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Abstract. By the averaging method the weak convergence of a parameterized
sequence of processes to a limit process is considered for a multi-dimensional
SDE of the McKean type having the drift and diffusion coefficients with a
polynomial growth condition in the phase variable. A two-dimensional SDE
with mean-field containing a small parameter ¢>0 is taken as an application,
which is a random perturbation of a dynamical system having an equilibrium
point (0,0) of the plane as a center. A limit process on time scales of order
1/¢ is derived and identified for such an equation under the assumption on
the existence of a suitable Lyapunov function.

0. Introduction. Hasminskii [2] shows the averaging principle for sto-
chastic differential equations corresponding to a class of linear parabolic equations.
Papanicolaou, Stroock and Varadhan [6] treat the same limit problem in a
general situation to obtain results on convergence of a sequence of diffusions by
martingale and perturbed test function methods. Presenting some powerful new
results Kushner [3] develops known techniques so that they are of greater
direct applicability in the fields of control and communication. But their results
do not cover our examples in oscillations with mean-field. So we consider the
averaging method for stochastic differential equation corresponding to a class
of nonlinear parabolic equations. For this purpose we adopt a Lyapunov function
method.

In §1 we give a theorem on the existence and uniqueness of the solution
of the stochastic differential equation of the McKean type with unbounded
coefficients. Being inspired by the weak convergence method in Kushner [3,
pp. 34-55], in §§2 and 3 we give some convergence theorems on identification
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of a limit process for a parameterized sequence of processes so that they are
applicable for random oscillations with mean-field. In §4 we obtain a limit
process on the time scale 1/¢ for a solution of a two-dimensional stochastic
differential equation with mean-field containing a small parameter ¢>0. In §5
we give the examples of the Liénard oscillator and the quasiharmonic oscillator
with fluctuations strengthened by a random noise depending on the phase
variable.

We shall use the following notation:

Re is the Euclidean d-space.

{x, y> is the inner product of x&R¢% and y=R<.

|x] is the Euclidean norm of x=R¢<.

o* means the transposed matrix of o.

tro is the trace of the dXd-matrix o.

|e| is the norm of the dXd-matrix o=(0y;);

d
|0|2=i§1¢73;‘=t1‘ (go*).

C*([0, o)< R?) is the space of functions f: [0, o)X R¢—R' that are once
continuously differentiable with respect to the time variable and twice with
respect to the space variable. C?* R¢?) is the space of functions f: R¢—R' that
are twice continuously differentiable.

C3(R?%) is the space of functions f: R¢—R® that are infinitely differentiable
and have compact support in R¢. C(I; R%) for IS[0, ) is the space of R¢-
valued functions on [ into R¢. '

P(R%) is the space of probability measures on R<.

T, p> is the integral SR J(x)p(dx) for a scalar function ¥ on R¢ and
LEP(RY). ‘

HT)={psP(R?); ¥, u>< o} for a scalar function ¥=0 on R<.

L(Z; P) is the probability distribution of the random variable Z under the
probability measure P in the underlying probability space.

For peP(R?) and veP(R?), |g—v| is defined by

) *O(dx. d 1/2
s O S WESS TECICEAEE)) I

where 2,, is the space of probability measures on R?X R¢ such that for any
Borel set A in R?, Q(AXR*)=u(A) and Q(R%XA)=y(A). Namely, |pg—y|=
(inf E[| X—Y |%])'/%, where the infimum is taken over the set of random variables
X and Y having the probability distributions g and v, respectively, and E[ ]
denotes the mathematical expectation.
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1. SDE of the McKean type. Let (2, F, P) be a probability space with
an increasing family {F.; t=0} of sub-c-algebras of F and let W({t)=W (1))i_1....a
be a d-dimensional Brownian motion process adapted to F,. Let ¢ be a d-
dimensional random vector independent of W(t). Then we consider the following
d-dimensional stochastic differential equation of the McKean type;

(L.1) dx()=>b[t, X(t), u(t)ldt+a[t, X((t), u()]dW (),
X(0)=9¢,

satisfying u(t)=_L(X(#); P) with u(0)=.L(¢ ; P). Here b[t, x, p1=(bi[t, x, p1])icr..q
is a d-vector function and o[t, x, pl=(o4;[t, x, £1)i.jo1....a iS a dXd-matrix
function, that are defined on [0, o)X R X P(R?).

We shall need the following definition and assumptions.

For peP(R%), t=0, x=(x,, .-, x4)ER®* and a scalar function Ve
C"*([0, )X R*%), define the differential generator L.(u) by

L ¥, x)= [ +<b, grad, Yf>+—tr(azzfu>]<t % 1),

where alt, x, pl=0[t, x, plo*[t, x, p], and

v
0x; )i=l, ’ ”_( axiax_, )i F=1,"

grad,lp’=(

Assumption 1.0. The d-vector b[¢, x, #] and the dXd-matrix o[, x, 7]
satisfy the following conditions:

(i) There exist a constant K>>0 and a constant K, >0 depending on M
such that

|60, x, p1—0bLt, y, v1|+10[t, x, pl—0lt, 3, VIISKulx—y|+K|p—v|

for all t=0, |x|=M, |y| =M, p=P(R?) and vEP(R?).
(ii) There exist a constant ¢>0 and an integer p=0 such that

|60, x, pll+1alt, x, g1l Sc(Q+|x|?+<x, 1)

for all t=0, xeR? and p=H(k), where (x)=|x|?.

