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I. Introduction.

Let $\{X_{k}, -\infty<k<\infty\}$ be a strictly stationary mixing sequences of reaI-
valued random variables defined on a probability space $(\Omega, d, P)$ . Thus, the
sequence $\{X_{k}\}$ satisfies either the $\phi$-mixing condition

(1.1) $\phi(n)=$ $sup|\frac{P(AB)-P(A)P(B)}{P(A)}|\downarrow 0$
$A\in 3l_{-\infty}^{k}.B\in S_{k+n}^{\infty}$

or the strong mixing condition

(1.2) $\alpha(n)=$ $sup|P(AB)-P(A)P(B)|\downarrow 0$ ,
$A\in.\Re_{-\infty}^{k}.B\in\alpha_{k+n}^{\infty}$

where $\ovalbox{\tt\small REJECT}_{a}^{b}$ denote the $\sigma$ -algebra generated by $X_{a},$
$\cdots,$

$X_{b}(a\leqq b)$ . Assume $EX_{1}=$

$0$ and $ EX_{1}^{2}<\infty$ . For each $n(\geqq 1)$ define $S_{n}=\sum_{j=1}^{n}X_{j}$ and $s_{n}=\{ES_{n}^{2}\}^{1/2}$ . We shall
say that the sequence $\{X_{k}\}$ satisfies the central limit theorem if

(1.3) $\lim_{n\rightarrow\infty}P(\frac{1}{s_{n}}S_{n}<x)=(2\pi)^{-1/2}\int_{-\infty}^{x}e^{-t^{2}/2}dt=\Phi(x)$ .
In [3], several sufficient conditions under which the sequence $\{X_{\iota}\}$ satisfies

the central limit theorem were obtained but the problem of whether the follow-
ing conjecture holds remained unsolved:

Conjecture A. If a strictly stationary sequence $\{X_{f}\}$ is $\phi$-mixing and
satisfies

(1.4) $EX_{j}=0$, $ EX_{j}^{2}<\infty$ , $\lim_{n\rightarrow\infty}V(\sum_{j=1}^{n}X_{j})=\infty$ ,

then it satisfies the central limit theorem.

The main object of this paper is to show if, for a $\phi$-mixing sequence $\{X_{j}\}$

satisfying (1.4), $\{S_{n}^{2}/s_{n}^{2}\}$ is uniformly integrable, then $\{X_{j}\}$ satisfies the central
limit theorem (Theorem 2).
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2. The central limit theorem for strong mixing sequences.

Firstly, we show a lemma.

Lemma. Let a strictly stationary sequence $\{X_{j}\}$ satisfy the strong mixing
condition with mixing coefficient $\alpha(n)$ . Suppose $EX_{j}=0$ and $ EX3<\infty$ . Supp0se

further that $\{S_{n}^{2}/s_{n}^{2}\}$ is uniformly integrable. Then, the characteristic function
$\phi_{n}(t)$ of $S_{n}/s_{n}$ may be written as

(2.1) $\psi_{n}(t)=1-\frac{t^{2}}{2}+t^{2}R_{n}(t)$

where $R_{n}(f)\rightarrow 0$ uniformly in $n$ as $t\rightarrow 0$ .
Proof. By Taylor’s expansion, noting $EX_{1}=0$ , we can rewrite $\psi_{n}(t)$ as

(2.2) $\psi_{n}(t)=1-\frac{t^{2}}{2}-\frac{t^{g}}{2}E[\frac{S_{n}^{2}}{s_{n}^{2}}(e^{i\hslash(s_{n}/s_{n})}-1)]$

for some $h(0<|h|<|t|)$ . Since by assumption $\{S_{n}^{2}/s_{n}^{2}\}$ is uniformly integrable,
so for an arbitrary positive $\epsilon$ , we can choose a number $T=T(\epsilon)$ so large that

(2.3) $ E[\frac{S_{n}^{2}}{s_{n}^{2}}I(\{\frac{S_{n}^{2}}{s_{n}^{2}}>T\})]<\epsilon$ for all $n$

where $I(A)$ denotes the indicator of the set $A$ . Then

(2.4) $|E[\frac{S_{n}^{2}}{s_{n}^{2}}(e^{ih(S_{n}/s_{n})}-1)]|\leqq TE[|e^{ih(S_{n}/s_{n})}-1|I(\{\frac{S_{n}^{2}}{s_{n}^{2}}\leqq T\})]$

$+2E[\frac{S_{n}^{2}}{s_{n}^{2}}I(\{\frac{S_{n}^{2}}{s_{n}^{2}}>T\})]$

Since the first term in the righthand side of the above inequality tends uni-
formly in $n$ to zero as $t\rightarrow 0$, so the conclusion follows from (2.2), (2.3) and (2.4).

