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1. Introduction

An immersion f of an m-dimensional shere S™ into an M-dimensional sphere
S¥(r) is called an isometric minimal immersion f: S™(1)->S¥(r) if f: S™—>S¥(r) is a
minimal immersion and, at the same time, f: S™(1)—>S¥(r) is an isometric immer-
sion. In the present paper we study some properties of isometric minimal immer-
sions f, which are said to be of order s and which send a standard m-sphere
S™(1) into a sphere S*~!(») such that m»=3, s=4 and

n=02s+m—1)(s+m—2)!/(sl(m—1))),
ri=m/(s(s+m—1)) .

We consider S™(1) as the unit hypersphere of R™*! and S"(») as a hyper-
sphere of R® with radius » and with center at the origin. We fix an orthonormal
basis {e;, ***, €,+:} in R™*' and an orthonormal basis {¢,, ---, é,} in R*. Then the
image f,(x), x €S™(1), is expressed by » coordinates f4(u(x)), A=1, -+, n, where
u(x)=u'(x)e,+ -+ - +um**(x)en+1, |lu(x)]|=1, and f4(w) are homogeneous harmonic
polynomials of degree s in #!, ---, u™*! satisfying

2 (fHi=rt.
A
Besides, f4(u(x)) must satisfy the isometry condition

2 (0f4/0x")(0f*/0a*) =g 2

where z* (1=1, ---,m) are local coordinates of the point # of S™(1) and g,; are
the local components of the standard Riemannian metric g on S™(1).

Such minimal immersions were first studied by M. do Carmo and N. Wallach
[1]. On the other hand the notion of isotropic immersions was introduced by B.
O’Neill [4]. Recently K. Tsukada studied the cases where f, becomes isotropic
[6]. He studied also the relation between helical geodesic immersions and isotropic
immersions.
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The present author also studied isometric minimal immersions f,: S™(1)—>S* ()
by his own way and found that there exists a linear space D, of some bi-
symmetric tensors of bi-degree (s,s). This space is essentially the space W, of
do Carmo and Wallach and to each equivalence class of immersions f, there cor-
responds an element of D*,. This space is a linear subspace of B™, which is also
a space of some bi-symmetric tensors of bi-degree (s, s).

In the present paper j-isotropic elements of D7, are defined and higher funda-
mental forms of an immersion f, are investigated when the element C of Dp,
associated with f, is j-isotropic. For that purpose higher fundamental forms of
a standard minimal immersion 4, are first obtained in explicit form. It is proved
that higher fundamental forms B, -+, B, of an immersion f, are isotropic if and
only if C associated with f, is j-isotropic.

In §2 we reproduce some of the results obtained in [2]. There we explain
definitions and notations most frequently used in the present paper. In § 3 iso-
tropic elements of D7, are defined and their properties are studied. In studying
properties of higher fundamental forms it became clear that some properties of
spherical harmonics play an important role. So these together with some properties
of symmetric tensors were studied in and the results are cited in §4. These
are used in §5 in order to construct some symmetric tensor fields of isometric
minimal immersions which are closely related to higher fundamental forms. §6
is devoted to some study on the unit element U of B,, which we use in §§7, 8
in order to get higher fundamental forms of a standard minimal immersion.
Thus an explicit formula is obtained for each fundamental form. In §9 we get
some of the higher fundamental forms of an isometric minimal immersion. §10is
devoted to isotropic property of higher fundamental forms.

The author wishes to express his hearty thanks to Professor K. Ogiue for
his kind encouragement and to Dr. K. Tsukada whose study invited the autor to
the present study.

2. Preliminaries

We consider S»(1) as the unit hypersphere of R™»*! where we have fixed an .
orthonormal basis {e,, -, éx:;}. On the other hand we take in R* an orthonormal
basis {é,, - -+, é,} and a hypersphere S* () where the center is the origin and the
radius is . # and 7 are those given in §1. Indices used most often in the present

paper are '
A,B, -.-::1, .-o’n’

PQ,-.--=1, cee,n—1,
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a,b,--.,h,z‘,..._—_;]_,...,m_i_l’
a,ﬂ,“-,x,l,---:l,...’m

for which the usual summation convention is used if possible. But this does not
mean that these letters cannot be used otherwise.

We use the position vector X=X4¢, for a point of R* and, at the same time,
local coordinates (Y1, ---, Y* 1) for a point of S*"1(r). As we consider S*"!(r) as
a hypersphere of R" as stated above, we have X4=X4(Y", ..., Y*!) or shortly
X4=X4(Y) for a point in a coordinate neighborhood of S* (). We use local
coordinates (!, ---, 2™ for a point of S™(1) assuming that any immersion f we
consider in the present study sends each coordinate neighborhood of S™(1) we take
into a coordinate neighborhood of S*~i(») so that f can be expressed locally by
YP=Y?(x! «++, 2™ or YP=YP(x) for short where P=1, ---,n—1.

We use the position vector u=wu‘e, for a point of S™(1) hence u(x)=u'(x)e; for
a point & of S»(1).

Let f: S™(1)->S*!(») be an immersion such that

S(@)=f4(u(x))é, , ,‘; (f4(u(x))):=7*

where f4(x) are homogeneous harmonic polynomials of degree s in %, namely, in
ut, -+, u™". Then we have

2.1 Ao fA=2f4, A,=s(s+m—1)

where 4, is the Laplacian on the standard sphere S™(1). f is called an immersion
of order s and we denote it by f,. As a result of a well-known theorem of
Takahashi [5] we see that, if £ is an isometric minimal immersion S™(1)—>S¥(p)
where S¥(p) is a hypersphere of some radius p in R¥*!, then f is necessarily an
immersion of some order s.

