-S_{j}|>\epsilon$ for some $m_{1}\leqq i<n_{1}$ and some $n_{1}\leqq j\leqq n_{2}|A_{bm}$ }

$+P${ $\sqrt{th_{\ell}^{p}}|S_{\ell}-S_{f}|>\epsilon$ for some $n_{1}\leqq i,$ $j\leqq n_{2}|A_{km}$ }

$+P${ $\sqrt{ih^{p_{\ell}}}|S_{\ell}-S_{j}|>\epsilon$ for some $n_{2}<i\leqq m_{2}$ and some $n_{1}\leqq j\leqq n_{2}|A_{km}$ }]

$\equiv P(A_{km})(J_{1}+J_{2}+J_{\$})$ , say.

First we shall estimate the term $J_{1}$ . By the monotonicity of $nh_{n}^{p}$ we get

$J_{1}\leqq P\{\sqrt{n_{1}h_{n}^{p}}1_{m_{1<}}\max_{\ell\leqq n_{1}}|S_{i}-S_{m_{1}}|>\epsilon/3|A_{km}\}$

(3.11) $+P\{\sqrt{n_{2}h_{n_{2}}^{p}}\max_{n_{1}<J\leq n_{2}}|S_{j}-S_{n_{1}}|>\epsilon/3|A_{im}\}$

$\equiv J_{11}+J_{12}$ , say.

It follows from (2.1), (3.1) and the monotonicity of $\gamma_{n}$ that for $i>j$

$|S_{\ell}-S_{j}|\leqq(\gamma_{j}-\gamma_{i})|\Sigma_{q=1}^{j}a_{q}\gamma_{q}^{-1}Z_{q}|+\gamma_{\ell}|\Sigma_{q=j+1}^{i}a_{q}\gamma_{q}^{-1}Z_{q}|$

(3.12)
$+|\Sigma_{q\approx 1}\ell a_{q}\beta_{q\ell}\delta_{q}|+|\Sigma_{q=1}^{j}a_{q}\beta_{qf}\delta_{q}|$ .

Since $\lim_{t\rightarrow\infty}m_{1}=\infty$ , by (3.9) and Lemma 3 we have

$\sqrt{n_{1}h_{n_{1}}^{p}}\max_{m_{1}\leqq i\leqq n_{1}}|\Sigma_{q=1}^{i}a_{q}\beta_{q\ell}\delta_{q}|<\epsilon/4$ for large $t$ .
Thus by the use of this relation and (3.12) we obtain that for large $t$

$J_{11}\leqq P\{\sqrt{}\overline{n_{1}h_{n_{1}}^{p}}[(\gamma_{m_{1}}-\gamma_{n_{1}})|\Sigma_{q=1}^{m_{1}}a_{q}\gamma_{q}^{-1}Z_{q}|+\max_{m_{1}<\ell\leqq n_{1}}\gamma_{i}|\Sigma_{q=m_{1}+1}^{i}a_{q}\gamma_{q}^{-1}Z_{q}|]$

$+2\sqrt{}\overline{n_{1}h_{n_{1}}^{p}}\max_{m_{1}\leqq i\leqq n_{1}}|\Sigma_{q=1}\ell a_{q}\beta_{q\ell}\delta_{q}|>\epsilon|A_{km}\}$

(3.13) $\leqq P\{\sqrt{}\overline{n_{1}h_{n_{1}}^{p}}(\gamma_{m_{1}}-\gamma_{n_{1}})|\Sigma_{q=1}^{m_{1}}a_{q}\gamma_{q}^{-1}Z_{q}|>\epsilon/4|A_{km}\}$

$+P\{\sqrt{}\overline{n_{1}h_{n_{1}}^{p}}\max_{m_{1}<\ell\leqq n_{1}}\gamma_{i}|\Sigma_{q=m_{1}+1}^{i}a_{q}\gamma_{q}^{-1}Z_{q}|>\epsilon/4|A_{bm}\}$

$\equiv J_{111}+J_{1lg}$ , say.

It follows from Lemma 1 that

(3.14) $\lim_{t\rightarrow}\sup_{\infty}J_{118}=\lim_{t\rightarrow}\sup_{\infty}P\{\sqrt{}\overline{n_{1}h_{n_{1_{m_{1<}}}}^{p}}\max_{\ell sn_{1}}\gamma_{\ell}|\Sigma_{q=m_{1}+1}\ell a_{q}\gamma_{q}^{-1}Z_{q}|>\epsilon/4\}$ .
Using the inequality of (A.17) in [6], (3.5) and (3.9) we have

R. H. $S$ of $(3.14)\leqq C\epsilon^{-9}\lim_{t\rightarrow}\sup_{\infty}\{(n_{1}/m_{1})^{g}(1-m_{1}/n_{1})\}<4C\epsilon^{-g}\rho$ .

