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Summary: Let BG and B Aut (X) be classifying spaces of a Lie group G
with finite connected components and a topological monoid Aut(X) of self
homotopy equivalences of finite complex X respectively. We determine a
homotopy set of maps between BG and B Aut(X) which are homotopic to
the constant map on skeletons. By applying this result to the canonical map
[X, BG]-[X, B Aut(G)], we give some examples of fibre bundles and fibre
spaces and study the relations between the fibre bundles isomorphism and the
fibre homotopy equivalence.

Introduction

A continuous map f: X—Y from a CW complex X to a topological space
Y is called a phantom map, if the restriction map f|X™ is homotopic to the
constant map for all n=0. More generally, two maps f, g: X—Y are called a
phantom pair, when the restriction maps f|X™ and g|X™ are homotopic for all
n=0. We call the map g: X—Y an f-phantom map. In [5], we characterized
a phantom pair by using the localization and completion and described a homo-
topy set of phantom pairs by the ordinary cohomology group under some con-
ditions.

Let BG and B Aut(X) be classifying spaces of a Lie group G with finite
connected components and a topological monoid Aut(X) of self homotopy equi-
valences of finite complex X respectively. We determine a homotopy set of
maps between BG and B Aut(X) which are homotopic to the constant map on
skeletons. We give uncountably many distinct fibrations E—BG with a fibre
G which are fibre homotopy equivalent to the trivial bundle on skeletons for
some Lie group G.

Our main results are as follows.

Theorem 2.2. Let G be a Lie group with finite connected components and X
a connected finite CW complex which is a rational H.space. Then, § (BG,B Aut(X))
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is weak homotopy equivalent to a product EOK(Ak, k) of Eilenberg-MacLane
spaces where Ak:jzgk H"¥*BG; HYX; n{( X)RZ*/Z.

Theorem 2.4. Let X be a connected CW-complex of finite type and G a
topological monoid. Then, for any map f: X— B Aut(G) the inverse image jz(f)
of the induced map jx:[X, BG]—-[X, B Aut(G)] is the inverse image of the map
Lim'z,C (X", BG)—>I+,i_m‘n'1C (X", B Aut(G)). If X is finite complex, the induced
;n—gp Jx is a monomorphism. Moreover, the analogous result holds also for
i: B Auty(G)—B Aut(G), and [ X, BGIN[X, B Aut«(G)]=x* in the homotopy set
[X, B Aut(G)]l.

Example 3.1. Let G be a connected Lie group such as SO(n) (n>4), Sp(n)
(n>1), U(n) (n>1), SU(n) (n>3) and the exceptional Lie groups G., Fi, E,, E,,
E;. There are uncountably many distinct fibrations E—BG with a fibre G
which are fibre homotopy equivalent to the trivial bundle on skeletons.

1. Preliminaries

In this paper, we work in the category of compactly generated Hausdorff
spaces with base points and base point preserving maps. Two maps f, g: X—V
are called a phantom pair, when the restriction maps f|X™ and g|X" are
homotopic for all n=0. We call the map g: X—Y an f-phantom map. Espe-
cially, when f=x, a continuous map g: X—Y is called a phantom map.

We use the notations and definitions in our paper [5] and the following
notations. Base point free maps are used only in the definitions of Map (X, Y).
Cy(X,Y), Aut,(X) and Aut(X). '

Map.(X, Y): the space of continuous based maps from X to Y.

Map(X, Y): the space of continuous base point free maps from X to Y.
Cs(X, Y): the connected component of Map«(X, Y) which contains f : X—Y.
C/(X,Y): the connected component of Map (X, Y) which contains f: X—Y.
4 (X, Y): the space of f-phantom maps.

0,(X,Y): the set of the connected components of §,(X, Y).

Autx(X): the space of self homotopy equivalences of X in Mapx(X, X).
Aut(X): the space of self homotopy equivalences of X in Map(X, X).
Aut,(X)=Aut(X)NCa(X, X), Auts(X)=Aut(X)NCia(X, X).

