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Summary. We show that the random process $X_{n}=\{X_{n}(t) : 0\leqq t\leqq 1\}$ defined
by $X_{n}(t)=\Sigma Q(i_{1}/N, \cdots , i_{m}/N)\xi_{n.l_{1}}\cdots\xi_{n.i_{m}}$ converges weakly in $D[0,1]$ to
some process defined by multiple Wiener integrals when $\{\xi_{n.\ell}\}$ is a martingale
difference array or a strictly stationary sequence of random variables satisfy-
ing some mixing condition.

1. Introduction. Very recently, Teicher (1988) showed that the limit dis-
tribution of sums of product of martingale difference $\{\xi_{n.j} ; j\leqq N_{n}, n\geqq 1\},$ $i.e.$ ,

(1.1) $\sum_{1\leqq i_{1}<\cdots<\ell_{m}\leqq N_{n}}\xi_{n.t_{1}}\cdots\xi_{n.i_{m}}$
$(m\geqq 2)$

coincides with the distribution of

(1.2) $\frac{1}{m!}H_{m}(Z)$

where $H_{m}$ is the Hermite polynomial of degree $m$ and $Z$ is a standard normal
random variables. The problem concerning asymptotic distributions of the type

(1.1) is closely related to the problem on asymptotic distributions of some sym-

metric statistics. (See, for example, Mandelbaum and Taqq (1984).) In this
paper, we shall mainly consider the problem concerning weak convergence of
random processes $X_{n}=\{X_{n}(t):0\leqq t\leqq 1\}(n\geqq 1)$ defined by

(1.3) $X_{n}(t)=\sum_{1\leq i_{1}<\cdots<i_{m}\leqq[N_{n}t]}Q(\frac{i_{1}}{N_{n}}$ , $\cdot$ .. , $\frac{i_{m}}{N_{n}})\xi_{n.i_{1}}\cdots\xi_{n.i_{m}}$ $(0\leqq t\leqq 1)$

where the function $Q:[0,1]^{m}\rightarrow R$ is continuous and has $ntinuous$ first deriv-
atives and $[s]$ denotes the largest integer $m$ such that $s\geqq m$ .
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2. Main results. (I) The triangular array case. Let $N=N(n)$ be a
nondegreasing integer-valued function such that $ N(n)\rightarrow\infty$ and $ n\rightarrow\infty$ . Let
$\{\xi_{n.f} ; 1\leqq j\leqq N, n\geqq 1\}$ be a triangular array of real-valued independent random
variables defined on a probability space $(\Omega, \mathcal{F}, P)$ . Let $D[0, L]$ be the space
of functions $x$ on $[0, L]$ that are right-continuous and have left-hand limits.
We endow $D[0,1]$ the $J_{1}$-topology. Let $Q$ be a real-valued continuous function,
defined on $[0,1]^{m}$ , which has continuous first partial derivatives.

Theorem 1. Let $\{\xi_{n}. : 1\leqq i\leqq N, n\geqq 1\}$ be a triangular array of independent
zero-mean random variables which satisfy the following conditions:

(i) For arbitrary numbers $t_{1}$ and $t_{2}(0\leqq t_{1}<t_{2}\leqq 1)$

(2.1) $\ell=rNta\sum_{[Nt_{1}]+1}^{J}E\xi_{n.\ell}^{2}\rightarrow t_{2}-t_{1}$ as $ n\rightarrow\infty$ .
(ii) For all $\epsilon>0$

(2.2) $\sum_{f=1}^{N}E\{\xi_{n.f}^{2}I(|\xi_{n.f}>\epsilon)\}\rightarrow 0$ as $ n\rightarrow\infty$ .

Then the stochastic process $X_{n}$ , defined by (1.3) converges weakly in $D[0,1]$

to the process $X=(X(t);0\leqq t\leqq 1$ } defined by

(2.3) $X(t)=\int_{0}^{t}\int_{0}^{u_{m-1}}\cdots\int_{0}^{u_{1}}Q(u_{0}, u_{1}, \cdots , u_{m-1})\prod_{f=0}^{m-1}W(du_{j})$

where the right hand side of (1.4) is the m-ple Wiener integral with respect to
the standard Wiener process $W=\{W(t);0\leqq t\leqq 1\}$ .

Remark. It is known that as $ n\rightarrow\infty$

(2.4) $\{\sum_{j\Rightarrow 1}^{\zeta nt1}\xi_{n.f}$ : $0\leqq t\leqq 1\}\rightarrow^{D}W$

if conditions of Theorem 1 are satisfied.
(II) The mixing case. Let $\{\xi_{f}\}$ be a strictly stationary sequence of $z$ero-

mean random variables. We say that $\{\xi_{f}\}$ satisfies the $\phi$-mixing condition if

(2.5) $\phi(n)=\sup_{A\in\alpha_{-\infty}^{0}.B\in\alpha_{n}^{\infty}}|\frac{P(AB)-P(A)P(B)}{P(A)}|\rightarrow 0$ as $ n\rightarrow\infty$

and that $\{\xi_{j}\}$ satisfies the strongly mixing condition if

(2.6) $a(n)=$ $sup|P(AB)-P(A)P(B)|-0$ as $ n\rightarrow\infty$ ,
$A\in m_{-\infty}^{0}.B\in\ovalbox{\tt\small REJECT}_{n}^{\infty}$

where $m_{a}^{b}$ denotes the a-algebra generated by $\xi_{a},$ $\cdots$ , $\xi_{b}$ .
We put
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(2.7) $\sigma_{0}^{2}=E\xi_{0}^{2}$ .
We define formally $\sigma^{2}$ by

(2.8) $\sigma^{2}=E\xi_{0}^{2}+2\sum_{=,j1}^{\infty}E\xi_{0}\xi_{j}$

and assume $\sigma^{2}>0$ . It is known that if the conditions in Theorem 2 or 3 (below)
are satisfied, then the series in (2.8) converges absolutely.

Theorem 2. Let $\{\xi_{j}\}$ be a strictly stationary sequence of zero-mean random
variables. SuppOse one of the following two groups of conditions holds:

(i) $\{\xi_{i}\}$ is $\phi$-mixing,

(2.9) $ E|\xi_{0}|^{8}<\infty$

and
(2.10) $\Sigma n\{\phi(n)\}^{1/8}<\infty$ ;

(ii) $\{\xi_{i}\}$ is strongly mixing and there exists a $\delta(0<\delta<1)$ such that

(2.11) $ E|\xi_{0}|^{8+2\delta}<\infty$

and
(2.12) $\Sigma n(\alpha(n)\}^{\delta/(8+2\delta)}<\infty$ .
Let $Q$ and $\sigma^{2}$ be as before. Then, the process $Y_{n}=\{Y_{n}(t):0\leqq t\leqq 1\}$ , defined by

(2.13) $Y_{n}(t)=n^{-1}\sigma^{-2}\sum_{1\leqq\ell<j\leqq[nt]}Q(\frac{l}{n},$ $\frac{j}{n})\xi_{\ell}\xi_{j}$ $(0\leqq t\leqq 1)$

converges weakly in $D[0,1]$ to the process $Y=\{Y(t):0\leqq t\leqq 1\}$ defined by

(2.14)
$Y(t)=\int_{0\iota_{1<t}}\int_{2\leq t}Q(t_{1}, t_{2})dW(t_{1})dW(t_{2})+\frac{\sigma^{2}-\sigma_{0}^{l}}{2\sigma^{2}}\int_{0}^{t}Q(s, s)ds$ $(0\leqq t\leqq 1)$ .

