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Let $f(z)$ be regular in $|z|\leqq 1$ and $f^{\prime}(z)\neq 0$ on $|z[=1$ .
Then, it is well known that if $f(z)$ satisfies the following condition

$\int_{|Z1=1}|1+{\rm Re}\frac{zf^{\chi}(z)}{f(z)}|d\theta<2\pi(p+1)$ ,

then $f(z)$ is at most $P$-valent in $|z|\leqq 1$ .
In this paper, we want to give another proof of this theorem by applying

of Ozaki’s theorem.

1. Preliminary.

Let $f(z)$ be regular in $|z|\leqq 1$ and Iet us put

$S=\{f(z)||z|\leqq 1\}$ ,

$S^{\prime}=\{f(z)| 121=1\}$

and

$\max_{a\in S-S}\frac{1}{2\pi}\int_{|Z|\Rightarrow 1}({\rm Re}\frac{zf^{\prime}(z)}{f(z)-\alpha})d\theta=p$ $(z=e^{\ell\theta})$ ,

where $\alpha\in S-S^{\prime}$ means that $\alpha$ is an element of $S$ but it is not an element of
$S^{\prime}$ .

From the elementary analytic function theory, we have that $f(z)$ is p-valent
in $|z|<1$ .

Let $A(p)$ be the class of function of the form

$f(z)=\sum_{n=p}^{\infty}a_{n}z^{n}$ ( $a_{p}\neq 0$ and $p$ is a positive integer)

which are regular in $|z|\leqq 1$ .
Theorem A. Let $f(z)=z+\sum_{n=2}^{\infty}a_{n}z^{n}$ be regular in $|z|\leqq 1$ and $f^{\prime}(z)\neq 0$ on

$|z|=1$ . If there holds the relation



22 M. NUNOKAWA

$\int_{0}^{2\pi}|1+{\rm Re}\frac{zf^{\prime\prime}(z)}{f’(z)}|d\theta<4\pi$ $(z=e^{i_{\theta}})$ ,

then $f(z)$ is convex in one direction and hence $f(z)$ is univalent in $|z|\leqq 1$ .

We owe this theorem to [2, 4, 5, 6, 7, 8] and this theorem was generalized

as follows $[6, 8]$ :

Theorem B. Let $f(z)$ be regular in $|z|\leqq 1$ and $f^{\prime}(z)\neq 0$ on $|z|=1$ . Supp0se

that

$\int_{|z|=1}|d\arg df(z)|=\int_{0}^{l\pi}|1+{\rm Re}\frac{zf^{\prime\prime}(z)}{f^{\prime}(z)}|d\theta$

$<2\pi(p+1)$ $(z=e^{\ell\theta})$ ,

then $f(z)$ is at most p-valent in $|z|\leqq 1$ .

In this paper we need the following lemma.

Lemma A. Let $f(z)$ be regular in $|z|\leqq 1$ and $f^{(k)}(z)\neq 0$ for $k=0,1,2,$ $\cdots$ ,

$p$ on $|z|=1$ .
Then we have

$\int_{|z|=1}|d$ arg $d^{f}f(z)|\leqq\int_{|z|\approx 1}|d$ arg $d^{j+1}f(z)|$

for $j=0,1,2,$ $\cdots$ , $p-1$ or by a modification of the above inequalities

$\int_{0}^{2\pi}|j+{\rm Re}\frac{zf^{(j+1)}(z)}{f^{(f)}(z)}|d\theta$

$\leqq\int_{0}^{2n}|j+1+{\rm Re}\frac{zf^{(f+2)}(z)}{f^{(j+1)}(z)}|d\theta$

for $j=0,1,2,$ $\cdots$ , $p-1$ , where $z=e^{i\theta}$ and $ 0\leqq\theta\leqq 2\pi$ .

We owe this lemma to Ozaki $[2, 3]$ .

2. Main theorem.

Theorem 1. Let $f(z)$ be regular in $|z|\leqq 1,$ $f^{\prime}(z)\neq 0$ on $|z|=1$ and supp0se

that

(1) $\int_{|t|=1}|1+{\rm Re}\frac{zf^{\prime}(z)}{f^{\prime}(z)}|d\theta<2\pi(p+1)$

where $p$ is a positive integer and $z=e^{\ell\theta},$ $ 0\leqq\theta\leqq 2\pi$ .
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Then $f(z)$ is at most $P$-valent in $|z|<1$ .
Proof. Let $\alpha$ be an arbitrary element of $S-S^{\prime}$ and put

$ g(z)=f(z)-\alpha$ .
Then from the definition of $S$ and $S^{\prime}$ , we have

$g(z)\neq 0$ on $|z|=1$ ,

$g^{\prime}(z)=f^{\prime}(z)$ and $g^{\prime\prime}(z)=f^{\prime\prime}(z)$ .
From the assumption of Theorem 1, we have

$g^{\prime}(z)=f^{\prime}(z)\neq 0$ on $|z|=1$ .
Applying Lemma $A$ , we have

$\alpha\in s-sMax\int_{|z|=1}({\rm Re}\frac{zg^{\prime}(z)}{g(z)})d\theta$

$=_{a\in S-S}{\rm Max}\int_{|t|=1}({\rm Re}\frac{zf^{\prime}(z)}{f(z)-\alpha})d\theta$

$\leqq_{a\in SS}\underline{{\rm Max}}\int_{|z|=1}|{\rm Re}\frac{zf^{\prime}(z)}{f(z)-\alpha}|d\theta$