Assumption 1.1. There exists a nonnegative function " in C*2([0, o)X R%)
satisfying the following conditions:

(i) L@t )+ 0%, x, plgrad ¥, )"

S+, x)+c TR, -, 1)
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for all =0, x&R* and p=MT(t, -)) with constants ¢;=0, ¢.=0 and ¢;>0,
where HT(, ))={pSP(RY); ¥, +), pp<oo} and B: [0, ©©)—[0, ) is non-
o dr

o 147 B

(i) |x|*ZIW, x) for all =0, x=R? with a constant />0.

decreasing and continuous function such that S

Theorem 1.1. Suppose that Assumption 1.0 and Assumption 1.1 hold. Let ¢
be any d-dimensional random vector indpendent of W(t), such that ETY(0, ¢)*9]< o0
with g=max{2p, 2}, where p is as in Assumption 1.0 and U is as in Assumption
1.1. Then there exists a pathwise unique solution X() of (1.1) with the initial

state X(0)=¢. Define Ut)=E[¥ (¢, X(£))]. Then

(L.2) : E[UMI=J®),
where J@)=f"f(ro)+ét), ro=E[T(0, $)]+¥ (0, 0), é=max{cy, s, ¢s} and f~' is
dr

the inverse function of f(s)=S:—l—_—|_r—+—‘B—(r—)-.

Moreover, suppose that E[T(0, ¢)™1< o for an integer m=2. Then

(1.3) E[1+U@)™<E[Q+%(0, ¢$)+¥(0, 0)™] exp{S:Im(s)ds},
where In(t)=m(m—1){ci+catcofUJEN}.
Proof. We construct M-sequence of truncated processes. Define ay(x)=1
if 0| x| EM; an(x)=2—|x|/M if M<|x|<2M; ay(x)=0 if |x|>2M. Put
bult, x, pl=au(x)blt, x, pJ, oull, x, pl=au(x)alt, x, p].

Further define
du=¢ if |¢|=M; ou=0 if |d|>M.

Then there exists a pathwise unique solution Xx(t) of with b[¢, x, ¢] and
a[t, x, ¢] replaced by bu[t, x, ¢] and oyt x, p], respectively, having the
initial state Xx(0)=¢@4 such that

uy()=L(Xu(t); P) with uy(0)=L(n; P).

Set ey=inf{t; | Xu(t)|=M}. For each t=0, set ty=tNey, Where a/b is the
smaller of the numbers a, b R*. For the function ¥ given by Assumption 1.1,
define U (1)=¥ (ty, Xu(tx)). Then Ito’s formula concerning stochastic differentials

yields
(1.4 Ush=T(0, $u+ " Au(s)ds-+Wulta),

where Ay(?) is a random function satisfying
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Au($)=L(un(sH¥(s, Xu(s)) for 0=s<iy

and Wy(t) is a local martirigale.
It follows from (i) of Assumption 1.1 that

(1.5) Au(s)=Au(sy)Sc1+c2U u(s)+¢sBELU u(s)])

for 0=<s=<ty, where sy=s/ey.

Take the expectations on (1.4) and set m(t)=E[Ux()]. Then by we get
t
(1.6) mO=rot¢| gms)ds,

where 7,=E[¥(0, )1+ ¥ (0, 0), é=max{c;, ¢s, ¢5} and gr)=14+r+B@).
By r(t) denote the right-hand side of so that

m()<r() and hence r'(t)=<cég(r(?)).

This inequality implies that (1.2) holds for U(¢) replaced by U x(t). Ito’s formula
applying to (1+¥(¢, x))™ and the condition (i) of Assumption 1.1 yield that
(1.3) holds for U(t) replaced by Ux(t). So, by the same argument as in the
proof of of Narita [6] we find a solution X(f) of with the
initial state X(0)=¢ satisfying (1.2) and (1.3), for which Xy (t Aey,)—X(t) with
probability 1 uniformly for each finite time interval as j—oo for a certain sub-
sequence {M,};_y.s.. of {M}. Let Y(¢) be another solution of with the
initial state Y(O):>¢, having the probability distribution v(t)=_L(Y (¢); P) with
v(0)=L(p; P)=u(0). Set A{t)=X(t)—Y(t), and also put

r¥=inf{t; | X@®)|=M} and thL=inf{t; |Y(@)|=M}.

Then, since X(¢) and Y'(¢) are the global solutions of TF—o0 and tH—
with probability 1 as M—c. Moreover, by the same argument as in Narita
[4, pp. 69-71] we find a constant ¢, >0 depending on M such that

B A1 1= (ear+ D ELIAGs)|ds,

where ty=tAtEAth and sy=sAtH/Ath. ‘
From this we get the pathwise uniqueness of the solution. Hence the proof
is complete.