Next, we consider the process $Z_{n}^{(m)}=(Z_{n}^{(m)}(t):0\leqq t\leqq 1$ } defined by

(2.15)
$Z_{n}^{(m)}(t)=(n\sigma)^{-m/2}\sum_{1\leqq\ell_{1<\cdots<i_{m}\leqq[nt]}}\xi_{i_{1}}\cdots\xi_{i_{m}}$ $(0\leqq t\leqq 1)$ .

Let

$Z^{(1)}(t)=W(t)$

(2.16) $Z^{(2)}(t)=\int_{0}^{t}W(s)dW(s)+\frac{\sigma^{2}-\sigma_{0}^{2}}{2\sigma^{2}}t$

$Z^{(\iota)}(t)=\int_{0}^{t}Z^{(k-1)}(s)dW(s)+\frac{\sigma^{2}-\sigma_{0}^{2}}{2\sigma^{2}}\int_{0}^{\ell}Z^{(k-2)}(s)ds$ $(k\geqq 3)$

$(0\leqq t\leqq 1\rangle$ .
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Then

$Z^{(2)}(t)=\frac{1}{2!}H_{2}(W(t))+\frac{\sigma^{2}-\sigma_{0}^{2}}{2\sigma^{2}}t$

(2.17) $Z^{(3)}(t)=\frac{1}{3!}H_{3}(W(t))+\frac{\sigma^{2}-\sigma_{0}^{l}}{2\sigma^{2}}tW(t)$

$Z^{(4)}(t)=\frac{1}{4!}H_{4}(W(t))+\frac{\sigma^{2}-\sigma_{0}^{2}}{2\sigma^{2}}\frac{1}{2!}tH_{2}(W(t))+\frac{1}{2!}(\frac{\sigma^{2}-\sigma_{0}^{2}}{\sigma^{2}})^{2}t^{g}$ .

Let $Z^{(k)}=\{Z^{(k)}(t);0\leqq t\leqq 1\}$ .

Theorem 3. Let $\{\xi_{f}\}$ be a strictly stationary sequence of zero-mean random
variables. Supp0se one of the following two groups of conditions hold:

(i) $\{\xi_{j}\}$ is $\phi$-mixing and there exists $ap(p>0)$ such that

(2.18) $ E|\xi_{0}|^{2(m+p)}<\infty$

and

(2.19) $\Sigma n^{m+p-1}\{\phi(n)\}^{1/2(m+p)}<\infty$ ;

(ii) $\{\xi_{n}\}$ is strongly mixing and there exist two positive numbers $p$ and $\delta$

$(0<\delta<1)$ such that

(2.20) $ E|\xi_{0}|^{2(m+p+\delta)}<\infty$

and
(2.21) $\Sigma n^{n+p-1}\{\alpha(n)\}^{\delta/2(m+p)+\delta}<\infty$ .
Let $\sigma^{2}$ and $\sigma_{0}^{2}$ be the ones defined above. Then

$D$

(2.22) $Z_{n}^{(m)}\rightarrow Z^{(m)}$ in $D[0,1]$

as $ n\rightarrow\infty$ .

3. Proof of Theorem 1. To prove Theorem 1 we need a theorem which
is applicable to many cases.

Let $F_{H}$ be the space of functions defined on $[0,1]\times(-\infty, \infty)$ satisfying the
following condition: there exists an absolute constant $M$ such that if $f\in F_{H}$,

then $f$ and its derivatives satisfy inequalities of the form

(3.1) $|Df(s, x)|\leqq M(1+|x|^{\alpha})$ ,

where $D$ denotes either the identity operator or a first derivatives and $\alpha$ is some
positive constant. Let $\{(\xi_{n.j}, \mathcal{F}_{n.j});1\leqq j\leqq N, n\geqq 1\}$ be a martingale difference
array, $i.e.$ , an array satisfying the following conditions:

(i) $ E|\xi_{n.j}|<\infty$ .
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(ii) $\xi_{n.j}$ is measurable with respect to the a-algebra $\mathcal{F}_{n.j}$ where $\mathcal{F}_{n.0}\subset\ldots$

$\subset\cdots\subset \mathcal{F}_{n.N}\subset \mathcal{F}(n\geqq 1)$ .
(iii) $E(\xi_{n,j}|\mathcal{F}_{n.j-1})=0a.s$ .
Let $\{T_{n.j} ; 1\leqq j\leqq N, n\geqq 1\}$ be an array of random variables defined by

(3.2) $T_{n.j}=g_{n.j}(\xi_{n.1}, \xi_{n.j})$ $(1\leqq j\leqq N, n\geqq 1)$

where $g_{n.f}$ : $R^{j}\rightarrow R$ is Borel measurable for each $n$ and $j$ and

(3.3) $E|T_{n.j}-T_{n.k}|^{2}\leqq cN^{-1}|j-k|$ $(1\leqq j, k\leqq N)$

for each $n$ . Define a sequence $\{T_{n}\}=\{T_{n}(t):0\leqq t\leqq 1\}$ of random elements in
$D[0,1]$ by

$T_{n}(t)=T_{n.[Nt]}$ $(0\leqq t\leqq 1)$ .

Theorem 4. Let $\{(\xi_{n.f}, \mathcal{F}_{n.j});1\leqq j\leqq N, n\geqq 1\}$ be a square-integrable martin-
gale difference array. Supp0se that $f_{n}\in F_{M}(n\geqq 1),$ $f\in F_{M}$ and for every $s\in[0,1]$

(3.4) $Df_{n}(s, x)\rightarrow Df(s, x)$

uniformly in $x$ on every finite interval. Supp0se there exists a double array
$\{C_{n.f}, 1\leqq j\leqq N, n\geqq 1\}$ of negative numbers such that

$E\{\xi_{n.j+1}^{2}|\mathcal{F}_{n.j}\}\leqq C_{n.j}$ $(1\leqq j\leqq N)$

and for arbitrary numbers $t_{1}$ and $t_{2}(0\leqq t_{1}<t_{2}\leqq 1)$

$\subset Nt_{2}\sum_{f=[Nt_{1}]+1}^{j}C_{n.f}\leqq C_{0}(t_{2}-t_{1})$

where $C_{0}$ is some positive numbers. SuppOse further that as $ n\rightarrow\infty$

(3.5) $\{\sum_{j=1}^{[Nt]}\xi_{n.j}$ : $0\leqq t\leqq 1\}\rightarrow^{D}Z=\{Z(t);0\leqq t\leqq 1\}$ in $D[0,1]$

and

(3.6) $\{T_{n}(t);0\leqq t\leqq 1\}-\rightarrow T=D\{T(t);0\leqq t\leqq 1\}$ in $D[0,1]$ .
Then

(3.7) $\{\sum_{j=1}^{[Nt]}f_{n}(\frac{j}{n},$ $T_{n.j})\xi_{n.j+1}$ ; $0\leqq t\leqq 1\}$

$\rightarrow^{D}\{\int_{0}^{t}f(s, T(s))dZ(s):0\leqq t\leqq 1\}$ in $D[0,1]$

where the stochastic integral in (3.7) is taken in the sense of convergence in prob-
ability.
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Proof. The proof is carried out by the essentially same method as that of
Theorem 1 in Szyszkowski (1988) and so is omitted. (cf. Yoshihara (1982) and
Strasser (1986).)

From Theorem 4 we easily obtain the following corollary.

Corollay 1. Let $\{(\xi_{n.j}, \mathcal{F}_{n.j}):1\leqq j\leqq N, n\geqq 1\}$ be a square-integrable martin-
gale difference array such that

(3.8)
$E\xi_{n}^{*}=E\max_{1\leq f\leqq N}|\xi_{n.j}|\rightarrow 0$ as $ n\rightarrow\infty$

and

(3.9) $\sum_{j=1}^{N}\xi_{n.f}^{2}\rightarrow^{P}1$ as $ n\rightarrow\infty$ .

