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Summary. Consider a two-dimensional random walk with mean 0 and covari-
ance % ?) Under some additional assumptions on the random walk the limit

theorem is established for the normalized random walk which is conditioned
to stay in a cone for a unit of time. The conditioned limit theorem is used
to prove a tail formula for the distribution of the exit time of the random
walk from a cone. '

1. Introduction and the result.
“Let Zy=(X4s, Y4), k=0,1, 2, ---, Z,=0, be a two-dimensional random walk
with stationary independent increments which is defined on a probability space
(2, ¢, P) and satisfies the following condition;

10
(1.1) E(Z,)=0 and Cov(Z,)=(0 1).

We set a sequence of the normalized random walks {Z™(H)=(X™(t), Y™(@)),
0=5t<e}, n=1, 2, - by

ZMW)=n""2Z y+(nt—k)n"VHZ e 11— 2Zs)

for k/n<t<(k+1)/n, k=0,1, 2, ---. Let C[0, ) be the space of all R®-valued
continuous fuctions on [0, «) with the topology of the uniform convergence on
every compact set, and let C[0, ) be the Borel field of C[0, ). The function
space C[a, b] and its Borel field C[a, b], 0<a<b< oo, will be defined similarly.
Note that Z<*(-) is a random element with values in C[0, o) (or sometimes
we take it with values in C[0, 1]).

We fix a closed cone F in R? with the angle a, 0<a<2x,
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F=Fg, gra={2=r(cosb, sinf), r=0, <0< B+a}
such that
(1.2) ‘ —n/2<B<n/2<B+a<3xn/2.

(The assumption will be used in our proof of in 4.) Suppose
that the random walk satisfies

(1.3) P(Z,eF\{0})>0.
On (C[O0, 1], ¢[0, 1]) we introduce the law of a conditioned random walk
Wo(Ly=P(Z™(-Ye L|Z,<F, 0<k<n), Lec([0, 1], n=1.

By W is defined for every n=1.
Let |z]| denote the Euclidean norm of z in R% Let F; and F, be the cones
defined by '

F1=Fﬂ.ﬁ+min(a.n) and F2=Fmax(ﬂ.ﬂ+a-n).ﬁ+a .

Note that F;SF(j=1, 2), and F;=F,=F when a<z. To give our main result
we further impose the following assumptions on the random walk: There
exist positive numbers K >1, v and 7 for which we have, either

(1.4) P(1Z,|=K)=1
or \
(1.5) limu.{nP(|Z,| >Kn)/P(|Z,|>n; Z,€F;)}=0, j=1, 2;

P-almost surely ;
(1.6) E(Y.| X))=0, E(Y,?lX)=y* and E(|Y.I*|X)<7.

Then we have the following theorem.

Theorem 1. Suppose that the random walk satisfies (1.1), (1.3), either (1.4)
or (1.5), and (1.6), where the cone F is put such that (1.2) holds. Then W
converges weakly in C[0, 1] to the law W which is given in theorem A below.

Remarks. (i) The assumption holds if we have
- P(1Z,| >m)XP(Zi|>n; Z,€F;)XHyn)exp{—Mj(log n)’}

as n—oo (=1, 2) for some positive constant M;, where H;(n) is a positive non-
increasing function on [0, «) and the relation f(n)=g(n) as n—oco stands for
the following ;

0<liminfn..{f(n)/g(n)} Slimsup,...{f(n)/g(n)} <oo.
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(ii) If the component random walks {X,}, and {Y.}, are mutually in-
dependent, the assumption [1.6) in Theorem 1 may be omitted. Indeed, in this
case the first two in follow from (1.1), and the third one is superfluous.
See proof of in 4.

Continuous analogue of Teeorem 1 was given by Shimura as follows.
Let {Z(), 0<t<o} be the two-dimensional standard Brownian motion on (2,
&, P) which starts at 0. Consider the law of a conditioned Brownian motion

W(L)=P(z+Z(-)e L|z+Z({)eF, 0<t<1), Lec[0, 1]

for z in F where F=F\0F is the interior of the set F.

