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1. Introduction
Let {¢,} be a strictly stationary, absolutely regular process, i.e., the process

satisfying the condition

1.1y pm)=E{ sup |P(A|M2)—-PA)}0 (n—00)

ASA,n

where - #; (@a<b) is the og-algebra of events generated by &, -+, &,.
We denote the distribution function of &, by F(x), =z € R?, the p-dimensional
Euclidean space. Consider a functional

(1.2) 0<F>=§ s g 9@, -+, w)dF(@,) - dF (@)

Rd?

defined over & ={F: |6(F)| <o}, where g(z,, -+, 2,) iS symmetric in its d (1)
arguments. As an estimator of 6(F), we define a U-statistic

n -1 (n)
1.3) U,.=( d) > 9Ey 160, n2d

(n)
where the summation {‘% extends over all possible 14, <2, <+ <, =12,
As in [6], for every ¢ (0=c=d) let

1.4 0.@sy -+ xc)=§ . S 0@, -+, 2)dF(@ers) -+ dF(z5)

Rld—e)p

so that g,=6(F) and g,=g. Let
(L.5) o' =0 (F)={Eg*E) ~0F)}+2 5 {Eq:E)0:6)~0(F)} .

In Callaert and Janssen proved that the Berry-Esseen theorem for U-
statistics constructed by i.i.d. random variables.
On the other hand, in the author proved, among others, that under some
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conditions
(1.6) P< (U, —6(F)) <z)——>¢(z) (1—>00)
do
where
-—___l_. * -:2/2
.7 0(2) == Lae ndt .

As a continuation of the above result, in this paper we show the Berry-
Esseen theorems for U-statistics generated by an absolutely regular processes,
i.e., we estimate the convergence rate of the quantities {4,} defined by

n'*(U,—6(F)) _
P( 7o < z) d)(Z),

1.8 . d.=sup

using Tikhomirov’s method in (Theorems 1-4). Theorems 3 and 4 are gener-
alizations of Callaert-Janssen’s result in [1] and Takahata’s one in [3], respectively.

2. Conditions and auxiliary results

In what follows, we denote by the letter K, with or without subscript, various
absolute constants, and whenever the integrations are over all of the space, we
shall agree to omit the region of integration. Further, let |C|l,={E|¢|"}/r if the
right-hand side exists for » (>1).

Let {¢} be a strictly stationary, absolutely regular process with mixing coef-
ficient f(m). Let '

1 (n) d
§ S Sgc(w“ v+, 2 I dlu@,—~ &)~ Fla))]

(€) —
2.1) U, nn—1) - (n—c+1) @

where #(v) is equal to one when all the p components of v are nonnegative;
otherwise «(v) is equal to zero. It is easily obtained that

@.2) U,=6(F)+ él (f)U,,w .

We consider the following condition;
(C) For any r (>2) there exists an absolute contstant M such that

2.3) S S 19(s, -+, 2 I"dF&,) -+ dF(w) <M

and

2.4) Elgy, -+, EI'SM for all 1=i,<-++<iy.
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Let i,<i,<---<i, be arbitrary integers. For any j (1=j<k—1) let
@58)  PW(EPXE®P) =Py, +++) &) EEP)VP(§iyprr ++*1 §0) €E*P)
and |
2.6) Py O(E®)=P((&;, *++, £,) €E®)

where E® is a Borel set in R,
The following lemma was proved in [6].

Lemma A (Lemma in [6]). Let {&)} be an absolutely regular, (not necessarily
strictly stationary) sequence with mixing coefficient f(n). For any j 0=j<k-1),
let h(x,, +++, 2:) be a Borel function such that

@.7) S e S h(z, ++ =, )P, ® <M< oo
for some 6>0. Then

2.8) | RS LCARDPAL: X —S o | s e, 20aP®
SAMY By —i g} P
Next, for any random vector (., &3, *++, &) and for any Borel set E define
2.9) Peytpin(B)=P(Ews &5 -+, 6 € E) .

From Lemma A we obtain the following lemma which plays a fundamental role
in this paper.

Lemma 2.1. Let {&,} be an absolutely regular, (not necessarily strictly station-
ary) sequence with mixing coefficient f(n). Let i,<i,<---<i, be integers such that
mink (841 —2)=m for some integer m. Put

155
Cj:(éij+1r ce ey 5:“.1) (]:]_, cty k)
and

21=(m¢j+1, *t %y mtj.u) (j:]-r ] k) .

Furthermore, let h(z,, ---, z,) be a Borel function such that
(2-10) S e S lh(zlv ) zk)ll+adP(C1 ----- C/)dPCj.H e dPCg§M<°°
Jor some 6>0, and for any § 1=71=k). Then

2.11) |Eh((:1, cee, ) — S ces S h(zy, -+, 2)dP;, - - AP, | S4kM Y O+ {B(m)}d/ 1+
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Corollary. If 7 is A% -measurable and { is A,3,-measurable (n=20), then

Eljr<oo,  ERRlP<oo, 7,8>1, —}+—}<1

implies
2.12) | En§— EnEg| <4{B(n)}=+= 179, IiC]l, .
From now on, we put
2.13) | ,=0:E)—0(F)
and ‘
(2.19) 8u1=GE0 §)=0:6s £)~0:1(E)~9:(8)+O(F) (i<]) .