=, : the weak homotopy equivalence.

For a general space X, we shall use the localization and completion of the
geometric realization of the singular complex of X. This is sufficient for our
purposes.
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Proposition 1.1. Let W be a connected nilpotent CW-complex of finite type
and X a connected nilpotent CW complex. For any map f:W—X,

(1) C,W, X)" is weak homotopy equivalent to C,W, X*) and C,(W"=, X~).
(2) Cy(W, X)q is weak homotopy equivalent to C (W, Xq) and C (W, Xq).

where ¢”: X—X* is the Sullivan completion and ly: X—Xq is the rationalization.
For C,(W, X") and C #(W, X)q, the analogous results hold also.

Proof. When W is a connected finite CW complex, the above statement
(1) is true by Proposition 5.1, 5.4 and 7.1 of Chapter 6 in [2]. When W is a
connected infinite CW-complex, the L(,i_rn1 groups of the homotopy groups of
C;(Wn", X)* vanishes, because of Proposition 3.5 in [6]. For the statement (2),
we use the analogous methods and in [7].

Theorem 1.2. Let G be a Lie group with finite connected components, X a
connected nilpotent finite CW complex and Y a connected CW-complex of finite
type. Then, for any f:Y—X where §(X, Y)=0,X,Y) for g==*.

(1) Map«(BG, C (Y, X)) is equal to §(BG, CY, X)).
(2) Map«(BG, C,(Y, X)) is equal to §(BG, C,Y, X)).

Proof. Since Map«(BG, X*) is weak contractible by Theorem 3.1 in [3],
Map«(BG, C,(Y, X*)) is weak contractible by Theorem C (c¢) in [8] Hence,
Map«(BG, C,(Y, X)) is weak contractible by [Proposition 1.1. For any map
h:BG—CY, X), it satisfies eh=x. Then h is a phantom map by Theorem
3.6 in [5]. The second statement is analogously proved.

We define p: Xp—X by the homotopy fibre of ¢ : X—»X". If X is a con-
nected nilpotent CW-complex of finite type, Xp is also the homotopy fibre of
lo: Xo—X§ by the arithmetic square. If X is a rational H-space of finite type,
Xp is a product of Eilenberg-MacLane spaces. In this case, there is a fibre
sequence Xp—X—X"—BXp where BXp is a classifying space of Xp.

Proposition 1.3. Let V be a connected nilpotent CW-complex of finite type
which is a rational H-space. Then, for all i=0 and Y a connected CW-complex,
the following formula holds.

. (Map«(Y, BV p))= }>1 HI"YY ; z,(V)QRZ"/Z
Proposition 1.4. Let X be a connected CW-complex which is a rational H-

space of finite type. Then, the following formula holds for all i>0.
mi(Auty, (X )q)=j1>'£ HI7Y(X; 7 (X)QQ .
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Proof. For :>0, one obtains the following equalities by [Proposition 1.1l
and the properties of a rational H-space.

Ti(Auty,(X)g)=m;(Auts(Xo))=[2Xq, X¢]
=II H"%(Xq; WI(XQ))sz;.E HIYX; z(X))RQ .

i>t

2. Main Results

Let I’ be a family of CW-complexes X such that Co(BG, X*), C«(BK, X*)
are weak contractible for all Lie groups G with finite connected components
and all connected Eilenberg-MacLane spaces K. I contains a finite CW-com-
plex X, a classifying space of a Lie group and C,(Y, X) for a connected CW-
complex Y.

Theorem 2.1. Let G be a Lie group with finite connected components and V
a connected nilpotent CW-complex of I'. Then, the following results hold.

