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1. Introduction

The concept of subweak continuity was introduced by Rose in [7]. Weak
continuity implies subweak continuity, but the converse implication does not hold
(see Example 1). In [5] Noiri proved that if the range space of a weakly continuous
function is Hausdorff, then the graph of the function is closed. In Section 3 we
prove that the graph of a subweakly continuous function into a Hausdorff space
is closed. In Section 4 additional properties of subweakly continuous functions
are investigated.

2. Definitions and notation

Let U be a subset of a topological space X. The closure of U in X will
be denoted by CIU. If USACSX, the closure of U in A will be denoted by
CclLU.

Definition 1. (Levine [3]) A function f: X—Y is said to be weakly continuous
if for each z in X and for each neighborhood V of f(x) there is a neighborhood
U of x such that AU)SCI V.

The following theorem due to Noiri [6] and Rose [7] gives an alternate char-
acterization of weak continuity. '

Tﬁmrem 1. A function f: X—>Y is weakly continuous if and only if
Clf-«(V)SfYCI V) for each open subset V of Y.

Definition 2. (Rose [7]) A function f: X—Y is said to be subweakly continuous
if there is an open basis B for the topology on Y such that CIf-Y(V)Sf-(Cl V)
for all V in B. ’

Definition 3. (Gentry & Hoyle [2]) A function f: X—>Y is said to be c-
continuous if for each # in X and each open subset V of Y containing f(x) and

with compact complement, there exists an open subset U of X containing « such
that f(U)S V. ‘
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3. Closed graph property

Let X and Y be topological spaces and f: X—Y a function. The graph of f
will be denoted by G(f) and is the set {(x, f(%)): x€ X}. We say the function f
has a closed graph if the graph is closed as a subset of the product space Xx Y.

It is well known that the graph of a continuous function into a Hausdorff
space is closed. In [5] Noiri proved that the graph of a weakly continuous
function into a Hausdorff space is also closed. In the followihg theorem we prove
that subweak continuity is sufficient for the graph of a function into a Hausdorff
space to be closed.

Theorem 2. If f: XY is a subweakly continuous function and Y is Haus-
dorff, then the graph of f is closed.

Proof. Let (z,y)e XXY—G(f). Then y+f(x). Let B be an open basis for
the topology on Y such that CIf-*(V)Sf*(ClV) for all V in B. Then there
exist disjoint open sets V and W in Bsuch that ye€V and f(x)e W. Since f(x)e W
which is open and disjoint from V, it follows that f(x)¢ CI V. Thus x¢ f~X(CIlV).
Since f is subweakly continuous and Ve B, CI f"(V)g SYClV). Then (x,y)€
X—Cl(f (V)X VESXXY—G(f). Hence G(f) is closed.

Long and Hendrix proved that the closed graph property implies c-
continuity. Thus we have the following corollary.

Corollary 1. If f: XY is subweakly continuous and Y is Hausdorff, then
f is c-continuous.

The following results are also implied by the closed graph property (Fuller [1J).

Corollary 2. If f: X—>Y is subweakly continuous and Y is Hausdorff, then
Jfor each compact subset C of Y, f~*(C) is closed in X.

Corollary 3. If f: XY is subweakly continuous and Y is Hausdorff, then
Jor each compact subset C of X, f(C) is closed in Y.

4. Additional properties

Theorem 3. If f: X—Y is subweakly continuous and A is an open subset of
Y containing f(X), then f: X— A is subweakly continuous.

Proof. Let B be an open basis for the topology on Y such that Clf-4(V)S
SYClV) forall Vin B. Then C={VNA: VeB}isan open basis for the topology
on A. Let VNAeC. Then Clf(VNA)=Clf(V)SSfCIV)=f(CIV)NA).
It remains to be shown that (CIV)NASCIL(VNA).
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Let ye(ClV)NA. Let W be any subset of A that is open in 4 and contains
Y. Since A is open in Y, W is open in Y. Because yeCIV, WNV+¢. There-
fore WN(VNA)=WnV+¢. Thus yeCl(VNA) and (CIV)NASCIL(VNA).

It follows that CI f~(VNA)SSf(CIV)NA)SfUCL(VNA). Hencef: X—A
is subweakly continuous.

Theorem 4. If f: X—Y is subweakly continuous and A is a subset of X, then
fla: A>Y is subweakly continuous.

Proof. L&t B be an open basis for the topology on Y such that C/f-Y(V)<
SMCIV) for all V in B. Then for VeB, CL(fl-(V)=ANC! (fl., (V)=
ANCI(fFUVINASANCI((V)NCIA=ANCIfF-((V)SANFHCIV)=f|,~(CIV).
Thus f],: A—>Y is subweakly continuous.

