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1. Introduction.

Let R be a commutative Noetherian local ring of dimR=d. Then we say
that R has finite Buchsbaum-representation type, if there exist only finitely
many isomorphism classes of indecomposable Buchsbaum R-modules M which
are maximal, i.e. dimgkM=d. D. Eisenbud and S. Goto [1, 2] showed that any
regular local ring R has finite Buchsbaum-representation type. The converse is
also true, if R is a Cohen-Macaulay complete local ring of dimR=2 and if R
contains an algebraically closed coefficient field 2 of chk+#2 (cf. [4, 5]. See
[3, 7] for the case where dim R=1.)®.

The Buchsbaum-representation theory was just started and according to a
conjecture in [4, Introduction] it seemes to be expected, first of all, to find
higher-dimensional non-regular local rings of finite Buchsbaum-representation
type.

In this paper we shall construct, for each integer d=1, a (non-Cohen-
Macaulay) local ring R of dim R=d that possesses exactly d-+1 isomorphism
classes of indecomposable maximal Buchsbaum R-modules. The representatives
M, will be arranged so that depthzM,=n for each 0<n<d.

2. The construction of non-regular local rings of finite Buchsbaum-
representation type.

In this section we shall prove the following theorem, which is already
known in the case where d=2 ([4, Theorem (3.1)]):

Theorem 1. Let P be a (d+1)-dimensional (d>0) regular local ring with
the maximal ideal n. Let X&n\n® and let I be a proper ideal of P with htpl=2.
We put R=P/XI, p=XR and m=nR. Then R has finite Buchsbaum-representation

1) Partially supported by Grant-in-Aid for Co-operative Research.
2) This is true for the Cohen-Macaulay complete local rings of dimension two whose
residue class fields are algebraically closed, cf. [4].
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type and
E.=Syz},(R/m) (1=n=d), R/mp

are the representatives of indecomposable maximal Buchsbaum R-modules, where
Syz3,,(R/m) denotes the n-th syzygy module of the residue class field R/m of
R/p. ’

Before the proof of [Theorem 1, let us recall the foundamental theorem of
Buchsbaum-representation theory which plays a key role in our argument (cf.
and [2]):

Let A be a regular local ring. Then the syzygy modules of the residue class
field of A are the reprentatives of indecomposable maximal Buchsbaum A-modules
and so A has finite Buchsbaum-representation type.

We divide the proof of [Theorem 1 into several steps. First we show the
following .

Proposition 2. E, (1=n<d) and R/mp are indecomposable maximal Buchs-
baum R-modules which are not isomorphic to each other.

Proof. Since R/p=P/XP is a d-dimensional regular local ring with residue
class field R/m, so E, (1S£n<d) are the representatives of indecomposable
maximal Buchsbaum R/p-modules by the foundamental theorem. We regard E,
as R-modules via the canonical map R—R/p. Then E, are still indecomposable
maximal Buchsbaum R-modules and depthzE,=n. Let us apply the local coho-

mology functor H%(-) to the sequence

0 —>p/mp —> R/mp —> R/p —> 0.

| Then we have
' HiY(R/mp)=p/mp (=0),
=0 (+0, d).
Hence R/mp is also an indecomposable maximal Buchsbaum R-module of

depthz(R/mp)=0 (cf. [8, Ch I, (2.12)]). Because the depths are different, the R-
modules E,, E,, ---, E; and R/mp are not isomorphic to each other.

Conversely let M be an indecomposable maximal Buchsbaum R-module. We
put M=M/H(M).

" Lemma 3. M is a maximal Buchsbaum R/p-module which has a'decomposz'tz'on
‘ — d
M=z @ (Ene

with integers a,=0, where (E,;)*" denotes the direct sum of a, copies of Ey:
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Proof. Since M .is again a maximal Buchsbaum R-module of deptheM >0
(cf. [8, Ch. I, (2.22)]), we get AssgM=AsshR={pcAssR|dimR/p=d} by [8,
Ch. I, (1.10)]. On the other hand Assh R={p}, since XP is the unique ideal of |
P such that XICXP and dim P/XP=d. Thus we find any element of R\p is
a non-zero divisor on M and there is an embedding Mc(M), Since pR,=0,
pM=0. Hence M is a maximal Buchsbaum R/p-module. Therefore because R/y
is a d-dimensional regular local ring, we get the required decomposition by the
fundamental theorem.

