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Summary. As a continuation of the previous result, sufficient conditions for
the asymptotic normality of various ”triangular“ scheme of degenerate U-
statistics generated by absolutely regular sequence are considered. The
results contain extensions of some known results. As a special case, the
$*$-mixing sequence cases are also considered by proving a new inequality.
Some application are also considered.

1. Introduction. This paper is a continuation of [9]. Let $\{\xi_{n}, -\infty<n<\infty\}$

be a nonstationary sequence of random variables defined on a probability space
$(\Omega, A, P)$ . Let $F_{n}$ be the distribution function (df) of $\xi_{n}$ . Let $w_{\ell.j.n}(\cdot, )$ be
Borel functions such that

(1.1) $supE|w_{\ell.f.n}(\xi_{\ell}, \xi_{f})|^{2+\delta}<\infty$

$\ell.j,n$

for some $\delta(\geqq 0)$ . Put

(1.2) $W_{\ell.j.n}(x, y)=w_{\ell.f.n}(x, y)+w_{j.\ell.n}(y, x)$

and
(1.3) $W_{\ell.j,n}=W_{\ell.f,n}(\xi_{i}, \xi_{f})$ .
Define

(1.4) $W(n)=\sum_{1\leq\ell<f\leq n}W_{\ell.f.n}$ .

Assumption (A). For all $i,$ $j(1\leqq i<j\leqq n;n\geqq 1)$

(1.5) $\int W_{t.f.n}(x, y)dF_{i}(x)=0$ , and

(1.6) $\sigma_{i.j}^{2}=\int\int W_{i.f.n}^{2}(x, y)dF_{i}(x)dF_{j}(y)<\infty$ .
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Let $\{\eta_{n}\}$ and $\{\zeta_{n}\}$ be two absolutely regular sequence of random variables
such that $\{\eta_{n}\}$ and $\{\zeta_{n}\}$ are independent and have the same mixing coefficient
as that of $\{\xi_{n}\}$ and for each $n\eta_{n}^{a}=\xi_{n}$ and $\zeta_{n}^{d}=\xi_{n}$ . Denote

(1.7) $\hat{H}(A, B, C)=\sum_{j=B}^{c}\sum_{\ell=1}^{A}W_{\ell.j.n}(\eta_{\ell}, \zeta_{j})$ .

The following theorem was proved in [9].

Theorem A. Let $\{\xi_{\ell}\}$ be an absolutely regular nonstationary sequence of random
variables. SuppOse that (1.1), (1.6) and AssumPtion $(A)$ hold. SuPpose that there
exists a $\delta(0<\delta<1)$ for which

(1.8)
$\Vert W(n)\Vert_{2}^{-2}\max\{\max_{1\leq i<j\leq n}\Vert W_{i.j.n}\Vert_{2}^{2},\max_{1\leq\ell<jn}\Vert W_{\ell.f.n}\Vert_{2+\delta}^{2}\}=O(n^{-2})$ ,

(1.9) $\Vert W(n)\Vert_{2}^{-2}$
$\sum_{1\leq\ell<j\leq n}$

$\Vert W_{\ell.j.n}\Vert_{1+\delta}^{2}=o(n^{-2})$

and

\langle 1.10) $\beta(n)=O(n^{-8(2+\delta)/\delta})$ .
SuPpose further that for arbitrary nondecreasing seqnences $\{A_{n}\},$ $\{B_{n}\}$ and $\{C_{n}\}$

of integers such that $1\leqq A_{n}\leqq B_{n}\leqq C_{n}\leqq n$ the sequence $\{\hat{H}^{2}(A_{n}, B_{n}, C_{n})/$

$E\hat{H}^{2}(A_{n}, B_{n}, C_{n}):n\geqq 1\}$ is uniformly integrable.
Then, the central limit theorem holds, $i.e.$ , as $ n\rightarrow\infty$

$D$

(1.11) $W(n)/\Vert W(n)\Vert_{2}\rightarrow N(0,1)$ .
Here, we write $\Vert X\Vert_{r}=\{E|X|^{r}\}^{1/r}(r\geqq 1)$ if the r-th absolute moment of $X$

is finite.

Remark. In the description of Theorem in [9] and its proof there are some
minor errors. (i) The conclusion of Lemma 3.3 in [9] is not correct. The
inequality (3.8) should be as follows:

(1.12) $E|\sum_{j=a+q+1i=}^{a+q+m}\sum_{j- q}^{j- 1}W_{\ell.j.n}|^{2}\leqq cmq$ max $\{M_{n}(0), M_{n}(\delta)\}+cm^{2}\rho_{n}$

where

(1.13)
$\rho_{n}=\max_{1\leq\ell\triangleleft\leq n}\Vert W_{\ell.f.n}\Vert_{1+\delta}^{2}$ .