$=_{\alpha\in S-S}{\rm Max}\int_{|z|\Rightarrow 1}|d$ arg $g(z)|$

$\leqq_{a\in}{\rm Max}_{s-S}\int_{|z|\Rightarrow 1}|d$ arg $dg(z)|$

$=_{a\in SS}\underline{{\rm Max}}\int_{|l|=1}|1+{\rm Re}\frac{zg^{\prime\prime}(z)}{g’(z)}|d\theta$

$=_{\alpha\in S-S}{\rm Max}\int_{|z|\approx 1}|1+{\rm Re}\frac{zf^{n}(z)}{f’(z)}|d\theta$

$=\int_{|z|\rightarrow 1}|1+{\rm Re}\frac{zf^{\prime\prime}(z)}{f’(z)}|d\theta$

$<2\pi(p+1)$

where $z=e^{\ell\theta},$ $ 0\leqq\theta\leqq 2\pi$ .
From the elementary analytic function theory,

$\frac{1}{2\pi}\int_{|z|=1}({\rm Re}\frac{\pi f^{\prime}(z)}{f(z)-\alpha})d\theta$

must be a positive integer.
Therefore we have
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$\alpha\in s-s’{\rm Max}\frac{1}{2\pi}\int_{|t|=1}({\rm Re}\frac{zf^{\prime}(z)}{f(z)-\alpha})d\theta\leqq p$ .

This shows that $f(z)$ is at most $P$-valent in $|z|<1$ . This is another proof
of Theorem B.

Corollary 1. Let $f(z)\in A(P)$ and suPpose that

(2) $p+{\rm Re}\frac{zf^{(p+1)}(z)}{f^{(p)}(z)}>0$ in $|z|\leqq 1$ .

Then $f(z)$ is $P$-valent in $|z|<1$ .

Proof. By applying the author’s result [1, Lemma 9], by employing the
same method as the proof of Theorem 1 and from the assumption (2), we have

$f^{(k)}(z)\neq 0$ in $0<|z|\leqq 1$

for $k=0,1,2,$ $\cdots$ , $p-1,$ $p$ .
Applying the same method as the proof of Theorem 1, by employing Lemma

A and the assumption (2), we have

$ a\in S-SMax\int_{|t|=1}({\rm Re}\frac{zf^{\prime}(z)}{f(z)-\alpha})d\theta$

$\leqq\int_{|z|=1}|1+{\rm Re}\frac{zf^{\prime}(z)}{f’(z)}|d\theta$

$=\int_{0}^{2n}|1+{\rm Re}\frac{zf^{\prime\prime}(z)}{f’(z)}|d\theta$

$\leqq\int_{0}^{2\pi}|2+{\rm Re}\frac{zf^{\prime}(z)}{f(z)}|d\theta$

$\leqq\cdots\cdots\cdots\cdots\cdots\cdots\cdots\cdots\cdots$

$=\int_{0}^{2Jf}|p+{\rm Re}\frac{zf^{(p+1)}(z)}{f^{(p)}(z)}|d\theta$

$=\int_{0}^{2n}(p+{\rm Re}\frac{zf^{(p+1)}(z)}{f^{(p)}(z)})d\theta$

Since $f^{(p)}(z)$ has no zero in $|z|\leqq 1$ , we have

$\int_{0}^{2\pi}{\rm Re}\frac{zf^{(p+1)}(z)}{f^{(p)}(z)}d\theta=0$

for $z=e^{i\theta},$ $ 0\leqq\theta\leqq 2\pi$ .
Therefore we have
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(3) $ a\in s-sMax\int_{|z|\Leftarrow 1}({\rm Re}\frac{zf^{\prime}(z)}{f(z)-\alpha})d\theta$

$\leqq\int_{0}^{2\pi}(p+{\rm Re}\frac{zf^{(p+1)}(z)}{f^{(p)}(z)})d\theta$

$=2p\pi<2\pi(P+1)$ .
On the other hand, we easily have

(4) $\int_{|z|=1}({\rm Re}\frac{zf^{\prime}(z)}{f(z)})d\theta=2p\pi$ .

From (3) and (4), we have

$\alpha\in s-sMax\int_{|t|=1}({\rm Re}\frac{zf^{\prime}(z)}{f(z)-\alpha})d\theta=2p\pi$

and therefore $f(z)$ is $p$-valent in $|z|<1$ .
Applying the same method as the proof of Corollary 1, we easily obtain

the following corollaries:

Corolary 2. Let $f(z)\in A(p)$ and suppose that

$\int_{0}^{2\pi}|p+{\rm Re}\frac{zf^{(p+1)}(z)}{f^{(p)}(z)}|d\theta<2\pi(P+1)$

where $z=e^{\ell\theta},$ $ 0\leqq\theta\leqq 2\pi$ .
Then $f(z)$ is $P$-valent in $|z|<1$ .

Corollary 3. Let $f(z)\in A(P)$ and suppOse that

$\int_{0}^{2\pi}|1+{\rm Re}\frac{zf^{(p+1)}(z)}{f^{(p)}(z)}|d\theta<4\pi$

where $z=e^{i\theta},$ $ 0\leqq\theta\leqq 2\pi$ . Then $f(z)$ is $p$-valent in $|z|<1$ .

The author is indebted to the referee for helpful comments and suggestions.
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