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Abstract: A semilinear differential equation of the type
w=Au+f(t,u), u(@)=z ™

is considered in locally convex space X, for the existence and stability of its
mild solutions. A is assumed to be the generator of an equicontinuous C,-
semigroup of linear operators and the function f(#,u) satisfies certain condi-
tion in terms of the measure of noncompactness. Existence and stability
results are obtained via fixed point theorem. Examples are given to illustrate
an abstract theory developed here.

1. Introduction.

The main aim in this study is to develop abstract theory of existence and
stability of mild solutions of semilinear differential equations of the form

u=Au+f(t, u) 1.1)
u(0)=z (1.2)

where A is closed densely defined operator on a locally convex topological vector
space (LCTVS) X, ze X, f: R*X X—X and u: R*—>X. The motivation behind
such a study in abstract spaces is mainly because of its successful applications
in the study of partial differential equations (for example see [5], [6], o).
Our main tool is the fixed point theorem via the measure of noncompactness in
LCTVS. In this approach we combine the measure of noncompactness of a
bounded set BCX and the images S(¢)B, t=0 under the C,-semigroup {S(t):
t20} generated by the operator A in[I.I}. As per our knowledge, this approach
seems to be new one. In Agase and Raghavendra we have studied (1.1},
(1.2) in case X is a Banach Space. In this work we generalise some results in

Keywords and phrases: Mild solution, Measure of noncompactness, Ci-semigroup, Q-
condensing. AMS (MOS) Subject classification (1980) : Primary 34 G 20; Secondary 58 D
25; 35 R 15.

(*) On leave from : Department of Mathematics, Science College, NANDED 431602 (INDIA).



34 S.B. AGASE

and add some existence and stability results obtained on the lines of Agase
and Yuasa [11J. The generalization does not seem to be trivial because of
complicated structure of LCTVS. For example semigroup {S(¢), =0} of transla-
tions is a C,-semigroup of contractions generated by A=d/dx in case of a
Banach space but it is not so in LCTVS, (see [8]).

In Section 2, definitions and preliminary results are given. Existence results
are established in Section 3. Conditions sufficient to satisfy our hypothesis on
A are also obtained. Stability theorems are given in Section 4. In Section 5,
two examples of LCTVS are given where in our results may have applications.
The purpose of these examples is theoritical and as such it may not have any
bearing on physical problems.

2. Preliminaries.

Let X be a Hausdorff locally convex topological vector space (LCTVS) and
2 denote a family of seminorms inducing the given topology on X. At times
we denote by U, (in place of ), the fundamental system of neighbourhoods of
0= X. Let S={S(?): t=0} denote a C,-semigroup of linear operators on X, that
is, for each t=0, S(t): X—X is a bounded linear operator with,

SHSh)=SE+h); SO)=I 2.1)
%sm)x:smx, t=0, xeX 2.2)

S is called a C,-semigroup of contractions, (or 2-contraction C,-semigroup), if
for every pe®, x=X, and t=0

(S x)= p(x). 2.3

S is said to be an equicontinuous semigroup of class C, if for any pe@, there
exists a g€ such that

HS®x)=¢(x) for all =0, xeX. 2.4)
The generator A of {S(¢): t=0} is a linear opérator with domain D(A), .
D(A)={xeX: lim L rSthy—ITx exists in x},
nr—o+ R

and 1
Ax=1im =~ [S(h)x—x] for all xeD(A).
h—0+ h

It is well known that D(A) is dense in X.

Let R*:[0, o), I=[a, a4+T], acR*, T>0. For a function u:I[-X, u=

t
%’:— is the derivative in the usual sense and S u(s)ds is the integral in the
a

Riemann sense. Let D be an open subset of X, f:IXD—Xand zeD. Forany A,
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Bc X, clB(or B) and co B denote closure of B, convex hull of B respectively,
and A+B: {x+y: x€ A, yeB}. We consider the semilinear differential equa-
tion (SDE)

u=Au+f(t, u), u(a)=z (2.5)

where A is the generator of an equicontinuous semigroup of class C,.