(1.12) is easily obtained from Lemma 3.1 in [9] and the fact that by virtue
of (1.10)

$\sum_{1\leq j<j^{\prime}\leq m}\sum_{i=j- q+1}^{j- 1}|EW_{\ell.j.n}|\cdot\sum_{\prime=f^{\prime}- q+1}^{j^{\prime}-1}|EW_{\ell^{\prime}.f^{\prime}.n}|\leqq cm^{2}\rho_{n}^{2}$ .
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(ii) Hence, (4.3) in [9] should be as follows:

(1.14) $|EV_{k}^{(1)}V_{k^{\prime}}^{(1)}|$

$\leqq\sum_{j=(k-1)(p+q)+q+1}^{k(p+q)}\sum_{i=j-q+1j^{\prime}=(k^{\prime}-1}^{j-1}\sum_{\prime ,)(p+q)+q+1=}^{k^{\prime}(p+q)}\sum_{j^{\prime}i-q+1}^{j^{\prime}-1}EW_{\ell j}W_{i^{\prime}j^{\prime}}|$

$+\sum_{J^{r=(k’-1)(p+g)+1}}^{k^{\prime}(p+q)}\{\sum_{\ell^{\prime}=(k^{\prime}-1)(p+q)+1}^{j^{\prime}-1}\sum_{j=(k-1)(p+q)+q+1}^{k(p+q)}\sum_{\ell=j-q+1}^{j-1}|EW_{\ell.j}W_{i^{\prime}.j^{\prime}}|$

$+\sum_{\ell^{\prime}=(k^{\prime}-1)(p+q)+1}^{j^{\prime}-1}\sum_{j=(k-1)(p+q)+q+1}^{k(p+q)}\sum_{i=(k-1)(p+q)+1}^{j-q}|EW_{\ell.j}W_{\ell^{\prime}.j^{\prime}}|\}$

$\leqq cq(p+q)\{M_{n}(0)+M_{n}(\delta)\}+c(p+q)^{2}\rho_{n}$

$+c(p+q)^{4}\beta^{\delta/(2+\delta)}(q)M_{n}(\delta)$ .
In this paper, we consider limit theorems on some degenerate U-statistics.

The results obtained correspond to the results in [4] and extend the results in
[3].

2. Limit theorems on degenerate U-statistics. Let $\{\xi_{\ell}\}$ be a strictly
stationary absolutely regular sequence of random variables with mixing coefficient
$\beta(n)$ . Let $F(x)$ be the df of $\xi_{1}$ . We will study the ”triangular” scheme of U-
statistics defined by

(2.1) $U(n)=\sum_{1\leq\ell<j\leqq n}f_{n}(\xi_{\ell}, \xi_{j})$

where $f_{n}(\cdot, )$ are symmetric Borel functions. Define

$\mu_{n}=\int f_{n}(x, y)dF(x)dF(y)$ ,

(2.2) $g_{n}(x)=Ef_{n}(x, \xi_{1})-\mu_{n}$ ,

$W_{n}(x, y)=f_{n}(x, y)-g_{n}(x)-g_{n}(y)-\mu_{n}$ .
Then, it is obvious that $W_{n}(x, y)$ is symmetric and

(2.3) $Eg_{n}(\xi_{1})=0=EW_{n}(x, \xi_{1})=EW_{n}(\xi_{1}, y)$ .
Put

$V(n)=\sum_{\ell=1}^{n}g_{n}(\xi_{\ell})$ , and
(2.4)

$W(n)=\sum_{1\leq\ell<f\leq n}W_{n}(\xi_{i}, \xi_{j})$ .

Then, we can rewrite $U(n)$ as
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$U(n)=\sum_{1\leq\ell<J\leq n}\{W_{n}(\xi_{\ell}, \xi_{j})+g_{n}(\xi_{i})+g_{n}(\xi_{j})+\mu_{n}\}$

(2.5)
$=W(n)+(n-1)V(n)+\left(\begin{array}{l}n\\2\end{array}\right)\mu_{n}$ .

We put
$M_{1n}(\delta)=\max\{\Vert g_{n}(\xi_{1})\Vert_{2}^{2}, \Vert g_{n}(\xi_{1})\Vert_{2+\delta}^{2}\}$ , and

(2.6)
$M_{2n}(\delta)=\max_{ljn}[\max(\Vert W_{n}(\xi_{1}, \xi_{j})\Vert_{2}^{2}, \Vert W_{n}(\xi_{1}, \xi_{j})\Vert_{2+\delta}^{2}\}]$

where $\delta$ is some nonnegative number. Let

(2.7) $\sigma_{1}^{2}(n)=\Vert U(n)-\left(\begin{array}{l}n\\2\end{array}\right)\mu_{n}\Vert_{2}^{2}$ .

Theorem 1. Let $\{\xi_{\ell}\}$ be an absolutely regular strictly stationary sequence of
random variables with mixing coefficient $\beta(n)$ . Supp0se there exists a $\delta(0<\delta<1)$

such that
(i) $\sigma_{1}^{-2}(n)\max\{nM_{1n}(\delta), M_{2n}(\delta)\}=O(n^{-2})$ and
(ii) $\sigma_{1}^{-2}(n)$ max $|$ } $W_{n}(\xi_{1}, \xi_{f})\Vert_{1+\rho}^{2}=o(n^{-2})$ for some $\rho(\delta\leqq\rho<1)$ and

$2\leq j\leq n$

(iii) $\beta(n)=O(n^{-8(2+\delta)/\delta})$ .
Supp0se further that as $ n\rightarrow\infty$

(iv) $n^{2}EV^{a}(n)/\sigma_{1}^{2}(n)\rightarrow\gamma_{1}^{2}(0\leqq\gamma_{1}\leqq 1)$ ,
(v) $EW^{2}(n)/\sigma_{1}^{2}(n)\rightarrow\gamma_{2}^{2}(0\leqq\gamma_{2}\leqq 1)$ ,

(vi) the sequence $\{(\sum_{\ell-1}^{n}g_{n}(\xi_{\ell}))^{2}/E(\sum_{i\approx 1}^{n}g_{n}(\xi_{\ell}))^{2}$ : $n\geqq 1\}$ is uniformly integrable,
and

(vii) for arbitrary nondecreasing sequences $\{A_{n}\},$ $\{B_{n}\},$ $\{C_{n}\}$ of integers such
that $1\leqq A_{n}\leqq B_{n}\leqq C_{n}\leqq n$ the sequence $\{\hat{H}^{g}(A_{n}, B_{n}, C_{n})/E\hat{H}^{t}(A_{n}, B_{n}, C_{n});n\geqq 1\}$ is
uniformly integrable, where $\hat{H}(\cdot, , )$ is the one defined by (1.7). Then, as $ n\rightarrow\infty$

(2.8) $\sigma_{1}^{-1}(n)\left(\begin{array}{l}nV(n)\\W(n)\end{array}\right)\rightarrow^{D}N(\left(\begin{array}{l}0\\0\end{array}\right),$
$\left(\begin{array}{ll}\gamma_{1}^{\mathfrak{g}} & 0\\0 & \gamma_{2}^{2}\end{array}\right))$ .