We choose elements V,, V,, -+, Y4 of P so that n=(X, Y, -, Y4)P and
Y, Y, ,Y, form a system of parameters for R. Let x=Xmod XI, y;=
Y:mod XI for 1<i<d and let = denote the reduction modp. Then ¥, 5, -+, Fa
is a regular system parameters of R/p and so the Koszul complex K. (7, -,
¥a; R/p) generated by the sequence ¥, ¥, -+, ¥, is a minimal free resolution
of the R/p-module R/m. Hence E, is the (n—I1)-th boundary module of
K.(5,, -, ¥a; R/p). Let K,=Ku(y1, -, ya; R) and let pn: K,—E, be the
epimorphism induced from the canonical map K,—Kn(¥:, -+, ¥a; R/p). We put
L,=Kerp,. Then we easily see the following

Lemma 4. L,=B,+xK, where B, is the n-th boundary module of
K.y, 5 Ya; R). "

Since HA(M)cmM (cf. [5, Claim in the proof of Theorem (5.3)]), we get
by a commutative diagram

0

f

0— UL —> G —> GE™ —> 0

! I !

0 s N —» ’éel(x,,)an - M >0
T I
0 o HYM)
I
0

d
with exact rows and columns. Let F= é; (Kp)*» and W= 6_91 (L,)*». Then

W/N=H%M) and hence mWCN by [8, Ch. I, (2.4)]. Furthermore by [4,
Claim 2 in the proof of Theorem (3.1)]* we have the next

*) The proof of [4, Claim 2 in the proof of Theorem (3.1)] works in this case.
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Lemma 5. WNqFCN for any parameter ideal q of R.

Because yi, ys, -+, y4 form, by the choice, a system of parameters for R,
we see dimR/(y,, -+, 9, -+, ¥4)R=1 for any 1<i<d. Hence we may choose
elements {a;};cicq Of R so that y,, y,, -, x+a;y;, -+, yq form a system of
parameters for R (cf. [6], Theorem 124). Let Qo=(¥1, Y2 **+, ¥4)R and q;=
(1, =5 x+aeyy, -+, )R for 1<i<d.

Lemma 6. L,C é‘,o(L,,mqu,.) for 1<n<d.
Proof. Let T, T,, ---, T4 be a free basis of K.(y1, *, y4; R). We put
for each subset I of {1, 2, ---, d} with #/=m

T]=Ttl/\Tt2/\ et /\Tim’

where I={i, 43, =, in} With §;<i,< -+ <ip.
Let @ denote the boundary operator of K.(y,, -, y4; R) and let 1<n<d.
Then B, is generated by

{0T,1JcL, 2, -, d}, #J=n+1}
and if J={jy, js, -+, Jas1}s
0T =3 (—1 'y, Ty
So B,CL.NqK, Hence by Lemma 4 it is sufficient to prove that *xK,C
S(LanGKn). Let I={iy is, =, in} be a subset of {L2,-,d} with
$1<i;< - <i,. Since n<d, we can choose j&{l1, 2, -, d}\I. Then
T AT )=@T HAT ;—T ;A OT ;)
=3Tr= 3 (=19, T,ATrepy
and so we have
T 1=—aATAT)Hx+a,9)T = 2 (=189, TAT
€Bp+q;K,.

We are now ready to prove that M=FE, for some 1<n<d or M=R/mp.
By Lemma 5 and Lemma 6 it follows that [(@;(Ln)an)]@m)czv and so there

is an R-submodule N’ of (Lg)*¢(=p=¢) such that N=|::6:91(L,,)“n]69N’ Conse-
quently
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M= (Ku/ L) | SR/,

Therefore if a,=1 for some 1<n<d—1, we have M=E, since M is indecom-
posable. And if a,=a,= - =a,.,=0, we have M=R/mp or M=R/p=E, by
the same argument as the last part of the proof of [4, Theorem (3.1)]. This
completes the proof of [Theorem 1.
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