2.1. Definition. A function u:/—X is said to be a strong solution of SDE
(2.5) if u(t)e DND(A) for all tel, u is differentiable on I and u satisfies SDE
(2.5) on I. It is easy to see that a solution of SDE (2.5) satisfies the following
integral equation

u(t)=S(t— a)z+S:S(t—s) (s, u(s))ds 2.6)
but the converse need not be true,

2.2. Definition. A continuous function u:/—D is called a mild solution

of SDE (2.5) if u satisfies the integral equation (2.6).
We use the notion of measure of noncompactness in LCTVS defined by
Yuasa [11] which is the modified form of the definition introduced by S. Reich

[103].

2.3. Definition ([10]). For a bounded subset B of X, the measure of non-
compactness, denoted by M(B), is defined as

M(B): {Uev: BCK+U for some precompact set KC X}.

2.4. Definition ([11]). For a bounded BC X, the measure of non-precom-
pactness, Q(B), is defined as (U being fixed):

Q(B): {UevU: For any £>0, there exists a precompact set
Kc X, such that BCK+(1+¢)U},

It is obvious that M(B)CQ(B). These measures satisfy the properties listed
in the following:

2.5. Theorem. Let X be a complete LCTVS and A, BC X be bounded. Then
the following hold.

a) If ACB then Q(A)DQ(B)

b) QIAUB)=Q(A)NQ(B)

c) QA= if and only if A is precompact

d) Q(A)=Q(clA)

e) Q(B)=Q(co B)=Q(clco B)

f) If a=b=0 then Q(bA)DQ(aA)
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g QA=Q(\) t4)
h) Q(A+B)=Q(A) for every precompact set BC X.

Proof. (a)-(f) are proved in Yuasa and (g) in Agase [1]. We prove
(h).

Let A be bounded and B be precompact subset of X. If U= Q(A+ B) then
for each >0 there exists a precompact subset K,CX such that A+BCK,+
(1+8U. - Since K;—B is precompact it follows that U= @Q(A) and hence Q(A+ B)
CQ(A). Reverse inclusion can also be realised in the same way and (h) follows.

We denote the class of all functions F from X into ¥ (Y—LCTVS), which
map bounded subsets of X into bounded subsets of Y, as B(X, Y). Further if
F is continuous also then we write Fe BC(X, Y).

2.6. Difinition. An operator F: X—X is said to be Q-condensing if Fe
B(X, X) and Q(B)SQ(F(B)) for every bounded BC X. A function f: R*XX—X
is said to be Q-condensing if fe B(R*X X, X) and for any closed interval ICR*
and bounded BC X, Q(B)SQ(f(IX B)).

2.7. Theorem. Let K be a nonempty closed convex subset of a complete
Hausdorff LCTVS. Suppose F:K—K is continuous and has bounded range. If F
1s Q-condensing then F has a fixed point in K.

For the details of the proof see Istratescu ([4] page 185-187).

Let Y=C[I, X] the space of all continuous X-valued functions on I. We
consider the locally convex topology on Y defined by the family of seminorms
{q.}, where

qa(“)‘—‘s,‘é? Da(u(t)), for all u<Y and p, 2.

28. Lemma. Let feC[IXX, X] and G be defined on Y by

Gy =f(@, y) for all y€Y and tsl.
Then
(i) G:Y-Y
(ii) GeCy,Y)
(ili) G and rf, 0<r=1), are Q-condensing whenever f is so.

Proof. For (i) and (ii) we refer to Millionscikov [7]. (iii) is proved in
when f is M-condensing. For completeness we give the proof in the pre-
sent situation.

Let BCY be bounded. So that B(I) is bounded subset of X and then
f{, B(I)) is bounded in X. Since f is Q-condensing we choose U,=<U such that
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U, Q(fU, B())) but Us& Q(B(D)).

Let p, denote the Minkowski functional of U, (p,€ %) and go the corresponding
seminorm on Y. Set Ui={y€Y :¢,(y)<1}. The following claims establish that
G is Q-condensing.

Claim 1. U;eQ(G(B)).