Furthermore, let

_ n*(U,—0(F))
do )

(2.15) S,

Lemma 2.2. Let {£,} be a strictly stationary, absolutely regular sequence. Sup-
pose Condition (C) (with r=2+0) holds for some 6 (0<6<2). If f(n)=0(n"¢+»/?),
then the following relations hold:

(i) The series in (1.5) converges absolutely and

(2.16) E],é " 2=naz(1+0(n~1)) .

(ii) For any i and j (i<j)

(2.17) ' |Eg,, | = K(B(j—i)}/ @+®

and so

(2.18) | 2 Ef.,,|=Kn.
15i<jsn

Furthermore, if |i—a|>m and |j—a|>m, then
(2.19) |EC;, mal = K{B(m)}/ 2*® |

(ili) For any positive integers m and 1

n—l—m—1 p+il+m 2
(2.20) E CMI =0(nm)
p=1  g=p+i+1
and
n—1 n 2
(2.21) E 2 &pe| =0 .
p=1 gq=p+1
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Proof. (i) Since E»,=0, so by Corollary to

|8 |~

=2 o £ iBravgl+, £ Bra |
éKIImII§+a[—1- 3 jGpran § {p(j)}mw]gﬁ.
n j=t j=n+1 n

Hence, we have (i).
(ii) As

L.,=§ e g 10:@0r 7,)— 0, () — 9,(@,)+O(F)}d Flz)d Fla,) =0 ,

so by Condition (C) and
|EGs, | = | EGy, j— L, | S K{B(F =)} 1+ @+®
for all 7 and j (<j). Thus, we have
Z lEC"’léKlsEm {Bj—i)}ro/ed <K,

1si<jsn

Now, we note that by Condition (C) and Schwarz’s inequality

S g (9@ —0(F)G e, #)| 073G Py 5,6,

1/2

1/2
g{s iee S |gl(x,)--0(F)|“‘dF(x,)} {5 ce S lG(a:;, xj)|2+adp(¢¢.€j)}
<K |
and similarly
S . g (0@ —0(F)G a, 2)| **D 24Py dPyg, ¢ <K
and
S . S (0@ —O(F)G s, 7,)|**PdPe,dP g, e <K .
So, by and the fact Ey,=0

|EC{.177¢!| é IEval

S cos S G(zx,, x,)dF(x)dF(x,) | + K{B(m)}¥ 2+ < K{B(m)}¥ @+&

if i—al>m, |j—al>m and j—i>m and
| EG:, el S| Enal |EG,, | + K{B(m)} @+® < K{B(m)}? @+

if li—al>m, |j—al>m and 0<j—i<m.
(iii) From the proof of in [6] we have that if B(n)=0(n-@+¥)
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for some ¢’ (0<é’< ), then

n—l—m—1 p+l4+m

2
E p=1 q=p+l+1cp'q =-0(nm)
_and
n—1 n 2
E z X $ooe =O(n2)-
p=1g=p+1

Thus, and (2.19) are obtained by putting ¢’=4/3.
Lemma 2.3. Suppose conditions of Lemma 2.2 hold. Then
(2.22) E|U,®*=0n"?) (@2=c=d).

(For the proof of see the proof of Lemma 2 in [6]).
Next, we shall say that {¢,} satisfies the strong mixing condition if

a(n)= sup |P(ANB)—P(A)P(B)| L0 (n—>) .

o]
Be A _o den

Since B(n)=a(n), so if {£} is absolutely regular then it is strong mixing.
Hence, all results proved under the strong mixing condition are applicable to our
problem. The following lemma was proved by Yokoyama in [4].

Lemma 2.4. Let {&,} be a strictly stationary, strong mixing sequence with
E£,=0 and E|§|**?**<co for some 6>0 and ¢>0. If

2.23) ﬁojd/z—l{a(j)}d/(2+d+t) < oo
=

then there exists a constant M such that

2+

@.24) E ‘<M (n21).

> ¢
J=1

We often use the following lemma which is easily proved.

Lemma 2.5.
(i) (Lemma 1 in [2, p. 272]) For t€(—co, o) and for any é (0<6<1)

< 21-6|t|n+6
= (1406) (2+0) +++ (n+0)

where the dominator of the right side of (2.25) is unity for n=0.
(ii) For all te(—oo, )

(2.25) g3y LB
‘ =0 j!

(2.26) lett—1|<2
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(iii) For all complex number z

2.27) lee—1|<|zle' .

3. The Berry-Esseen theorems for U-statistics of order 2-(I)

In this section, we consider U-statistics of order 2 when A(#)=0O(e~*") for
some 1>0.

Theorem 1. Let {£} be a strictly stationary, absolutely regular sequence.
Suppose Condition (C) holds for r=2+6 (0<3=1) and d=2. If B(n)=0(e~*") for
2>0 and o*, defined by (1.5), is positive, then

3.1) 4, = Kn~%*(log n)'*? .