Remark. It is obvious that $\gamma_{1}^{2}+\gamma_{g}^{2}=1$ .

The following corollary is easily obtained from Theorem 1.

Corollary. Supp0se conditions of Theorem 1 hold. Then

(2.9) $\{U(n)-\left(\begin{array}{l}n\\2\end{array}\right)\mu_{n}\}/\sigma_{1}(n)\rightarrow^{D}N(0,1)$ .

To prove Theorem 1, we consider the following lemma.

Lemma 1. Suppose conditions of Theorem 1 hold. Then, as $ n\rightarrow\infty$
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$EV^{2}(n)=n\Vert g_{n}(\xi_{1})\Vert_{2}^{2}+2\sum_{1\leq\ell<j\leqq n}Eg_{n}(\xi_{i})g_{n}(\xi_{j})=O(nM_{1n}(\delta))$

(2.10)
$EW^{2}(n)=\sum_{1\leq i<J^{sn}}\Vert W_{n}(\xi_{i}, \xi_{f})\Vert_{2}^{2}$

$+2\sum_{j1\ell_{Ii\ell|+|j-}\leq\leq n1\leq i^{\prime}},\sum_{<j^{\prime}\leq n ,j|\geq 1}EW_{n}(\xi_{i}, \xi_{j})W_{n}(\xi_{\ell^{\prime}}, \xi_{j^{\prime}})=O(n^{2}M_{2n}(\delta))$

$|EV(n)W(n)|\leqq\sum_{=1}^{n}\sum_{1\leq j<k\leq n}|Eg_{n}(\xi_{\ell})W_{n}(\xi_{j}, \xi_{k})|=O(nM_{1n^{2}}^{1/}(\delta)M_{2n}^{1/2}(\delta))$ .

Proof. The first two relations in (2.10) are obtained by the method in [7]
and so are omitted. To prove the last relation let $J(i;j, k)=Eg_{n}(\xi_{\ell})W_{n}(\xi_{j}, \xi_{k})$ .
If $|j-i|\geqq\max\{|k-i|, k-j\}$ , then by (2.3)

$|\int(i;j, k)|SclIg_{n}(\xi_{1})\Vert_{t}\Vert W_{n}(\xi_{f}, \xi_{k})\Vert_{2+\delta}\beta^{\delta/2(2+\delta)}(|j-i|)$ .
If $|k-i|\geqq\max\{|j-i|, k-j\}$ , then by (2.3) again

$|J(i;j, k)|\leqq c\Vert g_{n}(\xi_{1})||_{2}||W_{n}(\xi_{j}, \xi_{k})\Vert_{2+\delta}\beta^{\delta/(8+\delta)}(|k-i|)$ .
If $k-j\geqq\max\{|k-i|, |j-i|\}$ , then by (2.3), Lemma 2 in [7] and the Schwarz
inequality

$|J(i;j, k)|\leqq c\Vert g_{n}(\xi_{\ell})W_{n}(\xi_{f}, \xi_{k})\Vert_{1+\delta/2}\beta^{\delta/(2+\delta)}(k-j)$

$\leqq c\Vert g_{n}(\xi_{1})\Vert_{2+\delta}\Vert W_{n}(\xi_{j}, \xi_{k})\Vert_{2+\delta}\beta^{\delta/(2+\delta)}(k-j)$

$\leqq cM_{1n^{2}}^{1/}(\delta)M_{2n}^{1/2}(\delta)\beta^{2/(2+\delta)}(k-j)$ .
Hence, using the fact that $\Vert g_{n}(\xi_{1})\Vert_{2}\leqq\Vert g_{n}(\xi_{1})\Vert_{2+\delta}$ for $\delta>0$ , we obtain

$|EV(n)W(n)|$

$\leqq\{\sum_{\ell\Rightarrow 11j}^{n}\sum_{-}+$$\sum_{i,3_{|k-i|)}^{k\leq n}=11\leq}^{n}\sum_{ji1.k-f1}\sum_{\ell J,\underline{<}k\leq n=1k-j\geq\max}^{n}\sum_{1\leq J<k\leq\underline{n}_{i\mathfrak{l}I}\{|k-i||j}.\}J(i_{j}j|j-\ell|\geq\max(k.k)$

$\leqq c\{n\sum_{\iota=1}^{n}l\beta^{\delta/2(2+\delta)}(l)\}M_{1n^{2}}^{1/}(\delta)M_{2n^{2}}^{1/}(\delta)=O(nM_{1n^{2}}^{1/}(\delta)M_{2n^{2}}^{1/}(\delta))$ ,

which completes the proof.