The functions #*(x) are eigenfunctions of 4, satisfying d.u*=mu*. It is well-
known that, for each eigenfunction ¢ satisfying 4.¢=21,0 there exists just one
homogeneous harmonic polynomial

F=F¢1...¢.u‘1 e ui'
of degree s Such that
P@) = Fy...sds(®) -+ - w's(z) .

The number n=2s+m—1)(s+m—2)!/(s!(m—1)!) is the dimension of the space
H™+* of homogeneous harmonic polynomials of degree s. It is also clear that a
homogeneous harmonic polynomial F of degree s determines a symmetric tensor
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t such that {(v, «--,v)=F(@, --+,v). This fact allows us to use the letter F for a
symmetric tensor too when it satisfies

Z‘: F(et’ €sy Vgy ** 'I),)=0
for arbitrary vectors v, +++, v, of R™*1,

Definition of tensors F4. Suppose we have an immersion f, of order s. From
what we have stated above we can define » symmetric tensors F4 of degree s
such that f4(u(x))=F4(u(x), + -+, u(x)) and

(2-2) ; FA(eh €y Usgy vs)=0 .

F4 are called the tensors of degree s associated with the immersion f, of order s.

Definition of B*,. The linear space B, is defined as the space such that
Ce Br, if and only if the tensor C of degree 2s satisfies the following conditions
@), (i), (i) where o,, +--, v,, are arbitrary vectors of Rm*!:

(i) C,y, +++, v, Vysyy =+ ¢, 0y,) is symmetric both in v, +++, v, and in v,,, ** +,vs,,

(ii)) Cy +++ 055 Vysty » 2+, 02)=C04s1y + 20, V355 0y, *+ 2, 1),

(iii) iZ: Cley, €4y Vgy *+ 2, U, Vgyyy » 00y Vgy)=0.

B, is called the space of bi-symmetric harmonic tensors of bi-degree (s, s).

Definition of D:", We define a linear subspace D=, of B, as follows:
CeDy, if and only if Ce B, and satisfies
(iv) Cw,w,v, -+, v;v,-+,0)=0 for arbitrary vectors v and w of R=+!,

Definition of f,,,., When f, is an immersion of order s, we define a tensor
f... of degree 2s by

2.3 ﬁ,.——:; FAQF4 .

f... belongs to B™, and is called the tensor of degree 2s associated with the
immersion f,. -

It is to be minded that, hitherto, isometry condition is not taken into account.

The set of isometric minimal immersions f, of order s was classified by do
Carmo and Wallach [1] into three classes, namely, standard minimal immersions,
non standard full isometric minimal immersions and non-full isometric minimal
immersions.

We take an isometric minimal immersion f, and a standard minimal immersion
h,. f.,. associated with the immersion f, is common to all isometric minimal
immersions belonging to the same equivalence class [f,] as f, (see [2] Theorem 3.
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3). The tensor of degree 2s associated with standard minimal immersions 2, is
denoted by A,,,. Then we have f,,—h,,, cDr, §6). Conversely, if d,,,€Dr,
and if ¢, <t<t, where (,,1,) is a certain interval depending on 3,,,, then h,,,+t3.,.
is the tensor f,,, of degree 2s associated with some isometric minimal immersion
f.: S*(1)>S*(»). C=f,,—h,, is then called the element of D, associated with
the isometric minimal immersion f,.

Now, in terms of the position vector X=X4é,, the local coordinates Y* (P=
1, +-+,#—1) and the local coordinates z* (¢+=1, ---, m), we can write for an iso-
metric minimal immersion

2.9 X4(x)=XAY(x)=F4(u(x), -+ -, u()) .
Thus, using the notations X4=0X4/0Y?, X,4=0X4/ox?, Y;F=0Y7%/ox?, we have

2.5) XA=X4Y,P

=sF4(0,u(x), u(x), + -+, u(x))
where 9;=43/0x*. Let us use V as the symbol of covariant differentiation in the
sense of Van der Waerden-Bortolotti with respect to S™(1)=(S™, g) and S*!(»)=

(8%, §). Hence FV may be the Riemannian connection of S™(1) or of S" ()
according to cases and F#=d,#. Then as f, is an isometric immersion, we have

V,,Xz“ - Y',,Q YzPVQXPA -+ XPAVI, Y)P

where

24: XA Xp =Gop » VoXph=—r"fer X4,
hence
(2.6) V XA=Xp4 Y ,F —r g, X4

because of g,,=g¢Y . 0Y,".
u" are eigenfunctions of the Laplacian on S™(1) and satisfy

2.7 ;‘ u)=uu'=1,
2.8 V u'Viut=0*—u'u* ,
(2.9) VyutVlu":g;d ’
(2.10) Vit =—g ™

where u,=u* and V*=g*¥,.

Thus, in view of [2.10), we get from
(2.11) V, XA=s(s— 1) FAW ju, Vo, 10, + -+, ) —5g X4 .




164 YOSIO MUTO

Let us define X%, by

(2.12) X =V, Xy +r2g,, X4,

namely, by

2.12)’ Xba=s(s—V)FAW ju, Vou, u, + -+, u)+(r2—s)g. X4 .
Then we have, in view of [2.6),

2.13) X=X, Y,®.