To prove Theorem 1 we introduce some notations. Let

n1/z
" onn—1) ’
1
Ty=———
V=
and
n1/2
Vn= Un(Z):an Z Ca.ﬁ .
g . 1sa<psn
Then

S,=T,+V,.
Further, let f,.(?) be the characteristic function of S, and consider

(3.2) So'(@)=1ES,e*n
={ET e+ EV, e*} .

Firstly, we prove the following proposition.

Proposition 3.1. Suppose conditions of Theorem 1 hold. Let m and k be
integers such that {f(m)}’ **H=0(mn*), k=0(log n) and m-*»*<Kmn-'. Let K,
(21) be an arbitrary positive constant. Then for all t (|t|<K,n'*m~%4)

(3.3)  |ET,e"S»—itf,(8)|
éK[{Itln—1/2m1/2+Itl1+6n—5/2m1+d+n—1}|f"(t)|
+{(lt12n—1m) (1+a>/(z+a)m(1+a> /2+ |tlal(2+d)n- (1+6)/(2+d)ma/(2(2+6)) +n—s)}] .

In the course of the proof of [Proposition 3.1 we use the following notations;
for any a (1<a=<n) and j (1<j<k)

T,"=T, ’ V=V,
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Vihi=a. 3 Crie

Vil=a, Z Y,
Ip—al>im, |q—al>jm

Va({z =an . Z . . Cp»q
1sp<a—jim, a—jmsgsa+im

Vii=a, )2 Co.e
a—-imspsa+im, atim<gsn

1

TP = .
oV n lr—:f?»'m .0

Then, by Lemma 2.2 the following relations are easily proved:

(3.4 | TP =T 90, SCom~*mt (1=asn; 0=j<k—1)
(3.5) V.= Ka,jm<Kn~*"*jm (=e=n; 0=j=k—1)
(3.6) VOl Ka,(om) 2 < Kn~'m'? (1<a<n; 1=2,3)
3.7 1V —VEl. = Ka.(nkm)' *<Kn~'k**m'? (1=a=n) .

To prove [Proposition 3.1 we need the following lemmas.

Lemma 3.1. Suppose conditions of Proposition 3.1 hold. Then for any «
AZasn) and for all t

(3.8) "lea 0 " 2§Klt I 3/(2+d) n @3/2 (2+6))ma/2 (2+3)
and
r K[n*‘m+n?] (r=1)
3.9 Eln. 1 Z9|< {

69 = K[{Ciltln~*m ¥ +n"t] (2=r=k)
where .

Z, 0 =exp [it{(Ta® — Tu®)+ VR ~1
and

Z, W =exp (it(T,P —T,Y"}—1 (j=1,---,k—1).
Proof. We note first that by [(2.25), and

| Z, @) 2= KItIHI T — To @ |2+ VRl = Kt Pn~'m
and
| Z 2| 28| To P — T2 = Cotttn~'m - (j=1, -+, R) .

By Holder’s inequalitiy and (2.26)

Emazam l‘é "m‘”%”{EI Za ()] | 2 (z+a>/a}a/ (2+8) éK{E|Z¢ ()] |2}a/ (2+8)
SKItIza/ 2+d n- 8/ (z+a)ma/ (2+3) .

So, is obtained for r=1.
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Next, for each j (1<j<7) let

.t 2
W=\ ... —t 3T —
A S Slexp {z oV N im<ii-alsim+n x,} 1’ P 4P,

where 71.j=($a—(j+1)m’ tty $a—jm—1) and 72,j=($a+/m+1’ 0ty $a+(j+1)m)' Then, it is
obviou_s that from [2.16) and [2.25) that

2 _ .
H, 2 <—E| *SKtn~'m (j=1,--,7).
oN  Jm<|l-alsS(i+1)m

Since 7, is -#£,*measurable and Z, is Aamx A, n-measurable, so by
7

Lemma 2.1, (2.26) and the definition of

17aZa |l = El7eZe P 12 < ||7all* Ha® + K{Bm)} 29 |1, ]|348
<Kl[t:n'm —f-K{ﬂ(m)}"’ ¢3 +J)] <K[t:n"‘m +n4] .

Hence, by Schwarz’s inequality
E9.2,9Z, | ZS|9.Zs P || Z, @ |, = K [0 'm+n7?] .

Now, we proceed to prove (3.9) in the case »=2. By Schwarz’s inequality

E|re i 29| Sllne I ZO LIy 2,
=

where IT} is the product over all even number j such that 2<j<r and I} the
product over all odd number j such that 1<j<r. Since for each j 2<j<k) Z,
is AZ Ry m X AL V" measurable, so from Lemma 2.1, and [(3.5)

El7, 1] Z, P * S E|7.Z, @ |* ) Hy? + Kr2:|7]13. o B(m)} ¢+

SK{Cot*ntm)tr/214-p2rp—4] .
Similarly
Eny z,2\< K[{Cuttnm)t-07214 y2rp—4] |

Hence, by the definition of % we have for r (2<r=k) and so the proof is
completed.