Proof of Theorem 1. We note first that by (i), (ii), (iii), (v), Lemma 1 and
Theorem 1 in [7]

$nV(n)/\sigma_{1}(n)\rightarrow^{D}N(0, \gamma_{1}^{2})$

as $ n\rightarrow\infty$ . Further, by (i), (ii), (iv), (vi), Lemma 1 and Theorem $A$ , we see that
as $ n\rightarrow\infty$

$W(n)/\sigma_{1}(n)\rightarrow^{D}N(0, \gamma_{2}^{2})$ .
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Hence, it remains to show that $nV(n)/\sigma_{1}(n)$ and $W(n)/\sigma_{1}(n)$ are asymptoti-
cally uncorrelated. But the fact is easily shown by (i) and the last relation in
(2.10).

3. The *-mixing case. We say that $\{\xi_{n}\}$ is *-mixing if

(3.1) $\psi(n)=\sup_{\in Am0^{B\in\ovalbox{\tt\small REJECT}_{k+n}^{\infty}}}\sup_{k}\iota.|\frac{P(AB)-P(A)P(B)}{P(A)P(B)}|\rightarrow 0$ ,

where, as before, $\ovalbox{\tt\small REJECT}_{a}^{b}$ denotes the $\sigma$-algebra generated by $\xi_{a},$ $\cdots$ , $\xi_{b}$ . In this
case we can prove the analogous result to Lemma 2 in [7].

We consider the following lemma, which is new.

Lemma 2. Let $\{\xi_{n}\}$ be $*$-mixing. Let $\eta$ be an $\ovalbox{\tt\small REJECT}_{0}^{k}$-measurable random vari-
able taking values in a measurable space $(Y, \mathcal{F}_{Y})$ and $\zeta$ an $\ovalbox{\tt\small REJECT}_{k+n}^{\infty}$-measurable
random variables in a measurable space $(Z, \mathcal{F}_{Z})$ . Let $g(y, z)(y\in Y, z\in Z)$ be a
Borel measurable function such that

(3.2) $ M=\int\int|g(y, z)|dF_{\eta}(y)dF_{\zeta}(z)<\infty$

where $F_{\eta}$ and $F_{\zeta}$ are distribution functions of $\eta$ and $\zeta$, respectively. Then

(3.3) $\Delta=E|E\{g(\eta, \zeta)|\eta\}-G(\eta)|\leqq M\phi(n)$

where
(3.4) $G(y)=Eg(y, \zeta)$ .

Proof. Since we can approximate $\eta$ and $\zeta$ by simple random variables, so
it is enough to prove that (3.3) holds for random variables of the form

(3.5) $\eta=\sum_{\ell=1}^{m}a_{i}I_{A\ell}$ ( $a_{i}\in Y,$ $i=1,$ $\cdots$ , m)

and

(3.6) $\zeta=\sum_{\ell=1}^{n}b_{j}I_{B_{j}}$ ( $b_{j}\in Z,$ $j=1,$ $\cdots$ , n)

where $\{A_{i}\}$ is an $ffi_{0}^{k}$-measurable finite partition of $\Omega,$ $\{B_{j}\}$ is an $\ovalbox{\tt\small REJECT}_{k+n^{-}}^{\infty}measur-$

able finite partition of $\Omega$ and $P(A_{\ell}B_{j})>0(i=1, \cdots , m;j=1, \cdots , n)$ .
We note that

$\Delta\leqq\sum_{i=1}^{m}\sum_{j=1}^{n}|g(a_{i}, b_{j})||P(A_{\ell}B_{f})-P(A_{\ell})P(B_{j})|$

$\leqq\sum_{i=1}^{m}\sum_{j=1}^{n}|g(a_{i}, b_{j})|P(A_{\ell})P(B_{j})|\frac{P(A_{i}B_{j})-P(A_{i})P(B_{j})}{P(A_{\ell})P(B_{j})}|$ .
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Since $\{\xi_{n}\}$ is $*$-mixing, so

$|\frac{P(A_{\ell}B_{j})-P(A_{i})P(B_{j})}{P(A_{\ell})P(B_{f})}|\leqq\phi(n)$ .
Hence, we have

$\Delta\leqq\phi(l)\sum_{\ell=1}^{m}\sum_{f\approx 1}^{n}|g(a_{\ell}, b_{j})|P(A_{i})P(B_{j})=M\phi(l)$ . $\square $

The next corollary is a special case of Lemma 2.

Corollary. Let $\xi$ be an $\ovalbox{\tt\small REJECT}_{a}^{k}$ -measurable random variable and $\eta$ an $\ovalbox{\tt\small REJECT}_{k+n^{-}}^{b}$

measurable random variable. SuppOse that $ E|\eta|<\infty$ and $ E|\zeta|<\infty$ . Then

(3.7) cov $(\eta, \zeta)|=|E\eta\zeta-E\eta E\zeta|\leqq\psi(n)E|\eta|E|\zeta|$ .
By Lemma 2 and the methods in the preceeding sections we have the

following results.
(I) Firstly, we consider the limit distribution of $W(n)/\Vert W(n)\Vert_{2}$ where

$W(n)$ is the one defined by (1.4). Put

(3.8) $L_{n}=\max_{1\leq\ell<j\leq n}[\max\{\int\int|W_{i.j.n}(x, y)|^{2}dF_{\ell}(x)dF_{f}(y),$ $\Vert W_{i.j.n}\Vert_{2}^{2}\}]$ .

and for some $\rho(1/2\leqq\rho<1)$

(3.9) $L_{n}(\rho)=\max_{1\leq\ell<J\leq n}\{\int\int|W_{i.j.n}(x, y)|^{1+\rho}dF_{\ell}(x)dF_{f}(y)\}^{2/(1+\rho)}$

Theorem 2. Let $\{\xi_{i}\}$ be a nonstationary $*$-mixing sequence with mixing
coefficient $\phi(n)$ . SuppOse that

(i) $\Vert W(n)\Vert_{2}^{-2}L_{n}=O(n^{-2})$

(ii) $\Vert W(n)\Vert_{2}^{-2}L_{n}(\rho)=o(n^{-1})$ for some $\rho(1/2\leqq\rho<1)$ , and

(iii) $\sum_{n\Rightarrow 1}^{\infty}n^{3}\phi(n)<\infty$ .
SuppOse further that the rest of conditions in Theorem $A$ are satisfied. Then, the
conclusion of Theorem $A$ remains true.

