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ABSTRACT. Let S denote the class of functions of the form f(z)=2z— Z_: |@q| 2

that are analytic and univalent in the unit disk U. Let S(a, B) an,:i 2K(az, B
denote the subclasses of S consisting respectively, of starlike and close-to-

 convex functions of order a(0Sa<1) and type B(0<B<1). In this paper, we
obtain a relationship between classes S(a, ) and K(a, §) by defining a subclass
B(a, B) of K(a,p). Coefficient estimates, distortion and covering theorems are
obtained for the class B(a, §). The class B(a, 8) is convex.

1. Introduction

Let S denote the class of functions of the form ,f(z)=z—”}§}2 |a,] 2" that are
analytic and univalent in the unit disk U={z: |z| <1}, We denote by S(a, 8) and
C(a, B), the subclassess of S consisting of functions which are, respectively, star-
like of order a(0=a<1) and type f(0<B=1), and convex of order « and type §S.

A function f€ S is in S(a, ) if and only if

-], o

and is in C(a, p) if and only if

[ || L +2-2a]| <8, zev.

A function fe S is in K{(a, f), the class of close-to-convex of order a and type
B, if there exists a function ¢(z) € S such that

[%‘5’1—1]/[55%+(1—2a)]l <8, zeU.

It can easily be seen that a function f€ S is in C(a, 8) if and only if zf’(2)€
S(a, §). In this paper, we shall obtain a relationship between the classes S(a, 5)
and K(a, f). We look for a subclass B(a, f) of K(a, 8) that consists of members of
S(a, B). For this class, results concerning coefficient estimates, distortion theorems
and coverning theorems are obtained in this paper. The class B(a, 8) is also
proved to be convex.
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2. Main Results.
" Therem 1. If f€ K(a, B), then
@1 I {A+B)naul—(1—p+2ap) 1B} S26(1—a)

b,’s are the coefficients of the associated function belonging to class S.

Proof. By definition, if fe€ K(a, ) then there exists a function ¢(z)=2z—
> |bal 2 in S that
n=2

z2f"(2)—¢(2)
zf'(2)+(1—2a)¢(2) <8, zeU.

This gives

5 [ 1asl—Ibal12®
2.2) Re s=3 <B.
21— a)2— £ [#1a,]+(1—2a)[b, 112"

Sincee |Re (2)|<|z| for all z, choose values of z on the real axis so that [éf’(z)/go(z)]
is real. Upon clearing the denominator in and letting 2—1— through real
values, we obtain the inequality

2 gl 16158 {20—0)— Z 102l +1—2) 1Ba11} -

This, on simplification, gives the required coefficient inequality [2.1).
The inequality and one more inequality give us the subclass of K(a, 8),
we are looking for.

The class Bla, 8). A functlon f2)=z— Z la,| 2" is said to be in B(a, p), if
there exists a function ¢(z)=2z-— Z,‘ 1ba] 2® in S such that

(i) T {1+Hm e —(1—F+2aP) 1b,]}S26(1—a)
and

(ii) nla,l—15,]=0 for every =n.

Remark. In [2] it is shown that z°:°2n |b,|<1 which gives further that 3 |b.|<
n= ”n=2
1/2. Hence, the inequality

it 1+ 38—2ap
(2.3) ”L;n lw,.lé——z(1 )
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would be a necessary condition for f to be in B(a, 8). The inequality would
also be a sufficient condition if we drop the condition (ii) in the above definition.

Theorem 2. B(a, f)S Kl(a, p).

Proof. Taking (ii) into account, we have

2f'(2) ' d n
W—l _ ”Z_—-z [n la,.I-lbnl]Z
2@ | 1_24) | | 20—a)z— 5 [nlanl+(1—2a) b1
?(2) \ w2

Z [#la,—15.1]

T o(l—a)— i__f (12 |@,] +(1—2a) | 5,11

A

which is bounded above by f if (i) holds. Hence B(a, B)<S K(a, p)

Remarks 1. S(a, /S B(a, f). It can be verified by taking ¢(z)=f(z) and
applying

I (=D +B(n-+1—200} 14, S28(1—a)

which is a necessary and sufficient condition for a function f€S to be in S(a, p),
see [1, Theorem 1].