Lemma 3.2. Suppose conditions of Proposition 3.1 hold. Then

(3.10) :§1 Ey, :g: Z, exp {it(T, "+ V)
L3 BT 2.9 3 Eexplit(T,»+ V)
n a=t $=0 p=1

K(t*n—m)?2e+d  (p=1)
SH{K[tetn'm+n2} (r=2)
KHGltln ' *m "y +n7t] (B=r=k)
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Jor all t (t|<Cy n2m=1/2),

Proof. For brevity, we put

X O=n, T 29 (Sasn, 1<rsk-1)
and
W@ =exp i(T, "+ VD) (1Sasn, 1<rsk—1).

Since for each r (3=r=<k—1) X, is . #2*.measurable and W, is Ao r+imx
A, +1ym-measurable, so by Lemma 3.1, (2.26) and the definition of m

(3.11) IEXa(r) Wa(r) __EXa(r)EWa(r)I

<K(Bm)P @0 X, 0| 1 n < Kn||pe T Z,
a=1

(243)/2
SKn~Z|pll;ss=K27n~* .

Further, since for each a rm=a=n—rm) X, has the same distribution as that
of X where a,=7m-+1, which implies
EX,”=EX§, (rm=a=n—rm),

SO

n ap—1 n n—a
@1 B EXCEW.o={% + & 1EXOEW.O+EXyE EW.

a=1 a=1 a=n—ag+1 a=ay

n ap—1 n
=EXQ REW.O+{E + F |Ex, O EW,®

a=1 a=n—ag+1
«g_1 n
- + » |EXQEW,®
a=1 a=n—ag+1

and

n ap—1 n
(3.13) b3 EX,<r>={n—zrm}EX5;g+{ 3:1 + 3 }EX,‘".

a=1 a=n—ag+1

From (3.11)-(3.13) it follows that

i EXa(r)EWa(r)__.l_ i EX,® pél EW,®

a=1 n a=1 .
ag—1 n n
={ 02 + % }EX,,"’[EW,"’——I— 3 EW’('):I
a=1 a=n—ag+1 n »=1

—1 n n
{z + = }EXS;gl:EW,,("—-hl— zlEW,,w].
p=

a=1 a=n—ag+1

Thus, by we have the lemma for r (3<r=k). The proofs in the
cases r=1 and 2 are analogous and so is omitted. i




THE BERRY-ESSEEN THEOREMS FOR U-STATISTICS 99

Lemma 3.3. Suppose conditions of Proposition 3.1 hold. Then for each r
(I=r=sk-1)

n

ZIIE exp (it(T, "V + Vi~ £u(t) | S K[t 'm~+n~2+tin~*m| £,@¢)]] .

(3.14) 1
n »r=

Proof. We remark that for all ¢
315  LHS of ‘3-14)§;1‘,Z:L |E exp {it(T, ">+ V) — E exp {it(T, "0+ V,)}|

+ % 21‘_. E exp {it(T,"*V+V,)} — Ee*»
p=1
=I+1,, (say).

Since by Lemma 2.4, and

|E exp {it(T, > + Vi) — E exp (it(T,**V+ V,)}|
SElexp {it(V.— Vi —1<IHE|V,~ VRIS IIE(| VERI+I VEI+I VR
=HNVERL+ VR + I VRIMI<KItin'm ,

SO
(3.16) LZK|tin'm .
Next, let
Yp(r)=1__exp{_it(Tp(o>_Tp(r+1))} (1=_<_p___<_n) .

Then
(3.17) L< Ee“sn—l— i EY,”+E [i_ i (Y, — Eyp(r))eus,,]

n »=1 n r»=1

élfn(t)li. i ltlEl Tp(O) — Tp(r+1)l+_l_” i (Yp(r) — EY,(')) .

7 p=1 n ||p=1 2
By :
@18 5 EIT,O-T,ew|st 3 7,0 1,00),<Kn-vrimby < Kn-vom .

n »=1 n r»=1

On the other hand

E ﬁ (Yp(r)—EY,(')) 2___& E| Yp(f)_EYp(,)lz
p=1 p=t
+2 % |E(Y,?—EY,")(Y,”—EY,®)| .

15p<¢gsn

As Y, is _#2tr".measurable, so by Corollary to
L. |E(Y,9—EY,")Y,”—EY,")

+ 15p<gsn
g—p>(2r+1)m

<Kn*{gm)/¢*0| Y, —EY, |}, <Kn .
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Further, by Schwarz’s inequality

lE(Yp(r)_EYp(r))(Yq(r)_EYq(r))l égax " Yp(r) _EYp(r)"§§4 max ” Y‘p(r) "§
psn 1spsn
S4lt1 max | T,@ =T, <Kt 'n-trm
and so
hX |E(Y® —EY, )Y, —EY )| <K|t|*r'm:

15p<gsn
g—-pS(Ar+um

Hence, using the relations
n
2 ElY,”"—EY,”|:<4n max | Y, |i=<Kl|t*rm ,
p=1 1SPSn

we have

(3.19) E| 5 (V,% —EY,”)| SKlttrm +n] .

p=1

Thus, by (3.17)-(3.19)

(3.20) L=K[ltln " *m| fo(O)| +n~H|tlrm+n"1)] .