Let $\{f_{n}\}$ and $f$ be the ones in Theorem 4. $SuPPose(3.4)$ and (3.6) hold. Then

(3.10) $\{\sum_{j=0}^{[Nt]-1}f_{n}(\frac{j}{n},$ $T_{n.f})\xi_{n.f+1}$ : $0\leqq t\leqq 1\}$

$\rightarrow^{D}\{\int_{0}^{t}f(s, T(s))dW(s);0\leqq t\leqq 1\}$ in $D[0,1]$ ,

where the stochastic integral in (3.9) is taken in the $L^{2}$-sense.

Using the above corollary repeatedly, we have the following corollary which
was obtained by Teicher (1988) when $t=1$ .

Corollary 2. SuppOse conditions of Corollary 1 to Theorem 2 are satisfied.
Then
(3.11)

$t_{1\leqq ii}\sum_{i1<2<\cdots<m\leqq[Nt]}\xi_{n.i_{1}}\xi_{n.t_{2}}\cdots\xi_{n.t_{m}}$ : $0\leqq t\leqq 1$ }

$\rightarrow^{D}\{\int_{0}^{t}\int_{0}^{u_{m-1}}\cdots\int_{0}^{u_{1}}\sum_{j\Rightarrow 0}^{m-1}dW(u_{j-1});0\leqq t\leqq 1\}$ in $D[0,1]$ .

Proof of Theorem 1. Firstly, we consider the case $m=2$ . We note that
by virtue of Theorem 4 for any $t_{1}(0<t_{1}\leqq 1)$

(3.12) $\{\sum_{i\Leftarrow 1}^{[Nt]-1}Q(\frac{i}{N},$ $t_{1})\xi_{n.c\ddagger 0\leqq t\leqq t_{1}}\}$

$\rightarrow^{D}\{\int_{0}^{t}Q(s, t_{1})dW(s):0\leqq t\leqq t_{1}\}$ in $D[0, t_{1}]$

as $ n\rightarrow\infty$ .

Next, for any $t(0<t\leqq 1)$ let
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$\Delta;0=u_{0}<u_{1}<\ldots<u_{b}=t$

be an arbitrary partition of the interval $[0, t]$ and put

$\gamma=\gamma_{\Delta}=\max_{1\leqq\ell\leqq b}(u_{i}-u_{i-1})$ .
Further, let

(3.13) $\text{\’{e}}_{i.j.t.n}(\Delta)=Q(\frac{i}{N},$ $\frac{j}{N})-Q(\frac{i}{N},$ $u_{\ell)}$ ,

and

(3.14)
$\epsilon_{n}(\Delta)=\max_{1\leq\ell\leq N}\max_{1\leqq\iota\leqq b\mathfrak{c}Nu_{l-1}}\max_{J+1\leqq f[Nu\ell]}|\epsilon_{i.f.\ell.n}(\Delta)|$ .

Since by assumption $Q$ has continuous partial derivatives on $[0,1]^{2}$ .
(3.15)

$\lim_{\gamma\rightarrow 0}\epsilon_{n}(\Delta)=0$ .
Now, put

(3.16) $Y_{n}(t;\Delta):=\sum_{\iota--1}^{b}\sum_{i=\zeta Nu_{\ell-13}}^{[Nu_{t}]-1}\{\sum_{f=i+1}^{\zeta Nu_{lJ}}Q(\frac{\dot{f}}{N}$ , $u_{\ell})\xi_{n.i}\xi_{n.f}$

$+\sum_{k=\iota}^{b-1}\sum_{j=[Nu_{k}]+1}^{[Nu_{k+1}]}Q(\frac{i}{N},$ $u_{k})\xi_{n.\ell}\xi_{n.j}\}$ .
Then

(3.17) $X_{n}(t)-Y_{n}(t;\Delta)$

$=\sum_{t=1}^{b-1}\sum_{\ell=INu_{l-1\ddagger}}^{[Nu_{\ell}]-1}\{\sum_{j=i+1}^{J}\epsilon_{i.f.\ell.n}(\Delta)\xi_{n.i}\xi_{n.f}$

$+\sum_{k=\ell}^{b-1}\sum_{f=[Nu_{k}]+1}^{\zeta Nu_{k+1}}\}\epsilon_{\ell.j.k.n}(\Delta)\xi_{n.\ell}\xi_{n.f}$ .
and

(3.18) $E|X_{n}(t)-Y_{n}(t;\Delta)|^{2}\leqq\epsilon_{n}^{2}(\Delta)\{\sum_{i=1}^{[Nt]}E\xi_{n.\ell}^{2}\}^{2}\leqq c\epsilon_{n}^{2}(\Delta)t^{2}$

which implies that for any $\tau(>0)$

(3.19)
$\lim_{\gamma\rightarrow 0}\lim_{n\rightarrow\infty}P(|X_{n}(t)-Y_{n}(t:\Delta)|>\tau)\Leftarrow 0$ .

On the other hand, by virtue of Theorem 4, we have that for each $t$

$(0<t\leqq 1)$

(3.20) $Y_{n}(t;\Delta)\rightarrow^{D}Y(t;\Delta)=\sum_{k=0}^{b-1}\int_{0}^{u_{k}}Q(s, u_{k})dW(s)\{W(u_{k+1})-W(u_{k})\}$

as $ n\rightarrow\infty$ .
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Since it is easily shown that

(3.21) $\lim_{\gamma\rightarrow 0}E|Y(t;\Delta)-X(t)|^{2}=0$ ,

so we have that for each $t(0<t\leqq 1)$

(3.22) $X_{n}(t)\rightarrow^{D}X(t)$ as $ n\rightarrow\infty$ .
Clearly, using the Szyszkowski method (1988) and (2.1) we can prove that

the finite dimensional distributions of $\{X_{n}, n\geqq 1\}$ converge weakly to those of
$X$ and that $\{X_{n}, n\geqq 1\}$ is tight. Hence, we obtain the desired conclusion when
$m=2$ .

Now, using this method repeatedly, we have the conclusion in the general
case $m(\geqq 3)$ . $\square $

4. Proof of Theorem 2.

We only consider the strongly mixing case since the proof in the $\phi$ -mixing
case is carried out analogously.

We often use the following inequalities:
(A) Let $\zeta_{1}$ be an $m_{-\infty}^{k}$-measurable random variable with $ E|\zeta_{1}|^{2+\gamma}<\infty$ and

let $\zeta_{2}$ be an $m_{k+n}^{\infty}$-measurable random variable with $ E|\zeta_{2}|^{2+\gamma}<\infty$ where $\gamma$ is a
positive number. Then

(4.1) $|E\zeta_{1}\zeta_{2}-E\zeta_{1}E\zeta_{2}|\leqq 10\Vert\zeta_{1}\Vert_{2+\gamma}\Vert\zeta_{2}\Vert_{2+\gamma}\{\alpha(n)\}^{\gamma/(2+\gamma)}$

where $\Vert\zeta\Vert_{p}=\{E|\zeta|^{p}\}^{1/p}(p\geqq 1)$ (cf. Ibragimov and Linnik (1971)).

(B) Suppose condition (ii) in Theorem 2 is satisfied. Then

(4.2) $E|\sum_{i=1}^{n}a_{i}\xi_{\ell}|^{\gamma}\leqq cM_{\delta}(\sum_{i=1}^{n}a_{i}^{2})^{r/2}$ $(1\leqq\gamma\leqq 8+\delta)$

where
$M_{\delta}=\max_{1\leqq i\leqq n}\Vert\zeta_{i}\Vert_{\gamma+\delta}^{\gamma}$ .