Theorem A ([12], Theorem 2). The law w. converges weakly in C[0, 1] as
F>2-0 to a certain law W. '

We note that W is law of the conditioned Brownian motion which starts
at 0 and enters at once into ﬁ‘, then stays there for a unit of time. Theorem
A, together with the functional central limit theorem, would suggest
1 to us. Moreover it will play a key role to prove in 5. By
and Theorem A we have the following theorem.

Theorem 2. Under the same assumption to Theorem 1, we have
1.7 P(Z,=F,0k<n)=n""**L(n),

where L(n) is a slowly varing function at oo.

Spitzer first observed a conditioned limit theorem of one-dimensional
random walk. Iglehart strengthened the result in terms of the functional
central limit theorem and expressed the limit process by the Brownian meander-
ing process. In Durrett developed the conditioned limit theorem to a class
of one-dimensional Markov chains. However, as far as we know, the con-
ditioned limit theorem for a mult-dimensional random walk seems not to have
been considered yet. When we extend the problem to the muilti-dimesional
random walk, we will encounter some difficulties to be dealt with. In the paper
the most difficult point among them may be in 4. We note that
may be refined to the limit theorem for the point process of ex-
cursions. Indeed, if we have as was shown by Greenwood and
Perkins and [6] for the excursions from a moving boundary for a one-
dimensional normalized random walk, we may conclude the following (see also
[12], Mheorem 1): If the angle of the cone a>n/2, the point process of the
excursions in the cone for the normalized random walk converges to that for the

Brownian motion in the sense of [6]. We also note that is a two-
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dimensional extension of a result given by Spitzer [14]. In [9] McConell con-
sidered the moments of the first exit time from a cone for N(=2)-dimensional
random walk.

Our paper is organized as follows. In 2 we collect the preparatory materials
which will be used often in the following sections. We show in 3 the tightness
of the family of the laws W™ in the space C[0,1]. In 4 we show that a
limit process of the normalized conditioned random walks, which starts at 0,
enters instantaneously into the interior of F. In 5 we prove Theorems 1 and 2.

2. Preliminaries.

For w in C[0, 1] (or, in C[0, «)) and z in R? let w, be an element of
C[0, 1] (or, of C[0, «)) defined by

w)=z+w@).

Let W and W, be the probability measures on (C[0, 1], c[0, 1]) induced
respectively by Z{® and Z,;

WM(L)y=P(ZM™<L) and W(L)=P(Z,=L), Lec[o0,1].
For weC[0, 1] we put

o™ (w)=min{k/n: k=0, 1, ---, n, wlk/n)&F}
and
o(w)=min{0<t<1, wit)EF}

(ming=o0), and introduce the transition probabilities of the normalized random
walk and of the Brownian motion with absorption at F¢:

P™(s, x, dz)=W ™ (w(s)edz; ™ >5s)
and

b(s, x, dz)=W (w(s)edz; a>s), 0<s<1, x, zeF.

Then we have the following lemma.

Lemma 1. Suppose that the random walk satisfies (1.1). Let sequences z,
Znin Fand t, t, in [0, 1], n=1, 2, ---, be such that z, — z and t, —t. Then, as
n — oo, the following hold: For every W ,-continuity set L in C[0, 1],

@.1) W (w()eL; a™>t,) —> W w(-)eL; a>t).

Let S be a domain in R® of the form F+x or (F+x)\(F+x'), where x and x'
are points in R*® and

F4+x={z=2z'4+x: z’cF}.

Then we have
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(2.2) D™, 2, S)—> p(, z, S) uniformly in z in R?.

To prove we need the following version of the functional central
limit theorem which is a special case of Skorohod [13], Lemma in p. 10.

