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The multiple Fourier transform is defined by the use of the inner prduct
$x\cdot y\equiv x_{1}y_{1}+\cdots+x_{n}y_{n},$ $x=(x_{1}, \cdots, x_{n}),$ $y=(y_{1}, \cdots, y_{n})$ of $R^{n}$ . A similar transform
can also be defined by using the indefinite inner product $\langle x, y\rangle\equiv-x_{1}y_{1}-\cdots-x_{j}y_{j}+$

$x_{j+1}y_{j+1}+\cdots+x_{n}y_{n}$ of $R_{j}^{n}$ . For the sake of simplicity we assume $j=1$ , and caIl
such a transform the semi-Fourier transform. It is a mixture of one dimensional
Fourier transforms and its inverse, and has the almost same $pro\mu rti\infty$ with the
usual Fourier transform except the coefficient $(-1)$ . It might be useful in the
analytic study of Lorentz manifolds. In this note we state some $pro\mu rties$ of
the semi-Fourier transform and the analogy of Poisson summation formula.

Now we list up some properti\’e of the semi-Fourier transform. Functions
are assumed, unless otherwise stated, to be rapidly decreasing.

$\ovalbox{\tt\small REJECT}_{1}^{-}f(\xi)\equiv\int_{R},$ $e^{-2n\ell\langle x,\xi\rangle}f(x)dx=\int_{R^{n}}e^{-2r\ell(-x_{1}\xi_{1}+x_{2}\xi_{2}+\cdots+x_{r}\xi_{*})}f(x)dx$ ,

$\overline{\mathscr{G}}_{1}^{-}g(x)\equiv\int_{R},$ $ e^{2_{i}\iota t\langle x.\xi\rangle}g(\xi)d\xi$ .

(1) $\mathscr{G}_{l}^{-}f(\xi)=\mathscr{G}^{-}f(-\xi_{1}, \xi_{2}, \cdots, \xi_{n}),\overline{\mathscr{F}}_{1}^{-}g(x)=\overline{\mathscr{G}}^{-}g(-x_{1}x_{2}, \cdots, x_{n})$ .
(2) If $f(x)=f_{1}(x_{1})f_{2}(x_{2})\cdots f_{n}(x_{n}),$ $f_{\ell}\in L^{1}$ , then $\ovalbox{\tt\small REJECT}_{1}^{-}fl\xi\rangle$

$=\check{f_{1}}(\xi_{1})\hat{f}_{2}(\xi_{2})\cdots\hat{f}_{n}(\xi_{n}\rangle$ ,
where $\check{f_{1}}(\xi_{1})\equiv\overline{F}f_{1}(\xi_{1})$ .

(3) Let $\alpha$ be a multi index. $F_{l}[D^{\alpha}f](\xi)=(-1)^{\alpha_{1}}(2\pi i\xi)^{\alpha}\ovalbox{\tt\small REJECT}_{1}^{-}[f](\xi),$ $|(2\pi\xi)^{\alpha}\ovalbox{\tt\small REJECT}_{1}^{-}[f](\xi)|\leqq$

$||D^{\alpha}f||_{\iota^{1}}$ .
(4) $D_{\xi}^{\alpha}F.[f]=(-1)^{\alpha_{1}}F.[(-2\pi ix)^{\alpha}f(x)],$ $|D_{\text{\’{e}}}^{\alpha}\ovalbox{\tt\small REJECT}^{-}.[f]|\leqq\Vert(2\pi x)^{\alpha}f(x)\Vert_{L^{1}}$ .
(5) $\mathscr{F}_{1}^{-}[f(x-h)](\xi)=e^{-2rl\langle h.\text{\’{e}}\rangle_{-\ovalbox{\tt\small REJECT}^{-}.[f](\xi)}}$ .
(6) $\mathscr{G}_{l}^{-}\overline{\mathscr{G}}^{-}.f=f,$ $\mathscr{F}^{-}.\overline{F}_{\iota}g=g$ .
(7) $(f, g)_{L^{2}}=(F.f, \mathscr{G}_{l}^{-}g)_{B^{2}},$ $||F_{l}f\Vert_{L^{2}}=||\mathscr{F}^{\overline{-}}.f\Vert_{t^{2}}=\Vert f\Vert_{L^{2}}$ .
(8) $\mathscr{L}^{-}.[f*g]=F_{1}[f]F.[g]$ .
(1) is fundamental. Almost the rest $is$ derived from it and the formulae for