Remark. If condition (i) in Theorem 2 is satisfied, then

(4.3) $E|\sum_{i=1}^{n}a_{t}\xi_{i}|^{\gamma}\leqq cM_{0}(\sum_{\ell=1}^{n}a_{i}^{2})^{\gamma/2}$ $(1\leqq\gamma\leqq 8)$

where
$M_{0}=\max_{1\leqq l\leqq n}\Vert\xi_{i}\Vert_{\gamma}^{\gamma}$ .

(cf. Utev (1985)).
(C) Suppose conditions in Theorem 3 are satisfied. Then
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(4.4) $\Vert\sum_{i=a}^{b}\xi_{i}\Vert_{\gamma}\leqq c(b-a)^{1/2}$

for $2\leqq\gamma\leqq 2(m+p)$ . (cf. Yokoyama (1980))
In what follows, we denote by $c$ , with or without subscript, an absolute

constant which does not depend on $n,$ $s$ and $t$ .
(I) Weak convergence of the finite-dimensional distributions. For brevity,

let
$\eta_{j}=\xi_{n.j}=(n^{1/2}\sigma)^{-1}\xi_{j}$ $(1\leqq j\leqq n)$

and

$Q_{n.\ell.j}=Q(\frac{l}{n},$ $\frac{j}{n})$ $(1\leqq i, j\leqq n)$ .

Further, let $q=[n^{1/4}]$ . Then, we have

(4.5) $\sum_{1\leqq i<f\leqq[nt]}Q(\frac{i}{n},$ $\frac{j}{n})\xi_{n.i}\xi_{n.j}$

$=$ $\Sigma$ $Q_{n.i.j}\eta_{\ell}\eta_{j}+$ $\Sigma$ $Q_{n.i.j}(\eta_{i}\eta_{j}-E\eta_{i}\eta_{j})$

$1\leqq i\underline{<}f_{i}\xi_{q}[nt]J$ $1\leqq i\triangleleft\leqq[nt]j-i\leqq q$

$+$
$\sum_{1\leqq i\triangleleft\leqq[nt]j-iq}$

$Q_{n.\ell.j}E\eta_{i}\eta_{j}$

$=U_{n}^{\langle 1)}(t)+U_{n}^{(2)}(t)+U_{n}^{(3)}(t)$ , (say).

By the method used in the proof of Theorem in Yoshihara (1980), analogously
to (3.22) we can prove

(4.6)
$U_{n}^{(1)}(t)\rightarrow^{D}\int_{0\leqq t_{1}<t}\int_{2\leqq t}Q(t_{1}, t_{2})dW(t_{1})dW(t_{2})$

(cf. Takahata (1987)).
Next, we note that by the continuity of $Q$

(4.7) $ K_{0}=\sup_{0\leqq l.t\leqq 1}|Q(s, t)|<\infty$

and by the Schwarz inequality

(4.8) $E\eta_{i}^{2}\eta_{j}^{2}\leqq\Vert\eta_{1}\Vert_{4}^{4}=\Vert(n^{1/2}\sigma)^{-1}\xi_{1}\Vert_{4}^{4}\leqq cn^{-2}$ .
Therefore, by (4.1), (4.7) and (4.8)

$\Vert U_{n}^{(2)}(t)\Vert_{2}^{2}=\Vert\sum_{i=1}^{[nt]-q}\sum_{j=i+1}^{i+q}Q_{n.i.j}(\eta_{\ell}\eta_{j}-E\eta_{i}\eta_{j})\Vert_{2}^{2}$

$=\sum_{i=1}^{[nt]-q}\Vert\sum_{f=i+1}^{l+q}Q_{n.i.f}(\eta_{\ell}\eta_{f}-E\eta_{\ell}\eta_{j})\Vert_{2}^{2}$
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$+2\{\sum_{\ell}+_{1\leqq\ell_{\ell}}\sum_{S_{-i2q}^{\ell\leqq[nt]-q}1i5_{-i>2q}^{\ell^{\prime}\leq[nt]-q}}\}$

$|E\{\sum_{f\approx i+1}^{\ell+q}Q_{n.\ell.f}(\eta_{i}\eta_{f}--E\eta_{i}\eta_{j})\sum_{f^{\prime}=\ell+1}^{\ell^{\prime}+q}Q_{n.\ell^{\prime}.j^{\prime}}(\eta_{i^{\prime}}\eta_{J^{\prime}}-E\eta_{\ell^{\prime}}\eta_{f}\cdot)\}|$

$\leqq cnq^{2}\cdot n^{-2}$

$+c_{1\leqq\ell S_{-\ell>2q}^{i[nt]-q}}\sum_{\ell}\Vert\sum_{j=+1}^{\ell+q}Q_{n.\ell.j}(\eta_{\ell}\eta_{f}-E\eta_{\ell}\eta_{j})\Vert_{2+\delta}$

$\times\Vert\sum_{j^{i}=\ell+1}^{i^{\prime}+q}Q_{n.\ell^{\prime}.f}.(\eta_{i^{\prime}}\eta_{j^{\prime}}-E\eta_{\ell^{\prime}}\eta_{J^{\prime}})\Vert_{2+q}\{a(q)\}^{\delta/(2+q)}$

$+cnqn^{-2}$

$=0(1)$

as $ n\rightarrow\infty$ . Hence, we have that for every $\epsilon(>0)$

\langle 4.9) $P(|U_{n}^{(2)}(t)|>\epsilon)\rightarrow 0$ as $ n\rightarrow\infty$ .
Finally, let

$0=s_{0}<s_{1}<\ldots<s_{b}=t$

be arbitrarily and put $a_{k}=[ns_{k}](k=1, \cdots b)$ . Then, we have

\langle 4.10) $U_{n}^{(3)}(t)=\sum_{k=0}^{b-1}a_{k+1 ’\lambda^{\urcorner},\sum_{\ell\approx a+1f--\ell+1}^{i+q}(Q(s_{k}}s_{k})E\eta_{\ell}\eta_{j}+(Q_{n.\ell.j}-Q(s_{k}, s_{k}))E\eta_{\ell}\eta_{f}$ }

$=U_{n.1}^{(\S)}(t)+U_{n.2}^{(3)}(t)$ , (say).

Since
$E\eta_{\ell}\eta_{f}=n^{-1}\sigma^{-2}E\xi_{i}\xi_{f}$

and as $ n\rightarrow\infty$

$\sum_{f=i+1}^{i+q}E\xi_{\ell}\xi_{f}=\sum_{j\fallingdotseq 1}^{q}E\xi_{0}\xi_{f}\rightarrow\frac{1}{2}(\sigma^{2}-\sigma_{0}^{2})$ ,

so
$\lim_{n\rightarrow\infty}U_{n.1}^{(3)}(t)=\frac{\sigma^{2}-\sigma_{0}^{2}}{2\sigma^{2}}\sum_{\iota=0}^{b-1}Q(s_{\iota}, s_{k})(s_{k+1}-s_{k})$ .

Therefore, by the arbitrariness of $\{s_{k}\}$ we have

\langle 4.11) $\lim_{n\rightarrow\infty}U_{n.1}^{(3)}(t)=\frac{\sigma^{2}-\sigma_{0}^{2}}{2\sigma^{2}}\int_{0}^{t}Q(s, s)ds$ .