The tensors of degree s associated with a standard minimal immersion h, are
denoted by H4. Hence we have

fu=% FQF4,  h,,=T H'QH
A
and
2.14) 2 F*QF*=3 H*QH*+C, CeDr,.
A A
The unit element U of Br, is defined in §4 of [2]. Its formula is
(2-15) U(wly ety W Uyt ey, vs)

=a0'~<7w<w11 vl> e <w.n vs>+ Elaq‘yw‘yv<w1, w2> te <w2q—1’ w2q>

<vla 7)2> cee <vzq—1’ v2q>

<w2q+1’ v2q+1> tee <wn vl>
where a, a,, - -+, a, are certain numbers, < , > denotes the ordinary inner product
in Rm*1, &7, (resp. .&%,) is the symmetrizer with respect to w,, -+, w, (resp. v,, +++, v,)
and ¢ (=[s/2]) is the largest integer satisfying 206<s. U and HA satisfy (see [2] § 6)

(2.16) U=(1/c¢) }A: H*®@H4

where ¢’=r%/(ay+a,+- -+ +a,).

Notations. We prefer to use notations such as g(ud), ¢(w --- x) for Gut» Porex
and so on sometimes. We also use abbreviated notations defined as follows:

FAQ=F‘Cu, u, -+, u),
Fw -  D=FAT by ++, Vot 0, -+, %) ,
Uw: - D=UTutty -+~ Vittyt, 06, %, -+, %) ,
Uw - 38 a)=UWott «+, Vith, 4y 85 Vsthy ++, Vthy thy +=+, )

If S, e T,°(S™(1)) is a symmetric tensor field and ¢ is a tangent vector field of S»(1),
Si(¢, -++,¢) is denoted by S,(). Similarly we define F4(¢), X,A(#), (DX 4@ by
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FA®=FA¢t, -+, t,u, ---,u) (ilinear in ¢,

FA@t)=F*u, -+, u)=f4 (do not depend on %),

XA =XAE, ---, 1) (i-linear in t),
(DXABO=P (XA D) —iXA{, «++,t,Vt) ((+1)-linear in ?)

where X4e T,°(S(1)). <, >~ denotes the inner product in the tangent space of

S*~1(r) with the Riemannian metric § and ¢ , >® denotes the ordinary inner pro-
duct in R".

3. Isotropic elements of D7,

Definition 3.1. We define the function I, R™!X...XR**!xXR"*' >R by
Pp.q(wly ey Whigs v)=C(w1, ey Wpy Uy ooy, U, Wpiny *° Wpigs Vy ¢, 1)).

Definition 3.2. We define the function C,,,;: R™*'X R™*'-R by restricting I',,,
to the domain w,=w,=+:+-=w,,, so that

Codw, 0)=C(w, +++,w,v, +++,0; W, +++, W, 0, ++,0) .
Thus C,,,(w, v) is of bi-degree (p, q) in w, C,, (w, 0)=C,_p,—o(v, w) and C,,,=C,,,.

Definition 3.3. We say that Ce Dy, is isotropic of order p when C,, ,(w,)
does not depend on the choice of the orthonormal set {v, w}.

C,., is identically zero for any element C of D7, if p+¢<3 (see [2] §6, §7).
Thus we have

(3.1) C..=0 if p+g=<3 or p+g=2s—3

and every element of D7, is isotropic of order 1.
Let C}, be the function obtained from C,,, when the domain is restricted to
orthonormal sets {v, w}. Considering the rotation

3.2) v'=vcosf+wsin@ , w'=—vsinf+wcos@,
we can deduce from C}*=C;* =0 the identities

(3_3)C4>|.‘o+SC§'f1:3C2":0 ’
(5—2)0551“‘(8—1)02":2=2Cf1+cn2‘o .
As we have C¥,=C}¥ =0, we get
Citi=—((s—1)/(s—2)C¥: ,
C:’fo—_—(3(3—1)/((3—2)(3—3)))C§'fz

and this proves that, if C is isotropic of order 2, then C¥, and C}, are also con-
stants.
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Thus we can put, if {v, w} is orthonormal,

Clw,w,w,w,v, «++,v;v, -+, 0)=Fk

where & is a constant. Let the set {v, w,, w,} be orthonormal and put w=w, cos 6+
w,sind. Then we get

Clw;, Wy, wo, Wo, v, =+, 0; 0, «++, V)=k/3 .
Thus we have

Cle, e, 6,656, 0,058, +,6)=0,

Cles, €, 05, 05,01, 4+, 65581, -2+, €)=k,

Cleo, €55 €, 65501, -, 855 €1, +++, €,)=k/3

for a=3, ---,m+1. As C satisfies (iii) we get k+(m—1)k/3=0 which proves k=0
and the following lemma.

Lemma 3.1. If an element C of D?, is isotropic of order 2, then C,,,=C,, =
C.,.=0 identically.

That this lemma is valid for any set {v, w} is proved as follows. Any vector
w is a linear combination of » and a vector w’ normal to v. In view of the
identities we easily get the lemma.

Returning to the orthonormal set {v, w} and the rotation [(3.2), we get from

(3-3) C4.O=Ca,1=C2,2=O

the identities
(s—4)C¥y+sCk, =0,
(s—3)C¥,+(s—1)C¥,=0,

C¥=0
if s=5. Thus we get, in view of [(3.1) and ((3.3),
(3.4) C5,0=C4,1=C3,2=0 .

The results obtained above prove the following corollary.

Corollary 3.2. Suppose s=5. If an element C of DI, is isotropic of order
2, then C, ,=0 identically for any integers p, q=0 such that p+q=5.