(II) Next, as in Section 2, we consider the triangular scheme of U-statistics
generated by a strictly stationary $*$-mixing sequence. We use the notations in
Section 2.

Theorem 3. Let $\{\xi_{i}\}$ be a strictly stationary $*$-mixing sequence with mixing
coefficient $\phi(n)$ . SuppOse that as $ n\rightarrow\infty$

(i) $\sigma_{1}^{-2}(n)\max\{nM_{1n}(0), M_{2n}(0)\}=O(n^{-2})$ ,
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(ii) $\sigma_{1}^{-2}(n)\{\int\int|W_{n}(x, y)|^{1+\rho}dF(x)dF(y)\}^{2/(1+\rho)}=o(n^{-2})$ for some $\rho$

$(1/3\leqq\rho<1)$ , and

(iii) $\sum_{n\approx 1}^{\infty}n\psi(n)<\infty$ .
SuPpose further that (iv)-(vii) in Theorem 1 hold. Then, the conclusion of Theorem
1 remains true.

4. Some applications.

(I) U-statistics generated by some strictly stationary sequences. Let $\{\xi_{i}\}$

be a strictly $stationary*$-mixing sequence of random variables which are defined
on a probability space $(\Omega, \mathcal{F}, P)$ and take values in a measurable space (X, $\llcorner 4$).

Let $W_{n}(x, y)$ be a symmetric function, defined on $X\times X$, such that

(4.1) $EW_{n}(x, \xi_{1})=0$ for all $x\in X$ .
Define
(4.2) $W(n)=\sum_{1\leq\ell<J\leq n}W_{n}(\xi_{\ell}, \xi_{j})$ .

The following theorem corresponds to Theorem 1 in [3].

Theorem 4. Let $\{\xi_{j}\},$ $W_{n}(\cdot, )$ and $W(n)$ be the ones defined above.
SuPpose the following conditions are satisfied:

(i) $\sum_{n\approx 1}^{\infty}n^{s}\phi(n)<\infty$ .
(ii) $\Vert W_{n}(X_{1}, X_{2})\Vert_{1+\rho}^{2}=o(\Vert W_{n}(X_{1}, X_{2})\Vert_{2}^{2})$ for some $\rho(1/2\leqq\rho<1)$ .
(iii) $\lim_{n\rightarrow}\inf_{\infty}\frac{\Vert W(n)||_{2}}{n\Vert W_{n}(X_{1},X_{2})\Vert_{2}}>0$ .

(iv) $\lim_{n\rightarrow}\sup_{\infty}\frac{||W_{n}(X_{1},X_{2})||_{4}}{||W_{n}(X_{1},X_{2})||_{2}}<\infty$ .

Then $W(n)/\Vert W(n)\Vert_{2}\rightarrow DN(O, 1)$ .
Here, $X_{1}$ and $X_{2}$ are independent random variables such that $X_{1}^{a}=\xi_{1}$ and

$X_{2}^{a}=\xi,$ .
Remark. The analogous conclusion to Theorem 4 can be Proved by the same

method when $W(n)$ is constructed by a strictly stationary absolutely regular sequence.

Proof. We note first that from (4.1), Lemma 2 and the proof of Lemma 2
in [7] we can show that
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(4.3) $\Vert W(n)\Vert_{2}\leqq cn\Vert W_{n}(X_{1}, X_{2})\Vert_{2}$

holds. Therefore, from (4.3) and condition (iii) we have

(4.4) $\Vert W(n)\Vert_{2}\sim c_{0}n\Vert W_{n}(X_{1}, X_{2})\Vert$ ,

which, together with (ii), implies that (ii) in Theorem 2 holds. It is obvious that
(i) in Theorem 2 holds. It remains to show the uniform integrability of
$\{\hat{H}^{2}(A_{n}, B_{n}, C_{n})/E\hat{H}(A_{n}, B_{n}, C_{n}):n\geqq 1\}$ . Let $t\eta_{i}$ } and $\{\zeta_{j}\}$ be two strictly
stationary $*$-mixing sequences such that $\{\eta_{\ell}\}$ and $\{\zeta_{f}\}$ are independent and

have the same mixing coefficient as that of $\{\xi_{n}\}$ and for each $i\eta_{\ell}=^{a}\xi_{1}$ and $\zeta_{\ell}=^{l}\xi_{1}$ .
Then, using (4.1), Lemma 2 and the proof of Lemma 3 in [7] we have that for
arbitrary positive integers $P$ and $q$

(4.5) $E|\sum_{\ell=1}^{p}\sum_{j=1}^{q}W_{n}(\eta_{\ell}, \zeta_{f})|^{4}\leqq cp^{2}q^{2}\Vert W_{n}(X_{1}, X_{2})\Vert_{4}^{4}$

Hence, the desired conclusion follows from (4.3) and (4.4), and the proof of
Theorem 4 is completed. $\square $