If the claim is not true then there exists >0 such that for any precompact
KCY, G(B)¢ K+(1+8)U}. But for this >0, by the choice of Ui there is a
precomepact K,CX with f(I, BJ))CK,+(1+8)U, and B¢ Ky+(1+0)U, Let
g€ C[I, R] be such that g(t)=1—t<=I and write Ki={xg:x<K,}. Then K} is
precompact subset of Y. Since G(B)¢Z K,+(1+3)U}, there is a ye B with G(y)
€ Ky+(140)U;. Thus for some te],

G(y)O)=1(t, y()#xg(t)+(1+8)ui(t)

for all x€K, and u;eU;. Since the set Uy: {uog: uocU,}CU), it follows that
G(y)(t)#x+(1+d)u, for all xeK, and uo,€U, But this contradicts the choice
of U, and K,.

Claim 2. Uj&Q(B).

From the choice of U,, it is clear that there exists d>0 and a precompact
set K,CX with G(I, BU))CK,+(1+d)U, but BU)¢ K+(1+d)U, for any precom-
pact KCX. Now if the claim is not true then for this d >0, there is a precom-
pact set K’CY such that BC K’+(1+d)U} which further shows that B(Ihc K'(I)
+A+d)U). Since UyI)cU, and K'(I) is precompact we arrive at a contradic-
tion to the choice of U,.

For 0<r=1, rf is Q-condensing follows easily and hence the lemma.

2.9. Lemma. Assume that {S(t): t=0} is an equicontinuous semigroup of
class Cy on X such that, for any bounded BC X

Q(OSVSISU)B)—:Q(B) 2.7
Let feC[IXX, X] and be Q-condensing. Define a function F on IXY by
S(t—s)f(s, y(s)) a=s=t
F(, y)(8)={ : (2.8)
J(s, y(s)), t<s<T

Then FeC[IXY,Y] and F is Q-condensing on IXY.

Proof. Let BCY be bounded. Then F(I, B) is bounded and F I, B
OSUSIS(X)G(B) where G is as in Lemma 2.8. By using and @Q-condensing

property of G we have Q(F(I, B))DQ(G(B))2Q(B) and hence the lemma.
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2.10. Lemma. Let {S®)}, f and F be as in Lemma 2.9. Then for all tl
and yEYt:‘-C[[a: t]r X]y

[ F, podset—arcleo (F(, y)X0): se(a, 11D

Proof. Obvious from the definition of Riemann integral.

2.11. Lemma. Let {S(t)}, f and F be asin Lemma 2.9. Define the operator
T onY by ‘ ' -

Ty)=S(t—a)z+{ St—sfs, x(s)ds
for all te[a, a+T], y€Y and z fixed in X. Then
(i) TeBCLY,Y]
(i) T is Q-condensing on Y.

Proof. (i) follows easily. :
(ii) Let BCY be bounded. Then B(I) is bounded in X. For each yB

and tel,
Ty@t)eS(t—a)z+(—a)clco ({F(t, y)s): s€(a, h.

Hence
T(B)(I)DEUIS(t— a)z+zg (t—a)clco ({F(t, BYD)}).

Since t\EJIS(t—a)z is compact, it follows that
Q(T(B)(I)))DQ(OSK/‘I'z cleo ({F, BYDHN=Q(F{, B)XI)).

Following the same procedure as in Lemma 2.9 and using Q-condensing property
of F we obtain that

Q(T(B)DQ(FU, B)2Q(B).

3. Existence Theorems.

3.1. Theorem. Suppose that

(i) A is the infinitesimal generator of an equicontinuous semigroup {S(1):
t=0} of class C, satisfying condition (2.7).

(ii) I=[a, a+T], 0<T<1, aeR*, f:IXX—Xis continuous and there exists
0<a<T and ¢>0 such that cf is Q-condensing on [a, a+alXX.

(iii) There is UycU such that SQ)f(¢, x)eMU, for all (t, x)eIXX, A<
[0, 11 and some M,>0. A
Then there exists B, 0<B<T such that for each z€ X, SDE (2.5) has a mild solu-
tion on [a, a+B]. '
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Proof. Let S=min(a, ¢) and J=[a, a+B]. We note that since cf is Q-
condensing on [a, a+a]lX X, Lemma 2.5(f) shows that Bf is Q-condensing. It is
obvious that 8fe B[ Jx X, X]. Assumption (2.7) now shows that SJ S(l),B f(JX B)

’lS bounded for every bounded subset B of X. Further by assumpt:on (iii),
Po(os\JﬂS (Af(t, x))=M, where p, is the Minkowski functional corresponding to Ul,.