Hence by (3.5) we obtain
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(3.15)
$\lim_{t\rightarrow}\sup_{\infty}J_{112}<c\eta$ .

Put
$U_{n}=a_{n}\gamma_{\overline{n}}$ $Z_{n},$ $W_{n}=\Sigma_{q=1}^{n}U_{q}$ and $w_{n}^{2}=\Sigma_{q=1}^{n}a_{q}^{f}\gamma_{q}^{-2}EZ_{q}^{2}$ .

Then in (2.5) and (2.6) of Isogai [6] it is given that

(3.16) $w_{n}^{g}\sim\sigma^{g}(x)(nh_{n}^{p}\gamma_{n}^{2})^{-1}$ as $ n\rightarrow\infty$

and

(3.17)
$W_{n}/w_{n}\rightarrow N(OL1)$ as $ n\rightarrow\infty$ .

By virtue of (3.9), (3.16) and the monotonicity of $h_{n}$ we have

$\sqrt{}\overline{n_{1}h_{n_{1}}^{p}}(\gamma_{m_{1}}-\gamma_{n_{1}})w_{m_{1}}\leqq C\rho$ for all $t>0$ .
Hence it follows from this relation, Lemma 2, (3.3), (3.5) and (3.17) that

$\lim_{\ell\rightarrow}\sup_{\infty}J_{111}\leqq\lim_{\ell\rightarrow}\sup_{\infty}P\{|W_{m_{1}}/w_{m_{1}}|>C^{-1}\epsilon\rho^{-1}|A_{km}\}$

$\leqq\lim_{t\rightarrow\infty}P\{|W_{m_{1}}/w_{m_{1}}|>G|A_{km}\}=\lim_{t\rightarrow\infty}P\{|W_{m_{1}}/w_{m_{1}}|>G\}<c\eta$ ,

which, together with (3.13) and (3.15), implies that

(3.18)
$\lim_{t\rightarrow}\sup_{\infty}J_{11}<c\eta$ .

Replace $m_{1}$ and $n_{1}$ in $J_{11}$ of (3.11) by $n_{1}$ and $n_{g}$ in $J_{12}$ of (3.11), respectively.
Then in the same manner as (3.18) we obtain

(3.19)
$\lim_{t\rightarrow}\sup_{\infty}J_{12}<c\eta$ .

Thus, combining (3.11), (3.18) and (3.19) we have

(3.20)
$\lim_{t\rightarrow}\sup_{\infty}J_{1}<c\eta$ .

By the same argument as (3.20) we get

$\lim_{\vec{t}}\sup_{\infty}J_{8}<c\eta$ and $\lim_{t\rightarrow}\sup_{\infty}J_{8}<c\eta$ ,

which, together with (3.7), (3.10) and (3.20), yields that

$\lim_{\ell\rightarrow}\sup_{\infty}P\{\sqrt{Nhk}|S_{N}-S_{[\theta r]}|>\epsilon\}\leqq c\eta\Sigma_{k=m}^{m2^{m}}P(A_{km})+\eta/2\leqq c\eta+\eta/2<\eta$ .
Therefore, as $\eta\rightarrow 0$ we have the lemma. This completes the proof.

We are now in the position to prove the theorem. It is given in (2.2) of
Isogai [6] that $\gamma_{n}\leqq Ln^{-a}$ for all $n$ with some constant $L>0$ . Since by Condi-
tion A $N$ iir $\infty$ as $ t\rightarrow\infty$ , using (H2) and the above inequality we get that
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$\sqrt{Nh^{p_{N}}}\beta_{0N}\rightarrow 0p$ as $ t\rightarrow\infty$ . Thus, by taking account of (3.2), in order to prove

the theorem it is sufficient to show

(3.21) $V_{N}>\overline{L}N(0, \sigma^{g}(x))$
as $ t\rightarrow\infty$ .