(II) A global measure of density estimators. Let $\{\xi_{j}\}$ be a $*$-mixing
strictly stationary sequence of random variables with density $f$ . We assume
that $f$ and its derivative are bounded and uniformly continuous on $(-\infty, \infty)$ .
Let $K$ be a function which satisfies the following conditions:

(i) $K(x)$ is symmetric, bounded, continuous and nonnegative.
(ii) $K(x)=0$ for $|x|\geqq 1$ .
(iii) $\int_{-1}^{1}K(x)dx=1$ .
As in [3], we consider a nonparametric estimator of $f$ , written in the form

(4.6) $f_{n}(x)=\sum_{\ell-1}^{n}K_{n}(x, \xi_{\ell})=\sum_{\ell\approx 1}^{n}\frac{1}{nh}K(\frac{x-\xi_{\ell}}{h})$

where $h=h(n)$ is a function of $n$ such that $h(n)\downarrow 0$ and $ nh(n)\rightarrow\infty$ as $ n\rightarrow\infty$ .
We will study the asymptotic normality of random variables

$T_{n}=\int\{f_{n}(x)-Ef_{n}(x)\}^{2}w(x)dx$

(4.7) $=2\sum_{1\leq i<j\leq n}\int\{K_{n}(x, \xi_{\ell})-EK_{n}(x, \xi_{\ell})\}\{K_{n}(x, \xi_{j})-EK_{n}(x, \xi_{i})\}a(x)dx$

$+\sum_{\ell\approx 1}^{n}\int\{K_{n}(x, \xi_{i})-EK_{n}(x, \xi_{\ell})\}^{2}a(x)dx$ ,

where $a(x)$ is a bounded function.
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Theorem 5. Let $\{\xi_{i}\},$ $K_{n}$ and $T_{n}$ be the ones defined above. SuPpose

(4.8) $\Sigma n^{3}\beta(n)<\infty$ .
Then, as $ n\rightarrow\infty$

$D$

(4.9) $(T_{n}-ET_{n})/V^{1/2}(T_{n})\rightarrow N(0,1)$

$p_{\gamma ov\dot{t}}ded$

(4.10) $\lim_{n\rightarrow}\inf_{\infty}n^{4}h^{-4}\Vert\int\sum_{\ell=1}^{2}\{K_{n}(x, X_{i})-EK_{n}(x, X_{\ell})\}a(x)dx\Vert_{2}^{2}>0$ .

Proof. Let

$H_{n}(u, v)=\int\{K_{n}(x, \xi_{i})-EK_{n}(x, \xi_{i})\}\{K_{n}(x, \xi_{j})-EK_{n}(x, \xi_{j})\}a(x)dx$ .

Then, for each $nH_{n}(u, v)$ is a bounded symmetric function and $satisfies_{\lrcorner}[the$

condition

(4.11) $EH_{n}(u, \xi_{1})=0$ for all $u$ .
Further, let

$H_{n.\ell}=\int\{K_{n}(x, \xi_{\ell})-EK_{n}(x, \xi_{\ell})\}^{2}a(x)dx$ $(1\leqq i\leqq n)$ .

Then, $\{H_{n.i}\}$ satisfies the $*$-mixing condition with the same :mixing coefficient
as that of $\{\xi_{\ell}\}$ and each $H_{n.\ell}$ is bounded and $V(H_{n.i})\leqq cn^{-2}$ .

Now, we note that $T_{n}-ET_{n}$ may be rewritten as

$T_{n}-ET_{n}=2\sum_{1\leq\ell<f\leq n}H(\xi_{\ell}, \xi j)+2\sum_{1\leq\ell<J\leq n}EH(\xi_{i}, \xi_{j})+\sum_{\ell-1}^{n}(H_{n,i}-EH_{n.\ell})$

$=L_{1.n}+L_{2.n}+L_{s}.$” (say).

Therefore, to prove (4.9) it is enough to show that as $ n\rightarrow\infty$

(i) $L_{1.n}/V^{1/2}(T_{n})\rightarrow N(0D1)$ ,

(ii) $L_{2.n}/V^{1/2}(T_{n})\rightarrow 0$ , and

(iii) $L_{3.n}/V^{1/2}(T_{n})\rightarrow 0P$

hold.
Firstly, we remark that by the previous methods we obtain

(4.12) $E|L_{1.n}|^{2}\sim n^{2}h^{-4}\Vert H_{n}(X_{1}, X_{2})\Vert_{2}^{2}$ ,

(4.13) $|L_{2.n}|\leqq cn^{-2}h^{-2}\Vert H_{n}(X_{1}, X_{2})\Vert_{1}^{2}=O(n^{-1}h^{2})$

and
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(4.14) $E|\sum_{\ell=1}^{n}(H_{n.i}-EH_{n.\ell})|^{2}\sim n^{-\S}h^{-2}\Vert H_{n,1}-EH_{n.1}\Vert_{2}^{2}=O(n^{-3}h)$ .

From (4.10) and $(4.12)-(4.14)$ we obtain that

(4.15) $V(T_{n})\sim n^{-2}$ ,

which, in turn, implies that (ii) and (iii) hold.
Now, we put

(4.16) $W_{n}(u, v)=\frac{n(n-1)}{2}H_{n}(u, v)$ .

Then, it is clear that $\{W_{n}(\xi_{i}, \xi_{j})\}$ satisfies conditions $(i)-(iv)$ in Theorem 4.
Hence, (i) is obtained from Theorem 4 and the proof is completed.

(III) Asymptotic normality of some cross-validatory estimator. Let $\{\xi_{i}\}$ be

a strictly stationary $*$-mixing sequence of random variables with probability

density $f(x)$ which is unknown. Let $K(x)$ and $f_{n}(x)$ the ones defined in (II).