If s=4, C;,, does not exist, but is valid in the sense, C,,,=C;,,=0, which
is equivalent to C,; ,=C,,,=0.

Extending the method used in deducing Lemma 3.1 and to more
general cases, we easily obtain the following theorem where j-isotropic elements
are defined as follows:
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Definition 3.4. Let C be an element of D7,, m=3, s=4. C is said to be
j-isotropic if C is isotropic of order 2, 3, --.,j simultaneously where j<o=[s/2].

Theorem 3.3. Let C be a j-isotropic element of D*,. Then we have C, =0
if p+q=2j+1. If C is o-isotropic, then C vanishes.

It is easy to deduce from that every element C of D7, satisfies

C(a:bycyv, e, 0,0, "',1))—_—"0,
C(a,b,v, e, 00,0, "'70):0

for arbitrary vectors a, b, ¢, v of R™*! (see §7). Replacing v by v+td where
v and d are arbitrary vectors of R™*! and ¢ is a variable number, we get

(s—3Ca,b,c,d,v, -++,v;v, -+, 0)+sC(a, b,c,v, -+, v;d,v, -++,0)=0,
(s—2)C(a,b,d,v, «--,v;c,v, +++,v)+(s—1)C(a, b, 1), e, v;0,d,0, 0+, 0)=0,
hence
C(a’ b’ Cy Uy oo, 0 d: v, "‘,U):-_——((S'—S)/S)C(d, b’ C, dy Uysoy 0,0y, U) ’
Ca,b,v,---,v;¢,d,v, -+, 0)=—((s—2)/(s—1))C(a, b,c,v, -+, v;d,v, ---, V) .

Suppose C is isotropic of order 2. Then C,,,=0 and we have C(a,b,c,d,
v, 00, ++,0)=0 as C satisfies (i). Thus we have the following lemma.

Lemma 3.4. Let C be isotropic of order 2. Then

C@a,b,c,d,v, -+, v;v,-++,0)=0,
Ca,b,c,v,++-,v;d,v,+++,0)=0,
C(a’b, Uy, 2o, 0 c,d,v, "',v)=0
hold for any vectors a, b, ¢, d, v of R™*!,
This lemma states that, if C is isotropic of order 2, then I",,, is identically

zero for p+g=<4. In order to get the following corollary from |Corollary 3.2| and
we can use the process used in deducing

Corollary 3.5. Let C be isotropic of order 2. Then I',,, vanishes identically
if p+q=5.

Extending further the method used above we can deduce the following theorem.

Theorem 3.6. Let C be a j-isotropic element of DT, where j<a. Then I',,
vanishes identically if p+q=<2j+1.

We also get the following theorem.

Theorem 3.7. Let C be j-isotropic where 2j+2=s and let p, q be a pair of
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numbers such that p-+q=2j+2. If Ck(w,v) does not depend on w, then C is
(7 +1)-isotropic.

Proof. As C is j-isotropic, we have C, (w, v)=0 if p+¢<2j+1. Hence we

have
(S—P)Cp+1.q+ (S_Q)Cp,q+1=O

for any p, ¢ such that p+g=2j+1. As no one of s—p and s—gq vanishes, we
see that we have to prove only the following assertion. If C}X,, .(w,») does not
depend on w, then C is (j+1)-isotrpic. Thus we assume

Cw, -+, w,v, -+, 0,0, +++,0)=c) .
Then, taking an orthonormal set {v, w,, w,} and putting w=w, cos 64w, sin 4, we get
Clwyy wy Wy, » oo, Wy, 0, 22+, 0; 0, +++, 0)=c(®)/(2j+1) .
Thus we have

Cle, e, 6 -0, e,6,, 2,85 €, +++,0)=0,

Cless €2, €55+ 2=y €315 22+, €558, -+, €)=0(0) ,

Clessny 35272, €, €1, 202, €55 €15+ =+, €)=c(v)/(2]+1)
where the third formula is obtained by putting w,=e,, v=e,, w,=e¢, (@=3, -,
m+1) in the formula obtained above. From this result we get, in view of (iii),
c(v)=0 which proves '

Definition 3.5. From the tensors F* defined in § 2 we define functions F,4(w, v)
which are of degree » in w and of degree s—# in v by

FAw, v)=FAw, «++,w,v, +++,v) .

Similarly we define H;‘ from H4. FAw,u) (resp. HA(w, u)) wheré u is the posi-
tion vector of x€S™(1) are denoted by F.,4(w) (resp. H,4(w)) for short.

Definition 3.6. We define 7', R**X -+ XR""1XR"'>R by T, (w,-:-,

Wy )I=U( Wy, ooy Wy Uy 0y U Wiy, ** 0, Wpigy ¥,y <+, 0) and U, o R™1X R >R
by restricting 1',,, to the domain w,=:--=w,,,, thus U, (w,v)=Uw, -+, w,
v, 05w, 00, W, 0, ++,0v). Hence, in view of (2.15), U, (w,v) has constant

value depending only on p and ¢ if the set {w, v} is orthonormal. Besides U,,,=0
if p+q is odd.
From Definition 3.5 and (2.14) we get

(3.5) § FA(w, v)FAw, v)=§ HAw, v)HAw, v)+C,,,w, ) .

On the other hand we have, in view of (2.16),
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(3.6) 2 HAw, v)H Aw, v)=c'U,,,(w, v) .
A

Thus we have the following theorem.

