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In the Euclidean two plane E? geodesics are straight lines and they have no
conjugate points along themselves. However, if geodesics are reflected against
some boundary cﬁrve, they might have some conjugate point. The typical ex-
ample of this phenomenon is given by the case that the boundary curve is an
ellipse and the starting point of the geodesic is its one focus. Then the other
focus is a conjugate point of the reflected geodesic. In this note we search the
position (parameter value) of a conjugate point of a reflected geodesic in the
Euclidean two and three planes E? and E®.

First we treat the E? case.

Let P be the starting point of a geodesic ¢, @ be its reflecting point against
the boundary curve f, and we denote the reflected part of the geodesic by d.
The ¢, d, and f are parametrized by arc length. Let P=¢(0) and Q=c(a)=d(a).
Let 6 be the angle at @ between f and ¢ (0=<6<~/2), and k be the curvature of
f at Q. If s, denote the parameter value of the conjugate point of P along ¢
and d, then

Theorem 1. s,=2a%k/cos 6+ 2ak.

Sy—a=—acos f/cos §+2ak. Let r be the radius of osculating circle of f at
@, then k=—1/r. And r<2a/cosf= s,—a>0, r=2a/cos §— without conjugate
point, »>2a/cos §— the conjugate point is imaginary.

A conjugate point R of P along ¢ and d is defined by the one where a non-
zero admissible normal Jacobi field along ¢ and d vanishes at P and R. And an
admissible normal Jacobi field V is defined by the condition that it is a usual
Jacobi field along ¢ and d which is normal to ¢ and 4, and at the boundary point
Q, Viia—)—V(a+)+Srwoy-—r@n V(@) is normal to f where S is the second funda-
mental form of f and V(a) is such a unique vector tangent to f that its orthogonal
projection to 1 T(e—) is equal to V(a—) (L 7T(a—) is the orthogonal complement
of T(a—), and T(@a—)=¢(a—), T(a+)=d(a+t)).

Let us figure some cases when 6=0.
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Proof. Let U be the velocity vector of f at @, X be the unit vector normal
to f such that T(@—)—T(a+)=2cos §-X. Let 1 be the length of V(a—). Then
<V(a—), Up=—1cos b, {V(e—), X>=1sin6, thus we have V(a—)=—1cosf-U+
1sind-X, V(a+)=V(e—)—1tan(T(a—)—T(a+))=—1cos§-U—1cos6-X. Let¥ be

‘the covariant differentiation of E?, and ¢, and e, be the Frenet frame of Jf around Q;

e.(0)=U, ¢,(0)=X. Then, V(a)=—(l/cosO)U, 7' @ (T(@—)— T(a+))=F7 o (2 cos fe,) =
—217,, ye:=2k1U, Sr(u-y-rws V(@)=—2k1U. If we denote by V' the tangential
part to f of the vector V, then, since V'(a—)—V’(@a+)+Srw-)-re+, V(@) is normal
to f, V'(@a+)*=V"(@—)"+Srw-y-r@s V(@). Thus,

T(a)—T(a+)

V'(@a+)=V'(a—)+<V'(@@-), T(a+)) 2(1+cos 26)

+ST (a=)-T(a+) V(d) ’

_ oy <V'a+), T(a+))> L
Vie+)=V"(a+)+ 100890 (T(@—)—T(a+))

=V"(a—)+Sr@- -7 (a+) V(a)

V' (@—)+Sra-r-r@s I7(“), T(a+) T(a—)—T(a+)

1+cos 26

In this way, V’(a+) is determined by V(e—) and V’(a—). If W(s) (s=0) denotes
the reflected part of the Jacobi field V, then W(s)=V(a+)+(s—a)V'(a+). W(s)=
—1{cos 6 + (s — a)(1/a cos 0 + 2k)}U — 1 sin 6{1 + (s — a)(1/a + 2k(1/cos ))}X. Thus
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Wi(s,)=0 for some s5,=0=
cos0+(so—a)<lcosﬂ+2k>=0 and 1+(so—a)(i+ﬂa—)=0
‘ a a cosf

2a°k

~ 2ak+cos8 .

=8,

Now we treat the E*® case. ;

Let P be the starting point of a geodesic ¢ in E? @ be its reflecting point
against the boundary surface M, and we denote the reflected part of the geodesic
by d. The ¢ and d are parametrized by arc length. Let P=c(0) and Q=c(a)=
d(@). Let 6 be the angle at Q between ¢ and M. M is parametrized by a map
P around @, its parameter # and v. And we assume <{P,, P,>=1, {P,, P,>=0,
{P,, P>=1 at @, where <{, > is the inner product of E*. P, and P, can be taken
to be principal vectors with principal curvature %, and k,. Set e=P,XP,. Then
we know that (P,, e,>=—k, {P,, e,>=<{F, e,>=0, <P, e>=—k, e, =—kP,
and e,=—Fk,P,. Let V be a non-zero admissible normal Jacobi field along ¢
vanishing at P and W be its reflection along d. Let 1 be the length of a vector
V(a—), and 7 be the angle between V(a—) and V(@). We set Via—)'=a(bP,+cP,).
And we say that Vi(a) is a conjugate direction if W(s,)=0 for some s,=0. Note
that if 0<s,<a, then the conjugate point is imaginary"

Theorem 2. In case 6=0, a conjugate direction coincides with a principal
direction. The parameter value s, from P of the conjugate point is given by
so=2a*k/1+2ak where k is the principal curvature of the direction.