Put

(4.17) $\theta_{h}=\frac{1}{h}EK(\frac{X_{1}-X_{2}}{h})$

where $X_{1}$ and $X_{2}$ are independent random variables each having density $f$ .
Hence

(4.18) $E\int f_{n}(x)f(x)dx=E\frac{1}{n(n-1)h}\sum_{\ell\neq}\sum_{j}K(\frac{\xi_{i}-\xi_{j}}{h})=\theta_{h}$

if $\{\xi_{\ell}\}$ is a sequence of $i$ . $i$ . $d$ . random variables with probability density function
$f(x)$ , and in this case

(4.19) $S_{n}=\frac{2}{n(n-1)h}\sum_{i\neq}\sum_{j}K(\frac{\xi_{i}-\xi_{j}}{h})$

is the unbiased estimate of $\theta_{h}$ .
We consider the asymptotic normality of $S_{n}$ defined by (4.19) when $\{\xi_{i}\}$ is

$*$-mixing. Put

(4.20) $p_{\hslash}(x)=\frac{1}{h}EK(\frac{x-\xi_{1}}{h})$

and

(4.21) $W_{n}(x, y)=\frac{1}{h}K(\frac{x-y}{h})-p_{h}(x)-p_{h}(y)+\theta_{h}$ .

Then, $W_{n}(x, y)$ is a bounded symmetric function and satisfies the equation

(4.22) $\int W_{n}(x, y)f(y)dy=0$ for all $x$ .
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Further, $\left(\begin{array}{l}n\\2\end{array}\right)$ may be rewritten as

(4.23) $\left(\begin{array}{l}n\\2\end{array}\right)S_{n}=\left(\begin{array}{l}n\\2\end{array}\right)\theta_{h}+(n-1)V(n)+W(n)$

where

(4.24) $V(n)=\sum_{\ell-1}^{n}(p_{\hslash}(\xi_{\ell})-\theta_{\hslash})$

and

(4.25) $W(n)=\sum_{1\leq\ell<J\leq n}W_{n}(\xi_{\ell}, \xi_{j})$ .
Since for all $r(\geqq 1)$

(4.26) max $\{E|p_{h}(X_{1})|^{r}, E|W_{n}(X_{1}, X_{t})|^{r}\}\leqq ch$ ,

so, using the method of the proof of Lemma 1, from Lemma 2 and (4.22) we
obtain the following relations:

(4.27) $EV^{2}(n)\sim n\Vert p_{h}(X_{1})-\theta_{h}\Vert_{2}^{2}$ .
(4.28) $EW^{2}(n)\sim n^{2}\Vert W_{n}(X_{1}, X_{2})\Vert_{2}^{2}$ .
(4.29) $|EV(n)W(n)|=O(n\Vert p_{\hslash}(X_{1})-\theta_{h}\Vert_{2}\Vert W_{n}(X_{1}, X_{\mathfrak{g}})\Vert_{2})$ .
Consequently, we have

(4.30) $\sigma_{2}^{2}(n)=E|S_{n}-\theta_{\hslash}|^{2}\sim\max\{n\Vert p_{h}(X_{1})-\theta_{\hslash}\Vert_{2}^{2}, \Vert W_{n}(X_{1}, X_{l})\Vert_{2}^{2}\}$ .
Theorem 6. Let $\{\xi_{n}\}$ be a $*$-mixing strictly stationary sequence of random

variables. SuPpose $ nh\rightarrow\infty$ as $ n\rightarrow\infty$ . If
(4.31) $\lim_{n\rightarrow}\inf_{\infty}$

$inf\{n\Vert p_{\hslash}(X_{1})-\theta_{\hslash}\Vert_{2}^{2}, \Vert W_{n}(X_{1}, X_{2})\Vert_{2}^{2}\}/h>0$

and
(4.32) $\Sigma n\psi(n)<\infty$ ,

then

(4.33) $\frac{1}{\sigma_{l}(n)}(T_{n}-\theta_{\hslash})\rightarrow^{D}N(O, 1)$ .
To prove Theorem 6, we need the following two lemmas.

Lemma 3. SuppOse conditions of Theorem 6 are satisfied. Then, as $ n\rightarrow\infty$

(4.34) $EV^{4}(n)=O(\Vert V(n)\Vert_{2}^{4})$ .
Proof. For brevity, let
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$Y_{j}=p_{h}(\xi_{j})-\theta_{h}$ $(j=1, \cdots n)$ .
Then

$EV^{4}(n)=\sum_{\ell}EY_{\ell}^{4}+\sum_{\ell\neq j}EY_{\ell}^{2}Y_{j}^{2}+\sum_{\ell\neq j}EY_{\ell}^{3}Y_{j}$

$+\sum_{i\neq j*k}EY_{\ell}^{2}Y_{j}Y_{k}+\sum_{\ell\neq j\neq k\neq\ell}EY_{\ell}Y_{j}Y_{k}Y_{l}$ .

Since $\{Y_{j}\}$ is a $*$-mixing strictly stationary sequence of bounded zero-mean
$random^{r}\underline{\sim}variables$ with the same mixing coefficient as that of $\{\xi_{\ell}\}$ , so by (4.26),

(4.32) and (3.7) we have the following inequalities:

$\sum_{i}EY_{\ell}^{4}=nEY_{1}^{4}\leqq cnh$ .