Theorem 3.8. Let C be the element of Dr, associated with an isometric mini-
mal immersion f,. S™(1)>S""(r). The following condition (a) is equivalent to (p).

(a) C is j-isotropic

B X FAw,v)F,Aw,v) is independent of the choice of the orthonormal set
{w, v} forAall g, v such that q+r=2j+1.

4. Some properties of spherical harmonics and symmetric tensors

In this paragraph we give some results obtained in another paper [3]. Thus
proof is omitted here.

A spherical harmonic ¢ of order s on the m-sphere is considered as a homo-
geneous harmonic polynomial @ of degree s in R™*! restricted to the unit hyper-
sphere S7(1). A homogeneous harmonic polynomial @ of degree s determines a
symmetri¢ tensor ¢ of degree s in R™*! satsfying #(z, -+, u)=@(u, + -+, u) and

(4.1) ‘ ; t(en €iy Uy =*°, l))=0
where {e;, -**,€n::} is an orthonormal basis of R»*!. We use the same letter ¢
for this tensor too.
From| a spherical harmonic ¢ on S™(1) we get
|

0p/0x*=sp(0u/ox*, u, ++ -, u)
ZSSD(VW: Uy, =*°, u)

where » il‘s the position vector of a point of S*(1) asin §2. Let¢,---, be arbitrary
tangent vector fields of Sm(1). Then we can define a symmetric tensor field ¢,
on S™(1) by
‘ ei(ts, o B)=(ty, oo bty o0, )
and get f

SDRI"'liiso(Vlj_u! h) Vliu’ Uy ey, u)

as the local components since a tangent vector ¢ can be written locally as ¢=¢¥,u.
We may write ¢(4, --- 4;) for the local components and adopt the abbreviation

Spi(tr ) t)=¢t(t) .

From the tensor fields ¢, (=¢), ¢, +++, ¢, we define for each integer i=
0,1, ---,s a symmetric tensor field @, as follows.
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Definition 4.1. Let #,, (¢=0,1, «--, k) be given by

, %,0=1

where k=[:i/2]. Then @, satisfies
k
4.3) D,(t)=s(s—1) --- (;—i—l—l) qZ=}1 L1, ¢Pi—2q(t)

for any local unit tangent vector field ¢£. Especially Dy(B)=0,(t)=0.
Definition 4.2. D¢, is a symmetric tensor field of degree i+1 satisfying
(De)@)=F (@) —ip,(t, -+ -, ¢, k)

for an arbitrary tangent vector field ¢. Thus the local components of Dy, are
eV 3,92z + -+ A4,) where .., is the symmetrizer with respect to 4,, - oy Agrre
D@, is defined similarly.

Lemma 4.1. Let y,,, (g=1, -+, h (=[(i+1)/2])) be determined by

(4.4) yt.q=(s_i"'zq)wi,q—(i—2q+2)wt,q—1_(s_i)xwl,q lf 4=1, ct k (=[i/2]) ’
Yen=—0;,xs—(S—0)%ir1,n which appear only when i is odd .

Then the following identity holds at every point of S™(1) and for any unit tangent
vector t,
45 DOIO=Pui®=5(6=1 o+ (—itD)] E tobircns®+leath |
Lemma 4.2. The local components @4, -+ A;) of the symmetric tensor field
@, satisfy
(4.6) g#P(vpds +++ 2)=0 .
Theorem 4.3. Let i be any integer 1=i<s—1. Then we have
4.7) D...)=(DD,)t)—(s—i+1)y,, D,_,(¢)
at every point of S™(1) and for any unit tangent vector t.
Remark. The key of the proof of is
4.8) VupAy « o 2)=(s—0)p(pd; * + + 2)—17,9(pA)p(Ry + -+ ) .

We consider for a while the Euclidean m-space R™ with a basis {f,, - <oy fal
and put h,=<{f, f>. Let P, (=P,,) be a symmetric tensor of degree i/ with
components Pi(4, -+« 2)=Pi(f3, -+, f3;). We define from P, a series of symmetric
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tensors P, (g=1, +-+, k (=[/2])) of degree i—2q inductively by
—‘h"'upt.q(”ﬂlzﬁs e Zt)=Pf.q+l.(22q+8 cee )
where h** are determined by A**=h*, h**h,,;=é;* and ¢=0,1, -++, k—1.
Lemma 4.4. Let Q; be a symmetric tensor of degree i defined from P,_,,,,
(q=0, 1’ ety k"?) by
k—p
4.9) Q‘(t)=q§o at,p+th—zp,q(t)

where h,t't*=1. Then, putting ay,,.,=0, we have
(4100  —(@EG—-1)/2)Q;,.(®)
k—
= .,§: {r(m+2i—2r—2)a,,,~—(((—2r+2)(i —2r+1)/2)a;, -1} Pi—2p,4(t)

where r=p+q.
This lemma is used when we prove Lemma 4.2,

We use the next lemma to get a property of the unit element U of Bp,.

Lemma 4.5. Let S; be a symmetric tensor of degree i and T,.. be a sym-
metric tensor of degree i—2 such that S,t)=T,..,({) when t satisfies h,t*t*=1.
Then we have ‘

Sty 2 0iSual®=0, k=li2)

5. Symmetric tensor fields X;* and X,“

As FA(u, +--,u) as well as H4(u, ---,u) are spherical harmonics of order s
when # is the position vector of the moving point of S™(1), we can apply the
results of §4 to F4 and H4 as follows.

We have defined in § 3 F,# and H4 (see [Definition 3.5). Taking a local unit
tangent vector field ¢ we get FA(f) and HA(?).