2. Weak convergence method. Let 4 denote a numerical set and A,4
be a limit point of A. Let {b%[t, x, p]}:cs be a family of d-vector functions
and {g?[t, x, #]}ieq be a family of dXxd-matrix functions, that are defined for
t=0, x€R?%and p=P(R?). Introduce a family {@?};,cq of d-dimensional random
vectors such that each ¢? is independent of the d-dimensional Brownian motion
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process. Then we consider the following system of stochastic differential
equations ;

2.1 dX2®)=b[t, X (1), u*(t)]dt+a?[t, X *(t), u()]dW(),
X*0)=¢?*, where A= AN{A,},

satisfying u(t)=L(X*(®); P) with u*(0)=L(4?*; P). Introducing some d-
dimensional Brownian motion process B(¢) we consider the following stochastic
differential equation;

@2.1)%  dXPo(t)=b*o[t, X*o(t), ute(t)]dt+a*o[t, X *o(t), ute(t)]d B(t),
X *o(0)=g",

satisfying u?o(t)=_L(X*(t); P) with u?(0)=_L(¢%; P). Here we find under
what conditions the processes X*(t) converge weakly for 1—2, to X*o(t).

We begin with the martingale problem approach. Given peP(R?), let
L¥(u) be the differential generator associated with (2.1)*. Namely, for ¢x0,
xER¢, peP(R,) and feC*(R%), L¥(p) has the form

L= b, gradufo+5tr@ifan)|, 7, ),

where a’lt, x, pl=a*[t, x, p1(a[¢, x, pl)*.

By L#o(u) denote the differential generator associated with (2.1)%, that is
defined by L#u) with 2 replaced by 4.

Let =C([0, «); R%). For each wsf and t=0 we denote X({, w)=w(?).
Let F; and F be the o-algebras generated by {X(s); 0<s<t} and {X(s); 0=s< oo},
respectively. For feC7(R?), put

Mpw=FX@)— | LisuioAsNAA(sHds,

where u?o(s)=u?o(s, dx)eP(R?).

When an initial distribution y*ee P(R?) is specified, we say that a probability
measure P% on £ is a solution of the martingale problem for (L#o(u?0), y?o) if
{Mp(t), F,, P;0<t<oo} is a martingale for feCy(R?), satisfying

L(X(@); Pr)=u?o(t) with u?o(0)=p?o.

Remark 2.1. Let {P*};eniz, Of probability measures in C([0, «); R?)
induced by XA*() be relatively weakly compact. Then, by the representing
theorem of Skorokhod [8], without loss of generality, we can assume that
there exist a subsequnce {2;};1.2... Of {4}1esmzy and a random process Xro),
such that X?s(£)—X*(¢) with probability 1 uniformly for each finite time interval
as j—oo.
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Theorem 2.1. Suppose that the following conditions hold: (0) Eq(2.1)* has a
pathwise unique solution X*(t) with the initial state X*(0)=¢?*, such that u*(t)
denotes the probability distribution of X*(t) with the initial distribution u*(0)=
L(@*; P). The family {P*}ieaz, of probability measures in C([0, ); R%)
induced by X?*(-) is relatively weakly compact, and u*(0) converges weakly to
u?9(0)=L(@*0; P) as A—2,.

(1) The martingale problem for (Lf(u*c), v*o) has a unique solution in
C([0, «); R?) for the initial distribution v*o, where v*o=_L(¢*0; P).

(I) There exist a subsequence {2;};_;.s... of {4} reaay and a random process
)?‘°(t) for which Remark 2.1 holds, satisfying for each T <oo and f&C¥R%) with
compact support in R¢

E| || LiAAsNAX 25— L (NAX s ds| | — 0

for each t<T as j—oo, where fito(s)=_L(X?(s); P). Then, X*(t), t=0, with the
initial state X*(0)=¢?*, converges weakly in C([0, T]; R%), T <co, but arbitrary,
as A— 24, to the solution X*o(t) of (2.1)%, t=0, with the initial state X*o(0)=g%.

Proof. By the condition (0) there are a subsequence {1;},.1.s.. of AN{A}
and a probability measure P*oon C([0, «); R?%) for which P*/ converges weakly
as j—oo to P?%. Since the condition (I) holds, we have only to identify the
limit measure by ‘showing that it solves the martingale problem for
(L#(uto), y2o), satisfying u?o(t)=.£(X(t); P?) with u?o(0)=yp?. For the sake
of convenience, we will use {1} to denote the subsequence {4;}. From the
martingale characterization for the solution X?(¢) of (2.1)* it follows that for
fECH(RY)

2.2) FEHE)—FX )~ | L@t ) F X0y

= [ Liw NN — Lt X ) dr

+Mi@)—Mi(s)

for 0=<s<t<T, where M4(t) is a bounded martingale. When superscript 2
appears on the paths, we do not refer explicity to the measure P4. Multiply
by any continuous functional H(s) which is F,-measurable, and then take
the expectation. Then, by the condition we get

ELH(SHAX )= fX ()~ | L@ o)X Hr))dr}] —= 0

for 0<s<t<T.
Hence the proof is complete,
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3. Averaging method. Here we give some useful criteria for satisfaction
of the conditions (0), (1) and [ of Theorem 2.1. For simplicity we consider
(2.1} with the initial state that does not depend on A. In the following let ¢
be a d-dimensional random vector independent of the J-dimensional Brownian
motion process.