Theorem B. We can constract a probability space (2, &, P) on which we
have a sequence of random elements 2, 2V, 2, ... with values in C[0, o)
which satisfy

~ L ~ L
L=7Z,7Z™=_7m (identity in law)
and _ ~
limy o SUPesisr| Z4M()—Z(2)| =0 almost surely

for every T< .,
By Theorem B the left-hand side of equals to
B(ZweL; a™(Z{)>ty),

and, together with the winding property of the Brownian path (Ito and McKean

[8], 7.10),

a‘"’(Z;;’) — 0(2,) almost surely.

Hence, noting ¢(Z,)*t almost surely, we get [(2.1).
Note that, for every z=R?,

2.3) P Ntn 2, ) —> b, 2, ) in R

by a minor modification of the proof given above. So, together with (¢, z, 8S)
=0, we have except for the uniformity. To get the uniformity, we need
long but elementary steps of estimates of probailities of events under considera-
tion, where we use the special form of the set S and the spatial homogeneity
of the random walk and the Brownian motion in addition to See
Appendix for the detail.

Let W¢» and W, denote the laws on (C[0, 1], C[0, 1]) of the conditioned
random walk and of the conditioned Brownian motion which are defined res-
pectively as follows: For 0<t<1 and zeF

WRR=Wmx|a™>0).
For 0<t<1 and zeF
W..(0)=W (x|e>t)

and for zdF\{0} W,,t is the weak limit of the laws W, , as Foz 2 and

s—t ([12], lemma 3). Note that, for z=dF\{0} and t>0, W, . is the law of

the conditioned Brownian motion which starts at z, enters at once into F and
stays there up to time ¢. Then we have the following lemma.
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Lemma 2. Suppose that the random walk satisfies (1.1) and (1.3). Let the

sequences z, in F and t, in [0, 1], n=1, 2, ---, be such that z, — zeF\{0} and
t.—ts[0,1]. Then W},Zf;n converges weakly in C[0, 1] to the law w...

If z& F\OF, then W (¢>t)>0 and the lemma follows directly from [2.1) in
Lemma 1. Next consider the case z€dF\{0}. As was done in and [12],

we choose from the processes 7 and Z the meandering processes in F Z~ and
Z¢~ which give the laws W, , and W®, respectively. Here we adopt the
terminology—meandering process—after Chung [2]. Then it follows from Theo-
rem B and again from the winding property of the Brownian path we have

Zm~(. @)—s Z~(-, @) in C[0, 1] almost surely.
Hence we have the lemma. (Note that, in the latter half of the proof, we used
the fact that the boundary oF is locally linear at z.)
Corollary to Lemma 2. Assume (1.1) and (1.3) for the random walk. Then,
for every z in 0F\{0}, we have
(2.4) nt2W ™ (e™>1)=n2p™(1, z, F)— C as n— oo,
where C is a positive constant which depends on z and the law of Z..

Proof of the corollary is given in a similar way to that of [1I], corollary
to Lemma 4.1, and we omit it.

For ¢>0 put U.={x=R?: |x|<e} e-neighbourhood of the origin. For ¢>0
and J>1, d., ,(n) denotes
max{P(|Z,| >1—=1/])en'®)/P(|Z,| >2en'?/ ] ; Z,\€Fy): j=1, 2}.

The following two estimates will be used in the next section.
For every xcUSNF

(2.5) » 1‘)(7&)(1, X, F)éfsn_llz, n'_‘:lr 2, )

where US=R*U, and f. is a positive constant which may depend on e.
For every xcU yNF

(2.6) p™QA/n, x, UINF)/ p™1/n, x, Ues)°NF)=Sd,, s(n).

Proof of [2.5) and [2.6) may be clear if we note the condition that F is a
cone (and also the formula for besides the spatial homogeneity of
the random walk. So we omit the detail.