Definition 5.1. We define symmetric tensor fields X4 and Xi‘ by

61 XA=s(s—1) -+ (—i+D) T, S0oFluld)
G0 RAO=s(6=1) -+ (s=i+D) 5 2 oHanld)

The analogy between Definition 4.1 and Definition 5.1 is obvious. Thus we
get, as an analogy of Lemma 4.1,
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k
62 OXAO-XtuO=s6=1) -+ (~i+D] 5 yi,qFtﬂ_zq(t)w‘.hXA]
where X4=F“(u, -+, u), and a similar formula for a standard minimal immersion.
Denoting the local components of the tensor fields X4 by X4(2, «-- 1,) we get
5.3 geXA(vpdy «+ 2,)=0

from A similar formula is obtained for a standard minimal immersion.
From we get the following theorem.

Theorem 5.1. The tensor fields X* and X’;‘ satisfy

64 X4, (0)=(DXA B —(s—i+ 1)y, XA.(0) ,
(5.4)° X4, =(DXA ) — (s—i+ 1)y, . Xi. (@)

where t is an arbitrary unit tangent vector and i=1,+--,s—1.

6. Some property of the unit element U

Let us consider at a fixed point # of S™(1) and let v be a unit tangent vector
of S*(1) at z.

According to the definition of U(, +++ A;%,++x,) in §2 and the equation
we have

[](21 cer A kg e Ith)v‘l cee v‘n:(l/(;') § f{-‘(z1 coe zi)HhA(v) .

Supposing 4 is fixed we denote the left hand side by U@, +++ 2:v). Then we get
g Uplds ++« 2 0)=—U(4g +++ 2;: V)
as H4, being spherical harmonics, satisfy
grHApdy + o0 A)=—H*(2y ++- 1)

because of [(2.8) and (4.1).
On the other hand, as we have (2.15) for U and as #* satisfy #/,x*=0 and
(2.9), there exists a tensor V,_, of degree i-+h—2 satisfying

U@y oo A5k 000 £0) =F2,19(A ) Vi_g(Ag »+ + A;; Ky **° Kp)
if iZh+2. Thus we get
U@y« 2 V)=, 2)Vio(Ag oo+ A v)

where
ViesRg 0o+ 22 0)=V,s(As =+ 23 &y ++ mp)V"1 oo 052,
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This shows that the tensor U* of degree i with components U(2, -+ 4 v) and
the tensor V¥, of degree i—2 with components V,_,(y; +«+ p_,: v) satisfy UX(t)=
VX,(t) for any unit tangent vector ¢.

Thus, as an application of Lemma 4.5, we get

UkO+ 2, 20aUkult)=0, =lil2] .

Hence, using the notation defined by
Uin@, 0)=UQ, oo 23 5y 000 k)31 o oo fhigFs e os pon
we get the following lemma.
Lemma 6.1. Let t be any unit tangent vector and v be any tangent vector.

If iZh+2, the unit element U of Br, satisfies

k
Uen(t, v)'l‘qZ::l %e,qUigqn(t, 1)=0 .

7. The property of symmetric tensors ')'(i‘

We prove following five lemmas where ¢, ¢,, {, are arbitrary local unit tangent
vector fields.

Lemma 7.1. The tensor fields )‘(i“ satisfy
(7.1) by XAt HAL)=0 if i>j.

Proof. From we get, if i=h+2,

= HAOHAO+ %, e T B o0 Ht0)=0 ,
hence
5 XA Hy40)=0 .

On the other hand, if i=A+1, 3 H:, () H,4(v) vanishes identically as i—2q+#% is
A
odd. This proves the lemma.

Corollary 7.2. The tensor fields X}‘ and X’,“ satisfy
(7.2) 5 XAt XAR)=0 if ixj.

Proof. This is almost immediate.

Lemma 7.3. If j<i—2, we have

(7.3 % HAy - pIV XA, « -+ 2)=0,
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(7.4) . 5 XAy - W, XA -0 2)=0 .

A

Proof. In view of we have
3 HA(py -+ )V, XA, - W=~ XAy« 2V HAQy + - 1))

A

As we have, in view of (4.8),
V HAQpy <+ p)=(s—H*Apy + -+ p)—5 G Ap ) HA(pts <+ 1))
we get the lemma by virtue of [Lemma 7.1 and [Corollary 7.2,

Lemma 7.4. No éne of the ;symmei}ic tenso(rl fields )'(,‘ vanishes idéntically.

Proof. As a result of Lemma 9 of [3], if X’,‘ vanishes identically for some A
and 7, then H4(w, :-:,u) vanishes identically for this number A. As A, is a
standard minimal immersion, this cannot occur.

Lemma 7.5. If i=1,---,s—1, we have
(7.5) X4, (8)=(DXA) () —(s—i+ 1)y, XE4(8) .
Proof. This is a direct result of

8. Higher fundamental forms of a standard minimal immersion

The i-th fundamental form B, (:=2, .-+, s) of an isometric minimal immersion
f.: S"(1)-S* () is a symmetric form, B, e T }(S**(r))@T.°(S™(1)), and satisfies the
following conditions. These conditions completely determime B; (see [1], [6]).

For convenience sake we define B, by B;*=Y,?. B, has local components
B,;*=F,Y,* which may be written B?(u4).

Local components of B, are also written B?(1, --- 4,). The condition to be
satisfied by B, is given as follows when lower fundamental forms B,, j<i, are
already given.