On the other hand, by (4.1), (2.12) and (2.13) we have

$|U_{n.2}^{(3)}(t)|\leqq c\sum_{\iota\approx 0}^{b-1}\sum_{\ell=a_{k}+1}^{a_{l+1}}\max_{t<J\leq i+q}|Q_{n.\ell.j}-Q(s_{k}, s_{k})|$
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$\times\sum_{j=\ell+1}^{i+q}\Vert\eta_{0}\Vert_{2+\delta}^{2}\{a(j-i)\}^{\delta/(2+\delta)}$

$\leqq cn^{-}>k=0b-1\sum_{\ell=a_{k+1\ell}}^{a_{k+1}}\max_{<J\leqq i+q}|Q_{n.\ell.j}\cdot-Q(s_{k}, s_{k})|$

$\leqq c$ max sup max $|Q_{n.\ell.j}-Q(s_{k}, s_{k})|$

$0\leq k<ba\iota<\ell\leqq a_{k+1}\ell<j\leqq l+q$

and so
$\lim_{n\rightarrow\infty}|U_{n.2}^{(3)}(t)|\leqq c\max_{0\iota<b}\sup_{\iota_{k}\leqq\iota.t\leq\iota_{k+1}}|Q(s, t)-Q(s_{k}, s_{k})|$ .

Therefore, by the continuity of $Q$ and the arbitrariness of $\{s_{k}\}$ we have

(4.12)
$\lim_{n\rightarrow\infty}|U_{n.2}^{(\S)}(t)|=0$ .

Combining $(4.10)-(4.12)$ we have

(4.13) $\lim_{n\rightarrow\infty}U_{n}^{(3)}(t)=\frac{\sigma^{2}-\sigma_{0}^{2}}{2\sigma^{2}}\int_{0}^{t}Q(s, s)ds$ .

Now, from (4.5), (4.6), (4.9) and (4.13) we have

(4.14) $Y_{n}(t)\rightarrow^{D}Y(t)$

for each $t(0<t\leqq 1)$ .
It remains to prove that for each finite set $\{t_{i} ; t_{\ell}\in[0,1], i=1, \cdots , k\}$ the

joint distribution of $(Y_{n}(t_{1}), \cdots Y_{n}(t_{k}))$ converges weakly to the corresponding
one of $(Y(t_{1}), \cdots , Y(t_{k}))$ . But, this is easily shown by the functional central
limit theorem for $\{\Sigma_{\ell=1}^{\iota}Q(i/n, \cdot)\xi_{n.i}\}$ (cf. Takahata (1987)). The proof is omitted.

(II) The tightness of $\{Y_{n}\}$ . Since $\{Y_{n}(0)\}$ is tight, so by Theorem 8.3 in
Billingsley (1968) it suffices to show that for each positive $\epsilon_{1}$ and $\epsilon_{2}$ there exist
a $\rho(0<\rho<1)$ and an integer $n_{0}$ such that

(4.15) $\frac{1}{\rho}P(\sup_{s\leqq t\leqq\epsilon+\rho}|Y_{n}(t)-Y_{n}(s)|\geqq\epsilon_{1})\leqq\epsilon_{2}$

for $n\geqq n_{0}$ and $0\leqq s\leqq 1$ (with $s$ in the supremum restricted to $s\leqq t\leqq 1$ in case
$1-\rho<s\leqq 1)$ .

Let $s(0\leqq s<1)$ be fixed arbitrarily. Put $a=[ns]$ . Let $q=[n^{1/3}]$ . Then,
we have

(4.16)
$\sup_{*\leqq t\leqq\$+\rho}|Y_{n}(t)-Y_{n}(s)|$

$=\sup_{s\leqq\ell s+\rho}|\sum_{\ell 1\leqq<j\leqq[nt]}Q_{n.i.j}\eta_{i}\eta_{j}-\sum_{1\leq i<J\leqq a}Q_{n.i.f}\eta_{i}\eta_{f}|$

$\leqq\sup_{\rho s\leqq t\leqq}|\sum_{1\leqq\ell<a}\sum_{a\leqq f\leqq[nt]}Q_{n.\ell.f}\eta_{t}\eta_{j}|$
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$+\sup|$ $\sum$ $Q_{n.i.f}\eta_{i}\eta_{j}|$

$\iota\leqq t\leqq t+\rho a\leqq\ell<f\leqq[nt]$

$\leqq$ max $|$ $\sum$ $(\Sigma Q_{n.\ell.j}\eta_{i})\eta_{j}|$

$a\leqq\ell\leqq[n(*+\rho)]a+q\leqq j\leqq\ell 1\leqq\ell<a$

$+\max_{at\leqq a+q}|\sum_{1\leqq i<a-q}\sum_{a\leqq f\leqq t}Q_{n.\ell.j}\eta_{\ell}\eta_{j}|$

$+\sum_{a-q\leqq i<a}\sum_{a\leqq f\leqq a+q}|Q_{n.\ell.j}||\eta_{\ell}|\cdot|\eta_{j}|$

$+\max_{a\leqq t\leqq[n(*+\rho)]}|\sum_{a\leqq\ell<j\leqq t}Q_{n.i.j}\eta_{i}\eta_{j}|$

$=U_{n.1}+U_{n.2}+U_{n.\epsilon}+U_{n.4}$ , (say).

Firstly, we prove that for all $n$ sufficiently large

(4.17) $P(U_{n.1}>\frac{\epsilon_{1}}{4})\leqq c\rho^{2}$ .

Put
$V_{j}=\sum_{1\leq i<a}Q_{n.\ell.j}\eta_{i}$ .

Then, we have

(4.18) $E|\sum_{a+q\leqq j\leqq\ell}(\sum_{1\leqq\ell<a}Q_{n.i.f}\eta_{i})\eta_{j}|^{4}$

$\leqq\sum_{f}E|V_{j}\eta_{j}|^{4}+\sum_{j_{1}\neq f_{2}}E|V_{f_{1}}\eta_{f_{1}}|^{2}|V_{J_{2}}\eta_{j_{2}}|^{2}$

$+\sum_{f_{1}\neq j_{2}}|E(V_{f_{1}}\eta_{j_{1}})^{s}(V_{j_{2}}\eta_{J_{2}})|$

$+$
$\sum_{f_{1}\neq jg\neq j_{3}}$

$|E(V_{f_{1}}\eta_{f_{1}})^{2}(V_{j_{2}}\eta_{f_{2}})(V_{j_{3}}\eta_{j_{3}})$

$+$
$\sum_{j_{1}\neq j_{2}\neq f_{3}\neq j_{4}}$

$|E(V_{j_{1}}\eta_{j_{1}})(V_{j_{2}}\eta_{j_{2}})(V_{j_{3}}\eta_{f_{3}})(V_{j_{4}}\eta_{j_{4}})|$

$=I_{1}+I_{2}+I_{3}+I_{4}+I_{5}$ , (say).

We note that by (4.1), (4.2) and (4.7)

(4.19) $ K_{1}=\sup$ max $E|V_{f}|^{4}\leqq cK_{0}^{4}\sup\frac{[ns]^{2}}{2}\leqq c_{1}$ ,
$0<8<11\leqq j\leqq n$ $0<\$<1$ $n$

(4.20) $K_{2}=\sup_{0<\epsilon<1}\max_{1\leq f\leqq n}E|V_{f}|^{8+\delta}\leqq cK_{0}^{8+\delta}\sup_{0<\epsilon<1}\frac{[ns]^{4+\delta/2}}{n^{4+\delta/2}}\leqq c_{2}$

and

(4.21) $E|\eta_{1}|^{\gamma}\leqq cn^{-\gamma/2}E|\xi_{1}|^{\gamma}\leqq cn^{-\gamma/2}$ $(1<\gamma\leqq 8+2\delta)$ $(j=1, \cdots n)$

and that, by the definition of $q$
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(4.22) $\beta=\{a(q)\}^{\delta/(8+2\delta)}=o(q^{-8})=o(n^{-8/8})$ .
Further, we note that for each $j(a+q\leqq j\leqq l)V_{j}$ is $\ovalbox{\tt\small REJECT}_{-\infty}^{a-1}$-measurable and $\eta_{j}$ is
$\ovalbox{\tt\small REJECT}_{a+q}^{\infty}$-measurable.