Let $G$ be the class of all slowly varying functions which satisfy the follow-
ing conditions:

If $g\in G$ then there exists an integer-valued function $r_{g}=\gamma_{g}(n)$ such that
$\gamma(n)\rightarrow\infty$ and $\gamma_{g}=o(n)$ as $ n\rightarrow\infty$ and

(2.5) $\lim_{n\infty}\frac{g(r)}{g(n)}=1$

holds for all integer-valued function $r=r(n)$ satisfying $r(n)\geqq\gamma_{\iota}(n)$ and $r=o(n)$ .
In what follows, we shall agree to denote by $[x]$ the integer part of $x$ .

Theorem 1. Let the strictly stationary sequence $\{X_{j}\}$ satisfy the strong mix-
ing condition with mixing coefficient $\alpha(n)$ . Suppose $EX_{1}=0$ and $ EX_{1}^{2}<\infty$ . Supp0se

further that $\{S_{n}^{2}/s_{n}^{2}\}$ is uniformly integrable. Then in order that the sequence
$\{X_{j}\}$ satisfies the central limit theorem it is necessary and sufficient that

(2.6) $ s_{n}^{2}=ES_{n}^{2}=ng(n)\rightarrow\infty$ $(n\rightarrow\infty)$
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Proof. Firstly, we show that if (2.6) holds for some $g\in G$ , then $\{X_{j}\}$

satisfies the central limit theorem. As in the proof of Theorem 18.4.1 in [3]

we put

$\lambda(n)=\max\{(\alpha([n^{1/4}]))^{1/3},$ $\frac{1}{\log n}\}$

(2.7) $p=\max\{[\frac{n\alpha([n^{1/4}])}{\lambda(n)}],$ $[\frac{n^{3/4}}{\lambda(n)}],$ $\gamma_{g}(n)\}$ ,

$q=[n^{1/4}]$ , $k=[\frac{n}{p+q}]$ .
Then, it is obvious that

(i) $p\rightarrow\infty,$ $q\rightarrow\infty,$ $k\rightarrow\infty,$ $p=o(n),$ $q=o(p)$ as $ n\rightarrow\infty$ ,

(ii) $\frac{n^{1-\beta}q^{1+\beta}}{p^{2}}=O(n^{-(1+3\beta)/4})=o(1)$ if $\beta>0$ ,

(iii) $ka(q)\leqq\frac{n}{q}\alpha(q)\leqq\alpha([n^{1/4}])\frac{\lambda(n)}{a([n^{1/4}])}=0$ as $ n\rightarrow\infty$ ,

Let

(2.8) $Z_{n}=\frac{S_{n}}{s_{n}}$ , $Z_{n}^{\prime}=\sum_{i\}=0}^{k-1}\xi_{l,\downarrow}$ and $Z_{n}^{\prime\prime}=\frac{1}{s_{n}}\sum_{i=0}^{k}\eta_{i}$

where

$\xi_{i}=\sum_{j=i(p+q)+1}^{\ell(p+q)+p}X_{j}$,

$\eta_{i}=\Sigma^{(i+1)(p+q)}X_{j}$ ,
$j=t(p+q)+p+1$

$\eta_{k}=$ $\sum_{j=k(p+q)+1}^{n}$ $X_{j}$ .

$i=0,$ 1, $k-1$

$i=0,$ 1, $k-1$ ,

By the method used in the proof of Theorem 18.4.1 in Ibragimov and Linnik
(1971), we can prove that for any $\epsilon>0$

(2.9) $P(|Z_{n}^{\prime\prime}|>\epsilon)\rightarrow 0$ as $ n\rightarrow\infty$ .
So, by Lemma 18.4.1 in [3] the limit distribution of $Z_{n}$ coincides with the limit
distribution of $Z_{n}^{\prime}$ . But, by (iii) we can prove that

(2.10) $Ee^{itZ_{n}^{\prime}}-(\varphi_{n}(t))^{k}\rightarrow 0$ $(n\rightarrow\infty)$

where $\varphi_{n}(t)$ is the characteristic function of $s_{n}^{-1}\xi_{1}$ . (See, the proof of (18.4.2)
in [3]). We note here that as $E\xi_{0}=0$, so by Lemma
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(2.11) $\varphi_{n}(i)=E\{\exp(its_{n}^{-1}\xi_{1})\}=1-\frac{t^{2}}{2}\frac{E\xi_{1}^{2}}{s_{n}^{2}}+(t^{2}\frac{s_{p}^{2}}{s_{n}^{2}})R_{n}(t\frac{s_{p}}{s_{n}})$

Where

$\frac{kE\xi_{1}^{f}}{\epsilon_{n}^{2}}=\frac{kpg(p)}{ng(n)}\rightarrow 1$ as $ n\rightarrow\infty$ ,

since by assumption $g\in G$ and by (2.7) $p(n)\geqq r_{g}(n)$ and $kp/n\rightarrow 1$ as $ n\rightarrow\infty$ . Hence,
by (2.11)