CONDITIONED LIMIT THEOREM 27

3. Tightness of the {W™},.
For ¢>0 and w in C[0, 1] put
Pén)(w)zmin{k/n: k=0, 1, ey, N, |w(k/n){ :}__:6}, n:l, 2’ *t

(ming=c0). The main result of the section is the following lemma.

Lemma 3. Assume that the random walk satisfies (1.1), (1.3) and one of (1.4)
and (1.5). Then, the family of probabilities W™, n=1, 2, ---, is tight in C[O, 1].

To prove Lemma 3 we will need the following lemma.

Lemma 4. Assume that the random walk satisfies the conditions of Lemma
3. Then, for every >0, there exists a J>1 such that

lim,_ W(pM <15 |w(pd)| 2e)=0.

Proof of Lemma 4. If (1.4) holds, then the lemma is clear, since

Wi (lw(j/n)—w((j—1)/n)| < Kn~'/* for every j=1)=1

for every n=1. Now assume (1.5). Note that

W (pm<1; lw(pdh)|=e)
is less than
3.1) W™(pdr<L; [w(pdNlze; a™>1)/W™(p=1; ¢™>1).
Let 1,(L) be the indicator function on a set L, thatis, 1,(L)=1 or 0 according

as welL or w& L., The numerator of (3.1) is less than

2 [tutmintp, 0} >(—1/mp(1/n, w(e—1y/m),
U NFHB™A/n, wik—1)/m), USNF)/$™(U/n,
w((k—1)/m), Ut NI (dw).

Here we assume the area of integral is C[0, 1] when it is unspecified in it.
So, by (2.6) the numerator of (3.1) is bounded by

de, (MW P (015 pifr<o™).
The denominator of (3.1) is greater than

églw@s‘%k/n: > R/n)p (L, wik/n), FYWM(dw),

which is not less than
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feran W (=1 pih<a™)
by [(2.5). By the two estimates given above,
W (pm<1; 1w(pdh)| >e)S(fear) ' n'd,, o(n).
Since the right-hand side of the last inequality tends to zero as n—oo by

the lemma follows.

Proof of For w in C[a, b], 0£a<b< o, introduce the modulus
of continuity
2u(0; a, b)=sup{|wt)—w(s)|: a<s<t<bh, t—s<d}, 0>0.
Then the tightness of {W<®}, follows if we have
3.2) limaao,,limsupnm‘W”’(Xw(&; 0, 1)>5¢)=0 for every &¢>0

(Billingsley [1], Theorem 8.2). The following proof of is a modification
of [12], proof of [Theorem 2. Take />1 asin Lemma4. For w in the support
of W™ with pM(w)<1 and |w(pdN|<e, Xw(@; 0, 1)>5¢ implies X,(3; o, 1)
>e¢, since

Xu(@; 0, D=Xw(; 0, p7)—1/n)+7u(0; pi7), 1)
+ | wpify)—wpdy—1/n) .
Hence W™ X8 ; 0, 1)>5¢) is bounded by
W (oM =1; [w(pdhl ze)+
WD (pM=<1; |w(edhl <e; Xu(@; pi, 1)>e6).
By Lemma 4 the first term in (3.3) tends to zero as n— . Let

3.3)

Das=sup{WEAu(; 0, 1)>e): xEFN{s/J< 2| <e}, 0St<1) .
By the strong Markov property of the random walk we get
the second term in (3.3)=5"(1, 0, F)“Slw(p,‘;'}_sl; piM<a™;
e/J < 1w(pIH| Sep™(A— o3, w(pih), F) |
XW wio 31003 Xt @5 0, 1—5)>€)1amp ®W ™ (dW)S Pr,s-

Since limj.o, limSupy.« pr,s=0, by Lemma 2, we have the lemma.

4. Instantaneous entrance to the interier I:"

In this section we show the following lemma.
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Lemma 5. Assume that the random walk satisfies the condition of Theorem
1. Let W be a limit point of the sequence {W‘"’} in C[0,1]. Then, for every
te(0, 11, we have

(4.1) W(w(t)=dF)=0.