Clearly,

(3.22) $V_{N}=V_{[\theta\tau]}+\sqrt{Nh^{p_{N}}}(S_{N}-S_{[\theta\tau]})+V_{[\theta\tau]}\{(Nh^{p_{N}}/[\theta\tau]h_{[\theta r]}^{p})^{1/2}-1\}$ .
It follows from Condition A that $1V/[\theta\tau]\rightarrow 1p$ as $ t\rightarrow\infty$ , which, together with

(H6), yields that $Nh_{N}^{p}/[\theta\tau]h_{[\theta\tau]}^{p}\rightarrow 1p$ as $ t\rightarrow\infty$ . Hence, if

(3.23) $V_{[\theta\tau]}\rightarrow N(0, \sigma^{2}(x))$ as $ t\rightarrow\infty$ ,
$L$

then
$V_{[\theta r]}((Nh^{p_{N}}/[\theta\tau]h_{[\theta r]}^{p})^{1/f}-1\}\rightarrow 0P$

as $ t\rightarrow\infty$ .

Thus, by this result, (3.22) and Lemma 4, in order to show (3.21) it is sufficient
to prove (3.23). In the remainder we shall show (3.23). Let $F$ be the distribu-
tion function of $N(O, \sigma^{g}(x))$ . If

(3.24) $\lim_{t\rightarrow\infty}P\{V_{[\theta\tau]}\leqq y\}=F(y)$ for any $y$ ,

then (3.23) holds. Hence it suffices to prove (3.24). Let any $\eta>0$ and any $y$

be fixed. Fix a sufficiently small constant $c>0$ , not depending on $\eta$ . Let
$G=G(\eta)>0$ be a constant such that $ 1-F(G)+F(-G)<c\eta$ . Choose a sufficiently

large integer $m=m(\eta)$ such that all the relations depending on $m$ hold and that
$ P\{\theta<(m-1)/2^{m}\}+P\{\theta\geqq m\}<c\eta$ , and a constant \’e=\mbox{\boldmath $\epsilon$}(\eta )>O satisfying that
$|F(y+i\epsilon)-F(y)|<\eta/4$ for $i=\pm 1$ . Set

(3.25) $\mu_{m}=\Sigma_{k=1}^{\infty}(k/2^{m})I((k-1)/2^{m}\leqq\theta<k/2^{m})$ ,

where $1(A)$ denotes the indicator function of $A$ . Note that $\mu_{m}$ is a positive
discrete random variable. Thus, from (3.4) of [6] we have

(3.26) $V_{[\mu_{m}\tau]}\rightarrow N(OL\sigma^{a}(x))$ as $ t\rightarrow\infty$ .

Since by virtue of Lemma 1 of [1]

$|P\{V_{[\theta\tau]}\leqq y\}-F(y)|$

$\leqq|P\{V_{[\mu_{m}\tau]}\leqq y+\epsilon\}-F(y+\text{\’{e}})|+|F(y+\epsilon)-F(y)|+|P\{V_{[\mu_{m}\tau]}\leqq y-\epsilon\}$

$-F(y-\epsilon)|+|F(y-\epsilon)-F(y)|+P\{|V_{[\theta\tau]}-V_{[\mu_{m}\tau]}|>\epsilon\}$ ,

it follows from (3.26) that

(3.27) $\lim_{t\rightarrow}\sup_{\infty}|P\{V_{[\theta e]}\leqq y\}-F(y)|\leqq\lim_{\ell\rightarrow}\sup_{\infty}P\{|V_{[\theta\tau]}-V_{[\mu_{m}r]}|>\epsilon\}+\eta/2$ .
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Now, we shall estimate the first term of the right-hand side of (3.27). Using
the same relation as (3.22), we get

$P\{|V_{[\theta\tau]}-V_{[\mu_{m}\tau]}|>\epsilon\}\leqq P\{([\theta\tau]h_{[\theta\tau]}^{p})^{1/2}|S_{[\theta\tau]}-S_{[\mu_{m}\tau]}|>\epsilon/2\}$

(3.28) $+P\{|(([\theta\tau]h_{[\theta\tau]}^{p}/[\mu_{m}\tau]h_{[\mu_{m}\tau]}^{p})^{1/2}-1)V_{[\mu_{m}\tau]}|>\epsilon/2\}$

$\equiv l_{1}+l_{2}$ , say.

