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ABSTRACT. A method for constructing the best unbiased predictors in finite
populations are stated by using the complete sufficient statistic in the sense
of prediction under super-population models.
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1. Introduction

In the latest decade various methods for inferences on finite populations have
been proposed and discussed under super-population models, e.g. Smith (1976),
Fuller and Isaki (1981), Hansen, Madow and Tepping (1983), etc.

In this paper methods for constructing the best unbiased predictors in finite
populations are stated by using the complete sufficient statistic in the sense of
prediction under some super-population models as follows.

Let IIy be a finite population of size N, the i-th element of which has the
labels (x;, ;) where x, denotes k-dimensional covariate vector (&, &y, ***, 2)* and
9, objective variate for 1<i<N.

Besides let us assume 17y may be considered to be a sample of size N taken
independently from a super-population /7 with density function f(x, ¥|6).

Further let us take a sample of fixed sample size » from Ty according to a
suitably chosen sampling design p(s) which may depend on the values of covariates
X, X;, *++, Xy observed in advance of sampling.

Then the conditional distribution of y,=(¥.,, ¥, ***» ¥:,)" given X, = (X4, X4,
-++, X,;,) is represented by

L p(s)= fglf(y‘,:x,,, 0),  S=(ir s+ +yin)

where f(ylx, 6) denotes the conditional density function of y given x.

In the following we shall construct predictors of parameters in I7, utilizing
the correlation between x and ¥, such that predictors may depend only on observed
values of ¥,=(¥, Uiy ***, ¥s,)* and X=(x,, X, **+, Xp).

Finally some definitions and a lemma are stated below.
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Definition 1.1. A statistic U is said to be #-unbiased or p-unbiased for a
parameter z in [T, if
Ef{U}=Eyz} or E,{U}=z
holds for all & or y=(y,, ¥., *++, Yx)* respectively, where E, or E, denote expec-

tation operations with respect to the density function f or sampling design p
respectively. Moreover U is said to be pf-unbiased for z if

Eng{U}:"-Eng{Z}
holds for all 4.

Definition 1.2. A statistic 7 is said to be sufficient in the sense of prediction
(pred.-sufficient in short) if T is sufficient for ¢ in the usual sense and if gy, and
z are conditionally independent under any given 7.

Lemma 1.1. Let U be an unbiased predictor of z and T be pred.-sufficient
Jor z, and define Uy by

w1 Uy=EfUIT} .

Then U, is independent of 6 and the relations

1.2) EjUr}=Epz}, and
3 E{(Ur—2}<Ef(U—2)"}

holds for all 0, i.e. U, may be considered to be a G-unbiased predictor for z
obtained by .z'mproving U. _

If T is complete and sufficient for 6 in addition to the above conditions, then
Uy is the best unbiased predictor for z which has the smallest mean square error
of prediction among all unbiased predictors.

The proof of this lemma may be easily achieved by considering that the
qﬁadratic loss (U—=z2)? is convex in U for any fixed z and that g, and z is con-
ditionally independent under any given 7. The optimality of U, for cbmplete
T can be shown by the fact that U, is determined uniquely as a function of T
because of its completeness.

In the following let us adopt the quadratic loss (U—2z2)? as the criterion of
goodness for a predictor U for z.

Note that U is necessarily pd-unbiased if U is p-unbiased or #-unbiased, and
that expectation operations E, and E; may be exchanged under the condition
that x,, x., -+, Xy are all fixed.
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2. Main Results (Normal regression case)

Let us suppose the normal linear regression of » on & in the super-population
IT such that

@.1) N=Po+8&'B+e

where o, B=(8,, Ba, *+, Bi)* are regression coefficients of 7 on &=(&, &, -, )"
and e~ N(0, ¢?).

Then the linear regression model of y on X=(x,, X;, *+++, Xy)' in Iy may be
represented such that
(2.2) U= WT+‘ ,

where W=y, X), 7=, 8, 1x=1,1, -++,1)t and e=(e,, &, ** -, ex):~N(0, o%Iy),
N-variate normal distribution with mean vector 0=(0, 0, ---, 0)* and convariance
matrix ¢2Iy (Iy: the unit matrix).

As to the sample observations y,=(y.,, ¥, ***» ¥s,)'» the similar linear re-
gression holds:
2.3) y=Wr+te,,

where y,=D,y, W,=D,W, ¢,=D,s and D, denotes a diagonal matrix having 1 as
the 7,-th element for j=1,2, ---, # and 0 as the other diagonal elements.
Then it is well-known that the least square estimator

(2.4) P=(W, W)W, y,

is (conditionally) #-unbiased for 7, given X=(x,, x;, ***, X»)’, and its (conditional)
covariance matrix is given by

(2.5 Vo1 X)=a*(WW,)t,
if W,:W, is non-singular.
Now let us construct the best #-unbiased predictor of the population mean ¥
of II, using $ given by in the following way.
Since the population mean ¥ may be represented by as
(2-6) ﬁ:—_-(N)'l].N’y:(l, Xr+e,
then it is easily seen that the predictor T, given by
(2~7) » To=h(ll.)=(1, Et)?

is (conditionally) #-unbiased for %, where ¥=(N)"'1,'X and é=(N)"1,'s.
It is noted that the statistic
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(2.8) T= ( chu yctys)'

is (conditionally) complete sufficient for #=(7, ¢*) in the usual sense under the
normal regression model [2.3). Besides it is easily seen that y, and % are in-
dependent (see Appendix A), i.e. T is complete pred.-sufficient for 4.