Theorem 3.1. Suppose that the follbwz'ng conditions hold :

(0) For all A= 4, b*[t, x, p] and o*[t, x, p] satisfy Assumption 1.0 with the
family {Kuy, K, c, p} of constants independent of A. For A2, (2.1)* has a
pathwise unique solution X*(t) with the initial state X*(0)=¢, such that for any

T<
o§?§rEE|XZ(t)|4q]<°° uniformly for A=AN{A.},

where g=max{2p, 2} and p is the integer given in Assumption 1.0.
(I) Eg2.1)* has a pathwise unique solution X?*o(t) with the initial state

X o(0)=4. »

an 1img°”c2[t, %, p]dtzgzzclo[t, %, pldt
1

for 0<t,<t,<T, where c*[t, x, u] denotes the vector function b*[t, x, p] and
the matrix function a’l[t, x, pgl=0*[t, x, p)(ailt, x, p)*. Then, X(t), t=0,
with the initial state X*(0)=¢, converges weakly in C([0, T]; R*), T<oo, but
arbitrary, as A—2, to the solution X*o(t) of (2.1)%, t=0, with the initial state
X *o(0)=g¢*e.

For the proof of the theorem we prepare the following lemmas.

Lemma 3.1. Under the same assumptions as in Theorem 3.1, let {k*[t, x, pl} a4
be a family of scalar functions satisfying the following conditions:

(i) sup| k*[t, x, #1— k'L, 3, v]| S Kul x—y | +Klp—v]
for all t20, |x|=M, |y| <M, p=P(R?) and v P(R?*) with some constants Ky >0
depending on M and K>0.

(ii) sup RA(t, x, p]| SEA+EHLE, 1)

for all t=0, xR and p=ME)={psP(R*); (&, pp<oo}, where i(x)=|x|*,
g=max{2p, 2} and p is as in Assumption 1.0.

(i) limgzzk‘[t, %, y]dtzszzk“[t, %, pldt
1

uniformly with respect to 0<t,—t,<T for each x and p. Let {;} and X 2o()
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be a subsequence and a random process, respectively, for which Remark 2.1 holds.
For the sake of simplicity, let us consider that {A;}={4A}. Then

}ir/rzonUS:{k‘[s, XA(s), ui(s)]—ko[s, XA(s), ﬁ‘O(s)]}dsH =0,

where u*(s) and @i*o(s) denote the probability distributions of X*(s) and X2o(s)
with the same initial states X*(0)=X?(0)=¢, respectively.

Proof. First note the following inequality:

[ 1£20s, X3(5), when1—k2eLs, XH(s), ()} ds

<[Min1ds+|( nas|+{ 1 nlas,

where
Li=Pk*[s, X2(s), u*(s)]—k*[s, X*o(s), @*9(s)],

L=Rk[s, X*o(s), tito(s)]—k*[s, X*o(s), a*e(s)],
I,=Fk3o[s, X*o(s), a*o(s)]—k*o[s, X *(s), #*(s)].
Secondly note that there is a constant ¢’>0 satisfying
§ggl RACE, x, ]S’ (A4+-g+<¢, 1)
for all 1=0, x=R?® and p=MP)={psP(R?); (P, up<}, where ¢(x)=|x[*,
g=max{2p, 2} and p is as in Assumption 1.0. Then, since OE?SPTE[IXXU)I“’]<°°

uniformly for A= AN{A,} and since X?*(t)—X?o(t) with probability 1 as A—1, by
Remark 2.1, we obtain '

3.1 E[|I;|*]<c uniformly for A=A, where /=1, 2 and 3.

Introduce the indicator function

1 if |x|Zr,
L (x)=
0 otherwise.

Then by the condition (i) and (3.1) we get the following estimates;
EDL (XA (st (XPo(s)] —> 0 as 2—2,,
E[{1—X (X} (sNX( X o(s)} ] —> 0 as r—oo,

E[X (X () ( X (sHI] —> 0 as 2—2,,
E[{1—X (XA (s (X} (s)}H ] —> 0 as r—oo.




46 K. NARITA

On the other hand, since X?o(s) is continuous in s with probability 1 and since
the family { I)?"O(s)l2 ; 0=s<T} is uniformly integrable, the probability distri-
bution #*e(s) of the process )Z"O(s) is continuous in s with respect to the norm
| . For a moment assume that the following holds. Then
Lemma 3.2 applies with X(s)=X%o(s) and #(s)=#%(s). So, by the dominated
convergence theorem we get

E[IS:Igds,] —>0 as A-k.
Hence the proof is complete.

Lemma 3.2. Let {k*[t, x, p]}iea be a family of scalar functions satisfying
the conditions (i) and (iii) of Lemma 3.1. Let X(s) be a random process such
that X(t) is continuous with probability 1 and suppose that the probability distri-
bution 4(t) of )A(I(t) is continuous with respect to the norm || |. Then

1img‘k2[s, ), ﬁ(s)]dszgtk“[s, X(s), f(s)]ds
2—»10 0 0
with probability 1 for each t=0.

Proof. By the same argument as in the proof of Gikhman and Skorokhod’s
[1, p. 344] lemma we can get the conclusion, and so we omit the details.

Proof of Theorem 3.1. Step 0 (Relative compactness). Since b[¢, x, ]
and o*[t, x, p] satisfy Assumption 1.0 with the family {Ku, K, ¢, p] of con-

stants independent of A, there is a constant ¢>0 being independent of A< A
such that

(3.2) |bA[t, x, 14410 [2, x, p]I*SEA+E+LE, 1))

for all t=0, x=R* and p< M(E), where &(x)=]|x|%, g=max{2p, 2} and p is as
in Assumption 1.0. Let T<oo be arbitrary and fixed. Observe (2.1)* and use
the Schwarz inequality, so that

| Xit)— Xi() <8 (= [[ |63, XAr), )] 4

+|{.0%tr, X', wiennawn|].