Now, (3.14) follows from (3.15), and and the proof is completed.
Lemma 3.4, Suppose conditions of Proposition 3.1 hold. Then

1 Zn: vaZa(o)—it éK{ltln—1m+n-1+It]1+an—a/2m1+a} .

oV m d=1
Proof. By and Holder’s inequality

| EneZ,® —it Ep{(T,® ~ T )+ VA
SKIHE Dl (T, =T, )+ V|
SKHE Ll | To® —To @0 +Elge| | VER*Y
=K1 [9allerall Ta® — Ta @131+ 1nallo4all VEINEES)

Since by Minkowski’s inequality

(3.21)

1 ‘
1Ta® =T foras povall :'—%:Sn 17alle+ s En=/2m

and

1VEillra=an 1, olless=Kn=*/2m?

1p—algm, [g—alsm
SO

IEﬂuZam —itEﬂa{(Tam —_— Ta(l))_l_ Vg%}léKltluan- <1+a)/am1+a .
We note here that by [(2.12) and the fact Exy,=0
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BT, P|SKn " 5 + 3 }Epw,

1Si<a—m a+m<jisn

§Kn—1/2 , ﬁ . {ﬁ(l)}‘/ ‘2"”11mll§+a§Kn‘“2 ; f: {ﬁ(])}&/(zw)éKn-wz
=m+ =m+1
and

|E Ve S alloll V.S Ka,m < Kn~*°m .
Hence

(3.22) |E9aZe® —it En, Ty @ | S 1| Ene T |+ | En V) K || 109 0+8 2148
éK{I”n“*’”m-{- [2]1*3m= (1+‘a)/'zm1+a} .

Now, follows from (8.22) since by Lemma 2.2 (i)

2
—no* | =Kn*.

0__1|= 2__1|=
—— % EnT. 1| ET:—1=-"|E

Proof of Proposition 3.1. Firstly, we rewrite ET,¢"S» as follows:

(8.23)  ET,e's»= m}_n— az;:lEna exp {(it(T,V + V) Z,@[exp i(VE+ V) —1]

+ 2, EnZ,® exp it(T,+ VD) exp it (V= VED)—1]
+:Z,‘2 aZ‘ Ey, 1] Z, 9P exp (it(T, "V +V®))
+3 Bro T Z exp (T, + V)
+3 EnZ.® exp (T, @+ V)
+ £, Bne exp (T O+ VD) exp Git(VE+ Vi) ~1]
+ B exp (T O+ Vit Vi + V|
+’é1 I,, (say).
By Schwarz’s inequality, [2.24), and

(3.24) L= —F= \/—— Z El7.Z. | lexp it(Viy+ VE—1|

S—= & 1729 ullexp GH(V+ V)11,

SKn'”"’ Z |t|a/(2+a>n—a/z<z+a)ma/2(z+a)|t| "Vl(:l)z_{_‘V;i%nz
- a=1 ' ’

__<_Kn1’2[t12 (1+8)/(2 +8)ypp8/2(2 +5)n—a/2 (1+")au (nm) 1/2
§K|t|2<1+6)/(z+d)n— <1+a)/<2+a)m 1+3)/(2+8)

101
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and similarly

(3.29) Ll =—F= \/——- ZI El7.Z,°| lexp (it(V{— VDI —1|

=Kn"\? af';l 7422 llollexp (VL — VED}—11,

§Klt|n“ (1+38)/(2+8 I”J/<2+a)m6/(2+d)na”(nkm)1/2
éKltlz(1+a)/_(2+6)n—(1+a)/(2+6)m2(1+a)/(2+5) .

By and the fact E7,=0

(3.%) ]I°|éKnl/Z{ﬁ(m)}(lﬂi)/QH’)“vauzﬂ’éKnlﬂn—-SéKn—?
and
(3.27) || S Kn'*{f(m)} 40/ @D |p [, s S Kn" .

Let X, and W, be as in the proof of Lemma 3.2.
By Lemmas B.1-3.4 we have that for all ¢ (|¢| <#n'/*m~1/?)

328 |Li=s—21_5 |5 Exowo
'\/ r=2 |a=1
n 1 n
<1 (&) )
=o\/ n rz-z El [EX n pz--:x EW,

k—
+ Kn-—uzl:rz—:: rm(C, |t n~Y2m1/2)yr 4 zrn—4:|

k-1 =n
<Kn 5 B IEXO UL+ m) £,(0) + - mtn)
+Kn—1/2[km(coltln—1/2m 1/2)2 +n—2]
éKn1/2[{t2n—1m+n—2}+kZ:: {(Coltln—1/2m1/2)f+n°2}]

X {1+ [tln~2m )| fo (O] 41t m~+n"2+ K [t2n~* *m*+n~2]
< K{(&n Y m~+n"Y)| f. @) +2n"m3+n"2} .

Similarly, by Lemmas 3.1-3.3

629 |Lls—i— «/— z: |EX,®| ; Zn:lEW,,"‘“l’ + Kn V2 km(Cy |t |- mir2)
p=

éKnl/z(Colﬂn—1/2m1/2)k—1[(1+ |t|n—1/2m)|f”(t)| + Itln—1/2m1/2+n—2]
+Kn—1/2m(coltln-1/2m1/2)k .