Put

2e=(x0, yo)=(cos(B+a/2), sin(B+a/2)) and F'=F+z,.

Before we prove Lemma 5, we show the following lemma.

Lemma 6. Let 0<t<1 and t,=k./n, 0<k,<n witht, —tasn— . Then,
under the assumption to Theorem 1, we have
4.2) liminf,_.. W (w(t,)e F)>0.

Proof. We divide the proof into two steps.

First Step. We show the following inequality: There exists a positive
constant C, for which we have

4.3) W (w(l)e Fyz CoW ™ (w=(w!, w?: |wil)| <1)

for all large n.

Proof. Put F¥=g{X,, X,, -} and Psx(*)=P(*|F%¥). Set L(x)=inf{y:
(x, y)eF}, xeR(inf R=—0).

By (x, y)EF is equivalent to y=L(x). Then we have

(1,0, F’)zsglm( | X1 1) Pex(a"(Z)>1)

(4.4) X Pax (Y ()2 LX™(1)—x0)+ yo| Y ™(k/n)Z L(X™(k/n),
0<k=<n)P(dw).

It follows from the independence of increments of the random walk the follow-
ing holds P almost surely :

Pex(Y,—Y 1Sy, 1Sj<m)=IT Pex(¥ ;=Y ;<))

for every y, in R, 1<j<m, m=1. In other words we may say that {Y, Y,
Y,, -} is a random walk with independent (but not stationary in general)
increments with respect to the conditional probability Psx P almost surely. So,
as in [5], Lemma 7 (a), we have, for the right-hand side of

the third factor in the integrand

2 Pex(Y (1)z L(X™(1)— x0)+ ¥o)
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P almost surely. Put
a=max{0, L(x—xo)+yo: [ x| Z1}.

Then, by the second assumption in the right-hand side in the last ine-
quality is not less than

]n = gX(Vg:X(Yn)—lYn = av—l), n=1,
where
vox(Y)={EY 2| FE)} (2 vn'?).

By we can apply Essen’s inequality (Petrov [10], p. 111 Theorem 3)on J,
to get

fn;(zwﬂﬂg;exp(—y2/2>dy—Aru-Sn-*/z, nz1,

where A is an absolute positive constant. By a series of estimates given above
we have a positve constant C, such that

‘ ™1, 0, FHZCohp™(1, 0, [—1, 11X R)
for all large n. Dividing both sides of the inequality by (1, 0, F), we have

4.3).

Here we note that, if the component random walks are mutually independent,
J. may be given by

]n":P(n-l/zYn._Z_a), nzl.

Then follows from the central limit theorem in this case (see Remark (ii)
in 1).

Second Step. We show when ¢,=1. Suppose, on the contrary, that
it would not hold, that is,

(4.5) liminf .. W™ (w()e F)=0.

By there exists a subsequence of {W™}, which converges weakly to
a law W’ in C[0, 1]. It follows from [(4.3) and [(4.5)

(4.6) W (w=(w', w?): |w')|<1)=0.

Then, together with W’(C[O, 17)=1, we may choose 0<s<1l and 0<p<g<co
such that :

W (p<|wis)| <q)=W'(p<|w(s)| <g)>0.

Take s, from {k/n:0<k<n} such that s,—s as n-— c. By the Markov
property of the random walk
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W (w=(w', w?: |wi1)| <1/2)=p"(1, 0, F)*
4.7) ><§1w<pg |w(sa)| Sq; 0™ >s5,)p™(L—sn, w(sa), F)

XWG 5 1os, (W=(w", w?): |w(1—s,)| <1/2WM(dw).

