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We classify free actions of a finite abelian group on orientable and non-
orientable surfaces of high genus.

Let M be a closed surface of genus g (orientable or nonorientable), and G
a finite abelian group. We consider fixed-point free actions of G on M. To
each such action corresponds a finite covering M—M :=M/G determined by a
surjection s: F:=x,M>G with kernel 7r11\71. We call two such actions of G on
M equivalent if they are conjugate by a homeomorphism of M (orientation
preserving if M is orientable), inducing the identity on G. Two such actions
are equivalent iff for the corresponding surjections s;, s,: F»G there eXists a

commutative diagram
F \
al

R
<

where @ is an automorphism of the fundamental group F of the quotient surface
M which is the same for both actions by the Riemann-Hurwitz formula; one
direction of this is clear, for the other one uses that every automorphism of a
surface group is induced by a homeomorphism of the surface. In the above
situation, we also call s, and s, equivalent.

Theorem. Let M, M and G be as above, g=genus M, g=genus M. Let n

be the minimal number of generators of G.

a) Suppose M is orientable, 2(§—1)=|G|2(g—1) and g=n. Then the equivalence
classes of orientation preserving actions of G on M correspond bijectively to
the elements of the second homology group H,(G, Z) of G.

b) Suppose M is nonorientable, §—2=\G|(g—2) and g=2n+4. Then the
equivalence classes of actions of G on M correspond to the elements of
Hy (G, Z,). ,

¢) Suppose M is orientable, 28—-1)=|G|(g—2), g=2n+4 and the action of G
on M has orientation reversing elements; let G,CG be the (fixed) subgroup
of index 2 of orientation preserving elements. We have two cases:
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cl) There exists an element of order 2 in G—G,, i.e. G=G,PDZ,. Then the
number of equivalence classes of such actions is half the order of HyG, Z),
where Z is the G-module Z with G, operating trivially and the elements in
G—G, by (-identity) (half of the elements in HyxG, Z) correspond to actions
with g odd, the other half to actions with g even).

c2) There exists no element of order 2 in G—G,, i.e. GEGPZ,. Then there
is no action for g odd, and for g even the equivalence classes of such actions
correspond to the elements of Hy(G, 2).

Note that the equalities in the theorem between &, ¢ and |G| are forced
by the Riemann-Hurwitz formula.

In the proof of the theorem, we also give normal forms for the equivalence
classes of surjections F»G, and an algorithm to bring such a surjection into
normal form, hence we get:

Corollary. There exists an algorithm to decide whether two surjections F»G
(resp. the corresponding G-actions on M) are equivalent or not, for g=genus F
as in the theorem. ‘

The main invariant associated to an action of G on M resp. to the corre-
sponding surjection s: F>G is £2(s) defined as follows:
a) M orientable, G orientation preserving:

st HiF, Z)=Z —> HyG, Z), 8(s):=sx(1), 1€Z.
b) M nonorientable :
sx: Ho(F, Zs)=Z, —> Hy(G, Z:), (s):=sx«(—1), —leZ,={=+1}.
c) M orientable, G with orientation reversing elements:
syt Hy(F, Z)=Z —> HyG, Z), R(s):=s«1),1€2Z,

where Z is the twisted F- resp. G-module Z, with the orientation reversing
elements in F resp. G operating by (-identity), the orientation preserving ones
trivially.

It is clear that for equivalent surjections s,, s;: F»G we have 2(s,)=8(ss).

Remarks. 1) Part a) of the theorem has also been proved by Edmonds
([E1]), by different methods. For a classification of actions of certain non-
abelian finite groups on orientable surfaces, see [E2]. It follows from that
for finite nonabelian groups actions are not classified by H,, in general (at
least for small g).

2) In we classified orientable 4-dimensional Seifert fiber spaces over
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orientable base-surfaces. For this we had to classify surjections F»KCSLy(Z)
(the “structure maps” of the fibrations) from the fundamental group F of an
orientable surface onto subgroups of the special linear group SLy(Z), up to
equivalence. The methods of the present paper allow such a classification also
for nonorientable surface groups F, leading to a classification of nonorientable
4-dimensional Seifert fiber spaces (see [Z2]).

1. Proof of the theorem, part a)

Let G=Z,P - DZ,,, pi>1, palpu-1--1p1; let x, be a generator of Zy,
i:l’ ooy, n.

Let F=<a1, bl, ey Qg bgl];.[[ai: bi]=1>'

1.1 Lemma. For g=n, each surjective homomorphism s: F»G is equivalent
lo one of the following :

(s(a1), s(b))=(x;, xF2 ... xT1n),

(s(az), s(b2))=(xq, xJ*28 .+ xM2n),

(5(@n)s $(bn))=(xm» 1),
(s(ay), s(b)))y=(1,1)  for j>n.