From (4.1) and $(4.19)-(4.22)$ we obtain the following inequalities:

$I_{1}\leqq\sum_{j}\{EV_{j}^{4}E\eta_{j}^{4}+c\Vert V_{f}^{4}\Vert_{2+\delta/2}\Vert\eta_{j}^{4}\Vert_{2+\delta/2}\beta\}$

$\leqq\sum_{j}\{cn^{-2}+cn^{-2}\cdot o(n^{-S/2})\}=o(n^{-1})$ ;

$I_{2}\leqq\sum_{j_{1}\neq j_{2}}\{EV_{J_{1}}^{2}V_{j_{2}}^{2}\cdot E\eta_{j_{1}}^{2}\eta_{j_{2}}^{2}+c\Vert V_{f_{1}}^{2}V_{f_{2}}^{2}\Vert_{2+\delta/2}\Vert\eta_{f_{1}}^{2}\eta_{f_{2}}^{2}\Vert_{2+\delta/2}\beta\}$

$\leqq\sum_{j_{1}\neq f_{2}}[K_{1}\{E\eta_{j_{1}}^{2}E\eta_{f_{2}}^{2}+c\Vert\eta_{j_{1}}^{2}\Vert_{2+\delta\prime 2}\Vert\eta_{j_{2}}^{2}||_{2+\delta/2}(a(|j_{2}-j_{1}|)^{\delta\prime(4+\delta)}\}$

$+cK_{2}^{4/(8+\delta)}n^{-2}\beta]$

$\leqq c(l-a)^{2}(1+o(1))\cdot n^{-2}$ ;

$I_{s}\leqq\sum_{j_{1}\neq j_{2}}\{|EV_{j_{1}}^{s}V_{J_{2}}|\cdot|E\eta_{j_{1}}^{3}\eta_{J_{2}}|+c\Vert V_{j_{1}}^{s}V_{J_{2}}\Vert_{2+\delta/2}\Vert\eta_{j_{1}}^{3}\eta_{j_{2}}\Vert_{2+\delta\prime 2}\beta\}$

$\leqq\sum_{j_{1}\neq j_{2}}\{K_{1}\Vert\eta_{j_{1}}^{3}\Vert_{(8+\delta)\prime 3}\Vert\eta_{f_{2}}\Vert_{8+\delta}(a(|j_{2}-j_{1}|)^{(4+\delta)/(8+\delta)}+cn^{-2}\beta\}$

$=o(n^{-1})$ ;

$I_{4}\leqq_{f\neq j}\sum_{12\neq j_{3}}\{|EV_{j_{1}}^{2}V_{j_{2}}V_{j_{S}}|\cdot|E\eta_{j_{1}}^{2}\eta_{f_{2}}\eta_{j_{3}}|$

$+c\Vert V_{j_{1}}^{2}V_{f_{2}}V_{f}s\Vert_{2+\delta/4}\Vert\eta_{j_{1}}^{2}\eta_{j_{2}}\eta_{j_{3}}\Vert_{2+\delta/4}\beta\}$

$\leqq K_{1}\sum_{\neq j_{123}j\neq j}|E\eta_{j_{1}}^{2}\eta_{f_{2}}\eta_{f_{3}}|+cK_{2}^{4/(8+\delta)}n\beta$

$\leqq c(l-a)^{2}(1+o(1))\cdot n^{-2}$ ;

$I_{5}\leqq\sum_{1j23\neq j_{4}}\{|EV_{J_{1}}V_{f_{2}}V_{f_{3}}V_{j_{4}}|\cdot|E\eta_{j_{1}}\eta_{j_{2}}\eta_{j_{3}}\eta_{4}|$

$+c\Vert V_{f_{1}}V_{J_{2}}V_{j_{S}}V_{j_{4}}\Vert_{2+\delta/4}\Vert\eta_{J_{1}}\eta_{f_{2}}\eta_{Js}\eta_{j_{4}}\Vert_{2+\delta\prime 4}\beta\}$

$\leqq K_{1}\sum_{j_{1}\neq j_{2}\neq j\mathfrak{g}\neq f_{4}}|E\eta_{J_{1}}\eta_{Jz}\eta_{j_{3}}\eta_{j_{4}}|+cK_{2}^{4\prime(8+\delta)}n^{1}\beta$

$\leqq c(l-a)^{2}(1+o(1))\cdot n^{-2}$ .
(The last two inequalities are proved by the same method in Yoshihara (1978)

or Yokoyama (1980).)

Therefore, we have that for $n$ sufficiently large

$E|\sum_{a\leqq J\leqq t}(\sum_{1\leq\ell<a}Q_{n.\ell.j}\eta_{\ell})\eta_{f}|^{4}\leqq c(l-a)^{2}(1+o(1))n^{-t}$
,
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which implies that for all $n$ sufficiently large

(4.23) $P(U_{n.1}>\frac{e_{1}}{4})\leqq c\rho^{2}$

(cf. Theorem 12.2 in Billingsley (1968)).
By the same method, we can prove that as $ n\rightarrow\infty$

(4.24) $P(U_{n.2}>\frac{\epsilon_{1}}{4})\rightarrow 0$

and that for all $n$ snfficiently large

(4.25) $P(U_{n.4}>\frac{\epsilon_{1}}{4})\leqq c\rho^{4}$ .
Finally, we note that by (4.6) and (4.21)

E $U_{n.3}\leqq K_{0}\sum_{a-qi<a}\sum_{a\leq f\leq[nt]+q}E|\eta_{\ell}||\eta_{f}|\leqq cq^{2}n^{-1}E|\xi_{0}|^{2}=O(n^{-1/s})$ .

Therefore, we have that as $ n\rightarrow\infty$

(4.26) $P(U_{n.8}>\frac{\epsilon_{1}}{4})\rightarrow 0$ .

Now, (4.15) follows from (4.16) and (4.23)-(4.26). Thus, the proof of The-
orem 2 is completed. $\square $

5. Proof of Theorem 3.

Firstly, we show a lemma.

Lemma. Let $\{\xi_{i}\}$ be a strictly stationary sequence of zero-mean random
variables. SuppOse conditions in Theorem 3 are satisfied. Then, for any $\gamma$

$(1\leqq\gamma\leqq 2(m+p)/m)$

(5.1) $E|\sum_{a\leqq\ell_{1<\cdots<i_{m}\leq b}}\xi_{i_{1}}\xi_{i_{2}}\cdots\xi_{\ell_{m}}|^{\gamma}\leqq c(b-a)^{m\gamma\prime 2}$ .

Proof. Let $J$ be the collection of all set $(r)=(r_{1}, \cdots , r_{\iota})$ of integers such
that for some $k(\geqq 1),$ $ r_{1}\geqq r_{t}\geqq$ $\geqq r_{k}\geqq 1$ and $r_{1}+r_{2}+\cdots+r_{k}=m$ .

We note that

(5.2) $|\sum_{a\leq\ell_{1<\cdots<\ell_{m}\leqq b}}\xi_{i_{1}}\xi_{\ell_{2}}\cdots\xi_{i_{m}}|\leqq|\sum_{\ell}\xi_{i}|^{m}+c\Sigma_{(r)}|\sum_{j\Leftrightarrow 1}^{k}(\sum_{f}\xi_{i_{j}}^{r_{j}})|$

where $\Sigma_{(r)}$ denotes the summation over all $(r)\in J$ .
Let $(r)\in J$ be fixed arbitrarily and let $d$ be the largest integer such that

$r_{d}=2$ . Put
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$T_{j}=\sum_{i_{f}}\xi_{i_{j}}^{r_{j}}$ $(j=1, \cdots k)$ .