Since T, is a function of such 7, T, is proved to be the best unbiased predictor
of ¥ by Lemma 1. Namely T, has the smallest mean square error of prediction
among all unbiased predictors of %, and it is shown after some calculations to be

2.9) EA(To— 371 X)=(*/m{1—n/N)+(x—%,) 5, (ZF—%.)}

where X,=(n)"'1,'X, and 5,=(n)"'X,'X,—%,%,' (see Appendix B).

Now let us get the best §-unbiased predictor of S,?, the population variance
of y in IT,, as follows.

From [2.2) it is easily seen that

i |
@10 EfS/IXI=E W) L yi—51X]

N N 2
=V I @iy tat () S wir) —(N)at
=B SB+1—() e,

where

t —1N — I IRt — [ 0 0 AB°=tA
PN 5 o= B ) 3 |(5)=828

rt=(180! ﬂt) ’ wit——‘—(ly xtt) for léi_S_N’

Ez(N)‘liglw, and ZA'=(N)‘1:ZV} (x;—x)(x;—X)t .

=1
Further it is well-known that the residual variance

is unbiased for ¢® if W,'W, is non-singular.
From [2.10) and [2.11) we can get a #-unbiased predictor as

2.12) Sit=p 5 B+(1—(N) 1 — ) tr[$5;1])82

where 5,=n _Zn‘,l(xi,—i*,)(xq—i.)' and tr{f3; =k for large m. (see Appendix
’=
o)
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3. Discussions

Our method for constructing the best unbiased predictors in finite populations
may be applicable under the super-population models other than normal regression
case, e.g. log-normal or exponential, if there exists a Complete pred.-sufficient
statistic under those models.

In the case where the covariate vectors Xxi, X, «*+, Xy may be designated
arbitrarily in a limited region R, it is an interesting problem how to allocate
those N vectors in R such that the mean square error of prediction can be
minimized, i.e. the so-called optimal design. It should be noted, however, that
such optimal design could not be best if the assumed model is far from the true
model, because the “best unbiased predictor” under the assumed model can not
be unbiased including bigger bias as the difference becomes larger between the
assumed models and true ones.

Thus it is important to check the validity of the assumed model or to select
a suitable model among the family of assumed models.

We will discuss these points in full detail in near future.

References

[1] T.M.F. Smith, The foundation of survey samplig : a Review, J. R. Statist. Soc. A,
139, (1976), 183-195.

[2] W.A. Fuller and C. T. Isaki, Survey design under super-populat:on models, Current

Topics in Survey Sampling, ed. by D. Krewski R. Platek and J.N.K. Rao, (1981),
199-226.

[31 C.E. Sirndal, Implications of survey design for gemeralized regression estimation of linear
Sunctions, J. Statist. Plan. Inf., 7, (1982), 155-170.

[4] M.H. Hansen, W.G. Madow and B. J. Tepping, An evaluation of model-dependent and
probability-sampling inferences in sample surveys, J. Amer. statis. Ass., (1983), 776-793.

Department of Mathematics and Division of Medical Informatics
Yokohama City University Chiba University Hospital
Yokohama 236, Japan Chiba 280, Japan

Appendlx A. Since T contains Z yij as its first component and %=
(N)- 1{ 5 y;,-l—}"_.’ ¥:;} where ¥/ denote the summation over all ¥:,'s other than
the sample U=y Yspr +++» ¥s,),, then it is easily seen that y, and ¥ are condi-
tionally independent under any fixed T by the assumption that y=(y,, ¥;, ***, ¥n)*
be considered as a sample of N independent observations from I7.

Appendix B. Since
—§=1, x)#—-71—¢
=(1, X)W, W, W 'e,—¢
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then
E{(To—9)* X}=0*(1, X')(W,! Wr)—l(ilc >+02/N
—2(1’ it)( le Wx)_l m‘EO{‘tEIX} ’
where
. o[ » nx, --1= . 1+.?‘c2""—1§' _f‘tf.—l
(Ws Wc) [n:r‘. X,‘X,] (n) [ _2"—1&‘ Z‘"—l ]
and

Ey{ez| X}=(e*/N)D,1y .
Therefore we can get
EA(To—9rIX)=*/n{l+%,5;'%,~ 2%, L%+ % 5%} +0*[N—20% N
=(a*/m{(L—n/N)+E,— %) 57" (%,— %)} ,
which proves [2.9).
Appendix C. Since
Ej\fSB\X)=E/itr(2 4B X}
=tr[E BB +n 1625511,
then

EfS21X)=B2B+n10* tr[$5;1]
+(A—=N-1=p1 tr[$5:1])e?
=ﬂtfﬁ+ (1__N—-1)a.2 ’

which is equal to the conditional expectation of S,* given by [2.10).
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