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The multiple Fourier transform is defined by the use of the inner product
T YSC Y+ LY 2=y, v 0, 2), Y=, ++ -, ¥.) of R*. A similar transform
can also be defined by using the indefinite inner product <z, ¥>=—=,y,— - —&,¥,+
Zjs1Yye1+ o +,9, of R}. For the sake of simplicity we assume j=1, and call
such a transform the semi-Fourier transform. It is a mixture of one dimensional
Fourier transforms and its inverse, and has the almost same properties with the
usual Fourier transform except the coefficient (—1). It might be useful in the
analytic study of Lorentz manifolds. In this note we state some properties of
the semi-Fourier transform and the analogy of Poisson summation formula.

Now we list up some properties of the semi-Fourier transform. Functions
are assumed, unless otherwise stated, to be rapidly decreasing.

Zf() ES e'*"“”'“f(w)das:S ey ragly bt anbe) ()
R”

R?

Faw=|_ ercoges.

(1) FSO=Ff(—, &, 1 6)y FI@)=FG(— %, Ty, +++, Ta).

(2) If flo) =Ffi@)fs®) -+ ful@a), fie L', then F A8 =£(E)fa(6) -+ ful6a),
where f,(6)=57,().

(3) Letabeamultiindex. &,[D*f](§)=(—1)*1(2xi&)*F,[f1(8), |2r8)*F [f1(OI|=
| D*f || 2.

(4) Di:F [fl=(—DuF [(—2zix)*f(x)], | DEF[f1I=] @Cra)af(x) || .1.

(5) Flf(w—h)]E)=e=mOFf1(5).

(6) F F.f=f, F.F.9=9. |

(7) (s Due=(Ff, Fo@ut, N Fof 2= F o fll2=|fll2

(8) Flfrgl=F[f1F 9]

(1) is fundamental. Almost the rest is derived from it and the formulae for
the usual Fourier transform. Every proof is easy, so we omit it.

Next we treat the analogy of Poisson summation formula. Let I” be a lattice
of R* fi,--+,f. be a basis of I'. Let f;,---,f, be the dual basis of I" with
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respect to <, , i.e., <fi, fo=—1, <fi, [p=0 (#j), <fo, fO=1 @<i=m). Let I'*
be defined by {xeR"|<x,y>€ Z, Vye '}, which is called the dual lattice of I
(w.r. t0 <,>). fi,++,f. are a basis of ", Let ® be the linear isomorphism of
R" such that &(e)=f,, 1<i<n, and & be a diffeomorphism from T,=Rp/I', to
T=R"T such that &(z])=[P(x)[, where e,, -+, e, are the natural basis of R* and
I, is the lattice defied by e,, +--, €,.

If g is a function on T, then

ST"‘”’”T‘”)="°“”§ 9 @)z, @)
0

T

Thus,

S y(w)e‘”“""’wr(w)=vol(1“)ST 9@ y)e-rrimbwy, (y)
T

0

=vol(1’)§ g B Y., ++ -, Ya))e LMVt mayd dy e dy,

[o,1]®

=vol(I’)S[ g@(y))e =T mwdy

0,1)
where m=m,f,+++++m,fn, T: R*— R*, U(f)=e,. From this we obtain that

{—\/—v—(l)———__l(—r—)—ez"“""”lm eF*} is an orthonormal system in L*T,) .

And, on the other hand, we know that
{e=%m= |m e Z"} is a complete orthonormal system in L*T,,,) .

Thus we can conclude that

__=1= 2 i{m,x) *} . " . .
{ Vvoll) € |merr*; is complete in LXT,).

Theorem
Let f be a rapidly decreasing function on R and I" be an arbitrary lattice

of R*, then

T f=—i— T Fifm)

vol(I") mers

The proof goes in the same way as in [I], p. 157, but, where we must replace
the inner product (1) by the indefinite inner product <, > and must use the above
Fourier expansion on a Lorentzian flat Torus R?/I"=T instead of the usual Fourier

expansion.
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