We define B,* and B,* by their local components Y,* and F.Y,?, hence
B*=B,, B*=B,. B/* where j<i is defined by its local components

B*P(2, «-- '21)=‘5’2.sz13?(12 et 1_1) .

When tangent vectors #,, ---,¢ of S»(1) at « are given, B/X(,---,%) is a
tangent vector of S" () at Y=f,(x). When ¢, -+, ¢, range over T,(S™(1)) arbi-
trarily, B,*(t,, ---,%, spans a linear subspace of Ty(S*~(r)) which we denote by
L. The linear subspace of T¥(S*"!(r)) spanned by L.*, ..., L/* is denoted by
L,. The projection to the linear subspace of Ty(S*~(»)) complementary and nor-
mal to L, is denoted by N,. Then B,=N,_,B*.
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Theorem 8.1. Let h,: S"(1)>S* Y (r) be a standard minimal immersion and HA
be the tensors associated with h,. Then the symmetric tensor fields XA and the
i-th fundamental form é, of the immersion h, are related by

8.1) “ XAH=XABF@)
where BF@$)=B72(t, --+,1) and X4Y(@)=HAu(), - -, u(x)).

Proof. is valid if i=1,2. Assume is valied for 2<i<h where &
is a natural number less than s. Then we have, in view of VoXpA=—r"2fop X4
and qu(t).é‘},(t)g-quo, Where XA=XA, qu=élo,

(DX A=Y, X4 BF () + X,ADB )2
= XPA(D-élP) (t) .

From this and Lemma 7.5 we get
X4 =XoADBF)O—(s—i+1ye, X B (1) ,
hence X‘;H(t):XP‘f?‘;H(t) where éﬁﬂ(t) is defined by
BL.0)=(DB")(t)—(s—h+ 1)y, B5-1(0) .

On the other hand, in view of we have X’ﬁﬂ(tl)).{,‘(tz):O for
A
j=1, .-, h, hence

dqpﬁg+1(t1)B.jP(t2)=0 .
This proves that B,,H is the (A+1)-th fundamental form Bhw Repeating this
process we can prove [Theorem 8.1
9. Higher fundamental forms of an isometric minimal immersion

We consider an isometric minimal immersion f,: S*(1)->S*~'(») where the
element C of D7, associated with f, is j-isotropic. Then, from and Theo-
rem 3.6, we get, if p+4q=<2j+1,

T FAt)FyAt) =5 HAC)HA®)
hence
T XAt XA t) =3 XAt X,40)
and also, in view of [(5.4),
2 XA)DX3 )@ =T XA t)DXL () .

Using the above result, Lemma 7.1, [Corollary 7.2 and the method used in
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proving 7.3, we get the following lemma.
Lemma 9.1. Let C be j-isotropic. Then we have
§ XAWR)FuA(t)=0, § XA XA()=0 if h<isj+1,
T FApy oo )V, X4, <+ 2)=0  and

4

2 XAy e WV XAy 0 2)=0 if h+1<iZji+1.

4

Now we can prove the following theorem.

Theorem 9.2. Let f, be an isometric minimal immersion: S™(1)—>S*~'(r) such
that the element C of D7, associated with f, is j-isotropic. If i<j+1, the sym-
metric tensor fields XA and the i-th fundamental form B, of the immersion f,
are related by

(9-1) XtA(t) = XPABtP(t) .

Proof. As B, and B, are given by B;*=Y,;* and B?(¢2)=F,Y," respectively,
is valid if /<2. Assume is valid for /=3, ---, h where k is a natural
number =j. Then we get, in view of Vo Xp4=—r"2G,p X4,

(DX A=Y, W X4 B (t)+ Xp4(DBF)(2)
=XPA(DBtP)(t) ’

hence, as in the case of a standard minimal immersion #4,,
X4 () =Xp*{(DB,F) ()~ (s—h~+1)ys, BE-.()} .
On the other hand, in view of Lemma 9.1, we have
§ X4, XA(t,)=0 for i=1,--+,h

as h=<j. This proves that is valid for i=A+1 as in the case of %,. In such
a way [LTheorem 9.2 is proved.
i=j+1 is the best value for 7 in[9.1), for we can prove the following theorem.

Theorem 9.3. Let f, be an isometric minimal immersion S™(1)->S*~*(r). If
the tensors XA and the i-th fundamental form B, satisfy (9.1) for i=2, .-, j+1,
then the element C of D7, associated with f, is j-isotropic.

Proof. is always valid for {=2 and C is always l-isotropic. Hence
we need not consider the case j=1. If is valid for =3, we get, for
any unit tangent vector ¢, é} XA X 4(t)=0 from §orB°B,*=0. Hence, in view
of s? § FAQFA®H=1, ’we find that § FA@#)Fi4(t) is a constant which depends
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neither on ¢ nor on #. On the other hand, as > H,A(t)H4(t)=c’'U,,,(t,u) is also
a constant of the same property, so is also Cs,lA(t, u). Hence we get C; ,(w, v)=
const for orthonormal vectors w, v of R™*! and C is 2-isotropic by virture of

Let 2 be less than j and assume that the following assertion has been proved
to be true. If is valid for i=3,.--,h+1, then C is h-isotropic. Let us
assume furthermore that holds for /=3, ---, h+2. Then

Z XiaOXAO=0 for p=0,1,---,k,

hence
§ X4 () Fr4()=0 .