The assumption that os'supTE[iX"(r)l‘“‘]<o<> uniformly for A€ AN{A,} and the
rs
estimate imply
E[1 X*@)—X*(s)|*1=D(t—s)? for all 0<ZsZt<T
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with a constant D>0 being independent of A= AN{A,}. So, by Prokhorov
the family {P‘}gem(;o, of probability measures in C([0, «); R%) induced by
X*(t) is relatively weakly compact. Namely the condition (0) of Theorem 2.1
is satisfied.

Step 1 (Limit measure). The pathwise uniqueness for solutions of (2.1)%
implies the uniqueness in the sense of distributions which is equivalent to the
uniqueness for solutions of the martingale problem, and so the condition (I) of
[Theorem 2.1 is satisfied.

Step 2 (Perturbed test). Let {45} j=1,2... and J?IO(t) be a sequence and a
random process, respectively, for which Remark 2.1 hold. Let f be in C*R?),
having compact support in R¢. Further observe the components of the form

Liu?(s)f(X*(s)—Li(a2o(s))f(X*(s)), where #*o(s)=L(X*(t); P).

Then, by the assumption, since all coefficients % and ¢?, where A€ 4, satisfy
Assumption 1.0 with the constants independent of 2, implies that
the condition of Theorem 2.1 is satisfied. Hence the proof is complete.

The following convergence theorem for SDE of the McKean type is an
analogue of that for SDE of the Ito type given in Gikhman and Skorokhod [1,
p. 338].

Theorem 3.2. Suppose that (2.1)* satisfies Assumption 1.0 with the family
{Ku, K, c, p} of constants independent of A€ AN{A,}, and Assumption 1.1 with the
family {ci, ca, ¢} of constants replaced by {ci(R), cx(R), cs(2)} depending on As
AN{2o}, and the function B(:) and the constant | independent of A= AN{A,}. By
U i(t, x) denote the function ¥ (t, x) given in Assumption 1.1 for (2.1)%, considering
the dependence on 2= AN{A,}. Suppose that there exist a family {é, ¢, &} of
constants and a scalar function lff(t, x) such that

sup c¢{(A)<é;, where i=1, 2 and 3,
2eA\tig)

and sup V@, 0)<¥, x).

AeAN(Rg)

Further suppose that (2.1)*c satisfies Assumption 1.0 and Assumption 1.1. By
T(t, x) denote the function W(t, x) given in Assumption 1.1 for (2.1)%,

Let ¢ be any d-dimensional random vector independent of the d-dimensional
Brownian motion process, satisfying

E[¥(0, gral<eo, ELTO, py]<co, g=max{2ps 2},

where i=1, 2, and p, and p, are the integers given in Assumption 1.0 for (2.1)*?
and (2.1)%, respectively.

Let the condition (II) of Theorem 3.1 hold.

Then, X*(t), t=0, with the initial state X4 (0)=¢, converges weakly in
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C([0, T1; R?%), T<oo, but arbitrary, as A—2A, to the solution X*o(t) of (2.1)%,
t=0, with the initial state X*(0)=g.

Proof. Since (2.1)* and (2.1)% satisfy Assumption 1.0 and Assumption 1.1,
by the existence and uniqueness of the solution holds for (2.1)%
and (2.1)*%. Note that

| x |40 < const(1+ ¥ (¢, x))u=const1+T (¢, x))

for all {=0 and x=R°.
Then, by the assumption, since E[¥(0, §)*]<oo, the estimate (1.3) of
applies to the solution X*(t), which yields

oglt,lspTE[lX*(t){“h]<oo uniformly for A€ AN{A.}.

Consider that the condition [II) of is assumed. Then by
3.1 we get the conclusion. Hence the proof is complete.

4. Mean-field with a small parameter. Here we give an application of
Theorem 3.1. For a small parameter ¢ such that 0<e¢<1, we consider the
following two-dimensional stochastic differential equation;

(A1)  dz@t)y=[Az@t)+ev(z(t))—el {z(t)—E(z(t)}1dt+~e D(z(t)dW(t),

where W(t) is a two-dimensional Brownian motion process, E( ) denotes the
mathematical expectation, A and I" are 2Xx2-matrices, v is a vector function
and D is a matrix function. Hereafter we assume the following conditions:

0 1
A:( : ) with a constant w>0.
—w? 0

v(2)
v(z)=( 1( )) satisfies the local Lipschitz condition in z& R%.
Va\Z

Tu le
r =( ) with constant components 7;; satisfying either 7,,+7..>0 or
Tor Tee

@Y 12— 7;2)1 >0.