(1) G(BG, V) is weak homotopy equivalent to §(BK, V) where K is a product
of Eilenberg-MacLane spaces with Goq=K,. For k=0, n(§(BG, V)) is
isomorphic to A= IIkHi'”(BG; i1 (V)IRZ*/Z. Moreover, when V is a

>

rational H-space, §(BG, V) is weak homotopy equivalent to a product of
Eilenberg-MacLane spaces TI K(Aa, k).

k20
(2) For k=0, f:BG—V, ny(f«(BG,V)) is isomorphic to a quotient group
of Aw=TILH**BG; 71 (V)QZ"/Z.

i>k

Proof. By the principal fibration Map«(BG, Vp)—Map«(BG, V)—Map«(BG, V")
and Co(BG, V")=,*, we have Map«(BG, Vp)swﬁ(BG, V). By the properties of
localization, we have Map«(BG, Vp)=,Map«(BGq, Vp)=,Map«(BKy, Vp)=,
Map«(BK, Vp). By Co(BK, V)=,*, we have Map«(BK, Vp)=,0(BK, V). Hence
we have the result. The second part of (1) is easily proved by the above rela-
tion. The second statement is proved by a fibration §(BG, V)—C.~;(BG, V=)
—C«BG, BV p).

Let X be a connected nilpotent finite CW-complex which is a rational H-
space. Then there are the following fibrations:

ev
Auty(Xg) —> Aut(Xg) —> Xy, B Auty(X)p —> B Aut(X )p — BXp

Here ev has the canonical cross section. By the fibration B Aut«(X)p—B Aut(X)p
—BXp (X: a rational H-space), the dimensional reason of H-space and Proposi-
tion 1.3, 1.4, we have the following results.
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Theorem 2.2. Let G be a Lie group with finite connected components and X
a connected finite CW complex which is a rational H-space. Then, §(BG, B Aut(X))
is weak homotopy equivalent to a product TI K(Aw, k) of Eilenberg-MacLane

k20
spaces where Ay= TI H' *(BG; HYX; n (X )QZ"/Z.
jzi>k

Theorem 2.3. Let J be a simply connected CW complex which has a finite
Postnikov system and X a connected finite CW complex which is a rational H-space.
Then, 6(J, BAut(X)) is weak homotopy equivalent to a product of Eilenberg-
MacLane spaces TI K(Ax, k) where Ay= TI H'*(J; HY(X; n(X)RZ"/Z.

k20 jzi>k

Let j: G—Aut(G) be the canonical homomorphism induced by the multiplica-

tion GXG—G where G is a topological monoid.

Theorem 2.4. Let X be a connected CW-complex of finite type and G a
topological monoid. Then, for any map f: X—B Aut(G) the inverse image j*'(f)
of the induced map ji:[X, BG]—[X, B Aut(G)] is the inverse image of the map
I:i_m‘:rle(X", BG)—»E_rrl‘mC,(X", B Aut(G)). If X is finite complex, the induced
map jx is a monomorphism. Moreover, the analogous result holds also for
i: B Aut(G)—B Aut(G), and [X, BGIN[X, B Aut«(G)]=x* in the homotopy set
[X, B Aut(G)].

Proof. There is the following fibration where ev has the canonical cross
section.

ev
Auty(G) — Aut(G) — G, B Aut«(G) —> B Aut(G) «<— BG.

Since the homotopy group =;(B Aut(G)) is splited as the direct product
7w« B Aut«(G)) and =BG), the induced morphism ji of cohomology groups
HY(X, n(BB)—»H'X, nB Aut(G))) is monomorphism. Hence Proposition is
true for a finite CW complex X by Theorem 1.1 of [6]. By Theorem 3.1 of
Chapter 9 of [2] and the next diagrame, we obtain the result.

» —> Lim'z,C.(X", BG) —> [X, BG] —> Lim [X", BG] —> »

l l l

* —> ‘I:iglmcf(X ®, BAut(G)) —> [ X, BAut(G)] —> Iﬂ [X™, BAut(G)] — *

Corollary 2.5. Under the above assumptions, the map I:_iE‘mC (X", BG)—
I.‘ir_n_lirle(X", B Aut(G)) is 1:1 for f=x or X=BH a classifying space of a con-
nected Lie group H.