Since by the definition of %
(Colt|lnt2m 22 < Kn~t for all ¢ (|t|<K,n'/*m=3/4)

so for all ¢ (|¢| <K n'/*m~3%)
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(B.30)  ILISKI[ItH ™ m {1+ [tln=22m)| fo (&) |+t |n=2m 2+ n =2} - 20~ 2 kem?]
=KI[ltln~m 2| fo ()| + |t 1n~'m* 2] .

Finally, by Lemmas 3.1-3.4 and

(3.31) II,—itf..(t)|§|I.,———1= $ Exol % Eme[
0"\/ n a=1

n »r=1

1 < 1) .l. < 1) I
v B EET | | B EWY L0
+| L= 5 Ex.o—it|1£0

ag 7n a=1

éK[|tIa/(2+d)n—(1+d)/(2+6)m6/2(2+6)+{|t|+n-1+|t|1+6n—a/2m1+a}
X{ltln'm~+-n"2+|t|n"2m| £, (¢)}
+{ltln " m+nt4 |t 20 2m o £ ()]
for all ¢ (t|<K,mtm—3/4)

Hence, (3.3) follows from (3.23)~(3.31).

- Proposition 3.2. Suppose conditions of Proposition 3.1 hold. Then, for all
t (ltl<K1n1/2m-8/4)

(332)  |EV.e“SsSK{tln "m 2+ || 0n-0tm i 0=} £, (0)
+{(t2n—1m) (1+6)/(2+d)m (1+8) /2+ Itl3l(2+3)n— (1+0)/(2+6)m6/2 2+3) +n—2}] .

To prove |Proposition 3.2, we introduce the following notations:

T%=T,
: 1 )
TLS{?: vl = /7 (J=L2,:--, k)
g n p—al>m, (p—Bg>im
12pan
VO, =4
@BTOn ez (Ip—al, |p—p%: lq—al, :q—ﬂ):mc""
: 15p<qsn

max {|p—al, |p—8', Iq—al, |g=BI}>jm
15p<qsn

Then by Lemma 2.2 (i) and (ii) the following inequalities are easily proved:

(3.33) 17— TSl SConame (=0,1, -+, k=),
(3.34) IVa— Vsl SKn-km e,
(3.35) |Vey— Vel S Knthrm

Here, a and § are arbitrary integers such that 1<a<pf=<#n and C, is the constant

in [(3.4).

As before, we need some lemmas.
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Lemma 3.5. Suppose conditions of Proposition 3.2 hold. Then, for all t and
Jor all a and B (1=a<B=n)

(3.36) 1Za,6Z0% . = K20~ m)2r2 2+
and
(3.37) E’Cn.p 11 Z, ‘ g{K [#nimtn] (r=1)
§=0 K[(Coltln‘”zmm)'—i-n'z] (2§r§k—1)
where .
Z0p=exp [it{(TO— TP+ VO —1
and

Zy=exp i(TH—TEN—1 (=1, -, k—1).
The proof of is identical to that of and so is omitted.
Lemma 3.6. Suppose conditions of Proposition 3.1 hold. Then

(3.38)

r—1
2 Ef.p ,Eo Z5% exp {it(T%+VEEy))

lsa<pfsn
1

r—1
_+ E o, (T )
nn—1) 15a§f35n Lt :Eo Zs 15p§1$n Eexp it(T;+ Vi)
K(En-im) 2@ (p=1)
g{K [t2n~‘m+n~?] (r=2)
K[(Glt|n~*m¥2)y +n2] (3=r=k)
Jor all t (|t| <K, n2m~3%4),

r—1
Proof. We note that for each » (1=r=<k—1){,; ]:[o Z8 is Mgrimx MAtim.
=
measurable and T}V +V{E, is Mg 0mx ME 1™ X My, ;41 n-measurable where
MErsm must be dropped if 8—(r+1)m<a+(r+1)m. Hence, the proof is identical

to that of and so is omitted.

Lemma 3.7. Suppose conditions of Proposition 3.2 hold. Then for each r
A=r=k—1) and ¢t

..____1__ ' (r+1) *) Y}
639 T vy Do EEXPGHTS + V0 —olt)

SK{ltln " 'm+n2+ |t 2im| £ ()]} .
The proof is obtained by the same method as that of
Lemma 3.8. Suppose conditions of Proposition 3.1 hold. Then

(3.40) la, < Zﬁs ECa.ﬁZo(:?ieléK{ltI”'l”m+|t|1+<’n"’/2m1+‘} .
a< n
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Proof. By and Holder’s inequality

\ECe,8Z8% — it ECa, s{(Th— T %)+ V)

SKI"E| o8l (Ta—T )+ V|48

SKIYHE o, ol | T — T 83114+ Ela,pl | Ta— T &1

SKIt1* W a, pllesall T — T35 34 10, sllosall T — T 1313}
Since by Minkowski’s inequality

N T,— To(:l,),s loss=Kn='*m
and
1V%llose=Kn2*m* ,

)

|ECa,pZ 0% — it ECa,s{(Ta— T )+ VOIS K |2 Hop~ G40 /12148 |
Further, by

1< -1/2 <Kn-12 m 3/(2+3)
lECa,ﬂTa,ﬁl_Kn {Ip—al>m.ZI:p—ﬂl>m IECa,ﬁ"]pl}._ " lp—al)m,zlp—ﬁbm {‘B( )}
SKn ' *n*n < Kn=*
and
|ECa, s VI S (el ViRl = Ka,m=Kn=**m .
Hence
(341) IEC,,,pif)lg _itECa.ﬁT,, | éK{ltln-S/zm_'_ ltl1+a”- <1+a>/zm1+a} .