Using the Minkowski inequality first and then the H\"older inequality we get

$I_{(r)}=\Vert\prod_{j\leftarrow 1}^{k}T_{j}\Vert_{r}\leqq\Vert(T_{1}-ET_{1})\prod_{j=2}^{k}T_{j}\Vert_{\gamma}+\Vert|\sum_{\ell_{1}}E\xi_{\ell_{1}^{1}}^{r}|\cdot|\prod_{f\Rightarrow l}^{k}T_{f}|\Vert_{r}$

$\leqq\Vert\tau_{1}-ET_{1}\Vert_{m\gamma/r_{1}\Vert\prod_{f\Rightarrow 2}^{k}T_{f}\Vert_{m\gamma/(m-r_{1})}+(\sum_{\ell_{1}}E|\xi_{\ell_{1}}|^{r_{1}})\Vert\prod_{j\approx 1}^{k}T_{j\Vert_{\gamma}}}$ .
Therefore, by (4.4)

$I_{(r)}=c(b-a)^{1\prime 2}\Vert\prod_{J=g}^{\iota}T_{j}\Vert_{m\gamma/(m-r_{1})}+c(b-a)\Vert\prod_{j\approx 1}^{k}T_{j\Vert_{\gamma}}$

$\leqq c(b-a)\{\Vert\prod_{f=2}^{k}T_{f}\Vert_{m\gamma\prime(m-r_{1})}+\Vert\prod_{j=l}^{k}T_{f}\Vert_{\gamma}\}$ .

Repeating this procedure $d$ times, we obtain the inequality

$I_{(r)}\leqq c(b-a)^{d}\{\nu_{1}+v_{8}+\cdots+v_{2d}\}$

where for each $j(1\leqq j\leqq 2^{a})v_{f}$ is of the form

$\Vert\prod_{f=d+1}^{k}T_{j}\Vert_{\nu}=\Vert\prod_{f=4+1}^{k}(\sum_{\ell_{f}}\xi_{i_{j}})\Vert_{\nu}$ $(\nu>1)$ .

By the H\"older inequality and (4.4)

$\Vert\prod_{f=d+1}^{k}T_{f}\Vert_{\nu}\leqq\prod_{f=d+1}^{k}\Vert T_{j}\Vert_{(k-d)\nu}\leqq c(b-a)^{(k-d)/2}$

for any $\nu(>1)$ .
Hence, noting that $2d+(k-d)\leqq m$ we have

(5.3) $I_{(r)}\leqq c(b-a)^{d}\cdot(b-a)^{(k-d)\prime 2}\leqq c(b-a)^{m/2}$ .
On the other hand, by (4.4)

(5.4)
$\Vert|\sum_{\ell}\xi_{\ell}|^{m}\Vert_{\nu}\leqq c(b-a)^{m\prime 2}$ .

Now, (5.1) follows from the Minkowski inequality and $(5.2)-(5.4)$ . $\square $

(I) The case $m=2$ . We consider the case $m=2$ . By the proof of Theo-
rem 2 or Theorem 2.1 in Takahata (1987) it is obvious that each finite-dimen-
sional distribution of $Z_{n}^{\langle 2)}$ converges weakly to the corresponding finite-distri-
bution of $Z^{(8)}$ . Hence, it is enough to show that $\{Z_{n}^{\langle 2)}\}$ is tight.

Let $q=[n^{1/\epsilon}]$ . Put $a=[ns]$ and $b=[n(s+\rho)]$ . Then, corresponding to (4.16)
we have
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(5.5) $\sup_{s\leqq t\leq l+\rho}|Z_{n}^{(2)}(t)-Z_{n}^{(2)}(s)|$

$=\sup|$ $\sum$
$\eta_{\ell}\eta_{f}-$

$\sum$ $\eta_{\ell}\eta_{j}|$

$*\leqq t\leq\iota+\rho 1\leq\ell<j\leq b$ 1 $\ell<j\leqq a$

$\leqq\max_{a\leq tb}|\sum_{1\leq\ell<a}\eta_{\ell}|\cdot|\sum_{a+q\leq f\leq l}\eta_{j}|$

$+\max_{a\ell\leq b}|\sum_{\ell 1-}\eta_{\ell}||\sum_{a\leq fa+q}\eta_{f}|+\sum_{a-q\leq\ell\leq a}|\eta_{\ell}|\cdot\sum_{a\leq j\leq a+q}|\eta_{j}|$

$+\max_{a\leq l\leq b}|\sum_{f\Rightarrow 2}^{l}(\sum_{\ell--a}^{f-1}\eta_{\ell})\eta_{f}|$

$=U_{n.1}^{\prime}+U_{n.2}^{\prime}+U_{n.3}^{\prime}+U_{n.4}^{\prime}$ , (say).

Put $S_{a.\ell}=\Sigma_{j=\alpha}^{t}\eta_{f}$ . Firstly, by (4.1), (4.2) and (4.20) we have

$E|S_{1.a}|^{2+p}|S_{a+q.t}|^{2+p}$

$\leqq E|S_{1.a}|^{2+p}\cdot E|S_{a+q.t}|^{2+p}$

$+c\Vert|S_{1.a}|^{2+p}\Vert_{(4+2p+\delta)/(2+p)}\Vert|S_{a+q.t}|^{2+p}\Vert_{(4+2p+\delta)/(2+p)}\{a(q)\}^{\delta/(4+2p+\delta)}$

$\leqq c(l-a)^{1+p\prime 2}n^{-(1+p/2)}(1+o(1))$

for all $n$ sufficiently large. Therefore, we have

(5.6) $P(U_{n.1}^{\prime}>\frac{\epsilon_{1}}{4})\leqq c\rho^{1+P/2}$

(cf. Theorem 12.2 in Billingsley (1968).)

Next, we note that by (4.1), (4.2), (4.4) and (4.21)

$E|S_{1.a-q}|^{2+p}|S_{a.a+q}|^{2+p}$

$\leqq E|S_{1.a-q}|^{2+p}E|S_{a.a+q}|^{2+p}$

$+c\Vert|S_{1.a}|^{2+p}\Vert_{(4+2p+\delta)/(8+p)}\Vert|S_{a.a+q}|^{2+p}\Vert_{(4+2p+\delta)/(2+p)}\{a(q)\}^{\delta/(+2p+\delta)}$

$\leqq cq^{1+p/2}n^{-(1+p\prime 2)}(1+o(1))$

as $ n\rightarrow\infty$ . Therefore, we can conclude that as $ n\rightarrow\infty$

\langle 5.7) $P(U_{n.2}^{\prime}>\frac{\epsilon_{1}}{4})\rightarrow 0$ .
Further, $-$ by the inequality

$E\{\sum_{a-q\leq\ell sa}|\eta_{i}|\sum_{a\leq ja+q}|\eta_{f}\}\leqq cn^{-1}q^{t}=O(n^{-1/\epsilon})-$

we have that as $ n\rightarrow\infty$
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(5.8) $P(U_{n.\epsilon}^{\prime}>\frac{\epsilon_{1}}{4})\rightarrow 0$ .
Finally, by Lemma

$E|\sum_{j=2}^{t}(\sum_{\ell=\alpha}^{f-1}\eta_{j})\eta_{j}|^{2+p}\leqq c\{(l-a)n^{-1}\}^{2+P}$ .

Therefore, we have that for all $n$ sufficiently large

(5.9) $P(U_{n.4}^{\prime}>\frac{\epsilon_{1}}{4})\leqq c\rho^{t+\rho}$ .