If u(t) is a mild solution of SDE on J then for ¢, t'e],
u(t)—u(t)e[S(t—a)—SEt'—a)lz+ |t—1'] ClCOGVfS(l)f(f, u(JND.

Here we have used the fact that for any convex DCX and a, B>0, aD+BD=
(a+B8)D. Then u(t) satisfies,

Do(u(t)—u(t)= po([S(t—a)—S(t'—a)]2)+|t—t'| M, @.1)

From this observation we try to investigate a solution in the subset H of Y
given by H: {ueC[J, X]: u(a)=z and u satisfies inequality [(3.1J}. Then H is
nonempty, closed and convex. Define the operator T': H—H as in Lemma 2.11.
Then T is continuous, T has bounded range and T is Q-condensing. Theorem
2.7 then assures the existence of a fixed point of T in H which is a required
mild solution on J.

3.2. Theorem. If the hypothesis of Theorem 3.1 is true with c¢=1 and a=T
then for each ze X, SDE (2.5) has a mild solution existing on I.

3.3. Theorem. Let I,=[a, a+B], 0<f<oco. Assume c¢=1 and a=T in
Theorem 3.1. Then SDE (2.5) has a mild solution on I,

Proof of theorems 3.2 and 3.3 are similar to that of Theorems 2 and 3 of [T]
and hence omitted. : :
In fact we have a more general theorem.

3.4. Theorem. Assume the hypothesis of Theorem 3.1 with ¢=1, I=R* and
(iii) replaced by (iii)*: Suppose that there exists U,=U and a continuous Sfunction
G(t, ) from R*XR* into R* such that

a) for each t, G(t, r) is nondecreasing in r.
b) for (t, x)e R*X X and 2>0,

PSS (t, x)=G(t, po(x))
¢) for any z€ X, there exists a function g defined on R* such that
g2 pSt—a))+( Gis, glsNds (3.2)
gla)=p(2). (3.3)
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Then for each z€ X, the SDE (2.5) has a mild solution on any compact subinterval
I=[a, a+B], 0<B< 0.

Proof. Let g be as given. Define a set H: {us C[R*, X]: p(u(®))=g(t)}.
Then H is closed and convex. Define T from H into C[R*, X] by

Tu(t)=S(t-—a)z+SiS(t—s) F(s, x(s))ds (3.4)

for all uc H and t=a. Then since po(Tu(t))<g(t), T: H—H. Rest of the part
now is routine (see Agase [1]).

3.5. Theorem. Assume the hypothesis of Theorem 3.4 with p(S(t—a)z) in
(iii)* (b) replaced by any function us C[[a, a+B], X]1. Then the integral equation

w(t)=u(t)+S:S(t—S)f(s, w(s))ds 3.5)
has a solution we C[[a, a+8], X].

Proof. Follows from the proof of Theorem 3.4.

3.6. Remark. Theorems 3.4 and 3.5 generalise and improve similar theo-
rems in Pazy [9] (page 184) except uniqueness.

Now we restrict f:IXD—X where D is open subset of X and combine
ideas in Yuasa to establish the following theorem.

3.7. Theorem. Assume that;

C.) Hpypothesis (i) of Theorem 3.1 holds.

C,) There exists a closed convex bounded set F with z& FC D such that the set
Bo=clco({os\IJSIS(2)f(I, F)}U{0}) is bounded and z+a,B,CF for some a,>0.

Cs) For any bounded set B,CB,CD, there is an interval I,=[a, a+B]CI
and a constant ¢>0 such that cf is Q-condensing on I, X B;.

Then for each z€ D there exists 0<a<a such that SDE (2.5) has a mild
solution on [a, a+al.