Set $n_{1}=[[k\tau/2^{m}]-\tau/2^{m}]$ and $n_{2}=[k\tau/2^{m}]$ for fixed $k\geqq m$ . By (3.25) we note
that $\mu_{m}=k/2^{m}$ if $(k-1)/2^{m}\leqq\theta<k/2^{m}$ and that $\theta<\mu_{m}$ . Then, taking account
of the monotonicity of $nh_{n}^{p}$ , we have

$I_{1}\leqq\Sigma_{k=m}^{m2^{m}}P${ $\sqrt{n_{2}h_{n}^{p}}2|S_{n_{2}}-S_{i}|>\epsilon/2$ for some $n_{1}\leqq i\leqq n_{2}|A_{km}$ } $ P(A_{km})+c\eta$

$\leqq\Sigma_{k=m}^{m2^{m}}P\{\sqrt{n_{2}h_{n}^{p}}2\max_{n_{1}<t\leqq n_{2}}|S_{i}-S_{n_{1}}|>\epsilon/4|A_{km}\}P(A_{km})+c\eta$ ,

where $A_{km}$ is as in the proof of Lemma 4. Hence, following a similar argu-
ment as (3.18), we can prove that

(329) $ l_{1}<c\eta$ for sufficiently large $t$ .
Lastly, we shall estimate $l_{2}$ . By (3.26) and the property of $G$ we have
$ P\{|V_{[\mu_{m}\tau]}|>G\}<c\eta$ for large $t$ . Thus, we obtain that for large $t$

(3.30) $I_{2}\leqq P\{|V_{[\mu_{m}\tau]}|>G\}+l_{21}<c\eta+I_{21}$ ,

where

$l_{21}=P\{|([\theta_{T}]h_{[\theta\tau]}^{p}/[\mu_{m}\tau]h_{[\mu_{m}\tau]}^{p})^{1/2}-1|>\epsilon/2G\}$ .
Put $\eta_{1}=\min\{(\epsilon/2G)^{2},1\}$ . Using the fact that $\theta<\mu_{m}$ and the simple inequality
that $(\sqrt{a}-1)^{2}\leqq|a-1|$ for all $a\geqq 0$ , we have

$1_{21}\leqq P\{|(h_{[\theta\tau]}/h_{[\mu_{m}\tau]})^{p}-1||[\theta\tau]/[\mu_{m}\tau]|+|([\theta_{T}]/[\mu_{m}\tau])-1|>\eta_{1}\}$

(3.31) $\leqq P\{|(h_{[\theta\tau]}/h_{[\mu_{m}\tau]})^{p}-1|>\eta_{1}/2\}+P\{|([\theta\tau]/[\mu_{m}\tau])-1|>\eta_{1}/2\}$

$\equiv J_{1}+J_{2}$ , say .
From (H6) there exists a constant $\eta_{2}=\eta_{2}(\eta)>0$ such that $|n/m-1|<\eta_{2}implie_{\backslash }s$

$|h_{n}/h_{m}-1|<\eta_{1}/2^{p+2}$ . Hence, by the use of this relation and the fact that

$x^{p}-1=(x-1)\Sigma_{i=0}^{p-1}x^{i}$ and $\Sigma_{i=0}^{p-1}(1+\eta_{1}/2^{p+2})^{\ell}<2^{p}$ ,

we have

(3.32) $J_{1}\leqq P\{|(h_{[\theta\tau]}/h_{[\mu_{m}\tau]})-1|\Sigma_{i=0}^{p-1}(h_{[\theta\tau]}/h_{[\mu_{m}\tau]})^{i}>\eta_{1}/2$ ,

$|(h_{[\theta\tau]}/h_{[\mu_{m}\tau]})-1|<\eta_{1}/2^{p+2}\}+J_{3}=J_{s\prime}$

where
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$J_{S}=P\{|([\theta\tau]/[\mu_{m}\tau])-1|\geqq\eta_{2}\}$ .
Set $\eta_{8}=\min(\eta_{1}/2, \eta_{t})$ . It follows from (3.31) and (3.32) that

(3.33) $ I_{21}\leqq 2\Sigma_{k\Rightarrow n}^{mgm}P\{|([\theta\tau]/[\mu_{m}\tau])-1|\geqq\eta_{\epsilon}, A_{km}\}+c\eta$ .
Since on the event $A_{km}$ for $k\geqq m$

$|([\theta\tau]/[\mu_{m}\tau])-1|<1-(\theta\tau-1)/(\mu_{m}\tau)<(2^{-m}+\tau^{-1})/\mu_{m}$

$\leqq m^{-1}(1+2^{m}\tau^{-1})<\eta_{3}$ for large $t$ ,

it follows from (3.33) that $1_{21}<c\eta$ for large $t$ . Thus, from this result, (3.28),

(3.29) and (3.30) we have

$\lim\sup_{\rightarrow\infty}P\{|V_{[\theta\tau]}-V_{[\mu_{m}\tau]}|>\epsilon\}<\eta/2$ .

Hence, by this relation and (3.27), (3.24) holds. Therefore the theorem was
proved.
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