Note that W, ,, 2€0F\{0} and 0<¢<1, is the law of the Brownian meandering
process (see Lemma 2). Then we get

W, (w=w", w): |w')] <1/3)>0
for ze F\{0} and 0<t<1. Hence, by we have
liminf, . inf{W, ,_, (w=(w', w?): |w'(1—s,)|<1/2): zEF,
P=<lz|=<q}=2C,>0. '
By and (4.8)
W™ (w=w!, w*: |w1)|<1/2)2C;HP(p<|w(s.)| <q)

(4.8)

for all large n. Take the limit on both sides of the inequality through the
subsequence to have

W' (w=(w", w?: | W] <)=C,W(p=<w(s)| <q)>0,

which contradicts with [4.6). Hence we have when ¢,=1.
For the general ¢, we rescale the space and time of the random walk to get

W, (wts)e Fy=W*n(wl)at, V2F")

(kn=nt,). Then is reduced to the one just given above. This completes
the proof of the lemma.

Proof of For ¢>0 put
eF'={ez: z&F'’} and 4d.=F\(eF").

First we prove when ¢=1, modifying the proof of [5], Lemma 9. Set
sn=[n/2]/n, where [a] is the integral part of a. Since

W d)S K, n={ Wy s(wis)dx)p™1—s,, x, 4.

X{SF,Wé?}n(w(sn)edx)j)‘"’(l—s,,, X, F)} _“’
it is enough to show
4.9) lim,_¢4 limsupy... K, =0

for the proof. Note that, as n—co,
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ﬁ(n)(l_snr X, As) —> 1.)(1/2; X, As)
and

P (A—sq, x, F)—> p(1/2, x, F)
uniformly in x by Lemma 1. Then, together with

2C,=inf{p(1/2, x, F): xF'}>0,
we get ‘
limsup,-. K, n <sup{p(1/2, x, 4,): xF}

X {Cyliminf, ... W™ _(w(s.)SF’)} .
Hence, follows from and from
lim,.o. sup{p(1/2, x, 4,): xF}=0.
Next we consider the general case. Let W’ be a limit point of {W""}n,

: w w
and take its subsequence {¥*>} which satisfies W — W’ and W' tn> - W”
in C[0,1]. Then, for every positive bounded continuous function f on R?,
we have

Lo ={ ftta YW (dw) —> | foe) P (dw)
and

L p™(, 0, F)/ p™(tw, 0, F)=| _f(tw)"*2)

X PP (L—tnr, (ta )2z, FW™ ta(w(l)edz)

—> SF Fr2)p(L—t, 1122, FIW"(wQ)edz).
Hence, noting W”(w(l)eﬁ‘):l just proved in the first part, we get
(4.10) b1, 0, F)/p™tn:, 0, F)—> H as n' —> o,
where 0<H <1. Thus we have the identity
(4.11) H{ oW dwy={ FErupa—t, 1), PP (dw)

for every positive bounded continuous, and so, for every bounded measurable
function f on R®. Taking f(z)=1,0F) in (4.11), we conclude W'(w(t)cdF)=0.
This completes the proof of the lemma.

5. Proof of theorems.

 Proof of Since {W™}, is tight by the proof is
complete if we have the convergence of the finite dimensional distributions.
For simplicity we consider the two-dimensional distribution (the generalization
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will be easy). Let f and g be bounded continuous functions on R?, and let
0<2a<s<t<l. Take s, and t, from {£/n: 0<Ek<n} which satisfy s,—s, t,—
t, sn=4 and t,24. Set A,=max{k/n: k/n<i}. Put

1= Lo(w)e 4)f(wlsa)e(ut T (dw)

and

J= (Lo e PN ) fu(s gt T dw).
Then, by lim, .o, limsupn.../ »=0. Set

$a(0)={ Fw(s1— 2aNEltn— AT P2 (d ).
By the Markov property

:m=§1w<w<zn>eF\A,>¢,.<w(xn)>W<">(dw).
Let

</12(x)=Sf(w(S—l))g(w(t—Z))Wx.1_1(dw),’ xeF.