On the other hénd, as } HA(t)H,4(t) does not depend on # and the unit tangent
A
vector ¢, and C is h-isotropic, the same is true for 3 FA(¢)F,4(¢) if ¢g<h+1. Thus
A
we get, in view of [5.1),

§: F3..() Fy4(t)=const

which depends neither on ¢ nor on #. Hence C,..,,(f, ) has the same property.
C being h-isotropic, this proves that C is (k+1)-isotropic by virture of Theorem
3.7. This process can be repeated until we get

10. Isotropic fundamental forms

The i-th fundamental form B, is said to be isotropic if <B,(t), B,(f)>~, namely,
GorB2(t)B,F(t) does not depend on the unit tangent vector ¢ at each point z of
Sm(1). If <B(t), B;(t)>~ depends neither on ¢ nor on x, B; is said to be constant
isotropic. Similarly the R" valued i-th symmetric form X;=X4¢é, is said to be
isotropic or constant isotropic according as <X,(#), X,(#)>F, namely, X X4(t)XA(t)
does not depend on the unit tangent vector ¢ at each point 2 of S"‘(l)i or depends
neither on £ nor on x.

A proposition which treats a little more general cases than the following one
was proved by Tsukada [6].

Proposition 10.1. The j-th fundamental form of an isometric minimal immer-
sion f, (resp. standard minimal immersion h,): S™(1)—>S* ' (r) is denoted by B,
(resp. B°,). Let i be an integer such that 2=i<minimum (degree of f,, degree of
h,). If B, is isotropic for p=2,---,i, then

<Bp(t1s Y tp)’ Bp(tp+1r tt Y t2p)>~:<ép(t17 %y tp)y B’p(tp+1, ] t2p)>~ .
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A standard minimal immersion %, is an immersion such that the element C
of Dr, associated with 4, vanishes, hence [s/2]-isotropic. Hence, for a standard
minimal immersion, we have, in view of (7.1),

<Bi(t), B(t)>~=<X.(t), X ()"
=s(s—1) .-+ (s—i+1) § XAB) HA®)
k
=(s(s—D) -+ (s—i+1)* T HAW X, 0, oHEalt)
k

=(S(s—1) e (S"“i"—].))ch qgowt,qu,g_gq(t, u) .
As U,,,(t, u) does not depend on the choice of the orthonormal set {¢, %}, B, is
constant isotropic [6].

Definition 10.1. The set B of fundamental forms B,, B;, --- is said to be
Jj-isotropic when B,, ..., B, are isotropic.

We study the relation between the case C is j-isotropic and the case B is
Jj-isotropic.

Theorem 10.2. Let f,: S™(1)>S*"(r) be an isometric minimal immersion such
that the associated element C of DT, is j-isotropic. Then the set B is j-constant
isotropic.

Proof. As C is j-isotropic, (9.1) is valid for i{<j+1. Thus we get for i<j
<{By(t), By(t)>~= § XABXA®)

=(6(6—1) +++ =i+ 1)  FAD 5 noaFtat

=(s(s—1) -+ (s—i+1))* I HAD T 00 Hsol
=<But), Bt)>"

since C,,,(¢,#)=0 when p+¢g=2j+1. As B, is constant isotropic, B, is also con-
stant isotropic.

In order to prove the converse of Theorem 10.2 without leaning on Proposi-
tion 10.1, we first prove the following lemma.

Lemma 10.3. If B, is isotropic, then C is 2-isotropic.

Proof. As we have é} FAt) X4=—(s(s+m—1))"! and ; (X4)*=r?, we get

2 (XA0r-35, (X A4@)*=(s(s—1))? % [(Fat(t)+ (1/m) X4)2 — (HA®R) + (1/m) X4)2]
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=(S(s—1))2[§ (Fz‘(t))2—§ (HA(1))?]
=(s(s—1))*C,,,(2, u) .

As X A=X4B,F, X,*=X,4B,? where B, and B, are isotropic, C,,,(¢, #) does not
depend on the unit tangent vector . Thus C is 2-isotropic by

Remark. If we use Proposition 10.1, we get C,(f, ¥)=0 immediately and
need not use Theorem 3.7.

Next was assume that the converse of Theorem 10.2 is valid for j<a where
a is some natural number. Thus we consider the case C is a-isotropic and B is

(a+1)-isotropic. Then we have, in view of X4, ,=X.4BF,, and
X;:ﬂ:j(;ﬁfﬂ. On the other hand we have

2 (X2a0)r—3 (Xt

A

=(6(6=1) -+ (=] F| B+ Z s, oFrons®) |
-2 I:H:+1(t)+ Zb xa+1,qH:+1—2q(t)]2]
A q=1

where b=[(e+1)/2], and this does not depend on the unit tangent vector ¢ by
virtue of the assumption. Besides,

§ FpA(t)FqA(t)_'§ de(t)H;A(t):Cp,q(t: u)
vanishes if p+¢=<2a+1 by Theorem 3.3. Hence

Cotiranilt, u):§ (F&4+1(t))2_§ (H2..(8))?

does not depend on ¢ and C is (a+1)-isotropic.
The following theorem is easily deduced from the above result.

Theorem 10.4. Let f,: S*(1)>S*'(r) be an isometric minimal immersion such
that the set B of fundamental forms is j-isotropic. Then the element C of Dr,
associated with f, is j-isotropic.

The following corollary is immediately obtained.

Corollary 10.5. Let the set B be j-isotropic. Then B is j-constant isotropic.
The R" valued i-th form X, satisfies XA(t)=Xp4BF(¢) if i<j+1.

From Theorem 10.4 we see that, if B is [s/2]-isotropic, then f, is a standard
minimal immersion [6].
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