Now, since it is obvious that $\{Z_{n}(0)\}$ is tight, so it follows from $(5.5)-(5.9)$

that $\{Z_{n}\}$ is tight. Hence, we obtain the desired conclusion when $m=2$ .
(II) The case $m=3$ . We note that

(5.10)
$Z_{n}^{(3)}(t)=\sum_{k-j>q}\eta_{i}\eta_{j}\eta_{k}1\leq\ell<J<k\leqq[nt]$

$+\sum_{1\leq\ell<j<k\leqq[nt]}\{(E\eta_{j}\eta_{k})\eta_{\ell}+\eta_{\ell}(\eta_{j}\eta_{k}-E\eta_{f}\eta_{k})\}$

$k-j\leqq q.f-i>q$

$+\sum_{1\leqq i<j<k\leqq[nt]}\eta_{i}\eta_{j}\eta_{k}$

$=V_{n.1}(t)+V_{n.2}(t)+V_{n.\epsilon}(t)+V_{n.4}(t)$ , (say).

Firstly, by the proof in (I) and Theorem in Yoshihara (1980) we can
conclude that for each $t(0\leqq t\leqq 1)$

(5.11) $V_{n.1}(t)\rightarrow^{D}\int_{0}^{\ell}\{\frac{1}{2!}H_{2}(W(s))\neq\frac{\sigma^{g}-\sigma_{0}^{2}}{2\sigma^{2}}s\}dW(s)$

$=\frac{1}{3!}H_{s}(W(t))+\frac{\sigma^{2}-\sigma_{0}^{\mathfrak{g}}}{2\sigma^{2}}\int_{0}^{t}sdW(s)$

$=\frac{1}{3!}H_{8}(W(t))+\frac{\sigma^{2}-\sigma_{0}^{2}}{2\sigma^{2}}\{tW(t)-\int_{0}^{t}W(s)d_{S}\}$ .
Next, we note that

$V_{n.2}(t)=\sum_{j=q+1}^{[nt]-1}(\sum_{k=j+1}^{J+q}E\eta_{J}\eta_{k})(\sum_{\ell=1}^{f-q}\eta_{\ell})$ ,

$n\sum_{k=j+1}^{j+q}E\eta_{f}\eta_{k}=\sigma^{-2}\sum_{i=1}^{q}E\xi_{0}\xi_{\ell}\rightarrow\frac{\sigma^{2}-\sigma_{0}^{2}}{2\sigma_{0}^{2}}$ as $ n\rightarrow\infty$ ,

and for each $t(0<t\leqq 1)$

$\{\sum_{i--1}^{[n\iota]}\eta_{\ell}$ : $0\leqq s\leq t\}\rightarrow^{D}\{W(s):0\leqq s\leqq t\}$ in $D[0, t]$ .
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Hence, using the method in (II) we have that as $ n\rightarrow\infty$

(5.12) $V_{n.2}(t)\rightarrow^{D}\frac{\sigma^{2}-\sigma_{0}^{2}}{2\sigma_{0}^{2}}\int_{0}^{t}W(s)ds$ .

Thirdly, to evaluate $E|V_{n.8}|^{2}$ , we note that

$V_{n.8}(t)=\sum_{f=q+1}^{[nt]-1}(\sum_{\ell-1}^{f-q}\eta_{\ell})\{\sum_{k\Rightarrow f+1}^{J+q}(\eta_{f}\eta_{k}-E\eta_{f}\eta_{k})\}$ .

For brevity, let $b=[nt],$ $\zeta_{f}=\Sigma_{\ell\approx 1}^{j-q}\eta_{\ell}$ and

$\theta_{f}=\sum_{\iota=f+1}^{j+q}(\eta_{f}\eta_{k}-E\eta_{j}\eta_{k})(q+1\leqq j\leqq b-1)$ .
Then, by (4.2)

$E\zeta_{j}=E\theta_{f}=0,$ $\Vert\zeta_{f}\Vert_{\gamma}\leqq cn^{-1/21\prime 2}\int$ and $\Vert\theta_{f}\Vert_{\gamma}\leqq cn^{-1}q$

$(1\leqq\gamma\leqq 6+2p)$ . Further, $\zeta_{f}$ is $m_{-\infty}^{f-q}$-measurable and $\theta_{j}$ is $ffi_{j}^{\infty}$-measurable. Hence,
by the H\"older inequality we have

$E|V_{n.8}(t)|^{2}=E|\sum_{j=q+1}^{b-1}\zeta_{j}\theta_{f}|^{2}$

$=\sum_{j=q+1}^{b-1}E\zeta_{f}^{2}\theta_{f}^{2}+2\sum_{q+1\leq J<f^{\prime}}$ E $\zeta_{j}\theta_{j}\zeta_{f^{\prime}}\theta_{j^{\prime}}$

$\leqq\sum_{j=q+1}^{b-1}[E\zeta_{j}^{g}E\theta_{f}^{2}+c\Vert\zeta_{j}^{2}\Vert_{2+\delta}\Vert\theta_{j}^{2}\Vert_{2+\delta}\{a(q)\}^{\delta\prime(2+\delta)}]$

$+c$
$\sum_{\prime,q+1\leq j\triangleleft ib-1}\Vert\zeta_{f}\theta_{f}\zeta_{f^{\prime}}\Vert_{(4+\delta)/s}\Vert\theta_{j^{\prime}}\Vert_{4+\delta}\{\alpha(j^{\prime}-j)\}^{\delta/(4+\delta)}$

$\leqq cbn^{-2}q^{g}(1+o(1))$

$+c\sum_{q+1\leq J<J^{\prime}\leq b-1}n^{-1}q\Vert\zeta_{j}\Vert_{4+\delta}\Vert\theta_{f}\Vert+\delta\Vert\zeta_{J^{\prime}}\Vert_{4+\delta}\{a(j^{\prime}-j)\}^{\delta/(4+\delta)}$

$=0(1)$ .
Therefore, we have

(5.13) $V_{n.8}\rightarrow^{P}0$ as $ n\rightarrow\infty$ .
Finally, by the H\"older inequality we have

$E|V_{n.4}(t)|\leqq\sum_{1\iota\leq-<J<;_{-\ell 5q}\leq[nt]}|E\eta_{i}\eta_{f}\eta_{k}|\leqq nq^{2}\Vert\eta_{1}\Vert_{8}^{3}\leqq cnq^{2}\cdot n^{-3\prime 2}=o(1)$
.

Thus, we have
$P$

(5.14) $V_{n.4}\rightarrow 0$ as $ n\rightarrow\infty$ .
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Now, it follows from $(5.11)-(5.14)$ that

$Z_{n}^{(3)}(t)\rightarrow\frac{1}{3!}H_{s}(W(t))+\frac{\sigma^{2}-\sigma_{0}^{2}}{2\sigma^{2}}\int_{0}^{t}sdW(s)+\frac{\sigma^{2}-\sigma_{0}^{2}}{2\sigma^{2}}\int_{0}^{t}W(s)ds$

$=\frac{1}{3!}H_{s}(W(t))+\frac{\sigma^{2}-\sigma_{0}^{2}}{2\sigma^{2}}tW(t)$ .
It is not hard that each finite-dimensional distribution of $Z_{n}^{(s)}$ converges

weakly to the corresponding finite-dimensional distribution of $Z^{(s)}$ .
Further, by the analogous method to the case $m=2$ and Lemma we can

easily prove that $\{Z_{n}^{(3)}\}$ is tight. Hence, the proof in the case $m=3$ is completed.
(III) The general case. By induction we can prove the general case $(m>3)$

using the method in (I) and (II) and Lemma. $\square $
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