On the other hand, by Lemma 2.2 (i) and (ii)
(3.42) lan 2 ElasT.1=Za,l < Z;gs Lol Thll.=Kn-3*n=Kn~1/? ,
a< n

1sa<Bsn

Thus, follows from and (3.42).

Pfoof of Proposition 3.2. We can rewrite EV, ¢%"» as follows:
(343)  EV,e%
=a| T ElesZ expt(T+VENexp it(V,— V= VEN-1]

+ 2 El.pZ0 exp {it(T& s+ VE)lexp (it(V D — Vi) —1]

1sa<psn
k-1 r—1
Efop I Z50, exp lit(TS3° +Vi00)

r=2 1sa<fsn
k—1

. 2 Elap O Z25 exp it(T+VER)
=0

13a<psn
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2 El.sexp{it(TSp+ VEpHexp (it(V,— V& — VI —1]

1sa<fsn

+ % Ef.sexplit(TO+ Vf.vﬁ»].

1sa<psn

So, by the method used in the proof of [Proposition 3.1 (using Lemmas 3.5-3.8
instead of Lemmas 3.1-3.4 and noting we have

B44) |EV.e"n—ita, 3 (ElesTf2()
) 1sa<pfsn

SK[{n™+ 2007 m 3| £, (8) |+ (20~ m) D /2 @+ gy 1/2
+ Itld/(2+6)n-(1+6)/(2+J)m6/2 (2+J)] .

Hence, (3.32) follows from (3.42)-(3.44).

Proof of In what follows, we denote by 6,f) some function
such that |6,(w)|<1 and by C; an absolute constant. '

Let m=[(4(240)/29) log n] and k=[(4/3) log n/log log #n] where [s] denotes the
largest integer not exceeding s. Then, by Propositions and we can rewrite

as |
(3.49) [ @) ={—t+h. O )+ Q)
for all ¢ (I¢|<K,n'*m~%**) where

ha()=C.0,(8)[]**n=0"2m*+3 4 C,0,(2) 1t |n~*m /2 + Cofy ()~
and
Q”(t) =C‘0‘(t){(t2n-1m) 1+8/ (2+6)m(1+5)/2 + ma/ (2+d)n- (1+6)/(2+J)md/2 (2 +J)}+ C;ﬂ;(t)n'z .

Solving the differential equation [(3.45) we have
t "
(3.46) f,.(t)=exp{—%+§ h,,(z)dz}[l-l—StQ,,(u) exp {%-S h“(z)dz}du:|
0 [} 0

for all ¢ (|¢| <K n'/*m=%4),
Since there exists a constant K, such that for all ¢ (Kyn < |t| <K,n'/2m=3/4)
t tz
‘Re(S h,.(z)dz)’g— ,
0 4
SO
t2 t
(3.47) |exp(—-—2—+s h,.(z)dz)
0
Further, if |«|<(2)

<ttt .

S 01(2)Izl“‘dzléltl"s:”

|zldz=[¢1°(2* —u?)
|

“
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and if 2 12 |u| S ¢

S' 0,(2)n-"dz ’ <n- S'” dz=n"'(|t|— |ul) Sn='"(E—u?) .

“ lul

Thus, there exist positive constants K, and K; such that for all £ and » (K»~':<
[u| SIS Kynt/2m=+9/%)

S' ha(2)dz| S —w)
which implies
£ u £oow 1 £ g
3.48 R{——-— 5 \ }g__.__z_z=.._ i
(3.43) e 2-i-2+uh(.?.)dz_ 2+2-l-4(t u?) 4+4

Hence, if K 2<|t| S Kgn'?m=1+9/8 then by [(3.47) and (3.48)

B,(t)= lexp{——tzz—-i-sz h,.(z)dz} ‘ S: Q. () exp {yzi—S: h,.(z)dz}dul
<Ke-s S:_ 2 widut (" 10w exp{~ T+ 2+ (" huieraz] | au

: ¢

- s 4 - -

SK[” S/Ze t /4+S {n (1+a)/(2+6)m(4+36)/2(2+8)(|u|2(1+5)/(2+6)+IuIJ/(2+J)+n 2)}
0

X gttt du]
éK[n-slze—tzlt_l_n— (1+3) /(2+6)m 4+338)/2(2+3) min (Itld/(2+d), ltl (4+sd)/(2+6)) +n—2|t” ,
since

t .
S u’e“’“dul =K6@(t)e*’* min (J¢|7*, [¢]7"Y) (>0) .
0

On the other hand, if 0<|¢|<K,n"'?, then
(3.49) B,(H)=Kn~‘ma+d/3|¢| |

Finally, we remark that there exists a constant K, such that for all ¢ (J¢|<
Kcnllzm—(1+d)/6)

| S: n(@)dz| SCtIFm-rm 04 Cltlon o+ Coltln S=#+Ciltin™ .
Thus, by (2.26) we have that for all ¢ (|| < Kenl/>m=1+1/3)
t2 t2 t
(3.50) A(t)=‘exp(——2—)——exp(-—é—+g hn(z)dz)l
0