the usual Fourier transform. Every proof is easy, so we omit it.
Next we treat the analogy of Poisson summation formula. Let $\Gamma$ be a lattice

of $R,$ $f_{1},$ $\cdots,f_{n}$ be a basis of $\Gamma$ . Let $\tilde{f}_{1},$ $\cdots,\tilde{f}_{n}$ be the dual basis of $\Gamma$ with
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respect to $\langle, \rangle$ , i.e., $\langle\tilde{f_{1}},f_{1}\rangle=-1,$ $\langle f_{\ell},f_{j}\rangle=0(i\neq j),$ $\langle\tilde{f_{\ell}},f\rangle=1(2\leqq i\leqq n)$ . Let $\Gamma^{*}$

be defined by $\{x\in R^{n}|\langle x, y\rangle eZ, \forall ye\Gamma\}$ , which is called the dual lattice of $\Gamma$

(w.r. to $\langle,$ $\rangle$) $.\tilde{f}_{1},$ $\cdots,\tilde{f}_{n}$ are a basis of $\Gamma^{*}$ . Let $\Phi$ be the linear isomorphism of
$R$ such that $\Phi(e_{\ell})=f_{\ell},$ $1\leqq i\leqq n$ , and di be a diffeomorphism from $T_{0}\equiv R_{1}/\Gamma_{0}$ to
$ T\equiv R^{n}/\Gamma$ such that $\phi([x])\equiv[\Phi(x)$ [, where $e_{1},$ $\cdots,$ $e_{n}$ are the natural basis of $R$ and
$\Gamma_{0}$ is the lattice defied by $e_{1},$ $\cdots,$ $e_{n}$ .

If $g$ is a function on $T$, then

$\int_{T}g(x)v_{T}(x)=vol(\Gamma)\int_{\tau_{0}}g(\phi(y))v_{\tau_{0}}(y)$

Thus,

$\int_{T}g(x)e^{-2\ell m,x}\langle\rangle v_{T}(x)=vol(\Gamma)\int_{\tau_{0}}g(\Phi(y))e^{-2xi\langle m.l(y)\rangle}v_{\tau_{0}}(y)\sim$

$=vol(\Gamma)\int_{[0,1]^{n}}g(\tilde{\Phi}(y_{1}, \cdots, y_{n}))e^{-2\pi i(-m_{1}y_{1}+n_{2}y_{2}+\cdots+my)}dy_{1}\cdots dy_{n}$

$=vol(\Gamma)\int_{[0,1]^{f1}}g(\phi(y))e^{-2\pi\ell\langle r(m).y\rangle}dy$ ,

where $m=m_{1}\tilde{f}_{1}+\cdots+m_{n}\tilde{f}_{n},$
$\Psi:R^{n}\rightarrow R^{n}\simeq,$

$\Psi(\tilde{f_{\ell}})\equiv e_{\ell}$ . From this we obtain that

$\{\frac{1}{\sqrt{vo1(\Gamma)}}e^{2\pi i\langle m,x\rangle}|me\Gamma^{*\}}$ is an orthonormal system in $L^{2}(T_{x})$ .
And, on the other hand, we know that

$\{e^{2x\ell\langle m.x\rangle}|m\in Z^{n}\}$ is a complete orthonormal system in $L^{2}(T_{0}$,.$)$ .
Thus we can conclude that

$\{\frac{1}{\sqrt{vo1(\Gamma)}}e^{2r\ell\langle m.x\rangle}|m\in\Gamma^{*\}}$ is complete in $L^{2}(T_{x})$ .
Theorem

Let $f$ be a rapidly decreasing function on $R^{n}$ and $\Gamma$ be an arbitrary lattice
of $R^{n}$ , then

$\sum_{ke\Gamma}f(k)=\frac{1}{vo1(\Gamma)}\sum_{ne\Gamma}\mathscr{G}_{1}^{-}f(m)$

The proof goes in the same way as in [1], p. 157, but, where we must $repla\infty$

the inner product (1) by the indefinite inner product $\langle, \rangle$ and must use the above
Fourier expansion on a Lorentzian flat Torus $R_{1}^{n}/\Gamma=T$ instead of the usual Fourier
expansion.
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