Proof. 7=0 and V(a—)'=V(a—)= V(@)= W(a+)=abP,+acP,. Since V'(a—)—
W/ (@+)+Srw-y-ras, V(@) is normal to M, V’(a—)—W'(a+)+Sra-r-ras V(@)=0,
W' (a+)=V"(@—)+Srw-)-rw@s V(a). And since V is a Jacobi field in E?, V()=
(t/a)V(e—). Thus V'#)=(1/a)V(e—)=(1/a)V(a—)'=bP,+cP,. On the other hand,
from T(@a—)—T(a+)=2e, we obtain Fv e (T(@—)—T(a+)) =2 sp,+acp,e = 2a(be,+
ce,) = —2a(bk,P,+ck,P,). Consequently, Sru-)-ra+ V'(a) = 2a(bk,P,+ck,P,), and
W' (a+)=b1+2ak,) P, +c(1+2ak,)P,. W(s)=W(a+)+(s—a)W'(a+)=bla+(s—a)(1+
2ak )P, +cla+(s—a)(1+-2ak,)}P,. Wi(s,)=0=0=b{a+(s,—a)(1+2ak;)} and O0=cla+
(so—a)(1+2ak,)}.

(1) Case b=0; c¢#0, thus s,=a—a/l+2ak,=2ak;/14-2ak,. W(s)=ca(s,—s/
s,—a)P,, Vi@)=acP,. Thus the principal vector P, is a conjugate direction, and
its parameter value s, of the conjugate point is given by s,=2a%k,/1+2ak,.

(2) Case ¢c=0; b+0, and the principal vector P, is a conjugate direction
and its parameter value s, of the conjugate point is given by s,=2a%,/1+2ak,.
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(3) Case b0 and ¢+0; then kb, =k, =k, s,=2ak/1+2ak, W(s)=(s,—s/s,—a) V(a).
Conversely in case k =k, =k, setting s,=2a%k/1+2ak, we obtain W(s)=(s,—s/
so—a) V(a) for any b and ¢. Thus in this case the conjugate point occurs if and
only if the point @ is umbilic, and any direction is conjugate.

(1), (2), and (3) are summerized as in the statement of the Theorem. O

Theorem 3. In case 0+0 and Q is umbilical with the principal curvature
k+0, there are two conjugate directions. Namely the one is the same direction
with ¢ and d, in which case the parameter value of the conjugate point is s,=
2a*k/cos 0-+2ak, and the other is perpendicular to ¢ and d, in that case the para-
meter value is s,=2a*k cos 6/1-+2ak cos 6.

Proof. We take P, to be normal to T(a—) and T(a-+), i.e., {T(a—), P,>=0 and
<T(a—), P,>=sin6. Since T(a—)=sinf-P,+cosf-e and V(e—)=abP,+acP,+1tan-
cosf-e, we have V'(a) =V(ea—)—1tany-T(a—)=abP,+ (ac—1tany-sin§)P,. And
T(a—)—T(a+)=2cos 6-e, thus 77 q(T(@a—)—T(@+))=2 oS 6-F ayp, + aeitanysing p,€=
2 cos 6{abe, + (ac — 1 tan 7 - sin f)e,} = —2 cos 6 - {abk,P, + (ac — 1 tan 7 - sin 6)k,P,},
Stas-ras V(@) =2 cos 8-{abk, P, + (ac—1 tan 7-sin 6),P,}. Since Via—)— W(a+)+
Sr@--ran V(@) is normal to M, we have V(a—)'— W(a+)'+Srw-y -1+ V(@)=0,
W(a+)'=V(@—)+Sru-y-rw@s»V(@. On the other hand, V(t)=(t/a)V(ia—), V'(a—)=
(1/a)V(a—), V'(a—)'=(1/a)V(ea—)'=(1/a)V(a—)—I/a tan p-cos §-e. Thus, W(a+)'=
(1/a)V(a—) —llatan - cos 0 - € + Sray_r@s V(@) = {b + 2abk, cos 6} P, + {c + 2k,(ac—
1tan 7-sinf)cos 6}P,. Let 7’ be the angle between W’(e¢+) and W’(a+)!, and 1’
be the length of the vector W'(a+)!, then W’(a+)=W’(a+)'—1’tany’-e. Since
W(a+)=abP,+acP,—1tan7cos§-e, we have W(s) = W(a+)+(s—a) W' (a+)={ab+
(s—a)(b—+2abk cos 0)} P, +{ac+(s—a)[c+2k cos (ac—1 sin 6 tan )]} P,—(1 tan  cos 6+
(s—a)l’ tan7’)e. Consequently |
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@ O=b{a+(sy—a)(1+2ak cos 6)}
W(s))=0={®@ O0=ac+(s,—a)[c+2k cos #(ac—1 tan 7 sin 6)]
® O=1tan»ncosf+(s,—a)l’tany’ .

(1) Case b=0; V(a—)'=acP,, ¢<0, =0, 1=—ac/cos§. Thus, from @, we
obtain s,=2a%k/cos §-+2ak.

(2) Case ¢=0; V(@a—)=abP,, b+0, n=0. From (@, we obtain s,=
2a%k cos 0/1+2ak cos 6. ,

(3) Case 5+0, and c+0; From @ and @, s=2akcos6/c+ 2kcosf=
24’k cos 6/1+2ak cos 8. Thus ktan»=0. Since k+0, it follows that »=0, which
contradicts ¢#0. Therefore in this case there are no conjugate directions.

(1), (2), and (3) are summerized as in the statement of the Theorem. 4

Theorem 4. In case k,=Fk,=0, any direction is a conjugate direction and its
barameter value of the conjugate point is s,=0.

Proof. The Proof of can be applied except for a little modifica-
tion of (3). O
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