3.8. Remark. We note that when X is a Banach space then condition C,
is redundant. (C,) follows from Lemma 3.4 of [2].

Proof of Theorem 3.7. Let zeD, FCD and B, be as in (C;). For this F
we choose >0 and ¢>0 such that cf is Q-condensing on [a, a+B8]XF. Now
set a=min(a,, 8, C) and J=[a, a+a]. Obviously cf is Q-condensing on JXF.
Define the set H by,

H={uesC[J, F]: u(a)=z and for ¢, t'€],
u()—u)e[Sit—a)—St'—a)lz+|t—t'| Bo}.
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Then H is closed convex and bounded in C[J, F]. The operator T : H—H,
defined as in lemma 2.11, is continuous, and Q-condensing (this follows as in

theorem 3.1). Then a fixed point of T, assured by Theorem 2.7, is a required
mild solution of SDE [2.5).

3.9. Remarks. (i) By using arguments similar to the proof of Lemma 2.8
(iii), one can easily verify that the function F(¢, x) defined by (2.8) is Q-con-
densing, for each fixed tI, on tXY, where Y,=C[[a, t], X]. This, together
with equicontinuity of H, helps in the arguments similar to Yuasa to get
a fixed point of T.

(#s) Theorem 3.7 generalizes Theorem 3.3 in Agase and Raghavendra [2].

(127) When A=0 then S(#)=I for all >0, Theorem 3.7 yields Theorem 2 of
Yuasa and Theorem 3.3 gives theorem 3 of Agase [1]. Further results
on noncontinuability and uniqueness of mild solution of SDE can be obtained
on the similar lines. The details are omitted.

(v) If f:IXD—X is locally Lipschitzian ([11]) then the condition (C,) is
satisfied.

We conclude this section by showing that a C,-semigroup of contractions
satisfies our assumption ‘

3.10. Theorem. If {S(¢):t=0}is a C,-semigroup of P-contractions on a com-
plete LCTVS X then for any bounded BC X

Q(OS\IJTS(L’)B):Q(B), T>0.

Proof. Let BC X be bounded and write D=OSHTS(1‘)B for some T>0.

Since BCD it follows that Q(B)DQ(D).
Now let U= Q(B) and ¢>0. There is a precompact set K=K(d) such that
BC K+(1+4¢/2)U. We conclude the theorem via following claims.

Claim 1. There exists 6>0 such that
Ue Q(os\lj“ S@®)B).

Proof. Clearly Dcosgr SK+(1+¢e/2)U. Since K is precompact there exist
points x;, x,, -+, X, such that KC{x;}7,+(e/4)U, that is, chB(xi: P, €/4)
where p is the Minkowski functional of U and

& &
B(x, D, Z—).{yeX. p(x—y)<-4—}».

Now let xB(xy, p, €/4) and t>0. Then



42 : S.B. AGASE

PSHx—x)SPSBx—SE)x)+ p(S(t)xs—x4)
< T HPSOx =10, | @)

By [2.2), there is a 8;=0(x:, p, &) such that for all t€[0, §;], p(S()xi—x)<e/4
and hence yields that S(t)x< B(x4, p, ¢/2) for all t€[0, d;]. Set 6=1r2i‘n 0.

So that for all t=[0, 6] S(¢)B(xi, p, 6/4)C B(x;, p, ¢/2) which implies that, for
each 1=1, 2, -, n, '

S SOB(x0 5. §)eB(x0 5 5).
Thus we obtain

: os\tjsa S(t)KC!os\tjsas(t)[igB(x“ 2 -i-)_l

= ULss08(s . 5)]

= QB(xi, b, %)

1
So that

&
L SOBC | K+(1+5)

t
C{xi}z‘.1+%U+(1+ 3)
={x}i+1+eU.

Therefore U< Q( v S(t)B) where 6=4d8(x,, **-, Xz, D, &).
0slxd
Claim 2. Q(osv‘a S(t)B):Q(OA‘jM S()B) for any positive i§teger n.

Proof. Take n=2. Then by Theorem 2.5(b) .
Q( \J SOB=Q( ), SOBINQ \J S®B) 3.7)

Now
asktzsd S(t)B =S(a([6$\[£tws(t_a>3:l

=S(6([°s\l%6 S@)B].
Since S(4) is a contraction, it follows that
Q(\ ), SOBICQSBIL \ ), S®BI)
=Q(asx’s}zds(t)3) )
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(3.7) now shows that the claim is true for n=2. The claim obviously holds for

any finite n.
We choose n such that [0, T]C[0, nd]. Since DC“QMS(t)B, QD)D

Q(osLlj“S(t)B) and so that U= Q(D). Hence the theorem.