Proof. We need the following automorphisms of F; here a; resp. b;
denotes the image of a; resp. b;, generators which don’t occur remain fixed.

1.2a) [a,, b,]=[a,, b,], with
d,=abt, b,=b, or
G@,=b,, b,=bat, keZ.

b) [dy, 5:1[@., b.]=[as, b:][as, by], with
@1 =a:a,b5', b,=byaz'b,a.b;,
a:=b.a3'b,a:b3' b azb.az'brla.by!,
by=bsbraz'br'asb3" ;
s(@)=s(a,a:b3*), sb)=s(b,),
s(@z)=s(asb7?), s(b2)=s(bsb7?).

¢) automorphism inverse to 1.2b):
a@,=a,b7'ba3'b,, b,=br'a,b3'b.ba3'h,,
@y=b1'asb3'b,bsb,, by=byb,, with
s(@)=s(a,az'by), s(b))=s(b,),
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s(@2)=s(a:by), S(EZ)=S(b2b1).
d) permutations of the commutators [a;, b:], €. g. for i=1, 2:
d,=a., 51=b2,

a,=[as, b1 'ai[as, b.], 52=[Gz, bo17'bi[az; b.].

We prove lemma 1.1 by induction on n. We compose s with automorphisms
1.2 and call the new surjection again s.

The case n=1 is easy. Suppose the lemma is true for n—1. We divide
out Z,, and apply the induction hypothesis. Therefore we can assume that s
has the following form:

(s(ay), s(b))=(x1x7", Xz ... xpn),

(s(asg), s(bs))=(xex72, x§28 .- x7721),

(s(an); S(bn))z(ern: 1),
(s(ay), s(b))=(1, 1)  for j>n, m<Z, i=1, -, n.
By applying all automorphisms 1.2, we achieve m,=1 (because s is surjective),

without changing all other values (s(a:), s(b:)) (see also [Z3, Lemma 2.6]).
After a permutation of commutators, we apply the following process to

(s(ay), s(b))(s(an), s(ba)):

(%, x1, x2 . xMn)(x,, 1)

iteration of 1.2b)
(%1, XF12 e xPU) (XX T02 oo XT4m, K42 o 2 Tm).

Now the pair (s(a,), s(b)) is in normal form 1.1 We consider the “restriction”
of s to the generators a;, b;, 1=2, with image Z,,P - ©Z,,. By the induction
hypothesis we bring this restriction into normal form. Then also s is in normal
form. This finishes the proof of the lemma.

Proof of part a) of the theorem.

We have HyG, Z)=Hy(Z, D - B Z,,, Z)=Z,, DZ%D Bz DZ%;}
(apply the Kiinneth-formula, see e.g. [B], or [McL]), so there are as
many different normal forms 1.1 as elements in Hy(G, Z). Now for big enough
g every element in H,(G, Z) is the image 2(s)=sx(1) of some surjection
s: F»G (represent the element by a 2-cycle in a K(G, 1) which is the image
of some closed orientable surface; by adding homologically trivial handles to
the surface we can make s surjective. For a purely algebraic proof see [Z3D.
It follows that £2(s,)#£(s;) for any two different normal forms s;, s, in 1.1
Therefore different normal forms are not equivalent and the normal forms
correspond bijectively via £ to the elements in Hy(G, Z).
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2. Proof of the theorem, part b) and ¢)
Let F=<w, a, bi[sziI[ai, b,]1=1 if g is odd,

F=<C, d; ai, btl {C’ d}H[ai’ bl]=1> if g iS even,

where {c, d} :=cdc™'d.

For a surjection s: F»G, let G,CG be the image of the orientation pre-
serving elements in F (a subroup of index 1 or 2; note that the generators v
and ¢ in the presentations above are orientation reversing, all other generators

" are orientation preserving). Let Go=2,® - DZ,,, p:>1, balPn-1l - | b1 (50

G, is in the role of G now). If G,=G, let r=1, otherwise let =G be a fixed
representative of the nontrivial coset of G, in G.

2.1 Lemma. For g=2n-4, each surjective homomorphism s: F»G is equi-
valent to one of the following :

s(v) resp. s(d)=arbitrary element of order <2 in G resp. G,,
s(c)=r, (s(ay), s(b;))=as in 1.1,
with m;; {0, 1}, m;;=0 if 2 does not divide p;, i+1=j<n.

Proof. We need the following changes of generators for F:
2.2a) v*[a, b]=vivjvi, with
vii=viabv™?, v,i=vbla W la !, v;:=va;
2.2b) v*[a, b]=9[a, b], with
D:=awa, a:=a wlav’a, b:=baWla;
2.2¢) {c, d}={¢, d}, with ¢:=cd*, d:=d, keZ;
2.2d) {c, d}[a, b]={¢, d}[a, b], with
¢:=cab?, d:=ba"'dab?,
G@:=ba*d 'ab 'daba *dab™*, b:=b*a"'dab™},
s(€)=s(cab "), s(d)=s(d), s(@)=s(ad), sb)=s(bd);
2.2e) {c, d}=vWi, with v,:=c¢, v,:=c"'d.
i) Suppose first that g is odd.