(2.12) $(\varphi_{n}(t))^{k}\rightarrow e^{-t^{2}/t}$ as $ n\rightarrow\infty$ .
Now, it follows from (2.11) and (2.14) that $\{X_{j}\}$ satisfies the central limit

theorem.
Conversely, we show that if $\{X_{j}\}$ satisfles the central theorem then (2.6)

holds for some $g\in G$ . By Theorem 18.1.1 in [3]

(2.13) $s_{n}^{1}=nh(n)$

where $h(n)$ is a slowly varying function of $n$ . As in (2.7) we put

$p_{0}=\max\{[\frac{na([n^{1/4}])}{\lambda(n)}],$ $[\frac{n^{\iota\prime 4}}{\lambda(n)}]\}$ ,

(2.14)
$q_{0}=[n^{1\prime}]$ , $k_{0}=[\frac{n}{p_{0}+q_{0}}]$ .

where $\lambda(n)$ is the same one as in (2.7). Then, by the above method we can
prove that

(2.15) $P(B_{n}^{-1}S_{n}<x)\rightarrow\Phi(x)$

where

(2.16) $B_{n}=k_{0}^{2}s_{p_{0}}^{2}=k_{0}p_{0}h(p_{0})$ .
Hence, by (2.13)

(2.17) $\lim_{n\rightarrow\infty}\frac{h(p_{0})}{h(n)}=\lim_{n\rightarrow\infty}\frac{n}{k_{0}p_{0}}\lim_{n\rightarrow\infty}\frac{k_{0}p_{0}h(p_{0})}{nh(n)}=\lim_{n\rightarrow\infty}\frac{B_{n}}{s_{n}^{2}}=1$ ,

since by (2.14)

$\lim_{nr}\frac{n}{k_{0}p_{0}}=1$

and by (2.15) and (1.3)

$B_{n}$

$\lim_{n\rightarrow\infty\overline{s_{n}^{2}}}=1$ .
Analogously, we can prove that for any $P$ such that $p=o(n)$ and $p(n)\geqq p_{0}(n)$

(with $k=[n/(p+q_{0})]$ )
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(2.18) $\lim_{n\rightarrow\infty}\frac{h(p)}{h(n)}=1$ ,

which implies $h\in G$ (with $\gamma_{h}(n)=p_{0}(n)$). It follows from (2.13) and (2.6) holds
for the function $h(n)$ . Thus, the proof is completed.

Remark. Let $\{X_{j}\}$ be a strictly stationary strong mixing sequence satisfy-
ing the following conditions:
(a) $EX_{j}=0,$ $ EX_{j}^{2}<\infty$ and $s_{n}^{2}\rightarrow\infty(n\rightarrow\infty)$ .
(b) $\{S_{n}^{2}/s_{n}^{g}\}$ is uniformly integrable,

(c) $EX_{1}X_{n}\geqq cn^{-1}$ for all $n$ sufficiently large where $c$ is positive constant.

Then, it follows from Theorem 1 that the sequence $\{X_{j}\}$ does [not satisfy the
central limit theorem, since, in this case, for the function deflned by $s_{n}^{2}=nh(n)$

the relation
$h(n)\geqq K\log n$ $(n\rightarrow\infty)$

holds and so $h\not\in G$ .

3. The central limit theorem for a general $\phi$-mixing sequence.

In this section, we consider a general $\phi$-mixing sequence.

Theorem 2. SuPpose that a strictly stationary sequence $\{X_{j}\}$ is $\phi$-mixing and
satisfies $EX_{1}=0$ and $ EX_{i}^{2}<\infty$ . Assume that $\{S_{n}^{l}/s_{n}^{2}\}$ is umformly integrable.

Then, in order that the sequence $\{X_{j}\}$ satisfies the central limit theorem it
is necessary and sufficient that

(3.1)
$\lim_{n\rightarrow\infty}s_{n}^{l}=ES_{n}^{2}=\infty$

holds.

Proof. It is enough to prove that if $ s_{n}^{2}\rightarrow\infty$ , then $\{X_{j}\}$ satisfies the central
limit theorem. We note that if $ s_{n}^{2}\rightarrow\infty$ , then by Theorem 18.2.3 in [3]

(3.2) $s_{\pi}^{2}=nh(n)$

with $h(n)$ being a slowly varying function of $n$ . So, by Theorem 1, it suffices
to prove that $h(n)\in G$ .