Note that (. ) is a continuous function on F. Moreover, by Pa(xa)

—¢a(x) for every x,=F and xekF such that x,—x as n—oo. Let W be a
weak convergent subsequence (¥’ denotes the limit law). We may assume
W(w(l)ea(F\A‘))zo. Then, by the continuous mapping theorem ([1] Theorem
5.5)

T — Joa={ 1w P )20 W/ (dw)
as n’—oo, Let e—+‘0+ to get
Joz—> Li={Lo@w®e PP dw).
By the scaling property of the Brownian motion,
- ga={ - —2/a-2)

X g((1— A2 w((t— )/ A— D)WW 1 2>-1/20, (d ).
So, combining W'(w: w(2)— 0 as A — 0+)=1 with we have

Ji—> Sf(w(s))g(w(t))W(d w) as A—s» 0+ .

Hence we have

[Fautsanguia W (du) =100+ 1) —
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[ransreeWaw) as n— o,
which implies W/=W. This completes the proof.

Proof of Theorem 2. Let us determine the constant H in [(4.10). Since
W'=W”=W in (4.11) by [Theorem 1, we have

H=SF1>((1—t)/t, x, P (w)edx).

To calculate the integral we apply the formula and Cemma 4 in [12].
(Note that W(w(l)edx) and p((1—t)/t, x, F) are equal respectively to (1, dx)
and

[,Quogt™, x, 2y exp (—121%/2)d2

in [12]. Refer also the evaluation in [5], (b).) Then we get H=
tr/*a:  This, together with [Theorem 1, implies

P(Z,sF,05k<n)/P(Z,=F, 0sk<nt) —> t*?* as n—>
for every 0<t<1. Hence follows (see Feller [4], 8.8).

Appendix.

Here we prove when S=F, that is,
(A.1) lim,-.sup{|p™(a, z, F)—p(, 2z, F)| : z&F}=0.

(Proof for another S’s will be given in a similer way.) For ¢>0 set F.=cF’.
By Theorem B and by the spatial homogeneity of the random walk and the
Brownian motion, we have the following: For every positive ¢ we may choose
a positive M such that '

P™(ta, 2z, F)>1—e/2 and p(, z, F)>1—¢/2
for every z=Fy and n=1. This implies
(A.2) sup{|p™(ta, z, F)—p@t, z, F)| : z&Fy}<e for all nz=l.
Hence we have (A.l), if, in addition to (A.2), we show
(A.3) limpy.esup{|p®tn, z, F)—p(t, z, F)| : z&F\Fy}=0.

Suppose, on the contrary, that (A.3) would not hold, that is, we could take a
sequence {2Zn.:}. in F\Fy such that

(A4 limar el @, Zne, F)—p(t, zar, F)|=2>0.
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Case 1. Assume {z, }, is bounded, that is, sup.: |z, |<co. Then we may
choose a subsequence {z,.},- Of {2, }, such that z,.— z” as n” — co. So, we
conclude as n” — o

ﬁ(n’)(tm, Zn', F) —> p(ty Z”) F)
by modifying the proof of and
p(tr Zp F)_> ﬁ(t) Z”, F):

which, together with (A.4), lead to a contradiction.
Case 2. Assume {z,:}, is unbounded. In this case we may choose a sub-
sequence {z,.}- Of {z.-}.. Wwhich satisfies

lzyﬁ —> oo and min{|z,.—2z|: z€0F} — p=0

as n” — co. Then, again by Theorem B and by the spatial homogeneity of
the random walk and the Brownian motion, we conclude that both p<*”(¢,., 2n,
F) and p(t, z.., F) converge to W, p(w(s)EF,, ., 0<s<t) as n” — oo, which
together with (A.4), again leads to a contradiction.

By the two observation given above we have (A.3), and hence, (A.1). This
completes the proof.

Acknowledgement. The author is grateful to the referee for pointing out
errors in the manuscript.
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