2. Bla, B,)SBla, B) for 0=a<a <1 and 0<p,<p=1.

3. B0, )=S0, 1), (1, Mheorem 1.
Theorem 3 [Coefficient estimates]. If f(z)=z— §2|a,.| z* is in Bla, B), then

0| < 280 —an+(1—p+2a8)
" A+pn?

with equality only for functions of the form

28(1—a)yn+(1—B+2ap)
(1+pf)n?

2.4 fu(2)=2— ™.

Proof. From (i) we have

(1+p)n |a.| =28(1—a)+(1— B+ 2ap) |bal
=28(1—a)+(1—B+2apf)n*

because for ¢(z)=z— i |6 2" €S, 10,151/, This further gives that'

28(1 —a)n+(1—B+2ap)

<
k= A+
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which is the required condition.

The function f,(z) defined in is an extremal function with respect]to
o(2)=z—n"1zre S.

Theorem 4 [Distortion Theorem]. If f€ B(a, ), then for lz|=r<1,

_1+38—2a8 P < L___ +38—2a8 ,
(2.5) r PTEE) (e =r+ i0TB) r? .,

_1 313 Za ’ u’ﬁ__ﬁ
(2.6) 1 2[(1 ) r<|f(2)|<1+ 2|(1 ) r

Proof. On account of [2.3), we get

2 3 lals S nla,s1E8=2a8

2(1+-9
Hence
f@ISr+ 3 lal r*sr+rt £ lal
| 1438—2ap
< LTI 4LaP,
ST s
and
e 1+36—2a8
=y —pt S Y L OO AP 2
A2 =r—r Ezla,.l=r e T
Thus follows.
Further
FDISI+ S 7la, 2l
Sitr 3 nlal
and

F'@ISi—r 3 nlal .

Using (2.3), we get [(2.6) .

Remark. The bounds in and [2.6) are sharp, since the equalities are
attained for the functions

(2_7) f(z):z—.wzz ,

41+5) Z=xr.




CONVEX CLASS OF STARLIKE FUNCTIONS 59

Theorem 5. Let f€ Bla, ). Then the disk |zl <1 is mapped onto a domain
that contains the disk |w| <(3+p+2aB/4(1+pB)). The result is sharp with extremal
Junction defined in (2.7).

Proof. By letting »—1 in the proof follows.

Theorem 6. vThe class B(a, p) is convex.

Proof. We shall prove the result by using the convexity of the class S.

Let fi(2)= z—Z: Ia,.lz" and f,(2)= z—}:,‘ lc,.lz" be in B(a, 8) with respect to
functions ¢,(2)= z— Z |6, 2* and ¢.(2)= z— Z: |d.l 2" in S. For 0<1<1, we shall
prove that F(z)= 2f1(2)+(1-—2)f2(z) z— Z,‘ e,.(z)z"eB(a, pB) with respect to ¥(2)=
20,(2)+ (1 — D). (2)=2— Z t.()z"eS. The functxon F(2) will belong to B(a, p) if

(i) Z, U+ Bmen(D)—(1—p+ 2D} <2B(L—a)
and

(ii) ne,()—t,(A)=0 for all .
Since

nla.—0./20 and 7|c.|—|d.|=0

for all n», we easily get ne,(2)—¢.())=0 for each »#. Further
I, (n(l+B)es(D)— (1~ B+ 2t}
=1 3 {(A+A)n1a.|—(1—B+2ap) 1b,]}

+(1-2) f {(1+B)n |eal —(1—B+2aB) |dn}
<28(1—a) .

The result follows.

References

[1] V.P. Gupta and P.K. Jain, Certain classes of univalent functions with negative
coefficients, Bull. Austral. Math. Soc. 14 (1976), 409-416.

[2] H. Silverman, Univalent functions with negative coefficients. Proc. Amer. Math. Soc.
51 (1975), 109-116.

National Council of Educational
Research and Training (N.C.E.R.T.)
Sri Aurbindo Marg,

New Delhi-110016, India.




	1. Introduction
	2. Main Results.
	Theorem 2. ...
	Theorem 3 ...
	Theorem 4 ...
	Theorem 5. ...
	Theorem 6. ...

	References