01:(2) 012(2)
D(z)r:(

021(2) 022(2)

Our purpose is to obtain a limit diffusion for on the time scale 1/e.
First we observe that the deterministic equation with ¢=0 has the equili-

) satisfies the local Lipschitz condition in z€ R2.
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brium point (0, 0) in the plane as the center, and hence we introduce the
following matrix and process:
For >0 and t=0, define the matrix @°(¢) by

1 .
coswt ——sinwt
0]
6(t)=

sinwt —coswt
)

Let z(t)=(x(t), y(t)) be a solution of and define the process {(1)=
(&), p°(@¥)) by
(55(1‘)) (x(t/ 6))
=0(t/¢) .
() y(t/e)

if ($)=@‘"(t)(x), then w’x’+y*=w*(§*+9?).
Ui

We note that

y

Then {%(t) satisfies the following stochastic differential equations;
@1y de®y=[ b+, ¢0)— o L) (GO~ B} |at
t
+ao(—, TO)dW o),

where W(t) is a new Brownian motion process defined by W,(t)=+"¢ W(t/e).
Here and below b, is the vector function, ", and ¢, are the matrix functions;
these are given by the following definitions:

For t=0 and {=R¢, define the vector function b, {) by

bo(t: C)_:@w(t)v(@m(t)*IC),
and define the matrix functions /y(t) and qo(t, Q) by
I'\$)=0*MI'6@t)™", oot, H)=0°t)D(O(t)'}).

In order to get an approximation for the solution z(¢) of we adopt the
averaging method over the time interval [0, 2z/w].

Definition 4.1. For {=R?, define the vector function 5({) and the matrix
function a@({) by

@

b@y =l bt Ot AQ= et O,

where a(t, {)=a4t, {(oot, O))*. Let () be the symmetric square root of
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awg); i.e.,, d@)*()=a(). Further define the matrix I by

1l = @ (2w
’EF"WSO T@)dt.

Accordingly we have derived the following equation;
“2) a8y=[BEe)— 5 P&~ EEeN} |at-+aEend B,
where B(t) is a two-dimensional Brownian motion process.
Remark 4.1. By an elemetary calculation we get

7172 WY 12— 7;:1

=
_<C07'12— 7;21 ) Ti+72e

The assumption on the components 7;;, of the matrix I” implies that I is a
nonzero matrix. When D(z) has the form

011 Oy
D(z):( " 1) with constants components d;;, we get

21 22

=P\ = 1 252 | S2\1/2 1.0
U(C)=0=v2w(w51+52) (0 1),

where 0}=0%+06% and 02:=0%,+0%.
Remark 4.2. Eq is a special case of where
b[t, z, y]=Az+ev(z)——e[’SRz(z-—E)p(dé'),
o[t, z, p]=D(z) for t=0, zeR* and p=P(R?).
Eq (4.2) is a special case of where
blt, & p1=B@—3 T (E—Dudd),

olt, §, p1=3a(Q) for t=0, {€R® and pc=P(R?).

Hereafter, for a two-dimensional random vector o=(¢*, ¢*), define ¢® by

¢1 ¢l
¢“’=9‘”(0)( ); ie ¢v= .
¢* ¢*/w
Then as an application of we get the following theorem.
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Theorem 4.1. Suppose that (4.1) satisfies Assumption 1.0 with the family
{Ku, K, c, p} of constants independent of ¢ and Assumption 1.1 with the family
{¢1, €2, s} of constants replaced by {ec,, scs, ecs},and the function B(:) and the
constant | independent of €. By ¥ (z) denote the function ¥ given in Assumption
1.1 for (4.1), considering the dependence on ¢, and suppose that there exists .a
scalar function ¥ on R? such that

sup¥(2)<¥(z) for all z= R2.
0Les1

Further suppose that (4.2) satisfies Assumption 1.0 and Assumption 1.1. By TQ)
denote the function ¥ given in Assumption 1.1 for (4.2).

Let ¢ be any two-dimensional random vector independent of the two-dimensional
Brownian motion process, satisfying

E[¥(¢y]<co, E[T(¢*)]<oo, g=max{2p,2},

where p is the integer given in Assumption 1.0 for (4.1). Let L(t) be the solution
of (4, 1)* with the initial state C(0)=g".

Then {(t) converges weakly in C([0, T]; R?), T<co, but arbitrary, as e—0
to the solution {(t) of (4.2), t=0, with the initial state E(0)y=g".

Proof. Since satisfies Assumption 1.0 and Assumption 1.1, Theorem
1.1 implies that [4.1) has the pathwise unique solution z(f) with the initial state
2(0)=¢ and that the estimates (1.2) and (1.3) hold for z(#). Put U.()=.(z(t)).
Then, since Ws(z)glff(z) and since E[Z?T(¢)24]<w, by (1.3) we get the following
estimate: For 2<m<2gq,

4.3) E[1+U.)" 1= ELAL+ P @)+ F(0)Texp{| T(s)ds},

where I4.(t)=em(m—1){ci+co+cs BT},
]S(t)zf_l(f(fo)‘i‘eét), ?o:Etﬁ(fb)]‘{"@'(o), ¢=max/{c,, ¢3, Cg}

:ﬁﬂw' Let 2(0)=(x(t), y(8))
be the solution of with the initial state z(0)=¢. Then, since B*(¢) is a
nonsingular matrix and since {(#)=6°(t/¢)z(t/¢), {*(t) is the pathwise unique
solution of (4.1)* with the initial state C*(0)==¢“. The definition of {*(¢) implies
that

and f~(.) is the inverse function of f(s):S

@ |L(t) 2= wx(t/e)*+ y(t/€)?

and hence |{(t)|?<¢,|2(t/¢)|?, where é,=max{l, 1/w®}. By the condition (ii)
of Assumption 1.1, since |z|?</¥.(2) for all z&= R?, we have

dI@®)1°SU(t/e), where d=(¢,0)".
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So, by substituting t/e into ¢ of we obtain that for 2=m=<2g,

(4.4) L1+ 180 9™ ELA+T@)+ T )T exp{| In(s)ds}

where I (s)=TI5(s)|e=1-
Let T<o be arbitrary and fixed. Then yields

oilt.lspTE[ [ L) |41 < o0 uniformly for 0<e=l.