A space X is said to be an Urysohn space if for every pair of distinct points
# and y in X there exist open sets U and V in X such that z€ U and ye V and
(CIU)N(CIV)=¢. In[6] Noiri proved that if ¥ is an Urysohn space and f: X—>Y
is a weakly continuous injection, then X is Hausdorff. The following example

due to Rose shows that subweak continuity can not be substituted for weak
continuity in this result.

Example 1. Let X be any set with a non-discrete 7 topology, and let Y=X
have the discrete topology. Let f: X—Y be the identity mapping. Rose observed
that this function is subweakly continuous but not weakly continuous. Note that
Y is an Urysohn space and f is injective, but X need not be Hausdorff. The
following related result is true for subweakly continuous functions.

Theorem 5. If Y is Hausdorff and f: X—Y is a subweakly continuous in-
Jection, then X is T,.

Proof. Let «;, and z, be distinct points in X. Then f(x,)# f(x;). Let Bbe an
open basis for the topology on Y such that Clf~-*(V)S f~%(CI V) forall V in B. Since
Y is Hausdorff, there exist disjoint open sets U and V in Y such that f(z,) e U,
fx)eV, and VeB. Then since f(x,)¢CIV, we have ,eX—fCIV)S

X—Clf~4(V). Therefore X—CIf-(V) is an open subset of X which contains
z; but not z,.

Theorem 6. Let Y be a Hausdorff space, f,: X—Y continuous, and f,: X—Y
subweakly continuous. Then {x € X: f,(x)=f,(%)} is a closed subset of X.

Proof. Let A={zeX: f,(x)=f,(x)}. Let ze X—A. Then f.(x)+f.(x). Let B
be an open basis for the topology on Y such that Clf,”Y(V)S f,”(CI V) for all V
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in B. Since Y is Hausdorff, there exist disjoint open sets V and W in Y such
that fi(x) e V, f.(x) € W, and Ve B. Then f,(x) € CI V. Therefore 2 € X— f;{(CI V)<
X—-Clf7«(V). Hence zefi{(V)N(X—Clfi (V))SX—A. Thus A is closed.

Corollary 1. LetY be Hausdorff, fi: X—Y continuous, and f,: X—Y subweakly
continuous. If f, and f, agree on a dense subset of X, then f.=f,.

For a function f: X—Y the graph function is the map g: X—>Xx ¥ given by
9(@)=(=, f(x)).

Theorem 7. If f: XY is subweakly continuous, then the graph function is
subweakly continuous.

Proof. Let g: X—>XxY be the graph function for . Let B be an open basis
for the topology on Y such that CIf~Y(V)Sf-'(CIV) for all V in B. Then
C={UxV:UESX is open and Ve B} is an open basis for the topology on XX Y.
For UxVeC, Clg-(UxV)=ClUNf-(V)SCU)NClLfF-(V)SCIU)Nf-YCI V)=
g (CIU)XClV)=g"(Cl(Ux V)). Hence the graph function g is subweakly con-
tinuous.

In Noiri proved that if A is a subset of X and f: X—A is a weakly
continuous retraction of X onto A and X is Hausdorff, then A is a closed subset
of X. The following somewhat weaker result is true for subweakly continuous
functions. The proof is similar to Noiri’s.

Theorem 8. Let ASX and let f: X—X be a subweakly continuous function
such that f(X)=A and f|, is the identity on A. Then if X is Hausdorff, A is
a closed subset of X.

Proof. Assume A is not closed. Let x€C/A—A. Let B be an open basis
for the topology on X such that CIf~Y(V)Sf-YCIV) for all V in B. Since z¢ A,
x+f(x). Because X is Hausdorff, there exist disjoint open sets V and W such that
2eV, flxye W and VeB. Let U be any open subset of X containing #. Then
€ UNV which is an open subset of X. Since z€Cl A, (UNV)NA+#¢. So there
exists an element ye(UNV)NA. Since ye A, fly)=yeV. Hence yef-(V). '
Thus UNnf-4(V)+#¢. It follows that xze CI(f-(V)). However f(x) e W which is
open and disjoint from V. So z¢f-Y(CIV). This contradicts the assumption
that f is subweakly continuous. Hence A is closed.

Theorem 9. Let f,: XY, be a subweakly continuous function for each « in
A. Let f: X—>IIY, be given by f(@)=(fx)). Then f is subweakly continuous.

Proof. For each a in A let B, be an open basis for ¥, such that C/ f;1(V, )&
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fzuctv, for all vV, in B,. Then B={IIV,: V,=Y, for all but finitely many
coordinates and if V,#Y,, then V,e B,} is an open basis for 1Y,. For IIV,€ B,
Clf~(lIVy)= Clﬂ fa (Vs NCfVasn fa WCIV)=fICI V)= "X CLIIV,).
Thus fis subweakly continuous.
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