We prove 2.1 by induction on n. The case n=1 is easy. Suppose 2.1 is
true for n—1. We divide out Z,,. By the induction hypothesis we can assume

s@=wet, wi=l1,
(s(aq), s(by))=(x:x7%, xﬁtx’.“ e xpin), i<ln,

(s(an), S(bn)):(x;{t": 1),
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(s(as), s(b))=(1, 1), i>n,
where m;;={0, 1}, my;=0 if (2, p;)=1, i+1=<7<n (but not for j=n for the
moment).

As in the proof of 1.1 we achieve m,=1.
We use the following process to normalize m,, and (s(a,), s(b,)) (together
with some permutations of commutators):

v®’[an, b.] ——2——* vivivs, with s(vs)=wx,;
.2a)

vila,, bi] ——Tﬁﬁlﬁdn b, with s@)=s(vs), s(@)=s(ay),

s(by)=s(bwd)=x12 .. xPany? ;

Vi > °[dn, bal, With s@)=w, (5(@a) $Ba)=(xm 1);
inverse of 2.2a)

Using this we can achieve m,,<{0, 1}, m,,=0 if (2, p,)=1. Now, using
an iteration of 1.2b) as in the proof of 1.1, we achieve m,=0. Then (s(a,), s(b:))
is in normal form 2.1.

Now we bring the commutator [a,, b,] to the end of the defining relation
of F and consider the restriction of s to the subgroup generated by v and
a;, by, i>2, with Z, @ ---PZ,, as the new G,. By the induction hypothesis,
we can bring this restriction into normal form 2.1. Then also s is in normal
form.

ii) Now suppose that g is even. :

By processes 2.2¢), d) and 1.2a), d) we achieve s(c)=r. If s(ay), s(by), 121,
generate a proper subgroup of G, we bring (s(a;), s(b:)), i=1, into orientable
normal form to get s(@n+1)=s(bn+1)=1. Then we apply 2.2d) to {¢, d}[a@n+1» bn+1]
and get s(@n41)=s(bs+1)=s(d). To get also s(c?), we apply 2.2e) to {c, d}=vhj},
with s(v,)=s(c), s(v:)=s(c~'d), then 2.2b) to vi[@n+1, bn+1], getting s(v,)=s(c~d),
$(@n+1)=5(d), s(bns+1)=s(dc™?) (note that s(d?)=1) and then the inverse of 2.2e)
to get back {c¢, d}. Therefore we can assume that s(a;), s(b;), 7>1, generate
G,. Now lemma 2.1 follows from the following

2.3 Lemma. Let s: F»G and U the subgroup of G generated by s(ay),
s(by), i>1. Suppose U=Z, D - DZp,, PnlPa-1l -+ |p1. Then s can be brought
into normal form 2.1 by automorphisms of F which don’t change the values s(c),
s(d) and the subgroup generated by s(a;), s(b;), i=1.

Proof. We proceed as in case i) by inductvion on n, the case n=1 being
clear. In the induction step, we again divide out Z,_  and bring s into the form

s(¢)=some r, s(d)=some w with w?=1,
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(s(as), s(bs)): as in the proof of part i).
We normalize (s(a,), s(b,)) by the following process :

{c, d} ——— 7%?, with s(D)=r, s@)=r"'w;
2.2e)

v:i[an, b, W vivdv, with s()=r"‘wx,;
.2a

vila,, b] —— vila,, 51], with s(T3)=s(vs), s(@,)=s(a,),
2.2b)

s(bl):xénlz es x#lnr'zx% ;

0°[@;, b)] ———> 7°[a@,, b,], with s@)=s@), s(@;)=s(a,),
. 2.2b)

s(gl):xgnm e X2 s

Use this to normalize m,,, then apply the inverse of 2.2a) and 2.2e) to get back
{¢, d}. Then apply 1.2b) to get m,=1. Note that we also used some permut-
ations between the parts of the defining relation of F, and that the values
s(¢), s(d) and the subgroup U are not changed by the above processes. Now
we bring the commutator [a,, b,] to the end of the defining relation and con-
sider the restriction of s to the generators ¢, d, a;, b;, i=2, with s(<a, by, 1=2D)
=Z,,D - DZ,,. By the induction hypothesis, we can bring s into normal
form. This finishes the proof of lemma 2.3 and also of lemma 2.1.

Proof of part b) of the theorem.