4. Stability Theorems.

4.1. Theorem. Let the hypothesis of Theorem 3.4 be true with (iii)* (b)
holding for every U and (iii)* (c) replaced by the following: for each p,=P
there exists a function q, such that

2.00=pa(St—a)2)+{_ G(S, gu(s)ds @D

8ga(a)=71.(2).

If g, is bounded for each a, then for every z= X, SDE (2.5) has a bounded mild
solution on [a, a+T], 0<T <o,

4.2. Theorem. Assume that

(i) A is the infinitesimal generator of an equicontinuous semigroup of class
C, satisfying _ ‘

(ii) f:R*}XX—X be contiuuous and Q-condensing, f(t, 0)=0.

(iii) There exists a continuous function G(t, r) from R+*XR*—R* such that

(@) G(t, 0)=0, nondecreasing in r for each t<R*,

(b) for (t, x)eR*X X and >0,

p(S@f(¢, xN=CG, p(x) Vpee 4.2)

(d) for any ze X and p,= P there exist functions g, : * R—R* satisfying (4.1}
Then the stability (or asymptotic stability) of the null solution of scalar integral
equations for every a implies the stability (or asymptotic stability) of the
trivial solution of

du
_—dt——Au+f(t: u)‘
Proofs of Theorems 4.1 and 4.2 are almost similar to Theorems 4 and 5 of

Agase and hence omitted.

5. Applications.

5.1. Let X be the space of rapidly decreasing functions on R with the
family of seminorms @={p;,: k, n=0, 1, ---} defined by

5kn(f)=stl§§) Prn(e”*R(S)
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where [R(t)f1(x)=f(t+x) Vt=0, xR and p,,,,(g):ggja;; itéglx’g‘"’(x)l. 2 in-

duces a locally convex topology on X ([3]).
Consider the differential equation

%u(t, x)=$u(t, x)+f(t, ut, x)) in R*xX (5.1)
u(0, x)=u,x), wu,eX (5.2)

The operator A=0"/0x* generates a <-contraction C,-semigroup {P(s): s=0}
defined by P(0)=1.
1 00
(PO IR=—g=|" et p(y)ay
for all xR (see [3]). Define y: R*—X by y(f)(x)=u(t, x) YxeR. Then the
problem can be written as

L —ay+ft 3 i RexX 5.9
y0)=u,, ue X 5.4)

which is of the form [2.5). If f(#, y) is assumed to be locally Lipschitzian with
respect to & (see [11]) then f satisfies condition C; of Theorem 3.7. Further
if (C,) is also satisfied then Theorem 3.7 assures existence of mild solution of

on some suitable interval.

5.2. Let H be the space of real valued C* functions on R™ whose partial
derivatives of all orders belong to L*(R™). It is known (Miyadera or Choe
[3D that it is a pre-Hilbert space with inner product

S = 3 | Dofx)dx

Isn

for all f, geH. Then for each n, {f, f>.=||f|2 Vf<H, defines a norm on H.
For each multiindex a=(a,, @, -+, @,) a seminorm p, is defined on H by

PatH=1D"lo=({ (D= f(x)dx) "

for all feH. The totality I" of these seminorms p, corresponding to all
multiindices a induces a metrizable LCTVS on H.
Consider the Differential Equation

—gi-u(t, x)=Au(t, x)+f(t, u(t, x)) in R*XR™ (5.5)
u(0, x)=u,(x), u,sH, xeR™ . (5.6)

where Azé}( aii )2.
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It is known that ([3]) A generates the I'-contraction C,-semigroup [P(s):
s=0] on H defined by

PO)=I
[P F A= ggmssre | om0 50 £y

Again a map y:(0, o0)—H such that y(t)(x)=u(t, x) Yx=R™, reduces
in the form and can be studied similarly.

As mentioned in the introduction, at present we do not know any physical
problem governed by such equations with a Lipschitz or non-Lipschitz f (having
Q-condensing property). We mention these examples only to illustrate the
abstract theory developed here. In a forthcoming paper we study regularity of
mild solutions of SDE in LCTVS.
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