Namely the condition (0) of is satisfied for (4.1). Since (4.2)
satisfies Assumption 1.0 and Assumption 1.1 and since E[¥(¢*)*]<co, (4.2) has
the pathwise unique solution £(f) with the initial state {(0)=¢®. Thus the
condition (I) of is satisfied for (4.2). Here, by we
note that the integer p given in Assumption 1.0 for (4.2) can be taken as the
same integer with p given in Assumption 1.0 for (4.1} Eq (4.1)is a special
case of (2.1)* with A=¢ where

o, & pl=bo—, §)—To(7)] G~ 0udD),

o[t &, p]::ao(—i-, 2), 120, CER* and peH(R?).
Eq (4.2) is a special case of (2.1)% with 2,=0 where

o1, ¢, p1=60O—5 T C—0ua0),

o°[t, &, p1=35(0), t=0, {ER® and p=P(R%).

implies that the condition of is satisfied for (4.1)°
and (4.2). Hence applies for and (4.2), and the proof is
complete.

5. Oscillator with mean-field. Here we treat the oscillators strengthened
by the fluctuation depending on the phase variable. Under suitable conditions
on the coefficients, we can take the so-called energy function as a Lyapunov
function satisfying Assumption 1.1.

Example 5.1. (Liénard oscillator). We consider a response of an oscillator

i4ef(x)i+gdx)+er(x—E(x)=+"¢ d(x)w

to a (formal) white noise w, where the dotted notation stands for the symbolic
derivative d/dt and E( ) denotes the symbol of the mathematical expectation.
Here and below ¢ is a small parameter such that 0<e<1l,7 is a positive
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constant and {f(x), g.(x), 8(x)} is a family of scalar functions, for which

f(x) and &(x) satisfy the local Lipschitz condition in xER?,
g«(x) is an odd polynomial in x<R*® such that
g{(x)=w?x+eh(x), where w is a positive constant and

hix)= é; 2k +2)asy 42x2% ! with a family {a..+.} of positive constants.

Introduce the function F (x)-——-S: f(s)ds, and then take the Liénard plane (x, y),

where y=%+¢F(x)4¢cy(x—E(x)). Then we consider the solution z(t)=(x(?), y())
of the following stochastic differential equation;

dx(®)=[y@t)—eF(x@)—er {x(t)—E(x@)}]1dt,
(5.1)
dy@t)=—g (x@))dt++e d(x(t)dw(t),

where w(t) is a one-dimensional Brownian motion process. This is a special
case of SDE(4.1), where

0 1 —F(x) x
(4 ) w2 Lo
—w? 0 —h(x) 3y

r O 0 0 wo(t)
( ) , D(z)=< ) and W (t)::( )
0 O 0 a(x) w(t)

is a two-dimensional Brownian motion process.

A

r

I

For z=(x, y)€R? and 0<e<1, set

Gin={ g(s)ds and V)=Cux)+3"/2,

and also set
g(x)=g(x) and V(2)=V.(2).

Then we give the following assumption.

Assumption 5.1. (L,) |F(x)l+lg(x)l§c(1+lxl”) for all x=R! with a
constant ¢>0 and an integer »=0,

(L) 18(x)|<é for all xR with a constant 6>0,

(L) —g{x)F(x)Sa(l4+G(x)) for all xR' with a constant a>0 being
independent of ¢,

(L) —xF(x)<a&(l+x%/2) for all xR* with a constant @>0.

The conditions (L,) and (L}) together with the local Lipschitz condition on
the coefficients imply that (5.1) satisfies Assumption 1.0 with the family
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{Ky, K, c, p} of constants independent of ¢. The conditions (L{) and (L,)
imply that (5.1) satisfies Assumption 1.1 for ¥(¢, 2)=V (2), B(r)=r and {c,, cs, cs}
replaced by {e(a+48%/2), e(a+4?), ey}. Further (L{) and (L,) imply that (4.2)
derived from (5.1) satisfies Assumption 1.1 for ¥, 2)=|z|%*/2 and B(r)=r.
Evidently, (L,) and (L) imply that (4.2) derived from (5.1) satisfies Assumption
1.0 for the same integer p. We note that V. (2)<V(z) for z&€ R? uniformly for
0<e<l. Let ¢ be any two-dimensional random vector independent of the
Brownian motion process, such that

E[V(¢)1]< o, g=max{2p, 2}.

For zeR?, set V(2)=|z|?/2. For ¢=(¢, ¢, put ¢*=(¢!, $*/w). Then, since
0V ($*)<V(¢), the assumption on ¢ implies

E[V(g¢*)y]<co.
Let (*(t) be the solution of (4.1)* with the initial state §*(0)=¢* derived from
(5.1). Then, in we can take the functions ¥,(2z), ¥(2) and T(z)

by T (2)=V (2), zff'(z)=V(z) and ¥(z)=V(2), respectively. Hence, under Assump-
tion 5.1, we can apply for {*(¢) (for example see Narita [5]).

