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Let f(z) be regular in |z|<1 and f’(z)+#0 on |z|=1.
Then, it is well known that if f(z) satisfies the following condition

zf"(2)
§m=1[1+Re |0 <emo+D),

then f(z) is at most p-valent in |z|<1.
In this paper, we want to give another proof of this theorem by applying
of Ozaki’s theorem.

1. Preliminary.
Let f(z) be regular in |z|<1 and let us put
S={f@Ilz|=1},

S'={f@|lz|=1}
and

1 zf'(z) _ — 10
acsos 27 S|z|=1 Re f(z)—a)da_p (z=e"),

where a€S—S’ means that a is an element of S but it is not an element of
S’.

From the elementary analytic function theory, we have that f(z) is p-valent
in |z]<1. ’

Let A(p) be the class of function of the form

f@)= i anz"‘ (ap+0 and p is a positive integer)
n=p
which are regular in |z]<1.

Theorem A. Let f(z)=z+ 2”2 a,z" be regular in |z|£1 and f'(2)#0 on
|z|=1. If there holds the relation
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Zf”(Z) _
g =) 40 <dx (z=e'f),

then f(z) 1S convex in one dzrectzon and hence f(z) s univalent in |z| £1.

We owe this theorem to [2, 4, 5, 6, 7, 8] and this theorem was generalized
as follows [6, 8]:

Theorem B. Let f(2) be regular in |z|<1and f'(2)#0on |z|=1. Suppose
that

-Sm |dargdf(z)|-g \1+Resz,’;(§) daeé

<L2z(p+1) (z=e'?),

then f(z) is at most p-vdlent in |z|Z1.
In this paper we need the following lemma.

Lemma A. Let f(2) be regular in lz[SI and f®(z)#0 for k=0, 1, 2, -,

p on |z]=L
Then we have

[ _ldargarr@is| Idargdsfea)

for j=0,1,2, -, p—lor by a mods, ﬁthz'on of the above inequalities
' zf(j+l)(z)
9 (z)

<[|ir1ere LB a0

[7|i+Re |26

for ]—0 1,2, -, p—l where z=e'® and 0L0<2x.

We owe thlS lernma to Ozaki [2, 3].

2. Main theorem.

Theorem 1. Let f(2) be regular in |z| <1, f(2)#0 on |z|=1 and suppose
that

2f"(2) L
M . ‘S|z|=1|1+R f'(2) d6<2zm(p+1)

where p is a positive integer and z=e'?, 0=<60=2r.
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Then f(z) is at most p-valent in |z|<1.

Proof. Let a be an arbitrary element of S—S’ and put

LD=f@)—a.
Then from the definition of S and S’, we have
g@)+0 on |z|=
g'(@)=f"(z) and g"(2)=f"(2).
From the assumption of [Theorem 1, we have
g'@=f"(2)#0 on |z]|=
Applying Lemma A, we have

Moy {,_(Re 2550 )a0
=M, Re G a0
=M [, [Re s a0
=Max | |dargg(2)]
salédsa>§’gl ldargdg()|
=Max [, [1+Re 205 do

=}!§‘.’§,S.,.=z 1+Re zj’:((j) |d6

Slll"ll +R Zf”(Z) ld0

<2zm(p+1)

where z=e¢%?, 0<6<2x.
From the elementary analytic function theory,

2w Slll 1( f?f = )d0

must be a positive integer.
Therefore we have
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1 zf'(2)
al\e/lsa}g' 2r S|z|=1 Re f( )—a )deSp

This shows that f(z) is at most p-valent in |z|<1. This is another proof
of Theorem B.

Corollary 1. Let f(z)= A(p) and suppose that

zf(P+l)(z)

FP(z)
Then f(2) is p-valent in |z|<l.

2 p+Re >0 in |z| 1.

Proof. By applying the author’s result [1, Lemma 9], by employing the
same method as the proof of and from the assumption (2), we have

¥ (2)+#0 in 0<|z|=1

for =0, 1, 2, ---, p—1, p.

Applying the same method as the proof of [Theorem 1, by employing Lemma
A and the assumption (2), we have

alzlsa—)g'g 121= 1(R fz(i),(Z)a>

<[ |i+re sz,((z)) | a6
={]

EILCAPP
s

@

z2f"(2)
2+Re 252 |d0

Z2fPHI(z)

FoG)

[ (prre T )

Since f¢®(z) has no zero in |z| <1, we have

|d0

2n zf(P‘l-l)(z) _
(; Re gy d0=0
for z=e'?, 0S0<2xm.

Therefore we have
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@) Max { (Re 212 Yag

ac§- 8 f@)—a

< pene

=2pn <2x(p+1).

Qn the other hand, we easily have

4 | [, (ReZE 2V d0=2pz.

From (3) and (4), we have

‘algsa-).{s'.gmﬂ(Re fz(f)(Z) )d0 2pm

and therefore f(z) is p-valent in |z|<1.
Applying the same method as the proof of [Corollary 1, we easily obtain
the following corollaries:

Corollary 2. Let f(z)= A(p) and suppose that

SZn zf(P+1)(z)

7P (z)
where z=e'?, 0<0<2x.
Then f(z) is p-valent in |z|<].

ld0<2z<p+1)

Corollary 3. Let f(z)e A(p) and suppose that

Szn zf(l)-l-l)(z)

f(P)(z)
where z=e'?, 0<0<2x. Then f(2) is p-valent in |z|<1.

df<4rn
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