Proof. Since it holds [ZX, BG]X[2X, B Aut«(G)]=[2X, B Aut(G)], the
Lim! group splits. Hence the first part is true. Since it holds 8,(BH, BG)=0
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for all f: BH—BG by [Theorem 2.1, the second part is true.

3. Example

In this section, we give some examples of fibre bundles and fibre spaces,
and study the relations between the fibre bundle isomorphism and the fibre

homotopy equivalence.

Example 3.1. Let G be a connected Lie group such as SO(n) (n>4), Sp(n)
(n>1), U(n) (n>1), SU(n) (n>3) and the exceptional Lie groups G,, F,, E,, E,,
E;. We calculate 6(BG, B Aut(G)) by For G=S0(n) (n>4),
Sp(n) (n>1), SU(n) (n>3), we take i=4, j=7. For G=U(n) (n>1), we take
i=2, j=3. For G=G,, F,, E,;, E, we take i=8, j=11. For G=E,;, we take
i=12, j=15. Then, we have HYBG, H'"YG, n(G)QRZ"/Z=Z"/Z. Since fibre
homotopy equivalence classes of fibrations E—BG with a fibre G are classified
by BG—B Aut(G) [6], there are uncoutably many distinct fibrations E—BG
with a fibre G which are fibre homotopy equivalent to the trivia] bundles on
skeletons. For a general Lie group G, principal fibre bundles E—BG with a
fibre G which are fibre homotopy equivalent on skeletons are isomorphic as
fibre bundles by '

For G=SO0(n) (n<5), Sp(l), Ul), SU(n) (n>4), fibrations E—BG with a
fibre G which are fibre homotopy equivalent on skeletons are unique in the
sense of a fibre homotopy equivalence by [Theorem 2.2. For a fibration E—~BG
with a fibre G which is fibre homotopy equivalent to a fibre bundle on skeletons,
there is a unique fibre bundle which is fibre homotopy equivalent to the
fibration E—BG by and 2.4.

Example 3.2. The cohomology ring of a symplectic group Sp(n) is the
exterier algebra A(x,, -+, x.)deg x;=4i—1 (=1, .-, n). Cohomology operations
are calculated in §13 of [1]. For example, P'(x;)=2x,x,—(2{4+2)x:4+, for the
reduced power operation mod3. We assert that C..(BSp(n), BSp(n)) and
C.~(BSp(n), BSp(n)") have non trivial homotopy groups for infinitely many
dimensions. If 7m4(C;s(BSp(n), BSp(n))) is zero, the generator h: S*—BSp(n) is
lifted to k:S*—Co(BSH(n), BSp(n))). This case is not possible by using the
above cohomology operations for the adjoint map %k~: S*XBSp(n)—BSp(n) with
E~|BSp(n)V S*=id\/h. Hence my(C;s(BSp(n), BSp)n))) is not zero. By Proposi-
tion 1.2 or Theorem C (c) of [8], it hold Cy«(BS!, C;s)=6(BS", C;s) and
Co«BZ/p, Cia)=0. There is the homotopy spectral sequence of [4], Ejf'=
H*BS', n,(C;s)) which converges to 0. By the similar arguement of Theorem
4 of [4], we obtain the result. But Ci(BSp(n), BSp(n)") is weakly contractible
by Theorem 3.1 of [3].
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Example 3.3. Let G be a connected Lie group with n,G)#0. By
2.3, 8(K(Z, 3), BG) is isomorphic to Z~/Z. Hence there are uncoutably many
distinct fibre bundles E—BG with a fibore G which are the trivial bundle on
skeletons. These fibre bundles are isomorphic by [Theorem 2.4 and [Corollary]
2.5, if they are fibre homotopy equivalent.
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