Note that here we are interested in actions on nonorientable surfaces, so
the kernel of the corresponding s: F»G contains orientation reversing elements.
Therefore we have G=G,=Z,® - BZ,,. Now HyG, Z,)=HyG, Z)QZ:D
Tor(H(G, Z), Z:)=(Z,,BZ:,D - DZ2;DRZ.PTor(G, Z,). The elements of
Tor(G, Z,) correspond bijectively to the elements of order<2 in G. It follows
that the different normal forms 2.1 are in bijective correspondence to the
elements in H.(G, Z,), which proves part b) of the theorem (note that each
element in Hy(G, Z,) is the image in a K(G, 1) of a nonorientable surface of
odd and also of even genus because we can always add a projective plane
which is mapped trivially).

Proof of part ¢) of the theorem.

Now the kernel of s: F»G contains no orientation reversing element, so
G, is a subgroup of index 2 in G. For g even, the possible s(d)’s in the normal
form 2.1 are in bijective correspondence to the elements of order<2 in G,.
For g odd, s(v) has order 2 and s(v)&G,, so there is no surjection s: F»G if
G#GDZ:; if G=GPZ,, the possible s(v)’s are in bijective correspondence to
the elements of order<2 in G,. For a moment we discuss the case G=2Z,=
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{x|x2=1), Go=1. For g odd we have only one normal form 2.1, namely
s)=x, s(a;)=s(b;)=1, and for this Q(s)e HyZ,, Z)=Z, is nontrivial because
a nonorientable surface of odd genus does not bound. For g even we have
also one normal form s(¢)=x, s(d)=1, s(a))=s(b,)=1, with £2(s) representing
the trivial element in Hy(Z,, Z). It follows similarly that 2(s)#L2(s,), where
s;: F»G is a surjection from a surface group of odd genus, s. a surjection
from a surface group of even genus (in the situation of partc) of the theorem),
e.g. by dividing out G,. Now we compute Hy(G, Z) for a general G, using
the Lyndon-Hochschild-Serre spectral sequence for the group extension
1-G,>G—Z,—1 (see [B], [HS] or [McL]). The E*terms of the spectral
sequence are as follows:

2 = Hy(Zy, H(Go, Z)=H(Z>, Z,,DZ%,D - BZ%;}
=(2,,® - DL D%,

because the nontrivial element of Z. operates by (-identity). Note that the
elements of E%. are in bijective correspondence to the possible values m; ; in
the normal forms 2.1.

t \=H(Z,, H(G,, Z))EHl(Zz; G)=GR2Z,,

because the nontrivial element in Z, operates by (-identity); the elements of '
2, are in bijective correspondence to the elements of order<2 in G,.

2 = Hy(Z,, H(G, Z))=HyZ,, Z2)=Z,.

It is easy to check (using induction on n for example), that all differentials
entering or leaving EZ. and E?%, are trivial. If G#G(DZ,, the elements of

2 JE?, are in bijective correspondence to the different normal forms 2.1
(for g even, no normal form for g odd). As we cannot have more elements
in Hy(G, Z) than normal forms, the normal forms correspond bijectively to the
elements in Hy(G, Z) (and EZ. gives no contribution to HyG, Z)). If
G=G,PZ,, we have the same number of normal forms in the cases g odd and
g even, corresponding to the elements in E}.\UE}, in each case, so the normal
forms in each case are all nonequivalent (or divide out Z,CG and use the
classification in case b) of the theorem). As the cases g odd and g even also
give different values in Hy(G, Z), the number of different normal forms in
each case is half the order of Hi(G, Z) (and the differential leaving E%, is
also trivial, so E%, gives a contribution to Hyx(G, Z); for another computation
of HyG, Z) see the following remark).

This finishes the proof of part c) of the theorem.

Remark. To compute HxG, Z), one can also use the exact coefficient
sequence l—+22—>Z—>Z2—>1, from which one gets the long exact sequence
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HyG, 2) —= HyG, 2)—> HyG, Z,) — H\(G, 2) - H(G, 2) —>
\'0 / \0 /
H(G, Z,) —> H(G, 2)— H(G, 2) — Hy(G, Z,)— 0.

R N2 0
" Z

Zg Z2

It follows |Hy(G, Z»)|=|HyG, Z)|-1H«(G, Z)|,
|H(G, Z,)|=2|H(G, Z)|=2|H\(G, Z)|, so
|H(G, 2)|=2|H«G, Z»)|/|H(G, Zy)| .

Problem. 1) Show that for finite nonabelian groups G actions of G on
surfaces of high genus (i.e. in a “stable” range) are not classified by H,, in
general ; for low genus this follows from (see also [EZ2]).

2) Is it true that a surjection F~»G, G a fixed finite group, has always a
nontrivial simple closed curve in its kernel, for high genus of F?
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