<e ' ,exp(s h,,(z)dz)—ll

t
0
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¢ t
<e 2 S h.(2)dz | exp S h,.(z)dz]
0 0
S Ke*2{|t|2 Y003 m 3+ |20~ 'm 2+ |¢| %"} exp {%*‘CB I:;l }
'
§K{|t|2+an-a/2m1+a+|”2n-1m1/2+|t|n—1} exp {—%'*’Ca I:I } .

Now, let
L=min (Kb’ Ks)nuzm-(wd)/d .

Then, by in [2, . 297] and (3.46)~(3.50) we have that for & (0<3<1)

An§ SL Mdt_,_KL—l

0 2]
n—1/2
éSL——A(’)dH{SK‘ +SL }—B*(t) di+ KL
o 2l 0 Ken—12 14

Kyn—1/2
éK[n-d/2ml+a+ {S n"lm(l"‘l’)/zdt

0

L

+S _l.(n“3/2e—t2/4+n— (1+5)/(2+5)m(4+36)/2 2+3 Itla/ (2+8) +n_zlt|)dt}]+KL"1
K47l_1/2 ltI

<K max {n-12m1+3, -1/ 1+0/3}

éKn—J/2m1+d

since L=0(n'*m~"*"/%) and m=0O(log n). Thus, the proof is completed.

4. The Berry-Esseen theorems for U-statistics of order 2-(II)

Theorem 2. Let {£} be a strictly stationary, absolutely regular sequence with
mixing coefficient f(n). Suppose Condition (C) holds with r=2+6 (0<6<1) and
d=2. If B(n)=0(n te+»W+HT+018% for some y>1, then

(4.1) 4, <Kn- @ @-0/G+0)

Proof. Let m=[n?*»+1] and k=[5(1+0d)(r+1)/6]. Then it is obvious that
{B(m)}?’ @*®=0(n*) and (m/*)*=0(n"?). So, from Propositions and 3.2
follows.

The following theorem is a generalization of Callaert-Janssen’s results in

Theorem 3. Let {&} be a strictly stationary sequence of m-dependent random
variables. Suppose Condition (C) holds with r=2+35 (0<6=1) and d=2. If ¢,2>0,
then

4.2) 4, =Kn?,

where
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o ={Eg.*(§,)—0*(F)}+2 :é': (Eg,(§)9:(51+)—6*(F)) .

The proof is obvious from the proof of in the preceding section.
The following theorem is a generalization of Takahata’s result in [3].

Theorem 4. Let {£} be a strictly stationary, absolutely regular sequence with
mixing coefficient f(n). Suppose Condition (C) holds with r=3+7r (r>0) and d=2.
If B(n)=0(e~*) for some 1>0, then

4.3) 4,=Kn~*logn
and for all x

n'*(U,—6(F)) _ Klog®n
“a R( <%) q’("’lé V(L)

Proof. Let 7, and T’ be the ones defined in the preceding section. Then
by Lemma 2.4

|70~ T, < Kn-tm
and
T —TEll*=Kn"'m .

So, corresponding to Lemmas [3.4] and 3.8 the following holds; under the conditions
of

oV N a=

1 i: 7)¢Za(°)—it <K{|tln ‘m+tn-1"2m}
1

and

lan 2 EGusZ| S K|t n™ ' *m+tn=*m} .
1gsa<psn

Hence, follows from the method of the proof of [Theorem 1. is obvious
by and the proof is completed.

5. Remarks.

Remark 5.1. Results in Sections 3 and 4 may be extended to the general
U-statistics of order d (22) using the same technique of proofs and

Remark 5.2. For every ¢ (1<c<d) let

V;l(.)=§ e S gc(xly oo X ‘]:11 d(Fn(w!)_nx‘))
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where F, is the empirical distribution. Then a von Mises’ differentiable statistical
functional 6(F,) may be written as

o<F,.)=§ . S 9@, ++, B)AF () -+ AFo(0)

—0(F)+ f:; (f) V.® (n21).

Since under the conditions of
E(V,@)=0x"?) (1=c=d)
(see, Lemma 4 in [6]), so we can prove the analogous results to theorems in Sec-

tions 3 and 4 by the same method.

Remark 5.3. By the way, we remark that in is modified
slightly as follows:

Let {X,} be a strictly stationary, strong mixing sequence of random variables
with EX;=0 and E|X,|***<co for some ¢>0. Suppose a(#)=O(e~**) for some

4>0. Then

sup ’ P(l f} X, <x)—-—¢(x) I <Kn*logn

On =1

where
n 2
Oal= (Z X,) too as n—ooo,
i=1
To prove this, it is only enough to remark that by Lemma 2.4

Z" X, sé Kn/t

J=1

w=E

under the assumptions described above. The rest of the proof of is
identical and so is omitted. '
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