$\sum_{i*f}EY_{\ell}^{2}Y_{j}^{2}=2\sum_{1\ell<jn}EY_{\ell}^{2}Y_{j}^{2}$

$\leqq 2\sum_{1<f\leq n}(1+\phi j-i))EY_{\ell}^{2}EY_{j}^{2}\leqq cn^{2}h$ .

$\sum_{\ell tj}EY_{\ell}^{3}Y_{j}\leqq c\sum_{1\leq\ell<jn}\psi(j-i)E|Y_{\ell}|E|Y_{j}|\leqq cnh^{2}$

1 $i$
$k-343_{\ell}^{\underline{k}\leq n}*3_{-\ell}^{kn}\Sigma|EY_{\ell}^{2}Y_{j}K_{k}|\leqq c_{1\underline{\ell}<}\sum_{kj}\phi(k-j)E|Y_{t}^{2}Y_{j}|\cdot E|Y_{k}|$

$\leqq cnh\sum_{\iota-1}^{n}l\phi(l)\leqq cnh^{2}$

$\Sigma$ $|EY_{\ell}^{2}Y_{j}Y_{k}|\leqq$ $\Sigma$ $\{EY_{i}^{2}EY_{\ell}Y_{k}+\phi j-i)EY_{\ell}^{2}\cdot E|Y_{j}E_{\iota}|\}$

$1J^{-i}\ell<;_{k-j}<k\leq n$ $1\leq\ell\iota-tg_{i}\underline{k}n$

$\leqq$ $\Sigma$ $\phi(k-j)EY_{\ell}^{2}E|Y_{j}|E|Y_{k}|+cnh^{2}$

1
$J\ell-<\ell;_{k-f}<kn$

$\leqq cn^{2}h^{2}$

$\sum_{1\ell<J<ksn}|EY_{\ell}Y_{j}Y_{k}^{2}|\leqq cn^{2}h^{2}$

$\sum_{1\ell<j<k\leq n}|EY_{\ell}Y_{j}^{2}Y_{k}\leqq c\sum_{1S\ell<J<kn}\phi(\max(j-i, k-j))h^{2}\leqq cnh^{2}$ .

Finally, by using the method of the proof of Lemma 3 in [7] we have

$\sum_{\ell tj\neq l*l}|EY_{\ell}Y_{j}Y_{k}Y_{\ell}|\leqq cn^{2}\max_{1\ell\leq n}\{E|Y_{\ell}|^{4}\}\leqq cn^{2}h^{4}$ .
Hence, noting that by (4.31) $EV^{2}(n)\sim nh$ as $ n\rightarrow\infty$ , we have the desired conclusion.

$\square $

Lemma 4. Let $\{\eta_{\ell}\}$ and $\{\zeta_{\ell}\}$ be two copies of $\{\xi_{i}\}$ such that $\{\eta_{i}\}$ and $\{\zeta_{\ell}\}$

are indePendent. $SuPPose$ conditions of Theorem 6 hold. Then, for all integers
$P$ and $q$ sufficiently large
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(4.35) $E|\sum_{\ell=1}^{p}\sum_{j=1}^{q}W_{n}(\eta_{i}, \zeta_{j})|^{4}=o(\Vert\sum_{\ell=1}^{p}\sum_{j=1}^{q}W_{n}(\eta_{\ell}, \zeta_{f})\Vert_{2}^{4})$ .

Proof. We note that for arbitrary fixed $y_{1},$
$\cdots$ , $y_{p}$ the collection

$\{\sum_{\ell\approx 1}^{p}W_{n}(y_{\ell}, \zeta_{1}),$ $\cdots$ , $\sum_{\ell=1}^{p}W_{n}(y_{i}, \zeta_{q})\}$ constitutes a $*$-mixing sequence of identically

distributed bounded zero-mean random variables with the same mixing coefficient
as that of $\{\xi_{\ell}\}$ . Hence, by the above method we have

$E|\sum_{i=1}^{p}\sum_{j=1}^{q}W_{n}(\eta_{i}, \zeta_{j})|^{4}=E[E\{|\sum_{j=1}^{q}\sum_{\ell=1}^{p}W_{n}(\eta_{\ell}, \zeta_{j})|^{4}|\eta_{1},$ $\cdots$ $\eta_{p}\}]$

(4.36) $\leqq cq^{2}E[E\{|\sum_{i=1}^{p}W_{n}(\eta_{\ell}, \zeta_{1})|^{4}|\eta_{1},$ $\cdots$ , $\eta_{p}\}]$

$\leqq cq^{2}E|\sum_{i=1}^{p}W_{n}(\eta_{i}, \zeta_{1})|^{4}$

(cf. [9]).
Further, using the method of the proof of Lemma 3 and the fact that $\{\eta_{i}\}$

and $\zeta_{1}$ are independent we obtain from (4.26) that for all $P$ sufficiently large

$E|\sum_{\ell=1}^{p}W_{n}(\eta_{i}, \zeta_{1})|^{4}=E[E\{|\ell=\sum_{1}^{p}W_{n}(\eta_{i}, \zeta_{1})|^{4}|\zeta_{1}\}]$

(4.37)

$=O(p^{2}h^{2})$ .
Now, (4.35) follows from (4.28), (4.31), (4.36) and (4.37). $\square $

Proof of Theorem 6. It follows from $(4.26)-(4.30)$ that conditions $(i)-(iii)$

in Theorem 3 and conditions (iv) and (v) in Theorem 1 hold. Further, conditions
(vi) and (vii) in Theorem 1 follow from Lemmas 3 and 4. Hence, by Theorem
3 we have the desired conclusion. $\square $

Acknowledgement. The author thanks the referee for helping $t_{0}$ clarify
the exposition.
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