Example 5.2. (Quasiharmonic oscillator). We consider a response of an
oscillator

itolx+er(x—E(%)=¢cf(x, )+Ve 8(x, 2w
to a (formal) white noise w, where ¢ is a small parameter such that 0<<e<1,
and w and 7 are positive constants. Here f(x, y)and d(x, y) are scalar functions
satisfying the local Lipschitz condition in (x, y)=R? Take the usual position

and velocity variable; y=#%. Then we consider the solution z(¢)=(x(¢), y(¢)) of
the following stochastic differential equation;

dx(t)=y(t)dt,
(5.2)
dy)=[—w*x(t)+ef(x(t), y(t)—er{y@)—E(y@)}]1dt,

+4/¢ 3(x(@), y(#)dw(t),

where w(t) is a one-dimensional Brownian motion process. This is a special
case of SDE(4.1), where

o 1\ 0 x
) sl e
—w? 0 f(2) y ,

0 O ' 0 0 wo(t)
F:( ), D(z):( ) and W(t):( )
0 7 0 42 w(t)
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is a two-dimensional Brownian motion process.

For z=(x, y)eR? define V(z) by V(2)=(w?x%2+y?)/2. Then we give the follow-
ing assumption.

Assumption 5.2. (Q,) |f(2)|<c(1+|z|P) for all z=R? with a constant ¢ >0
and an integer p=0,

(Qs) 18(z)| <6 for all z& R* with a constant §>0,

(@) yf(@Za(l4+V(2) for all z&R? with a constant a>0.

The conditions (Q,) and (Q;) together with the local Lipschitz condition on
the coefficients imply that (5.2) satisfies Assumption 1.0 with the family
{Ku, K, c, p} of constants independent of e¢. The conditions (Q}) and (Q,)
imply that (5.2) satisfies Assumption 1.1 for ¥(¢, z2)=V(z), f(r)=r and {c,, cs, cs}
replaced by {e(a+45°/2), e(a+7r+45%), er}. Further (Q;) and (Q,) imply that (4.2)
derived from (5.2) satisfies Assumption 1.1 for (¢, 2)=|z|%/2 and B(r)=r.
Evidently, (Q,) and (Qg) imply that (4.2) derived from (5.2) satisfies Assumption
1.0 for the same integer p. Let ¢ be any two-dimensional random vector
independent of the Brownian motion process, such that

E[V(¢)?]<o, g=max{2p, 2}.
For z&R?, set V(2)=|z|?/2. Then the condition on ¢ yields
E[V(¢*)9]<c .

Let {*(t) be the solution of with the initial state {*(0)=¢® derived from
(5.2). Then, in [Theorem 41 we can take the functions ¥ (z), ¥(z) and ¥(z)
by T.(2)=V(=2), @‘(z)=V(z) and ¥(z)=V(z), respectively. Hence, under Assump-
tion 5.2, we can apply for £:(2).

Example 5.3. For the van der Pol oscillator

ite(x*—1)i+w’x+ey(x —E(%))=+"¢ ow

with a family {e, &, w, 7, 6} of positive constants, we can get the same limit

diffusion process governed by (4.2) as in Narita whenever we start from
the formulations (5.1) and (5.2).

References

[1] LI Gikhman and A.V. Skorokhod: Stochastic Differential Equations, Springer-
Verlag, New York, 1972.
[2] R.Z. Hasminskii: Principle of averaging for parabolic and elliptic differential equa-

tions and for Markov processes with small diffusion, Theory Probab. Appl., 8 (1963),
1-21.




56

{3]

f4]
5]
£6]

L7]
L8]

K. NARITA

H.]. Kushner: Approximation and Weak Convergence Methods for Random Processes,
with Applications to Stochastic Systems Theory, The MIT Press, Cambridge, Mas-
sachusetts, 1984.

K. Narita: Asymptotic analysis for interactive oscillators of the van der Pol type,
Adv. in Appl. Probab. 19 (1987), 44-80.

K. Narita: Stochastic Liénard equation with mean-field interaction, SIAM J. Appl.
Math. 49 (1989), 888-905.

G.C. Papanicolaou, D. Stroock and S.R.S. Varadhan: Martingale Approach to Some
Limit Theorems, Proceedings of the 1976 Duke Univ. Conference on Turbulence,
1977.

Yu.V. Prokhorov: Convergence of random processes and limit theorems in pro-
bability theory; Theory Probab. Appl., 1 (1956), 157-214.

A.V. Skorokhod: Limit theorems for stochastic processes, Theory Probab, Appl.,
1 (1956), 261-290.

Department of Mathematics
Faculty of Technology
Kanagawa University
Rokkakubashi Kanagawa-ku
Yokohama 221, Japan.




	0. Introduction. Hasminskii ...
	1. SDE of the McKean type. ...
	Theorem 1.1. ...

	2. Weak convergence method. ...
	Theorem 2.1. ...

	3. Averaging method.
	Theorem 3.1. ...
	Theorem 3.2. ...

	4. Mean-field with a small ...
	Theorem 4.1. ...

	5. Oscillator with mean-field.
	References