As in (2.3), we put

$\lambda(n)=\max\{(\phi([n^{1\prime 4}]))^{1/\theta}, 1/\log n\}$

(3.3) $p(n)=\max\{[n(([n^{1/4}])/\lambda(n))^{1/2}], [n^{3/4}/\lambda(n)]\}$

$q(n)=[n^{1/4}]$ , $k=[n/(p+q)]$ .
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Then, it is obvious that

$p\rightarrow\infty,$ $q\rightarrow\infty,$ $q=o(p),$ $p=o(n),$ $ k\rightarrow\infty$

(3.4) $\frac{n^{1-\beta}q^{1+\beta}}{p^{2}}=O(n^{(1+8\beta)/12})=o(1)$ for some $\beta>0$ ,

$k^{2}\phi(n)\leqq(n/p)^{2}\phi(q)\leqq\lambda(n)\rightarrow 0$ .
Using the above system $\{p, q, k\}$ define $\{\xi_{0}, \xi_{k-1}\}$ and $\{\eta_{0}, \eta_{k-1}, \eta_{k}\}$ as
in the proof of Theorem 1.

We note that by the Schwarz inequality

$E\{\sum_{\ell=0}^{k-S}(\xi_{i}+\eta_{\ell})\}^{2}-2[E|\sum_{i=0}^{k-2}(\xi_{l}+\eta_{i})|^{2}E|\xi_{k-1}+\eta_{k-1}+\eta_{k}|^{2}]^{1/2}$

$\leqq ES_{n}^{2}\leqq E\{\sum_{i=0}^{k-2}(\xi_{i}+\eta_{i})\}^{2}+[E|\sum_{i=0}^{k-2}(\xi_{i+}\eta_{i})|^{2}E|\xi_{k-1}+\eta_{k-1}+\eta_{k}|^{2}]^{1/2}$

$+E|\xi_{k-1}+\eta_{k-1}+\eta_{k}|^{2}$ ,
$i.e.$ ,

$s_{(k-1)(p+q)}^{2}-2s_{(k-1)(p+q)}s_{n-(k-1)(p+q)}\leqq s_{n}^{2}$

(3.5)
$\leqq s_{(k-1)(p+q)}^{2}+2s_{(k-1)(p+q)}s_{n-(k-1)(p+q)}+s_{n-(k-1)(p+q)}^{2}$ .

On the other hand, as by Lemma 18.2.3 in [3]

$\sup_{0\leq j\leq m}\frac{h(m+j)}{h(m)}\leqq 4$ $(m\rightarrow\infty)$ ,

so by (3.2), (3.3) and the fact $q=o(P)$

$\lim_{n\rightarrow}\frac{s_{n-(k-1)(p+q)}^{2}}{ks_{p}^{2}}=\lim_{n\rightarrow\infty}\frac{n-(k-1)(p+q)}{kp}\frac{h(p+q)}{h(p)}\frac{h(n-(k-1)(p+q))}{h(p+q)}$

$\leqq 16\lim_{nr}\frac{2(p+q)}{kp}=0$ .
Hence, in order to prove

(3.6) $\lim_{nr}\frac{h(n)}{h(p)}=\lim_{n\rightarrow\infty}\frac{s_{n}^{2}}{ks_{p}^{2}}=1$ ,

it is enough to show

(3.7) $\lim_{n\rightarrow\infty}\frac{s_{(k-1)tp+q)}^{2}}{ks_{p}^{2}}=1$ .

Now, we note that

(3.8) $s_{(k-1)\langle p+q)}^{2}=E(\sum_{\ell=0}^{k-2}\xi_{\ell})+2E(\sum_{\ell=0}^{k-2}\xi_{i})(\sum_{j=0}^{k-2}\eta_{j})+E(\sum_{j=0}^{k-2}\eta_{j})^{2}$.
By (3.4) and the well-known inequality (Theorem 17.2.3) in [3])
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(3.9) $E(\sum_{i=0}^{k-2}\eta_{i})^{2}=\sum_{t=0}^{k-2}E\eta_{i}^{2}+2\sum_{0\leqq i<j\leq k-2}E\eta_{\ell}\eta_{j}$

$\leqq ks_{q}^{2}+2ks_{q}^{2}\sum_{\iota=1}^{k-2}\phi^{1/2}(lp)$

$\leqq ks_{q}^{2}[1+2\{k^{2}\phi(q)\}^{1/2}]$

$=ks_{q}^{2}(1+o(1))$

and similarly

(3.10) $E(\sum_{i=0}^{k-2}\xi_{\ell})^{2}=ks_{p}^{2}(1+o(1))$ .

Hence, (3.6) follows from $(3.7)-(3.10)$ .
Let $r=r(n)$ be any integer-valued function such that $r=o(n)$ and $r(n)\geqq P(n)$ .

Then, by the above method we can show that

(3.11) $\lim_{n\rightarrow\infty}\frac{h(n)}{h(r)}=1$ .

Thus, $h\in G$ (with $\gamma_{\hslash}(n)=p(n)$) and the proof is completed.
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